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Preface 



With individual chapters authored by distinguished leaders and experienced professionals in their 
respective topics, this handbook provides engineers, technicians, designers, researchers, educators, and 
students with a convenient, thorough, up-to-date, and authoritative reference source on techniques, 
tools, and data for modeling, analysis, design, monitoring, instrumentation, modification, and control of 
vibration, shock, noise, and acoustics. The handbook consists of 45 chapters, grouped into nine sections. 
In these sections, the following are considered: fundamentals and analytical techniques; computer 
techniques, tools, and signal analysis including finite element methods and wavelet analysis and the use of 
MATLAB® toolboxes; shock and vibration methodologies, particularly for civil and mechanical 
engineering systems; instrumentation and testing methods, including sensors, exciters, signal acquisition, 
conditioning, and recording, and Lab VIEW® tools for virtual instrumentation; vibration suppression, 
damping, and control; monitoring and diagnosis; design for and control of seismic vibration, and related 
regulatory issues; system design, application, and control implementation; and acoustics and noise 
suppression. Important information and results are summarized as windows, tables, graphs, and lists 
throughout the chapters for easy reference and information tracking. References are given at the end of 
each chapter for further information and study. An extensive glossary, which defines useful technical 
terms in the fields of vibration, shock, and acoustics, is provided at the end of the handbook. Cross- 
referencing is used throughout to indicate other places in the handbook where further information on a 
particular topic is provided. 

In the handbook, equal emphasis is given to theory and practical application. The chapters are 
grouped into fundamentals, basic theory, advanced theory, analytical techniques, numerical techniques, 
experimental techniques, design methodology, practical problems and solutions, applications, regulatory 
considerations, and useful data. Analytical formulations, numerical methods, design approaches, control 
techniques, and commercial software tools are presented and illustrated. Commercial equipment, 
computer hardware, and instrumentation are described, analyzed, and demonstrated for field 
application, practical implementation, and experimentation. Examples and case studies are given 
throughout the handbook to illustrate the use and application of the included information. The material 
is presented in a format that is convenient for easy reference and recollection. 

Mechanical vibration is a manifestation of oscillatory behavior in mechanical systems, as a result of 
either the repetitive interchange of kinetic and potential energies among components in the system, or a 
forcing excitation that is oscillatory. Such oscillatory responses are not limited to purely mechanical 
systems, and are found in electrical and fluid systems as well. In purely thermal systems, however, free 
natural oscillations are not possible, and an oscillatory excitation is needed to obtain an oscillatory 
response. Shock is vibration caused by brief, abrupt, and typically high-intensity excitations. Sound, 
noise, and acoustics are manifestations of pressure waves, sources of which are often vibratory dynamic 
systems. 

Low levels of vibration mean reduced noise and an improved work environment. Vibration 
modification and control can be crucial in maintaining high performance and production efficiency, and 
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prolonging the useful life in industrial machinery. Consequently, a considerable effort is devoted today to 
studying and controlling the vibration and shock generated by machinery components, machine tools, 
transit vehicles, impact processes, civil engineering structures, fluid flow systems, and aircraft. Noise and 
acoustic problems can originate from undesirable vibrations and fluid -structure interactions, as found, 
for example, in automobile engines. Engine noise, environmental noise, and noise from high-speed and 
high-temperature exhaust gases in a vehicle will not only cause passenger discomfort and public 
annoyance, they will also result in damaging effects to the vehicle itself. Noise-suppression methods and 
devices, and sound-absorption material and structures are crucial in such situations. Before designing or 
controlling a system for good vibratory or acoustic performance, it is important to understand, analyze, 
and represent the dynamic characteristics of the system. This may be accomplished through purely 
analytical means, computer analysis of analytical models, testing and analysis of test data, or by a 
combination of these approaches. It follows that modeling, analysis, testing, and design are all important 
aspects of study in vibration, shock, and acoustics. 

In recent years, educators, researchers, and practitioners have devoted considerable effort toward 
studying and controlling vibration, shock, and noise in a range of applications in various branches of 
engineering, particularly in civil, mechanical, aeronautical and aerospace, and production and 
manufacturing engineering. Specific applications are found in machine tools, transit vehicles, impact 
processes, civil engineering structures, construction machinery, industrial processes, product qualifica- 
tion and quality control, fluid flow systems, ships, and aircraft. This handbook is a contribution toward 
these efforts. In view of the analytical methods, practical considerations, design issues, and experimental 
techniques that are presented throughout the handbook, and in view of the simplified and snap-shot style 
presentation of formulas, data, and advanced theory, the handbook serves as a useful reference tool and 
an extensive information source for engineers and technicians in industry and laboratories, researchers, 
instructors, and students in the areas of vibration, shock, noise, and acoustics. 



Clarence W. de Silva 

Editor-in-Chief 

Vancouver 
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Summary 

This chapter concerns the modeling and analysis of mechanical vibrating systems in the time domain. Useful 
procedures of time-domain analysis are developed. Techniques of analyzing both free response and forced 
response are given. Examples of the application of Newton’s force-motion approach, energy conservation 
approach, and Lagrange’s energy approach are given. Particular emphasis is placed on the analysis of an 
undamped oscillator and a damped oscillator. Associated terminology, which is useful in vibration analysis, is 
defined. 



1.1 Introduction 



Vibrations can be analyzed both in the time domain and in the frequency domain. Free vibrations and 
forced vibrations may have to be analyzed. This chapter provides the basics of the time-domain 
representation and analysis of mechanical vibrations. 

Free and natural vibrations occur in systems because of the presence of two modes of energy storage. 
When the stored energy is repeatedly interchanged between these two forms, the resulting time response 
of the system is oscillatory. In a mechanical system, natural vibrations can occur because kinetic energy 
(which is manifested as velocities of mass [inertia] elements) may be converted into potential energy 
(which has two basic types: elastic potential energy due to the deformation in spring-like elements, and 
gravitation potential energy due to the elevation of mass elements under the Earth’s gravitational pull) and 
back to kinetic energy, repetitively, during motion. An oscillatory excitation (forcing function) is able to 
make a dynamic system respond with an oscillatory motion (at the same frequency as the forcing 
excitation) even in the absence of two forms of energy storage. Such motions are forced responses rather 
than natural or free responses. 

1-1 
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An analytical model of a mechanical system is a set of equations. These may be developed either by 
the Newtonian approach, where Newton’s Second Law is explicitly applied to each inertia element, or 
by the Lagrangian or Hamiltonian approach which is based on the concepts of energy (kinetic and 
potential energies). A time-domain analytical model is a set of differential equations with respect to 
the independent variable time (f). A frequency-domain model is a set of input-output transfer 
functions with respect to the independent variable frequency (w). The time response will describe how 
the system moves (responds) as a function of time. The frequency response will describe the way the 
system moves when excited by a harmonic (sinusoidal) forcing input, and is a function of the 
frequency of excitation. 



1.2 Undamped Oscillator 

Consider the mechanical system that is schema- 
tically shown in Figure 1.1. The inputs (or 
excitation) applied to the system are represented 
by the force f(t). The outputs (or response) of 
the system are represented by the displacement y. 

The system boundary (real or imaginary) 
demarcates the region of interest in the analysis. 

What is outside the system boundary is the 
environment in which the system operates. An 
analytical model of the system may be given by 
one or more equations relating the outputs to 
the inputs. If the rates of changes of the response 
(outputs) are not negligible, the system is a dynamic system. In this case the analytical model, in the 
time domain, becomes one or more differential equations rather than algebraic equations. System 
parameters (e.g., mass, stiffness, damping constant) are represented in the model, and their values 
should be known in order to determine the response of the system to a particular excitation. State 
variables are a minimum set of variables, which completely represent the dynamic state of a system at 
any given time t. These variables are not unique (more than one choice of a valid set of state variables 
is possible). For a simple oscillator (a single-degree-of-freedom (DoF) mass-spring-damper system) 
an appropriate set of state variables would be the displacement y and the velocity y. An alternative set 
would be y and the spring force. 

In the present section, we will first show that many types of oscillatory systems can be represented by 
the equation of an undamped simple oscillator. In particular, mechanical, electrical, and fluid systems will 
be considered. The conservation of energy is a straightforward approach for deriving the equations of 
motion for undamped oscillatory systems (which fall into the class of conservative systems). The 
equations of motion for mechanical systems may be derived using th efree-body diagram approach, with 
the direct application of Newton’s Second Law. An alternative and rather convenient approach is the use of 
Lagrange’s equations. The natural (free) response of an undamped simple oscillator is a simple harmonic 
motion. This is a periodic, sinusoidal motion. 

1.2.1 Energy Storage Elements 

Mass (inertia) and spring are the two basic energy storage elements in mechanical systems. The concept 
of state variables may be introduced as well through these elements. 

1.2. 1.1 Inertia (m) 

Consider an inertia element of lumped mass m, excited by force/, as shown in Figure 1.2. 

The resulting velocity is v. 



System 

Inputs 

(Excitation)' 

M 




System 
Outputs 
(Response) 
y 



^ Environment 



System 

Boundary 



FIGURE 1.1 A mechanical dynamic system. 
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Newton’s Second Law gives 

m^=f ( 1 . 1 ) 

Kinetic energy stored in the mass element is equal 
to the work done by the force/ on the mass. Hence, 

f . , f . dx , f . , f m dv , 
Energy £= /dx = /— df= /vd£ = vdf 

= m J vdv 




FIGURE 1.2 A mass element. 



or 



Kinetic energy KE = — mv 2 



(1.2) 



Note: v is an appropriate state variable for a mass element because it can completely represent the energy 
of the element. 

Integrate Equation 1.1: 

v(f) = v(0“) + — f fdt (1.3) 

m J o- 

Hence, with t = 0 + , we have 



v(0 + ) = v(0 ) + 




(1.4) 



Since the integral of a finite quantity over an almost zero time interval is zero, these results tell us that a 
finite force will not cause an instantaneous change in velocity in an inertia element. In particular, for a 
mass element subjected to finite force, since the integral on the right-hand side of Equation 1.4 is zero, 
we have 



v(0 + ) = v(0 ) 



(1.5) 



1.2. 1.2 Spring (k) 

Consider a massless spring element of lumped 
stiffness k, as shown in Figure 1.3. One end of the 
spring is fixed and the other end is free. A force/ is 
applied at the free end, which results in a 
displacement (extension) x in the spring. 

Hooke’s Law gives 

d f 

f = kx or — = kv (1.6) 



i 






■AAAV 

k 



->/= Lx 



FIGURE 1.3 A spring element. 



Elastic potential energy stored in the spring is equal to the work done by the force on the spring. Hence, 

Energy E = J/dx= ^ kx dx = \kx 2 = J/^df = J/v dt = J/| ^df = i J/d/= ^/ 2 



or 



1 2 

Elastic potential energy PE = — kx 



2 k 



(1.7) 



Note: f and x are both appropriate state variables for a spring, because both can completely represent the 
energy in the spring. 
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Integrate Equation 1.6: 

f(t)=f(0~)+j^vdt (1.8) 

Set t = 0 + . We have 

/(0+)=/(0-)+iJ“ vdf (1.9) 

From these results, it follows that at finite velocities there cannot be an instantaneous change in the force 
of a spring. In particular, from Equation 1.9 we see that when the velocities of a spring are finite: 

/(0 + )=/((T) (1.10) 

Also, it follows that 

x(0 + ) = x(0) (1.11) 



l. 2. 1.3 Gravitation Potential Energy 

The work done in raising an object against the 
gravitational pull is stored as gravitational poten- 
tial energy of the object. Consider a lumped mass 

m, as shown in Figure 1.4, which is raised to a 
height y from some reference level. 

The work done gives 

Energy E = j f dy = J mg d y 

Hence, 




FIGURE 1.4 A mass element subjected to gravity. 



Gravitational potential energy PE = mgy 



( 1 . 12 ) 



1.2.2 The Method of Conservation of Energy 

There is no energy dissipation in undamped systems which contain energy storage elements only. In 
other words, energy is conserved in these systems, which are known as conservative systems. For 
mechanical systems, conservation of energy gives 



KE + PE = const. 



(1.13) 



These systems tend to be oscillatory in their natural motion, as noted before. Also, analogies exist with 
other types of systems (e.g., fluid and electrical systems). Consider the six systems sketched in Figure 1.5. 

1.2. 2.1 System 1 (Translatory) 

Figure 1.5(a) shows a translatory mechanical system (an undamped oscillator) which has just one degree 
of freedom x. This may represent a simplified model of a rail car that is impacting against a snubber. The 
conservation of energy (Equation 1.13) gives 



1 2 1,2 
— mx H — kx = const. 
2 2 



(1.14) 
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FIGURE 1.5 Six examples of single-degree-of- freedom oscillatory systems: (a) translatory; (b) rotatory; (c) flexural; 
(d) pendulous; (e) liquid slosh; (f) electrical. 



Here, m is the mass and k is the spring stiffness. Differentiate Equation 1.14 with respect to time t. We 
obtain 

mxx + hex = 0 



Since generally x A 0 at all t, we can cancel it out. Hence, we obtain the equation of motion: 



x H x = 0 

m 



1.2.2.2 System 2 (Rotatory) 

Figure 1.5(b) shows a rotational system with the single DoF 8. It may represent a simplified model of a 
motor drive system. As before, the conservation energy gives 



—JO 2 + — KO 2 = const. 



In this equation, / is the moment of inertia of the rotational element and K is the torsional stiffness of the 
shaft. Then, by differentiating Equation 1.16 with respect to t and canceling 6, we obtain the equation of 
motion: 



.. K 

8+j9=0 (1.17) 

1. 2.2.3 System 3 (Flexural) 

Figure 1.5(c) is a lateral bending (flexural) system, which is a simplified model of a building structure. 
Again, a single DoF x is assumed. Conservation of energy gives 



1 2 1,2 
— mx H — he = const. 
2 2 



(1.18) 
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Here, m is the lumped mass at the free end of the support and k is the lateral bending stiffness of the 
support structure. Then, as before, the equation of motion becomes 




(1.19) 



1.2. 2. 4 System 4 (Pendulous) 

Figure 1.5(d) shows a simple pendulum. It may represent a swinging-type building demolisher or a ski 
lift, and has a single-DoF 6. We have 

KE= | m(W) 2 

Gravitational PE = £ ref — mgl cos 6 

Here, m is the pendulum mass, l is the pendulum length, and g is the acceleration due to gravity. Hence, 
conservation of energy gives 

— ml 2 6 2 — mgl cos 6 = const. (1-20) 

Differentiate with respect to t after canceling the common ml: 

166 + g sin 6 6 = 0 

Since, 6 += 0 at all f, we have the equation of motion: 

9+ y sin 0 = 0 (1.21) 

This system is nonlinear, in view of the term sin 6. 

For small 6, sin 6 is approximately equal to 6. Hence, the linearized equation of motion is 

9+j6= 0 (1.22) 



1. 2.2.5 System 5 (Liquid Slosh) 

Consider a liquid column system shown in Figure 1.5(e). It may represent two liquid tanks linked by a 
pipeline. The system parameters are: area of cross section of each column = A; mass density of 
liquid = p; length of liquid mass = l. 

We have 

KE = l -{plA)y 2 

Gravitational PE = pA(h + y) ^ (h + y) + pA(h — y)^(h — y) 

Hence, conservation of energy gives 

^ plAy 2 + j pAg(h + yf + \ pAg(h - y) 2 = const. (1.23) 

Differentiate: 



But, we have 



lyy + g(h + y)y - g(h - y)y = 0 



y t^O for all t 



Hence, 



y + g(h + y) ~ g(h — y) = 0 
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or 



2g 

y+ fy = o 



(1.24) 



1.2.2. 6 System 6 (Electrical) 

Figure 1.5(f) shows an electrical circuit with a single capacitor and a single inductor. Again, conservation 
of energy may be used to derive the equation of motion. 

Voltage balance gives 

fL+v c = 0 (1.25) 

where v L and v c are voltages across the inductor and the capacitor, respectively. 

Constitutive equation for the inductor is 

di 

I— = v L (1.26) 

Constitutive equation for the capacitor is 

dv r 

C-H - = i (1.27) 

df 

Hence, by differentiating Equation 1.26, substituting Equation 1.25, and using Equation 1.27, we 
obtain 

d 2 i dv L dv c i 

df 2 dt dt C 



or 




+ i= 0 



(1.28) 



Now consider the energy conservation approach for this electrical circuit, which will give the same 
result. Note that power is given by the product vi. 



1.2.2. 7 Capacitor 



Electrostatic energy E 
Here, v denotes v c . Also, 




C v dv = 



Cv 2 



v = 



1 

C 



1 



i dt 



(1.29) 



(1.30) 



Since the current i is finite for a practical circuit, we have J®- i df = 0. 

Hence, in general, the voltage across a capacitor cannot change instantaneously. In particular, 



v(0 + ) = v(0 ) 



(1.31) 



1.2. 2. 8 Inductor 



Electromagnetic energy E 



1 



vi df = 




i dt = L 



i di = 



Li 2 

2 
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Here, v denotes v L . Also, 



i = — \ v dt 



(1.32) 



Since v is finite in a practical circuit, we have J®- v dt = 0. 

Hence, in general, the current through an inductor cannot change instantaneously. In particular, 



i(0 + ) = i(0 ) 



(1.33) 



Since the circuit in Figure 1.5(f) does not have a resistor, there is no energy dissipation. As a result, energy 
conservation gives 



Cv 2 Li 2 

1 = const. 

2 2 



(1.34) 



Differentiate Equation 1.34 with respect to t: 



„ dv . dz 
Cv— — F Li— = 0 
df dt 

Substitute the capacitor constitutive equation 1.27: 

dz 

iv + Li— =0 
df 

Since i ¥= 0 in general, we can cancel it. Now, by differentiating Equation 1.27, we have 
di/dt = C(d 2 v/df 2 ). Substituting this in the above equation, we obtain 



Similarly, we obtain 



d 2 v 

LC 0 -F v = 0 
df 2 



LC —j + i — 0 
df 2 



(1.35) 



(1.36) 



1.2.3 Free Response 

The equation of free motion (i.e., without an excitation force) of the six linear systems considered above 
(Figure 1.5) is of the same general form: 

X + ton* = 0 (1-37) 

This is the equation of an undamped, simple oscillator. The parameter to n is the undamped natural 
frequency of the system. For a mechanical system of mass m and stiffness k, we have 

(1.38) 




To determine the time response x of this system, we use the trial solution: 

x = A sin(to n f + 0) (1.39) 

in which A and (f> are unknown constants, to be determined by the initial conditions (for x and x); say, 

x(0) = x 0 , x(0) = Vq (1.40) 

Substitute the trial solution into Equation 1.37. We obtain 

(— Aw 2 + Ato 2 )sin(to n f + cf>) = 0 
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This equation is identically satisfied for all t. 

Hence, the general solution of Equation 1.37 is 
indeed Equation 1.39, which is periodic and 
sinusoidal. 

This response is sketched in Figure 1.6. Note 
that this sinusoidal oscillatory motion has a 
frequency of oscillation of co (radians/sec). Hence, 
a system that provides this type of natural motion 
is called a simple oscillator. In other words, the 
response exactly repeats itself in time periods of T 
or a cyclic frequency / = 1/T (Hz). The frequency 
co is in fact the angular frequency given by co = 2rrf . Also, the response has an amplitude A, which is the 
peak value of the sinusoidal response. Now, suppose that we shift this response curve to the right through 
<p/co. Consider the resulting curve to be the reference signal (with signal value = 0 at t = 0, and 
increasing). It should be clear that the response shown in Figure 1.6 leads the reference signal by a time 
period of (p/co. This may be verified from the fact that the value of the reference signal at time t is the same 
as that of the signal in Figure 1.6 at time t — <p/co. Hence, cp is termed the phase angle of the response, and 
it is a phase lead. 

The left-hand-side portion of Figure 1.6 is the phasor representation of a sinusoidal response. 
In this representation, an arm of length A rotates in the counterclockwise direction at angular speed 
co. This is the phasor. The arm starts at an angular position <p from the horizontal axis, at time 
t = 0. The projection of the arm onto the vertical ( x ) axis is the time response. In this manner, 
the phasor representation can conveniently indicate the amplitude, frequency, phase angle, and the 
actual time response (at any time t) of a sinusoidal motion. A repetitive (periodic) motion of the 
type 1.39 is called a simple harmonic motion, meaning it is a pure sinusoidal oscillation at a single 
frequency. 

Next, we will show that the amplitude A and the phase angle <p both depend on the initial conditions. 
Substitute the initial conditions (Equation 1.40) into Equation 1.39 and its time derivative. We obtain 

x 0 = A sin cp (1.41) 



Response x 




FIGURE 1.6 Free response of an undamped simple 
oscillator. 



v 0 = Aco n cos cp 



(1.42) 



Now divide Equation 1.41 by Equation 1.42, and also use the fact that sin 2 <p + cos 2 <p = 1. We obtain 

„ a. 

tan cp = co n — 

v 0 






= i 



Hence, 



Amplitude A 



~ "F ~r 



Phase (p = tan 



Vo 



(1.43) 

(1.44) 



Example 1.1 

A simple model for a tracked gantry conveyor system in a factory is shown in Figure 1.7. 

The carriage of mass (m) moves on a frictionless track. The pulley is supported on frictionless bearings, 
and its axis of rotation is fixed. Its moment of inertia about this axis is /. The motion of the carriage is 
restrained by a spring of stiffness k l , as shown. The belt segment that drives the carriage runs over the 



© 2005 by Taylor & Francis Group, LLC 



1-10 



Vibration and Shock Handbook 



pulley without slippage, and is attached at the 
other end to a fixed spring of stiffness k 2 . The 
displacement of the mass is denoted by x, and the 
corresponding rotation of the pulley is denoted by 
0. When x = 0 (and 0=0) the springs k\ and k 2 
have an extension of x l0 and x 20 , respectively, from 
their unstretched (free) configurations. Assume 
that the springs will remain in tension throughout 
the motion of the system. 




FIGURE 1.7 A tracked conveyor system. 



Solution Using Newton's Second Law 

A free-body diagram for the system is shown in 
Figure 1.8. 

Hooke’s Law for the spring elements: 



Fi = k l (x 10 + x) (i) 

F 2 = k 2 (x 2 o - x) (ii) 

Newton’s Second Law for the inertia elements: 

mx = F — F l (iii) 

JO = rF 2 — rF (iv) 




FIGURE 1.8 A free-body diagram for the conveyor 
system. 



Compatibility: 



x = rO 



(v) 



Straightforward elimination of F, , F 2 , F, and 0 in Equation i to Equation v, using algebra, gives 

(m + "P")*" 1 " ^i + ^ 2 )x = k 2 x 20 - k x x x o (vi) 

It follows that 



Equivalent mass m eq = m H — - 
Equivalent stiffness k eq = Aq + k 2 



Solution Using Conservation of Energy 

1 2 1 -2 

Kinetic energy T = — mx + — JO" 

1 2 1 2 

Potential energy (elastic) V = —k l (x 1 0 + x) + —k 2 (x 20 — x) 

Total energy in the system: 

E = T + V = — mx 2 + — JO 2 + — ki(xiQ + x) 2 + —k 2 (x 20 — x ) 2 = const. 

Differentiate with respect to time: 

mxx + J00 + k l (x l o + x)x — k 2 (x 20 — x)x = 0 
Substitute the compatibility relation, x = rO, to obtain 

mxx + -Lrxx + fci(x 10 + x)x — — x)x = 0 

r 
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Eliminate the common velocity variable x (which cannot be zero for all t). We obtain 

(m + 4)* + (<h + k 2 )x = k 2 x 20 ~ hx 10 
which is the same result as before. 

Solution Using Lagrange's Equations 

Lagrangian L = T — V = ^mx 2 + ^ JO 2 - ^(*10 + x ) 2 - ^k 2 (x 20 - x ) 2 

Now, substituting for 6 in terms of x (Equation v), we obtain 

If 1 \ 2 1 , , 1 , 2 

L =-l m + — \x - -ki(x 10 + x) - -k 2 (x 2 0 -x) 

Use Lagrange’s equation (see Box 1.1): 



d dL dL 

d t dqj dqj ' 



for i= 1,2, ..., n 



where the generalized coordinate q i = x and the corresponding generalized force Q, = 0 because there 
are no nonconservative and external forces. We obtain 



dL 

die 




— = ~k 1 (x 1 o + x)+ k 2 (x 2 o - x) 
dx 

From this, we obtain the equation of motion: 

( m + p- jx + (fc, + k 2 )x = k 2 x 20 - kyx w 
which is identical to what we obtained before. 



Natural Frequency 

From the equivalent translational system, the natural frequency (undamped) of the system is obtained as 



“n = ^eq/'»eq = + k 2 )/( m + ^ ) (vH) 

Substitute for x and its derivatives into Equation vi using the compatibility condition (Equation v). We 
obtain the equivalent rotational system: 

( r 2 m + J) 6+ r 2 (k x + k 2 )d = rk 2 x 20 - rk x x w 
The equivalent moment of inertia: 

/ eq = r 2 m+J 



The equivalent torsional stiffness: 

Keq = r\k x + k 2 ) 



Therefore, the corresponding natural frequency is 

co n = '\jr 2 (k l +k 2 )l(r 2 m+J) = + k 2 )j^m +4^ (vhi) 

This result is identical to the previous result (vii). This is to be expected, as the system has not changed 
(only the response variable was changed). 
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Common methods of developing equations of motion for mechanical systems are summarized in 
Box 1.1. 



Box 1.1 

Approaches for Developing Equations 
of Motion 



1. Conservative Systems (No Nonconservative Forces/No Energy Dissipation): 

Kinetic energy = T 

Potential energy = V 

Conservation of energy: T + V = const. 

Differentiate with respect to time t 



2 . Lagrange’s Equations: 

Lagrangian L = T — V 
d 0L 0L 

df 0(j; 0(J; 



for i = 1, 2, ..., n 



n = number of DoFs 

Q, = generalized force corresponding to generalized coordinate q ; . 



Find Q ; using: 

8W = 

where 8W = work done by nonconservative forces in a 
general incremental motion (8 q lt 8 q 2 , ...,8 q n ). 

3. Newtonian Approach: 

Z Forces = — V Linear Momentum 
df 

T Torques = — T Angular Momentum 
(About centroid or a fixed point) 



1.3 Heavy Springs 

A heavy spring has its mass and flexibility properties continuously distributed throughout its body. 
In that sense it has an infinite number of DoF(s), and a single coordinate cannot represent its motion. 
However, for many practical purposes, a lumped-parameter approximation with just one lumped mass to 
represent the inertial characteristics of the spring may be sufficient. Such an approximation may be 
obtained by using the energy approach. Here, we represent the spring by a lumped-parameter “model” 
such that the original spring and the model have the same net kinetic energy and potential energy. This 
energy equivalence is used in deriving a lumped mass parameter for the model. Even though damping 
(energy dissipation) is neglected in the present analysis, it is not difficult to incorporate that as well in 
the model. 
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1.3.1 Kinetic Energy Equivalence 

Consider the uniform, heavy spring shown in 
Figure 1.9, with one end fixed and the other end 
moving at velocity v. 

Note that: 

k = stiffness of spring 
m s = mass of spring 
l = length of spring 




k, m s 

AAM/ 

x 8x 




■>v 



FIGURE 1.9 A uniform heavy spring. 



Local speed of element 8x of the spring is given by (x//)v. Element mass = (mjl)hx. Hence, 



1 m, „ 

Element KE = ' 8x1 

2 l 



In the limit, we have 8x — » dx. Then, 



(r) ! 



, f 1 1 m s , / x V 1 mV C 1 2 , 1 

Total KE = -^dxl — v) = , — x~ dx = - 

Jo 2 l { l ) 2 P Jo 2 



m s v~ 
2 3 



(1.45) 



Hence, the equivalent lumped mass concentrated at the free end = (1/3) X spring mass. 

Note: This derivation assumes that one end of the spring is fixed. Furthermore, the conditions are 
assumed to be uniform along the spring. 

An example of utilizing this result is shown in Figure 1.10. Here, a system with a heavy spring and a 
lumped mass is approximated by a light spring (having the same stiffness) and a lumped mass. 

Another example is shown in Figure 1.11. In this case, it is not immediately clear which of the 
approximations shown on the right-hand side is most appropriate. 



Example 1.2 

A uniform heavy spring of mass m s and stiffness k is attached at one end to a mass m that is free to roll on 
a frictionless horizontal plane. The other end is anchored to a vertical post. A schematic diagram of this 
arrangement is shown in Figure 1.12. 





FIGURE 1.10 Lumped-parameter approximation for an oscillator with heavy spring. 




etc. 

FIGURE 1.11 An example where lumped-parameter approximation for spring is ambiguous. 
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The unstretched length of the spring is l. 
Assume that, when the velocity of the connected 
mass is v, the velocity distribution along the spring 
is given by 

7TX 

vAx) = v sin — - 

where x is the distance of a point along the 
spring, as measured from the fixed end. We will 
determine an equivalent lumped mass located 
at the moving end of the spring (i.e., at the 
moving mass m) to represent the inertia effects of 
the spring. 

Consider an element of length 5x at location x 
of the spring. Since the spring is uniform, we have 
element mass = (m s /Z)8x. Also, according to the 
given assumption, element velocity = 
vsin('7ix/2/). Hence, kinetic energy of the spring is 



Velocity 



N / H 




FIGURE 1.12 A heavy spring connected to a rolling 
stock. 




I Hh. 

4 l 



l 77 X I* 

-sm— = 

7 T l Jo 



1 ffl, 



1 nu 



' "S L 7 S 

— V / = V 



4 l 



2 2 



2 



It follows that the equivalent lumped mass to be located at the moving end of the spring is mJ2. This 
result is valid only for the assumed velocity distribution, and corresponds to the first mode of motion 
only. In fact, a linear velocity distribution would be more realistic in this low frequency (quasi-static 
motion) region, which will give an equivalent lumped mass of (l/3)m s , as we have seen before. Such 
approximations will not be valid for high frequencies ^say, higher than , Jk/m s \ . 



1.4 Oscillations in Fluid Systems 

Fluid systems can undergo oscillations (vibrations) quite analogous to mechanical and electrical 
systems. Again, the reason for their natural oscillation is the ability to store and repeatedly 
interchange two types of energy — kinetic energy and potential energy. The kinetic energy comes from 
the velocity of fluid particles during motion. The potential energy arises primarily from the following 
three main sources: 

1. Gravitational potential energy 

2. Compressibility of the fluid volume 

3. Flexibility of the fluid container 

A detailed analysis of these three effects is not undertaken here. However, we have seen from the 
example in Figure 1.5(e) how a liquid column can oscillate due to repeated interchange between kinetic 
energy and gravitational potential energy. Now, let us consider another example. 

Example 1.3 

Consider a cylindrical wooden peg of uniform cross section and height h, floating in a tank of water, 
as in Figure 1.13(a). It is pushed by hand until completely immersed in water, in an upright orientation. 
When released, the object will oscillate up and down while floating in the tank. Let p b and pi be the mass 
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FIGURE 1.13 (a) A buoyancy experiment; (b) upright oscillations of the body; (c) restoring buoyancy couple due 

to a stable metacenter. 



densities of the body (peg) and the liquid (water), respectively. The natural oscillations and the stability 
of this system may be studied as below. 

Suppose that, under equilibrium in the upright position of the body, the submersed length is l. The 
mass of the body is 

m = Ahp b (i) 



where A is the area of cross section (uniform). 

By the Archimedes principle, the buoyancy force R is equal to the weight of the liquid displaced by the 
body. Hence, 



For equilibrium, we have 



R = Alpig 



R = mg 



(ii) 



(iii) 



Hence, 



Alp\g = Ahp h g 



l = —h for p b < p; 
Pi 



(iv) 



For a vertical displacement y from the equilibrium position, the equation of motion is (Figure 1.13(b)) 

my = mg - A(l + y)p x g 

Substitute Equation ii and Equation iii. We obtain 

my = —Apigy 

Substitute Equation i: 

Ahp b y + Apigy = 0 
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or 



The natural frequency of oscillations is 



y+ 



pig 

Pbh 7 



0 




Note that this result is independent of the area of the cross section of the body. 
Assumptions made: 



1 . The tank is very large compared to the body. The change in liquid level is negligible as the body 
is depressed into the water. 

2. Fluid resistance (viscous effects, drag, etc.) is negligible. 

3. Dynamics of the liquid itself is negligible. Hence, “added inertia” due to liquid motion is 
neglected. 

To study stability of the system, note that the buoyancy for R acts through the centroid of the volume of 
displaced water (Figure 1.13(c)). Its line of action passes through the central axis of the body at point M. 
The point is known as the metacenter. Let C be the centroid of the body. 

If M is above C, then, when tilted, there will be a restoring couple that will tend to restore the body to 
its upright position. Otherwise the body will be in an unstable situation, and the buoyancy couple will 
tend to tilt it further towards a horizontal configuration. 



1.5 Damped Simple Oscillator 




Now we will consider free (natural) response of a 
simple oscillator in the presence of energy 
dissipation (damping). 

Assume viscous damping, and consider the 
oscillator shown in Figure 1.14. The free-body 
diagram of the mass is shown separately. 

We use the following notation: 

w n = undamped natural frequency 
w d = damped natural frequency 
w r = resonant frequency 
w = frequency of excitation 

The concept of resonant frequency will be 
addressed in Chapter 2. 

Usually, the viscous damping constant of a single 
DoF is denoted by b (but, sometimes c is used 
instead of b, particularly for multi-DoF systems). 

Apply Newton’s Second Law. From the free-body diagram in Figure 1.14, we have the equation of 
motion mix. = —kx — bx 




FIGURE 1.14 A damped simple oscillator and its free- 
body diagram. 



mix. + bx + kx = 0 



(1.46) 



or 



x + 2 £(o n x + af n x = 0 



(1.47) 
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This is a free (or unforced, or homogeneous) equation of motion. Its solution is the free (natural) response 
of the system and is also known as the homogeneous solution. Note that co n = \fkfm , which is the natural 
frequency when there is no damping, and 

b 

2£w n = — 
m 

Hence, 

1 Tm b 

c= tJ t - 

2 \ k m 
or 



2 Jhn 

Note that £ is called the damping ratio. The formal definition of, and the rationale for, this terminology 
will be discussed later. 

Assume an exponential solution: 

x=Ce Xt (1.50) 

This is justified by the fact that linear systems have exponential or oscillatory (i.e., complex exponential) 
free responses. A more detailed justification will be provided later. 

Substitute Equation 1.50 into Equation 1.47 to obtain 

[A 2 + 2fa) n A -T cu^jC e Af = 0 

Note that C e Af is not zero in general. It follows that, when A satisfies the equation 

A 2 + 2£co n \ + af n = 0 (1.51) 

then Equation 1.50 will represent a solution of Equation 1.47. 

Equation 1.51 is called the characteristic equation of the system. This equation depends on the natural 
dynamics of the system, not on forcing excitation or initial conditions. 

The solution of Equation 1.51 gives the two roots: 

A = — £co n ± — 1 co n = Aj and A 2 (1-52) 

These are called eigenvalues or poles of the system. 

When A t A A 2 , the general solution is 

x = Q e Al + C 2 e v (1.53) 

The two unknown constants Cj and C 2 are related to the integration constants and can be determined by 
two initial conditions which should be known. 

If A t = A 2 = A, we have the case of repeated roots. In this case, the general solution (Equation 1.53) 
does not hold because C l and C 2 would no longer be independent constants to be determined by two 
initial conditions. The repetition of the roots suggests that one term of the homogenous solution should 
have the multiplier t (a result of the double integration of zero). Then the general solution is 

x=C 1 e At + C 2 t e Af (1.54) 

We can identify three categories of damping level, as discussed below, and the nature of the response will 
depend on the particular category of damping. 



(1.48) 



(1.49) 
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1.5.1 Case 1: Underdamped Motion (f < 1) 

In this case it follows from Equation 1.52 that the roots of the characteristic equation are 

A = -£w n ± j y]l- £ 2 (o n = -£(o n ± jw d = A, and A 2 (1.55) 

where the damped natural frequency is given by 

w d = -^1 - £ 2 w n (1.56) 

Note that Aj and A 2 are complex conjugates. The response (Equation 1.53) in this case may be 
expressed as 

x = e^^C, e'“ dt + C 2 e“'“ dt ] (1.57) 

The term within the square brackets of Equation 1.57 has to be real, because it represents the time 
response of a real physical system. It follows that Q and C 2 have to be complex conjugates. 

Note: 



e m f — cos Wd f q_ j s j n 



e _, " df _ cos Wd f _ j s j n Wdf 

So, an alternative form of the general solution would be 

x = cos a> d t + A 2 sin a> d t] (1.58) 

Elere, A { and A 2 are the two unknown constants. By equating the coefficients it can be shown that 



A { = Q + C 2 and A 2 = j(Cj — C 2 ) 



Hence, 



1 



1 



Q = - j A 2 ) and C 2 = -(A; + jA 2 ) 



1.5. 1.1 Initial Conditions 

Let x(0) = x 0 , x(0) = v 0 as before. Then, 

x 0 = A[ and v 0 = ~£co n A 1 + co d A 2 
or 

. _ v o £(O n X 0 

a 2 — — -h 

"d w d 

Yet, another form of the solution would be 

x = A e ^“° f sin(ru d f + </>) 

Here, A and <f> are the unknown constants with 



A 



= -^Aj + A\ and sin <j> = 1 



-y/A) T A 2 



Also, 



cos ch = 7 ~ = and tan d>= — 

M +^2 A 2 



(1.59) 



(1.60) 



(1.61) 



(1.62) 



(1.63) 



(1.64) 



(1.65) 



Note that the response x— * ► 0 as f — *■ oo. This means the system is asymptotically stable. 
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1.5.2 Logarithmic Decrement Method 

The damping ratio f may be experimentally determined from the free response by the logarithmic 
decrement method. To illustrate this approach, note from Equation 1.63 that the period of damped 
oscillations is 



T = 



2tt 

"d 



Also, from Equation 1.63, we have 

x(t) A e - ^"”' sin((w d f 4- <fi) 

x(t + nT ) A e ~fan(t+nT) s j n [ Wd (£ _)_ n T) _|_ 

But, sin[to d (f + nT) + cf>] = sin(w d f + <f>+ 2 mr) = sin(w d + cf>). 

Hence, 



x(t) 



*-£<-> nf 



= e^ nT 



x(t + nT) e (t+nT) 

Take the natural logarithm of Equation 1.67, the logarithmic decrement, 

x(t) 



£co n nT — In 



x(t) 

_ x(t + nT) _ 



However, 



_ 277 

(d„T = a. — = 



W n 277 



277 



" "d s/l-C 2 

Hence, with x(t)/x(t + nT) = r we have the logarithmic decrement. 

277 






= In r 



( 1 . 66 ) 



(1.67) 



Note that (l/n)lnr is the “per-cycle” logarithmic decrement and (l/277«)lnr is the “per- radian” 
logarithmic decrement. The latter is 



c 

Vi - C 1 



In r = a 

2 it n 



( 1 . 68 ) 



Then, we have 




(1.69) 



This is the basis of the logarithmic decrement method of measuring damping. Start by measuring a point 
x(t) and another point x(t + nT) at n cycles later. For high accuracy, pick the peak points of the response 
curve for the measurement of x(t) and x(t + nT). From Equation 1.68 it is clear that, for small damping, 
£ = a = per-radian logarithmic decrement. 



1.5.3 Case 2: Overdamped Motion (f > 1) 

In this case, roots and A 2 of the characteristic equation (Equation 1.51) are real. Specifically, we have 



£ w n +-\/f 2 — l^n < 0 


(1.70) 


C<0 n - ~ lw n < 0 


(1.71) 
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and the response equation (Equation 1.53) is nonoscillatory. Also, it should be clear from Equation 1.70 
and Equation 1.71 that both Aj and A 2 are negative. Hence, x— ► 0 as f — ► oo. This means the system is 
asymptotically stable. 

From the initial conditions 



we obtain 



and 



x(0) = x 0 , x(0) = v 0 
*o = Ci + C 2 



(i) 

(ii) 

(iii) 



Vg = AjCi + A,C 2 

Multiply the first initial condition (Equation i) by A, : 

AiX 0 = AjCj + AjC 2 

Subtract Equation iii from Equation ii: 

v 0 — A^q = C 2 (A 2 — Aj) 

We obtain 

Vg A,X n 

C 2 = 0 _ 0 (1.72) 

A 2 

Similarly, multiply the first initial condition (Equation i) by A 2 and subtract from Equation ii. We obtain 

v 0 — A 2 x 0 = CjfA! — A 2 ) 

Hence, 

Vq — A 2 Xq 



C, = 



A, A 2 



(1.73) 



1.5.4 Case 3: Critically Damped Motion (£ = 1) 

Here, we have repeated roots, given by 

Al = A 2 = -w n (1.74) 

The response for this case is given by (see Equation 1.54) 

x= Q e““”* + C 2 te““” f (1.75) 

Since the term e - " nf goes to zero faster than t goes to infinity, we have f e“" nf — ► 0 as t — * oo. Hence, the 
system is asymptotically stable. 

Now use the initial conditions x(0) = % 0 , x(0) = v 0 . We obtain 

Xg = Cj 

v 0 = —aj n Q + C 2 

Hence, 

Q = x 0 (1.76) 

C 2 = v 0 + a> n Xg (1.77) 

Note: When ( = 1 we have the critically damped response because below this value the response is 
oscillatory (underdamped) and above this value, the response is nonoscillatory (overdamped). It follows 
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that we may define the damping ratio as 

damping constant 

£ = damping ratio = — — 

damping constant for critically damped conditions 



(1.78) 



1.5.5 Justification for the Trial Solution 

In the present analysis, the trial solution (Equation 1.50) has been used for the response of a linear system 
having constant parameter values. A justification for this is provided now. 



1.5.5. 1 First-Order System 

Consider a first-order (homogeneous, no forcing input) linear system given by 

/ d \ 

— - A x = j- Ajc = 0 

\dt ) 



This equation can be written as 



dx 

— = A df 

x 



Integrate: 



In x = Af + In C 



(1.79) 



Here, In C is the constant of integration. Hence, 

x=Ce Xt (1.80) 

This is then the general form of the free response of a first-order system. It incorporates one constant of 
integration, and hence will need one initial condition. 



1.5.5.2 Second-Order System 

We can write the equation of a general second-order (homogeneous, unforced) system in the operational 
form: 

a811 

By reasoning as before, the general solution would be of the form jc = C 1 e Al( + C 2 e Alt . Here, Q and C 2 
are the constants of integration, which are determined using two initial conditions. 



1.5.5.3 Repeated Roots 

The case of repeated roots deserves a separate 



treatment. First, consider 

d 2 x 
df 



= 0 



Integrate twice: 



— = C; x= Ct + D 
dt 



Note the term with t in this case. Hence, a suitable trial solution for the system 






(1.82) 



(1.83) 



(1.84) 



would be x = Ci e Af + C 2 t e At . 

The main results for the free (natural) response of a damped oscillator are given in Box 1.2. 
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Box 1.2 

Free (Natural) Response of a Damped 
Single Oscillator 



System Equation: mix + bx+ kx = 0 or x + 2 £co n x + co 2 x = 0 
Undamped natural frequency a> n = \lklm 
Damping ratio £ = b/2\/km 

Characteristic Equation: A 2 + 2£w n A + <n 2 = 0 

Roots (Eigenvalues or Poles): A, and A 2 = — £oj n ± — lw n 

Response: 

x = C] e Alf + C 2 e Adf for unequal roots (A] ¥= A 2 ) 
x = (C 2 + C 2 f)e Af for equal roots (A x = A, = A) 

Initial Conditions: x(0) = x 0 and x(0) = v 0 
Case 1: Underdamped (f < 1) 

Poles are complex conjugates: — £co n ± jw d 
Damped natural frequency co d = -Jl — £ 2 co n 

x = e C| e'“ dt + C 2 e ^“ dt ] = e cos w d f + A 2 sin a> d t] = A e sin(w d f + <£>) 

A, = C, + C 2 and A 2 = j(C x — C 2 ) 

Ci = y( A i ~ M 2 ) and Q = ±(A t + jA 2 ) 

A = a/a 2 + A 2 and tan <f> = — 

' A 2 



Initial conditions give: 

A x = Xq and A 2 



v 0 + 

w d 



Logarithmic Decrement per Radian: 

a = In r = 

2 mi 



c 

Vw 2 



where r = x(f)/[x(f + nT)] = decay ratio over n complete cycles. 
For small £ s a 
Case 2: Overdamped (f > 1) 

Poles are real and negative: A x , A 2 = — £w n ± -y/Zf 2 — lw n 

x = Cj e A,f + C 2 e Adt 



Ci 



Vo ^2*0 

Aj — A, 



and 



C 2 = 



v 0 AjXq 
A 2 — A x 



Case 3: Critically Damped (f = 1) 

Two identical poles: A x = A 2 = A = — co n 

x = (C x + C 2 t)e~ Wnt with C x = Xq and C 2 = v 0 + co n x 0 
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1.5.6 Stability and Speed of Response 

The free response of a dynamic system, particularly a vibrating system, can provide valuable information 
concerning the natural characteristics of the system. The free (unforced) excitation may be obtained, for 
example, by giving an initial-condition excitation to the system and then allowing it to respond freely. 
Two important characteristics which can be determined in this manner are: 

1. Stability 

2. Speed of response 

The stability of a system implies that the response will not grow without bounds when the excitation 
force itself is finite. This is known as bounded-input bounded-output (BIBO) stability. In particular, if 
the free response eventually decays to zero, in the absence of a forcing input, the system is said to be 
asymptotically stable. We have seen that a damped simple oscillator is asymptotically stable, but an 
undamped oscillator, while being stable in a general (BIBO) sense, is not asymptotically stable. 

The speed of response of a system indicates how fast the system responds to an excitation force. It is 
also a measure of how fast the free response (1) rises or falls if the system is oscillatory; or (2) decays, if 
the system is nonoscillatory. Hence, the two characteristics, stability and speed of response, are not 
completely independent. In particular, for nonoscillatory (overdamped) systems these two properties are 
very closely related. It is clear then that stability and speed of response are important considerations in 
the analysis, design, and control of vibrating systems. 

The level of stability of a linear dynamic system depends on the real parts of the eigenvalues (or poles), 
which are the roots of the characteristic equation. Specifically, if all the roots have real parts that 
are negative, then the system is stable. Also, the more negative the real part of a pole, the faster the decay 
of the free response component corresponding to that pole. The inverse of the negative real part is the 
time constant. The smaller the time constant, the faster the decay of the corresponding free response, and 
hence, the higher the level of stability associated with that pole. We can summarize these observations 
as follows: 

Level of stability. Depends on decay rate of free response (and hence on time constants or real parts 
of poles) 

Speed of response. Depends on natural frequency and damping for oscillatory systems and decay rate 
for nonoscillatory systems 

Time constant. Determines stability and decay rate of free response (and speed of response in 
nonoscillatory systems) 

Now let us consider the specific case of a damped simple oscillator given by Equation 1.47. 

Case 1 (£< 1) 

The free response is given by x = A sin(co d t + f > ) 

Time constant r = (1-85) 

The system is asymptotically stable. The larger fco n , the more stable the system. Also, the speed of 
response increases with both co d and fco n . 

Case 2 (£> 1) 

The response is nonoscillatory, and is given by 

x = A x e A ' f (decays slower) + A 2 e Xlt (decays faster) 
where = — fco n + y/f 1 — lw n and A 2 = — fco n — — lw n . 
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This system has two time constants: 



n 



1 

TXJ 



and 




( 1 . 86 ) 



Note that iq is the dominant (slower) time constant. The system is also asymptotically stable. The larger 
the lAj I the faster and more stable the system. 

Consider an underdamped system and an overdamped system with damping ratios and £ 0 , 
respectively. We can show that the underdamped system is more stable than the overdamped system if 
and only if 

Co - ijcl - 1 < Co (1.87a) 

or equivalently, 

/ 2 -I- 1 

Co > “ (1.87b) 



where £ 0 > 1 > £ u > 0 by definition. 



Proof 

To be more stable, we should have the underdamped pole located farther away than the dominant 
overdamped pole from the imaginary axis of the pole plane; thus 

Cu^n > Co^n ~ yjcl - l"n 

Hence, 

Co > Co - Vfo-1 

Now, bring the square-root term to the left-hand side and square it: 

Cl-i>(Co- Co) 1 = &- 2CoCu + cl 

Hence, 

2 CoCo > cl + 1 
or 



This completes the proof. □ 



To explain this result further, consider an undamped (f = 0) simple oscillator of natural frequency w n . 
Its poles are at ±j co n (on the imaginary axis of the pole plane). Now let us add damping and increase f 
from 0 to 1. Then the complex conjugates poles — ± jco d will move away from the imaginary axis as 

( increases (because £a> n increases) and hence the level of stability will increase. When £ reaches the value 
1 (critical damping) we obtain two identical and real poles at — a> n . When £ is increased beyond 1, the 
poles will be real and unequal, with one pole having a magnitude smaller than w n and the other having a 
magnitude larger than a> n . The former (closer to the “origin” of zero) is the dominant pole, and will 
determine both stability and the speed of response of the overdamped system. It follows that, as f 
increases beyond 1, the two poles will branch out from the location — w n , one moving towards the origin 
(becoming less stable) and the other moving away from the origin. It is now clear that as ( is increased 
beyond the point of critical damping, the system becomes less stable. Specifically, for a given value of 
( u < 1, there is a value of > 1, governed by Equation 1.87, above which the overdamped system is less 
stable and slower than the underdamped system. 
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Example 1.4 

Consider the simple oscillator shown in Figure 1.14, with parameters m = 4 kg, k = 1.6 X 10 3 N/m, and 
the two cases of damping: 

1. b = 80 N/m/sec 

2. b = 320 N/m/sec 

We will study the nature of the free response in each case. 

The undamped natural frequency of the system is 

X iO 3 J( 

rad/sec = 20.0 rad/sec 

4 



or 2£ X 20 = — 
4 

L = 0.5 

The system is underdamped in this case. 




Case 1 

b 

2£«n = — 

m 

Then, 



Case 2 

Then, 

The system is overdamped in this case. 



2f X 20 = 



320 

~T~ 



L = 2.0 



Case 3 

The characteristic equation is 

A 2 + 2 X 0.5 X 20A + 20 2 = 0 
or 

A 2 + 20A + 20 2 = 0 

The roots (eigenvalues or poles) are 

A = -10 ± j'a/20 2 - 10 2 = -10 ±jl0V3 
The free (no force) response is given by 

x = A e 10f sin^l0\/3f + 

The amplitude A and the phase angle cf> can be determined using initial conditions. 

1 

Time constant r = — = 0. 1 sec 
10 



Case 4 

The characteristic equation is 

A 2 + 2 X 2 X 20A + 20 2 = 0 
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or 

A 2 + 80A + 20 2 = 0 

The roots are 

A = -40 ± \/40 2 - 20 2 = -40 ± 20x/3 

= -5.36, -74.64 
The free response is given by 

x=C 1 e -5 ' 36t + C 2 e _74 ' 64f 

The constants Q and C 2 can be determined using 
initial conditions. The second term on the right- 
hand side goes to zero much faster than the first 
term, as shown in Figure 1.15. Hence, the first term 
will dominate and will determine the dominant 
time constant, level of stability, and speed of 
response. Specifically, the response may be 
approximated as 




FIGURE 1.15 The free (homogeneous) response 
components of an overdamped system. 



x = C x 



— 5 . 36 1 

e 



Hence, 

Time constant r = =0.19 sec 

5.36 

This value is double that of Case 1. Consequently, it is clear that the underdamped system (Case 1) 
decays faster than the overdamped system (Case 2). In fact, according to Equation 1.87b, with £ u = 0.5 
we have 



L> 



0.5 2 + 1 
2x0.5 



1.25 



Hence, an overdamped system of damping ratio greater than 1.25 will be less stable than the 
underdamped system of damping ratio 0.5. 



Table 1.1 summarizes some natural characteristics of a damped simple oscillator under three different 
levels of damping. The nature of the natural response for these three cases is sketched in Figure 1.16. 
In general, the natural response of a system is governed by its eigenvalues (or poles), which are the roots 
of the characteristic equation. The poles may be marked on a complex plane (s-plane), with the 
horizontal axis representing the real part and the vertical axis representing the imaginary part. The nature 
of the free response depending on the pole location of the system is shown in Figure 1.17. 



TABLE 1.1 Natural Characteristics of a Damped Oscillator 

Damping Ratio 





1 


i> 1 


?= 1 


Level of damping 


Underdamped 


Overdamped 


Critically damped 


Oscillatory response 


Yes 


No 


No 


Stability 


Asymptotically stable 
(less stable than £ = 1 
case but not necessarily 
less stable than the 
overdamped case) 


Asymptotically stable 
(less stable than the 
critically damped case) 


Asymptotically stable 
(most stable) 


Speed of response 


Better than overdamped 


Lower than critical 


Good 


Time constant 


l/(^n) 


1/1 ± Vf 2 - l"n) 


Vio„ 
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FIGURE 1.16 Free response of a damped oscillator: (a) underdamped; (b) critically damped; (c) overdamped. 

1.6 Forced Response 

The free response of a vibratory system is the response to some initial excitation and in the absence of any 
subsequent forcing input. This corresponds to the “natural” response of the system. Mathematically, it is 
the homogeneous solution, because it is obtained by solving the homogeneous equation of the system 
(i.e., without the input terms). The natural response, the free response, and the homogeneous solution 
are synonymous, in the absence of a forcing input to the system. 

The forced response of a dynamic (vibratory) system is the response of the system to a forcing input. 
When there is a forcing excitation (i.e., an input) on a system, the equation of motion will be 
nonhomogeneous (i.e., the right-hand side will not be zero). Then, the total solution (total response T) 
will be given by the sum of the homogeneous solution ( H ) and the particular integral ( P ), subject to the 
system initial conditions. This may be determined by the mathematical solution of the equation of 
motion. The total response can be separated into the terms that depend on the initial conditions ( X ) and 
the terms that depend on the forcing excitation ( F ). This is in fact the physical interpretation of the total 
solution. Note that X is called the “free response,” “initial-condition response,” or the “zero-input 
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i-Plane 




FIGURE 1.17 Dependence of free response (or stability) on the pole location. (A and B are stable; C is marginally 
stable; D and E are unstable.) 

response.” The term F is called the “forced response” or the “zero-initial-condition response” or the 
“zero-state response.” In general H is not identical to X and P is not identical to F. But, when there is no 
forcing excitation (no input), by definition H and X will be identical. Furthermore, under steady-state 
conditions the homogeneous part or initial-condition response will die down (assuming that there is 
some damping, and the system is stable). Then, F will become equal to P. Note that, even when the initial 
conditions are zero, F and P may not be identical because F may contain a natural response component 
that is excited by the forcing input. This component will die out with time, however. 

The total response will depend on the natural characteristics of the system (as for the free response) 
and also on the nature of the forcing excitation. Mathematically, then, the total response will be 
determined by both the homogeneous solution and the particular solution. The complete solution will 
require a knowledge of the input (forcing excitation) and the initial conditions. 

The behavior of a dynamic system when subjected to a certain forcing excitation may be studied by 
analyzing a model of the system. This is commonly known as system-response analysis. System response 
may be studied either in the time domain, where the independent variable of the system response is time, 
or in the frequency domain, where the independent variable of the system response is frequency. Time- 
domain analysis and frequency- domain analysis are equivalent. Variables in the two domains are 
connected through the Fourier (integral) transform. The preference of one domain over the other 
depends on such factors as the nature of the excitation input, the type of the available analytical model, 
the time duration of interest, and the quantities that need to be determined. The frequency-domain 
analysis will be addressed in Chapter 2. 



1.6.1 Impulse-Response Function 

Principle of superposition. Consider a linear dynamic (vibratory) system. The principle of superposition 
holds for a linear system. More specifically, if y l is the system response to excitation u ] (t) and y 2 is the 
response to excitation u 2 (t), then ay 1 + fiy 2 is the system response to input au x {t) + fiu 2 (t ) for any 
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u(f) 




(b) 0 



* 



t 



FIGURE 1.18 Illustrations of (a) unit pulse and (b) unit impulse. 

constants a and /3 and any excitation functions uft) and u 2 (t). This is true for both time-variant- 
parameter linear systems and constant-parameter linear systems. 

Unit impulse. A unit pulse of width At starting at time t = r is shown in Figure 1.18(a). Its area is 
unity. A unit impulse is the limiting case of a unit pulse when At— ► 0. Unit impulse acting at time t = t 
is denoted by S(f — t) and is graphically represented as in Figure 1.18(b). In mathematical analysis, this 
is known as the Dirac delta function. It is mathematically defined by the two conditions: 

f 0 for t ¥=■ t 

8(t — t) = -J (1.88) 

[ oo for t ~ t 



and 



r oo 

8(t — T)df = 1 



The Dirac delta function has the following well-known and useful properties: 



(1.89) 



and 



f(t)8(t - T)df = /(t) 



(1.90) 



d "/(*) ^ ^ d"/(f) 



(1.91) 



for any well-behaved time function /(f). 

Impulse-response function. The system response (output) to a unit- impulse excitation (input) acted 
at time t = 0 is known as the impulse-response function and is denoted by hft). 



1.6.2 Forced Response 

The system output to an arbitrary input may be expressed in terms of its impulse-response function. This 
is the essence of the impulse-response approach to determining the forced response of a dynamic system. 
Without loss of generality, assume that the system input u(t) starts at t = 0; that is, 

u(t ) = 0 for t < 0 (1.92) 

For a physically realizable system, the response does not depend on the future values of the input. 
Consequently, 

y(t) = 0 for f < 0 (1.93) 
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u(t) y(t) 





u(t-T) y(t- t) 





FIGURE 1.19 Response to a delayed input. 

and 

hit) = 0 for f < 0 (1.94) 

where y(t) is the response of the system to any general excitation u(t). 

Furthermore, if the system is a constant-parameter system, then the response does not depend on the 
time origin used for the input. Mathematically, this is stated as follows: if the response to input uit) 
satisfying Equation 1.92 isy(f), which satisfies Equation 1.93, then the response to input u(t — t ), which 
satisfies, 

u(t — t) = 0 for t < r (1.95) 

is y(t — t), and it satisfies 

y(t — t) = 0 for t < t (1.96) 

This situation is illustrated in Figure 1.19. It follows that the delayed-impulse input 8(t — t), having time 
delay t, produces the delayed response h(t — t). 

Convolution integral. A given input u(t) can be 
divided approximately into a series of pulses of 
width At and magnitude «(r) At. In Figure 1.20, 
as At— i ► 0, the pulse shown by the shaded area 
becomes an impulse acting at t = t, having the 
magnitude ut dr. The value of this impulse is 
given by 5(f — t ) u ( t )( 1 t . In a linear, constant- 
parameter system, it produces the response hit — 

T)«(T)dT. By integrating over the entire time 
duration of the input u(t), the overall response 
y(t) is obtained as 

r oo 

y(t) = I h(t — T)«(T)dT (1-97) 




FIGURE 1 .20 A general input treated as a continuous 
series of impulses. 
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Equation 1.97 is known as the convolution integral. This is in fact the forced response, under zero initial 
conditions. 

In view of Equation 1.94, it follows that h(t — t) = 0 for r > t. Consequently, the upper limit of 
integration in Equation 1.97 could be made equal to t without affecting the result. Similarly, in view of 
Equation 1.92, the lower limit of integration in Equation 1.97 could be made — <x>. Furthermore, by 
introducing the change of variable r— * f — r, an alternative version of the convolution integral is 
obtained. Several valid versions of the convolution integral (or response equation) for a linear, constant- 
parameter system are given below: 



y(t) = 


roo 

h{T)u{t — r)dT 


(1.97a) 




*00 

h(t — t)u(t)<1t 

— 00 


(1.97b) 




*00 

h(r)u(t — r)dr 

— 00 


(1.97c) 




h(t — t)u(t) dr 

— 00 


(1.97d) 




h(r)u(t — t) dr 

— 00 


(1.97e) 


y(t) = 


J h(t — T)w(r)dT 


(1.97f) 


y(t) = 


J h(T)u(t — T)dr 


(l-97g) 



In fact, the lower limit of integration in the convolution integral could be any value satisfying t < 0, and 
the upper limit could be any value satisfying t > f . The use of a particular pair of integration limits depends 
on whether the functions h(t) and u(t) implicitly satisfy the conditions given by Equation 1.93 and 
Equation 1 .94, or whether these conditions have to be imposed on them by means of the proper integration 
limits. It should be noted that the two versions given by Equation 1.97f and Equation 1.97g take these 
conditions into account explicitly and therefore are valid for all inputs and impulse-response functions. 

It should be emphasized that the response given by the convolution integral assumes a zero initial state, 
and is known as the zero-state response, because the impulse response itself assumes a zero initial state. 
As we have stated, this is not necessarily equal to the “particular solution” in mathematical analysis. 
Also, as t increases (t — ► oo), this solution approaches the steady-state response denoted byy ss , which is 
typically the particular solution. The impulse response of a system is the inverse Laplace transform of the 
transfer function. Hence, it can be determined using Laplace transform techniques. This aspect will be 
addressed in Chapter 3. Some useful concepts of forced response are summarized in Box 1.3. 

1.6.3 Response to a Support Motion 

An important consideration in vibration analysis and in the testing of machinery and equipment is the 
response to a support motion. To illustrate the method of analysis, consider the linear, single-DoF system 
consisting of mass m, spring constant k, and damping constant b, subjected to support motion 
(displacement) u(f). Vertical and horizontal configurations of this system are shown in Figure 1.21. 

Both configurations possess the same equation of motion, provided the support motion u(t) and the 
mass response (displacement) y are measured from the fixed points that correspond to the initial, static- 
equilibrium position of the system. In the vertical configuration, the compressive force in the spring 
exactly balances the weight of the mass when it is in static equilibrium. In the horizontal configuration, 
the spring is unstretched when in static equilibrium. It may be easily verified that the equation of motion 
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Box 1.3 

Concepts of Forced Response 



Total Response (X) = Homogeneous Solution ( H ) + Particular Integral (P) 

= Free Response ( X ) + Forced Response (X) 

= Initial-Condition Response ( X ) + Zero-Initial-Condition Response (F) 



= Zero-Input Response (X) + Zero-State Response (X) 

Note: In general, H X and P ¥= X 

With no input (no forcing excitation), by definition, H = X 
At steady state, X becomes equal to P. 

Convolution Integral: Response y = Jo h(t — T)u(r)dT= JJ, /t(r)«(f — r)dT, where 

u = excitation (input) and h = impulse-response function (response to a unit-impulse input). 
Damped Simple Oscillator: j>+ 2 £w n y + co 2 y = co 2 u(t) 

Poles (eigenvalues) A t , A 2 = ( ~~ ± “ lw " for ^ “ 1 

1 ± j"d for £ < 1 



<w n = undamped natural frequency, co d = damped natural frequency, £ = damping ratio. 
Note: w d = yj 1 — £ 2 <w n . 

Impulse-Response Function (Zero Initial Conditions): 

rexp( — £ru n t)sin co d t for £ < 1 



bit) = \ 



Vi -f 2 



[exp A t f — exp A 2 f] for f > 1 



Iwft exp( — w n f) 



for £ = 1 



Unit Step Response (Zero Initial Conditions): 



Xstep (X) 



1 — , - exp( — £co n t)sin(co d t + (f>) 

[A t exp A 2 f — A 2 exp A t f] 



Vi -f 2 

1 

2 si? - Tw n 
L 1 - (co n t + l)exp(- w n t) 



1 - 



for t, < 1 

for 1 > 1 
for £ = 1 



with 



cos <f> = £ 



Note: 



Impulse Response 



— (Step Response) 
df 
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y(t) 




‘'77///////////////////////////. 






(b) 



FIGURE 1.21 A system subjected to support motion: (a) vertical configuration; (b) horizontal configuration. 



is given by 

my + by + ky = ku(t ) + bu{t) (1.98) 

in which (') = d/df and (") = d 2 /df 2 . The two parameters co n and f are undamped natural frequency and 
damping ratio, respectively, given by co n = \fkfm and 2 = b/m, as usual. This results in the equivalent 
equation of motion: 

y + 2 £co n y + w 2 y = o? n u{t) + 2fw n «(f) (1.99) 

There are several ways to determine the response y from Equation 1.99 once the excitation function u(t) is 
specified. The procedure used below is to first solve the modified equation: 

y + 2 fw n y + w 2 y = af n u(t) (1.100) 

This can be identified as the equation of motion of the single-DoF system shown in Figure 1.15. Once this 
response is known, the response of the system (Equation 1.99) is obtained by applying the principle of 
superposition. 

1.6.3. 1 Impulse Response 

Many important characteristics of a system can be studied by analyzing the system response to an 
impulse or a step-input excitation. Such characteristics include system stability, speed of response, time 
constants, damping properties, and natural frequencies. In this way, a knowledge of the system response 
to an arbitrary excitation is gained. A unit impulse or a unit step are baseline inputs or test inputs. 
Responses to such inputs can also serve as the basis for system comparison. In particular, it is usually 
possible to determine the degree of nonlinearity in a system by exciting it at two input intensity levels, 
separately, and checking whether proportionality is retained at the output; or by applying a harmonic 
excitation and checking whether limit cycles are encountered by the response. 

The response of the system (Equation 1.100) to a unit impulse u(t) — 8(t) may be conveniently 
determined by the Laplace transform approach. Elere, we will use a time-domain approach, instead. First, 
integrate Equation 1.100 over the almost zero time interval from t = 0“ to t = 0 + . We obtain 

/• 0 + /- 0 + 

K0 + ) = y(°~) - 2£w n [y(0 + ) - y(0“)] - 0)1 J ^ _y df + o? n J ^ u(t)dt (1.101) 

Suppose that the system starts from rest. Hence, y(0 _ ) = 0 and y(0 _ ) = 0. Also, when an impulse is 
applied over an infinitesimal time period [0 _ , 0 + ] the system will not be able to move through a finite 
distance during that period. Hence, y(0 + ) = 0 as well, and furthermore, the integral ofy on the right- 
hand side of Equation 1.101 will also be zero. Now, by the definition of a unit impulse, the integral of u 
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on the right-hand side of Equation 1.101 will be unity. Hence, we havey(0 + ) = co £. It follows that as soon 
as a unit impulse is applied to the system (Equation 1.100) the initial conditions will become 

y(0 + ) = 0 and y(0 + ) = co„ (1.102) 



Also, beyond t = 0 + the excitation u(t) = 0, according to the definition of an impulse. Then, the impulse 
response of the system (Equation 1.100) is obtained by its homogeneous solution (as carried out before, 
under free response), but with the initial conditions given in Equation 1.102. The three cases of damping 
ratio (£ < 1, f > 1, and £ = 1) should be considered separately. We obtain the following results: 



TimpulseW = Ht) 



/impulsed) = Ht) 



/impulsed) = Ht ) 






exp( — £tu n f)sin w d f 



2yfF^ 



[exp — exp A 2 f] 



cu~fexp(— co n t) for £ = 1 



for £ < 1 
for £ > 1 



(1.103a) 

(1.103b) 

(1.103c) 



An explanation concerning the dimensions of hit) is appropriate here. Note that y(t) has the same 
dimensions as u(t). Since h(t) is the response to a unit impulse, 5(f), it follows that they have the same 
dimensions. The magnitude of 5(f) is represented by a unit area in the u(t) versus t plane. Consequently, 
5(f) has the dimensions of (1/time) or (frequency). Clearly then, h(t) also has the dimensions of ( 1/time) 
or (frequency). 



1.6. 3. 2 The Riddle of Zero Initial Conditions 

For a second-order system, zero initial conditions correspond to y(0) = 0 and y( 0) = 0. It is clear 
from Equations 1.103 that h( 0) = 0, but h( 0) ¥= 0, which appears to violate the zero-initial- 
conditions assumption. This situation is characteristic in a system response to an impulse and its 
derivatives. This may be explained as follows. When an impulse is applied to a system at rest (zero 
initial state), the highest derivative of the system differential equation momentarily becomes infinity. 



Ht) 




FIGURE 1.22 Impulse-response functions of a damped oscillator. 



© 2005 by Taylor & Francis Group, LLC 




Time-Domain Analysis 



1-35 



As a result, the next lower derivative becomes finite (nonzero) at t = 0 + . The remaining lower 
derivatives maintain their zero values at that instant. When an impulse is applied to the system 
given by Equation 1.100, for example, the acceleration y(t) becomes infinity, and the velocity y(t) 
takes a nonzero (finite) value shortly after its application (f = 0 + ). The displacement y(f), however, 
would not have sufficient time to change at t = 0 + . The impulse input is therefore equivalent to a 
velocity initial condition, in this case. This initial condition is determined by using the integrated 
version (Equation 1.101) of the system (Equation 1.100), as has been done. 

The impulse-response functions given by Equations 1.103 are plotted in Figure 1.22 for some 
representative values of the damping ratio. It should be noted that for 0 <£< 1 the angular frequency of 
damped vibrations is wa, the damped natural frequency, which is smaller than the undamped natural 
frequency aj n . 



1.6.3.3 Step Response 

A unit-step excitation is defined by 



At) 



for t > 0 
,0 for t < 0 

Unit-impulse excitation 5(f) may be interpreted as the time derivative of uft), 

daft ) 



{: 



5(f) = 



df 



(1.104) 



(1.105) 



Note that Equation 1.105 re-establishes the fact that for a nondimensional w(f), the dimension of 5(f) is 
(time) -1 . Then, since a unit step is the integral of a unit impulse, the step response can be obtained 
directly as the integral of the impulse response; thus, 

/step A) = hfr ) dr (1.106) 

This result also follows from the convolution integral (Equation 1.97g) because, for a delayed unit step, 
we have 



f 1 for r < f 

uft - t) = 4 (1.107) 

( 0 for r > f 

Thus, by integrating Equations 1.103 with zero initial conditions, the following results are obtained for 
step response: 



TstepW 1 , ^exp( £(o n t)sm(a) d t + <t>) 

Vi -£~ 


for £ < 1 


(1.108a) 


1 

Tstep = 1 “ , y [A t exp A 2 f - A 2 exp Ajf] 

2"V 1 - £ «n 


for £ > 1 


(1.108b) 


y s tep = 1 - (w n f + l)exp(— co n t) for £ = 


1 


(1.108c) 


cos f> = £ 




(1.109) 



The step responses given by Equations 1.108 are plotted in Figure 1.23 for several values of damping 
ratio. 

Note that, since a step input does not cause the highest derivative of the system equation to approach 
infinity at f = 0 + , the initial conditions that are required to solve the system equation remain unchanged at 
f = 0 + , provided that there are no derivative terms on the input side of the system equation. If there are 
derivative terms in the input, then, for example, a step can become an impulse and the situation changes. 

Now, the response of the system in Figure 1.21, when subjected to a unit step of support excitation 
(see Equation 1.99), is obtained by using the principle of superposition, as the sum of the unit-step 
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FIGURE 1.23 Unit-step response of a damped simple oscillator. 



response and (2 £/co n ) times the unit-impulse response of Equation 1.100. Thus, from Equation 1.103 and 
Equation 1.108, we obtain the step response of the system in Figure 1.21 as 



exp(— La>„t) 

y(t ) = 1 - . [sm(co d f + 4>) ~ 2£ sin w d f] 

Vl ~ t 


for £ < 1 


(1.11 0a) 


1 

y(t) = 1 + , =- [A 2 exp A 2 f — Aj exp A^] 

2v 1 _ n 


for f > 1 


(1.110b) 


y(t) = 1 + (w n f - l)exp(-w n t) for ^ = 


1 


(1.110c) 


1.6. 3. 4 Liebnitz's Rule 






The time derivative of an integral whose limits of integration are also functions of time may be obtained 
using Liebnitz’s rule. It is expressed as 


d f hlt> . , r , db{t) dfl(f) 

df j ^f( T H)dT = f[b(i),t] — f[a{t), t] ^ + 


rb(t) 

t-(t, t)dr 

1 a(t) dt 


(1.111) 



By repeated application of Liebnitz’s rule to Equation 1.97g, we can determine the ith derivative of the 
response variable; thus, 





dh(t) 

dt 



+ ■■■ + 



d‘~ l h(t) 
d f~ l 




dh(t) 

dt 



+ ••• + 



d‘ 2 h(t) "I d«(0) 

dt' -2 J df 



+ • ■ ■ + hit) 



d i_1 »(0) 

dt ^ 1 



+ 




d'u(t — t) 
df 



dr 



( 1 . 112 ) 



From this result, it follows that the zero-state response to input [d‘w(f)]/df' is [d'y{t)\ldf, provided that 
all lower-order derivatives of u(t) vanish at t = 0. This result verifies the fact that, for instance, the first 
derivative of the unit-step response gives the impulse-response function. 

It should be emphasized that the convolution integral (Equation 1.97) gives the forced response of a 
system, assuming that the initial conditions are zero. For nonzero initial conditions, the homogeneous 
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solution (e.g., Equation 1.54 or Equation 1.58) should be added to this zero-initial-condition response 
and then the unknown constants should be evaluated by using the initial conditions. Care should be 
exercised in the situation in which there is an initial velocity in the system and to this an impulsive 
excitation is applied. In this case, one approach would be to first determine the velocity at t = 0 + by 
adding to the initial velocity at t = 0 _ , the velocity change in the system due to the impulse. The initial 
displacement will not change, however, due to the impulse. Once the initial conditions at t = 0 + are 
determined in this manner, the complete solution can be obtained as usual. 
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Summary 

This chapter presents the frequency-domain analysis of mechanical vibrating systems. In the frequency domain, 
the independent variable is frequency. The response of a vibrating system to harmonic excitations under various 
levels of damping (overdamped, underdamped, and critically damped) is analyzed. Frequency transfer function 
techniques including impedance, mobility, force transmissibility, motion transmissibility, and receptance are 
studied. Transform techniques (Fourier and Laplace) are applicable in the frequency-domain analysis. The 
Q-factor method of measuring damping is derived. Component interconnection laws are established for frequency- 
domain analysis. The emphasis is on single-degree-of-freedom (single-DoF) systems. 



2.1 Introduction 



In many vibration problems, the primary excitation force typically has a repetitive periodic nature, and 
in some cases this periodic forcing function may be even purely sinusoidal. Examples are excitations due 
to mass eccentricity and misalignments in rotational components, tooth meshing in gears, and 
electromagnetic devices excited by AC or periodic electrical signals. In basic terms, the frequency- 
response of a dynamic system is the response to a pure sinusoidal excitation. As the amplitude and 
the frequency of the excitation are changed, the response also changes. In this manner, the response 
of the system over a range of excitation frequencies can be determined. This represents the frequency 
response. In this case, frequency ( co ) is the independent variable and hence we are dealing with the 
frequency domain. 



2-1 
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Frequency-domain considerations are applicable even when the signals are not periodic. In fact, a time 
signal can be transformed into its frequency spectrum through the Fourier transform. For a given 
time signal, an equivalent Fourier spectrum, which contains all the frequency (sinusoidal) components of 
the signal, can be determined either analytically or computationally. Flence, a time-domain 
representation and analysis has an equivalent frequency-domain representation and analysis, at least 
for linear dynamic systems. For this reason, and also because of the periodic nature of typical vibration 
signals, frequency-response analysis is extremely useful in the subject of mechanical vibrations. The 
response to a particular form of “excitation” is what is considered in the frequency-domain analysis. 
Flence, we are specifically dealing with the subject of “forced response” analysis, albeit in the frequency 
domain. 



2.2 Response to Harmonic Excitations 



Consider a simple oscillator with an excitation 
force /(f), as shown in Figure 2.1. 

The equation of motion is given by 

mx + bx + kx = /(f) (2.1) 

Suppose that f(t) is sinusoidal (i.e., harmonic). 
Pick the time reference such that 

f(t ) = / 0 cos art (2.2) 

where 

co = excitation frequency 

/o = forcing excitation amplitude 




FIGURE 2.1 A forced simple oscillator. 



For a system subjected to a forcing excitation, we have 



Total Response 

T 



Homogeneous Response x h + Particular Response x p 
h P 



(Natural Response) 



(Enforced Response) 



Free Response + Forced Response 

X F 

(Depends only on initial conditions) (Depends only on f 0 ) 

does not contain enforced response but contains a natural/homogeneous component 
and depends entirely on the 
natural/homogeneous response 



Using these concepts, we analyze the forced problem, which may be written as 

x + —x + —x = — cos cot = u(t) 
m m m 



(2.3) 



or 

x + 2 £co n x + co n x = a cos cot = u(t) (2.4) 

where u(t) is the modified excitation. Also, 

<w n = undamped natural frequency 
/ = damping ratio 

The total response is given by 

x = X h +Xj, (2.5) 
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with 



x h = Qe* 1 + C 2 e ht (2.6) 

The particular solution x p , by definition, is one solution that satisfies Equation 2.4. It should be 
intuitively clear that this will be of the form 

x p = a 1 cos cot + a 2 sin cot {except for the case: f = 0 and co= co n } (2.7) 

where the constants a l and a 2 are determined by substituting Equation 2.7 into the system Equation 2.4 
and equating the like coefficient. This is known as the method of undetermined coefficients. 

We will consider several important cases. 



2.2.1 Response Characteristics 

Case 1: Undamped oscillator with excitation frequency # natural frequency 

We have 

x + co^x = a cos cot with co co n 



Elomogeneous solution: 



x h = cos co n t + A 2 sin co n t 



(2.8) 



(2.9) 



Particular solution: 



a 

Xp = — = — cos cot (2.10) 

(w n — or) 

It can be easily verified that x p given by Equation 2.10 satisfies the forced system Equation 2.4, with 
£ = 0. Elence, it is a particular solution. 

Complete solution: 



x = A l cos co n t + A 2 sin co n t + 

H 

Satisfies the homogeneous equation 



a 

7 1 27 

(co n ~ (O) 



cos cot 



p 

Satisfies the equation with input 



(2.11) 



Now 7^ and A 2 are determined using the initial conditions: 

x(0) = x 0 and x(0) = v 0 (2.12) 



Specifically, we obtain 



x 0 — A l + 



(2.13a) 



v 0 = A 2 co n 



(2.13b) 
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Hence, the complete response is 



x o i 2 a — 27 1 
L (w n - co ) J 



t- I cos co n t + -^-sin co n t -) — j-cos cat 



H 

Homogeneous solution 



Particular solution 



(2.14a) 



= x 0 cos co n t + -^2- sin co n t 

UJ n 

^ 1 1 “*V 

X 

Free response 

(depends only on initial conditions) 
comes from x^ 

*Sinusodal at a> n 



+ 



(w n - of) 



— [cos cot — cos co n t] 



, . («„+m) . («„-«) 

2 sin 2 f sin 2 * 



F 

Forced response (depends on input) 
comes from both Xj, and x p 
*Will exhibit a beat phenomenon for a) n — w; i.e., 
(oj n +o))/2 wave modulated by (co n — (o)/2 wave 



(2.14b) 



This is a stable response in the sense of bounded-input bounded-output (BIBO) stability, as it is 
bounded and does not increase steadily. 

Note: If there is no forcing excitation, the homogeneous solution H and the free response X will be 
identical. With a forcing input, the natural response (the homogeneous solution) will be influenced by it 
in general, as is clear from Equation 2.14b. 



Case 2: Undamped oscillator with to = io n (resonant condition) 

In this case, the Xp that was used before is no longer valid. This is the degenerate case, because otherwise 
the particular solution cannot be distinguished from the homogeneous solution and the former will be 
completely absorbed into the latter. Instead, in view of the “double-integration” nature of the forced 
system equation when to = co n , we use the particular solution (P): 

at 

x,, = — sm cot (2.15) 

F 2u> 

This choice of particular solution is strictly justified by the fact that it satisfies the forced system 
equation. 

Complete solution: 

at 

x = A 1 cos cot 4- A 2 sm cot H sm cot (2.16) 

2co 

Initial conditions: 



x(0) = x 0 and x(0) = v 0 . 



We obtain 



x o — Ai 



(2.17a) 



Vg = (0A 2 



The total response is 



Vn 

x = x 0 cos cot + sm cot 



+ 



jh sin wf 



X 

Free response (depends on initial conditions) 
*Sinusodal at (o 



F 

Forced response (depends on input) 
*Amplitude increases linearly 



(2.17b) 



(2.18) 



Since the forced response increases steadily, this is an unstable response in the BIBO sense. 
Furthermore, the homogeneous solution H and the free response X are identical, and the particular 
solution P is identical to the forced response F in this case. 
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FIGURE 2.2 Forced response of a harmonically excited undamped simple oscillator: (a) for a large frequency 
difference; (b) for a small frequency difference (beat phenomenon); (c) response at resonance. 



Note that the same system (undamped oscillator) gives a bounded response for some excitations, while 
producing an unstable (steady linear increase) response when the excitation frequency is equal to its 
natural frequency. Hence, the system is not quite unstable, but is not quite stable either. In fact, the 
undamped oscillator is said to be marginally stable. When the excitation frequency is equal to the natural 
frequency it is reasonable for the system to respond in a complementary and steadily increasing manner 
because this corresponds to the most “receptive” excitation. Specifically, in this case, the excitation 
complements the natural response of the system. In other words, the system is “in resonance” with the 
excitation, and the condition is called a resonance. We will address this aspect for the more general case of 
a damped oscillator, in the sequel. 

Figure 2.2 shows typical forced responses of an undamped oscillator when there is a large difference 
between the excitation and the natural frequencies (Case 1); a small difference between the excitation and 
the natural frequencies when a beat phenomenon is clearly manifested (also Case 1); and for the resonant 
case (Case 2). 



Case 3: Damped oscillator 

The equation of forced motion is 

x + 2£co n x + af n x = a cos art (2.19) 



Particular Solution (Method 1): 

Since derivatives of both odd order and even order are present in this equation, the 
particular solution should have terms corresponding to odd and even derivatives of the 
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forcing function (i.e., sin cot and cos cot). Hence, the appropriate particular solution will be of the 
form: 

x p = a l cos cot + a 2 sin cot (2.20) 

Substitute Equation 2.20 into Equation 2.19. We obtain 
— ora! cos cot — co 2 a 2 sin cot + 2 £co n [—coa l sin cot 4- toa 2 cos cot] -T col[a l cos cot + a 2 sin cot] = ac os cot 
Equate like coefficients: 

co-a l -f- 2 £co n coa~) -f- co^cii — a 



— co~a 2 2 £co n cocti -(- co^a 2 — 0 



Hence, we have 



(«n 



)«! + 2 £co n coa 2 = a 



— 2 ^co n coa 1 + (col — co 2 )a 2 = 0 
This can be written in the matrix-vector form: 

r — co~) 2£co n co nr ffi i _ r ^ i 

L — 2£co n co ( col ~ co") JLJ L 0 J 

The solution is 

1 I" (w„ - CO 2 ) ~2£co n co ir a "I 

LJ D {. 2 £co n co (« 2 -<w 2 )J[oJ 

with the determinant 

D = (col ~ co 2 ) 2 + (2£co n co) 2 



On simplification, we obtain 



(col ~ co 2 ) 
D 



(2.21a) 

(2.21b) 

(2.21c) 

(2.22) 

(2.23) 

(2.24a) 



a 2 = 



2£co n co 

D 



a 



This is the method of undetermined coefficients. 



(2.24b) 



Particular Solution (Method 2): Complex Function Method 

Consider 

3c + 2£co n x + colx = ae’ mt 

where the excitation is complex. (Note: e ,at = cos cot + j sin cot.) 

The resulting complex particular solution is 

Xp = X(]co)e ]a,t 

Note that we should take the real part of this solution as the true particular solution. 
First substitute Equation 2.26 into Equation 2.25: 

ci 2 2^co n )co -\- co^]e' wf — rte^ wf 



(2.25) 



(2.26) 
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Hence, since e ,wf ¥= 0 in general, 



X = 



[~ CO 2 + 2£u) n j(0 + COn] 
The characteristic polynomial of the system is 



or, with the Laplace variable s, 
If we set s = jco, we have 



A(A) — A 2 + 2£co n A + co~ 



A (s) — s~ + 2 fw n s + co 2 



(2.27) 

(2.28a) 

(2.28b) 



A(jw) = - w 2 + 2fw n jro + w 2 



(2.28c) 

Note that Equation 2.28c is the denominator of Equation 2.27. Hence, Equation 2.27 can be written 



X = 



A(jw) 



It follows from Equation 2.26 that the complex particular solution is 



a )(Ot 

A(j<<j) ' 

Next let 

A(jto) = lAle^ 

Then, by substituting Equation 2.31 in Equation 2.30, we obtain 

Y — a ,,i(«f-<M 

p IAI 

where it is clear from Equation 2.31 that 

lAl = magnitude of A (jco) 



(2.29) 



(2.30) 



(2.31) 



(2.32) 



< f> = phase angle of A(jw) 

The actual real particular solution is the real part of Equation 2.32 and is given by 

a 

x p = -j^y cos(wf — q>) 



(2.33) 



It can easily be verified that this result is identical to what was obtained previously by Method 1, as 
given by Equation 2.20 together with Equations 2.23 and 2.24. 

In passing, we will note here that the frequency-domain transfer function (i.e., response and excitation 
in the frequency domain) of the system Equation 2.19 is: 



G(ja>) = - = 



1 

s 2 + 2 £oo n s + to 2 



(2.34) 



This frequency transfer function (also known as the frequency-response function) is obtained 
from the Laplace transfer function G(s) by setting s = jco. We will discuss this aspect in more 
detail later. 

The particular section ( P ) is equal to the steady-state solution, because the homogeneous solution dies 
out due to damping. 

The particular solution (Equation 2.33) has the following characteristics: 



1 . The frequency is the same as the excitation frequency co. 

2. The amplitude is amplified by the magnitude l/lAl = lG(jw)l. 
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3. The response is “lagged” by the phase angle 0 of A (or “led” by the phase angle of G(j&>), denoted 
by <G(jw)). 

4. Since the homogeneous solution of a stable system decays to zero, the particular solution is also 
the steady-state solution. 

Resonance 

The amplification (iG(jw)l = l/lAl) is maximum (i.e., resonance) when lAl is a minimum or lAl 2 is a 
minimum. As noted earlier, this condition of peak amplification of a system when excited by a sinusoidal 
input is called resonance and the associated frequency of excitation is called resonant frequency. We can 
determine the resonance of the system (Equation 2.19) as follows: 

Equation 2.28c is A = co 2 — or + 2fto n coj 
Hence, 

I A I 2 = (cal - u 2 f + (2£co n cof = D (2.35) 

The resonance corresponds to a minimum value of D, or 

d.D 99 9 

— — = 2(ax n — co~)(—2co) + 2(2£a> n Y a> = 0 For a minimum. (2.36) 

did 

Hence, with straightforward algebra, the required condition for resonance is 

co n co co n — 0 

or 

= (1 - 2 ?)(o 2 n 
or 

to = yjl - 2 f 2 CO n 

This is the resonant frequency, and is denoted as 

w r = Jl-2 (2.37) 

Note that u> r < co d < co n , where co d is the damped natural frequency given by co d = -v/l — f 2 to n . These 
three frequencies (resonant frequency, damped natural frequency, and undamped natural frequency) are 
almost equal for small £ (i.e., for light damping). 

The magnitude and the phase angle plots of G(j<u) are shown in Figure 2.3. These curves correspond to 
the amplification and the phase change of the particular response (the steady-state response) with respect 
to the excitation input. This pair, the magnitude and phase angle plots of a transfer function with respect 
to frequency, is termed a Bode plot. Usually, logarithmic scales are used for both magnitude (e.g., 
decibels) and frequency (e.g., decades). In summary, the steady-state response of a linear system to a 
sinusoidal excitation is completely determined by the frequency transfer function of the system. The total 
response is determined by adding H to P and substituting initial conditions, as usual. 

For an undamped oscillator (£ = 0), we notice from Equation 2.34 that the magnitude of G(jco) 
becomes infinity when the excitation frequency is equal to the natural frequency (w n ) of the oscillator. 
This frequency (w n ) is clearly the resonant frequency (as well as natural frequency) of the oscillator. This 
fact has been further supported by the nature of the corresponding time response (see Equation 2.18 and 
Figure 2.2(c)), which grows (linearly) with time. 

2.2.2 Measurement of Damping Ratio (Q-Factor Method) 

The frequency transfer function of a simple oscillator (Equation 2.19) may be used to determine the 
damping ratio. This frequency-domain method is also termed the half-power point method, for reasons 
that should become clear from the following development. 
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FIGURE 2.3 Magnitude and phase angle curves of a simple oscillator (A Bode plot). 



First we assume that £ < M-Jl. Strictly speaking, we should assume that £ < 1/2^2. 

Without loss of generality, consider the normalized (or, non-dimensionalized) transfer function 



G(jco) = 



s 2 + 2£co n s + coi J; 



— or + 2£a> n coj 



(2.38) 



As noted before, the transfer function G(s), where s is the Laplace variable, can be converted into the 
corresponding frequency transfer function simply by setting s = ja>. Its value at the undamped natural 
frequency is 



G(;«)l m=Wr 



1 

Uj 



(2.39a) 



Hence, the magnitude of G(jrn) (amplification) at a> = u> n is 

1 



lG(ja>)l 



(2.39b) 



For small L, we have w r s w n . Hence, l/2f is approximately the peak magnitude at resonance (the 
resonant peak). The actual peak is slightly larger. 

It is clear from Equation 2.39a that the phase angle of G(jco) at co = a> n is —tt/2. 

When power is half of the peak power value (e.g., because the displacement squared is proportional to 
potential energy), then the velocity squared is proportional to kinetic energy, and power is the rate of 
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change of energy. Therefore, when the amplification is H\f2 of the peak value we have half-power points, 
given by: 



(2.40) 



1 1 


col 




1 


y/2 H 


Clin — CO 2 + 2j£cO n CO 




1 “ + 



Square Equation 2.40: 



Hence, 



2X4^ 






( — ) 4 - 2 ( — V + l+4^ 2 ( — V= 8£ 2 

V co n ) \co n J \ CO n ) 



( — V- 2(1 ~2f 2 )( — y+(l -8f 2 ) =0 

V w n ) \ CO n ) ' „ ' 



(2.41) 



Now assume that £ 2 < 1/8 or £ < 1/2 \fl. Otherwise, we will not obtain two positive roots for 
(co/co n ) 2 . Solve for (co/co n ) 2 , which will give two roots co] and co] for to 2 . Next, assume co] > co]. 
Compare (co 2 — co])(co 2 — co 2 ) = 0 with Equation 2.41. 

Sum of roots: 



co 2 T- (of 9 

9 = 2(1 - 2 £ 2 ) 



(2.42) 



Product of roots: 



co 2 co] 2 

= (i - »£ ) 

coz 



Hence, 



( ° j2 ~ bJ] ) 2 = ^ + = 2(1 _ 2 ?) - if ^ i 2 

= 2-4^ 2 -2jl- ix8^ + 0(^ 4 )] 

= 2 — 4£ 2 — 2 4- 8/f 2 {because 0(£ 4 ) — * 0 for small £} 
= 4/: 2 



(2.43) 



co 2 ~ Wj 
co„ 



: 2£ 



Hence, the damping ratio 



£= 



(C 0 2 — COy) Aco C 0 2 — co l 

2 co n 2 co n co 2 + co l 



(2.44) 



It follows that, once the magnitude of the frequency-response function G(j<w) is experimentally 
determined, the damping ratio can be estimated from Equation 2.44, as illustrated in Figure 2.4. 
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FIGURE 2.4 The Q-factor method of damping measurement. 



The Q-factor, which measures the sharpness of resonant peak, is defined by 



Q-factor 



u n _ 1 
A co 2f 



(2.45) 



The term originated from the field of electrical tuning circuits where a sharp resonant peak is a 
desirable thing (quality factor) . Some useful results on the frequency-response of a simple oscillator are 
summarized in Box 2.1. 



Example 2.1 

A dynamic model of a fluid coupling system is shown in Figure 2.5. The fluid coupler is represented by a 
rotatory viscous damper with damping constant b. It is connected to a rotatory load of moment of 
inertia /, restrained by a torsional spring of stiffness k, as shown. We now obtain the frequency transfer 
function of the system that relates the restraining torque r of the spring to the angular displacement 
excitation a(t) that is applied at the free end of the fluid coupler. If a(t) = a 0 sin cot, what is the 
magnitude (i.e., amplitude) of r at steady state? 



Solution 

Newton’s Second Law gives 

JO = b(a -ff)-kd 

Hence, 

JO + b() + kO = ba 

Motion transfer function is 

0 _ bs 
a Js 2 + bs + k 

Note that the frequency transfer function is obtained simply by setting s = jar. 
The restraining torque of the spring is r = kO. Hence, 

t kO kbs 

- = — = = G(s) 

a a Js + bs + k 



(i) 



(ii) 



(iii) 
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Box 2.1 

Harmonic Response of a Simple 
Oscillator 



Undamped Oscillator: 



5c + co n x = a cos cot\ x(0) = x 0 , x(0) = v 0 
a 



x = x 0 cos (o n t + yy- sin co n t H — j [cos cot — cos co n t] for <o 7^ co n 

. . (O n — (0 



X 



at 

x = Same X H sin cot 

2co 



for to = co n 

(resonance) 



Damped Oscillator: 



x = H + 



x + 2£co n x + w~x = a cos cot 
a 



lw 2 — or + 2jfw n wl 



cos(wf — cf>) 



where 



tan </> = ^f C ° nC ° 2 ; cf> = phase lag. 



Particular solution P is also the steady-state response. 

Homogeneous solution H = A 2 e Alt + A 2 e Xlt 
where A[ and A 2 are roots of A 2 + 2£w n A + w 2 = 0 

(characteristic equation) 

A l and A 2 are determined from initial conditions: x(0) = x 0 , x(0) = v 0 



Resonant Frequency: w r = A - u 2 co n 

The magnitude of P will peak at resonance. 

Damping Ratio: 



Aw (02-0)1 J 

£ = = for low damping 

2w n co 2 -p Wj 



where, Aw = half-power bandwidth = co 2 — co l 

Note: Q-factor = T— = — for low damping. 

Aw 2£ F 5 



Then, the corresponding frequency-response function (frequency transfer function) is 

kb) co 



For a harmonic excitation of 



GijCO) -(k-Jcoi) + bjco 



a=a 0 e iMf 



(iv) 



(v) 
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we have 



r — lG(jw)la 0 e (i “ t+,w 



(vi) 



at steady state. 

Here, the phase lead of t with respect to a is 
<f> = Z. G(jco ) = Zj (o — Z(fc — Jo? + bjar) 

77 bco 

= 2 ,an Frt (,,,) 

The magnitude of the restraining torque, at 
steady state, is 

, . kbar 

r 0 = a 0 IG(jw)l = a 0 



I k — Jca 2 + bja>\ 



Fluid 

Coupling 

b 







1 






1 ) 




) 


a(t) 




1 


e 



Restraining 

Spring 




Load 

Inertia 



J 



FIGURE 2.5 A fluid coupling system. 



a 0 kbu> 

V(fc - Jco 2 ) 2 + b 2 co 2 



Hence, 



T 0 = 



T 0 = 



Ja 0 colco X 2 £co n 

\A>n ~ w 2 ) 2 + (2 £co n (») 2 
a 0 k2£co n co 

\A>n - co 2 ) 2 + (2 £&> n w) 2 



with k/J = fa// = 2ftu n ; and cu n equal to the undamped natural frequency of the load. 
Now, define the normalized frequency 



Then, from (ix) we have 



For r=l: 



To = 



2 ka 0 £r 



T 0 ■ 



V (1 - r 2 ) 2 + (2 ir) 2 

2 ka 0 £ 



2£ 



= koip 



This means, at resonance, the applied twist is directly transmitted to the load spring. 
For small r: 



Fa 



2 ka 0 £r 

l 



(viii) 



(ix) 



(x) 



(xi) 



(xii) 



(xiii) 



which is small, and becomes zero at r = 0. Hence, at low frequencies, the transmitted torque is small. 
For larger r: 



t 0 



2 ka 0 £r 2 ka 0 £ 



(xiv) 



which is small and goes to zero. Hence, at high frequencies as well, the transmitted torque is small. 
The variation of t 0 with the frequency ratio r is sketched in Figure 2.6. 
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2.3 Transform Techniques 

Concepts of frequency-response analysis originate from the nature of the response of a dynamic system to 
a sinusoidal (i.e., harmonic) excitation. These concepts can be generalized because the time-domain 
analysis, where the independent variable is time it), and the frequency-domain analysis, where the 
independent variable is frequency (<w), are linked through the Fourier transformation. Analytically, it is 
more general and versatile to use the Laplace transformation, where the independent variable is the 
Laplace variable (s) which is complex (i.e., non-real). This is true because analytical Laplace transforms 
may exist even for time functions that do not have “analytical” Fourier transforms. But with compatible 
definitions, the Fourier transform results can be obtained from the Laplace transform results simply by 
setting s = jco. In the present section, we will formally introduce the Laplace transformation and the 
Fourier transformation, and will illustrate how these techniques are useful in the response analysis of 
vibrating systems. The preference of one domain over another will depend on such factors as the nature 
of the excitation input, the type of the analytical model available, the time duration of interest, and the 
quantities that need to be determined. 

2.3.1 Transfer Function 

The Laplace transform of a piecewise-continuous function/) f) is denoted here by F(s) and is given by the 
Laplace transformation 

r oo 

F(s) = f(t) exp(— st)dt (2.46) 

in which s is a complex independent variable known as the Laplace variable, expressed as 

s = cr + jco (2.47) 

and j = \[— I. Laplace transform operation is denoted as Lf(t) = F(s). The inverse Laplace transform 
operation is denoted by /(f) = £~ 1 F(s) and is given by 

l ra+joo 

/(f) = — F(s) exp(sf)ds (2.48) 

J a- joo 

The integration is performed along a vertical line parallel to the imaginary (vertical) axis, located at 
cr from the origin in the complex Laplace plane (s-plane). For a given piecewise-continuous function 
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f(t), the Laplace transform exists if the integral in Equation 2.46 converges. A sufficient condition for 
this is 



l/(f)l exp(— ot)df < oo 



(2.49) 



Convergence is guaranteed by choosing a sufficiently large and positive cr. This property is an 
advantage of the Laplace transformation over the Fourier transformation. (For a more complete 
discussion of the Fourier transformation, see later in this chapter and in Chapter 4.) 

By the use of Laplace transformation, the convolution integral equation can be converted into an 
algebraic relationship. To illustrate this, consider the convolution integral which gives the response y(t) of 
a dynamic system to an excitation input u(t), with zero initial conditions. By definition (Equation 2.46), 
its Laplace transform is written as 



r(s) = 



h(r)u(t 



r) dr exp(— st)dt 



(2.50) 



Note that hit) is the impulse-response function of the system. Since the integration with respect to t is 
performed while keeping r constant, we have dt = d(f — t). Consequently, 

poo poo 

Y(s) = I u(t — t) exp[— s(f — T)]d(f — r) I h(T) exp(— ST)dr 



The lower limit of the first integration can be made equal to zero, in view of the fact that u(t) = 0 for 
t < 0. Again using the definition of Laplace transformation, the foregoing relation can be expressed as 

Y(s) = H(s)U(s) (2.51) 



in which 

poo 

H(s) = £h(t) = I h{t) exp(— st)dt (2.52) 

Note that, by definition, the transfer function of a system, denoted by His), is given by Equation 2.51. 
More specifically, the system transfer function is given by the ratio of the Laplace-transformed output 
and the Laplace-transformed input, with zero initial conditions. In view of Equation 2.52, it is clear that 
the system transfer function can be expressed as the Laplace transform of the impulse-response function 
of the system. The transfer function of a linear and constant-parameter system is a unique function that 
completely represents the system. A physically realizable, linear, constant-parameter system possesses a 
unique transfer function, even if the Laplace transforms of a particular input and the corresponding 
output do not exist. This is clear from the fact that the transfer function is a system model and does not 
depend on the system input itself. 

Note: The transfer function is also commonly denoted by G(s). However, in the present context we use 
H)s) in view of its relation to hit). Some useful Laplace transform relations are given in Table 2.1. Also, 
note that the Fourier transform (set s = j co) is given by 
Forward: 



Inverse: 




fit) exp(— jcot)dt 




FQco) exp(]wf)dai 



Consider the nth-order linear, constant-parameter dynamic system given by 



d n y d"~ 1 y , , dn(t) 

a "dF +a "- i dH =r + '" +a ° y - boU+bl ^r 



H h b m 



d m uit) 
dt m 



(2.53) 
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TABLE 2.1 Important Laplace Transform Relations 



£-'F(s)=f(t) 


Conversion Lf(t) = F(s ) 


J^-j“TC)exp(sf)ds 


$0 f(t)exy(-st)dt 


+ L/ 2 (0 


k.Fds) + k 2 F 2 (s) 


exp(— nt)/(t) 


F(s + a) 


fit - t) 


exp( — rs)F(s) 


''■’<»= T 


s n F(s) - s”~ 1 /(0 + ) - s” _2 / 1 (0 + ) /”~ 1 (0 + ) 


J-°o/(0dt 


m ! J 0 -„/(t)df 
s s 


Impulse function, 8{t ) 


i 


Step function, T/(t) 


1 

s 




n\ 


r 




exp (—at) 


1 


s + a 


sin (o n t 


(x) n 


s 2 + (if 


COS (x) n t 


s 

S 2 + (if 



for physically realizable systems, m < n. By applying a Laplace transformation and then integrating by 
parts, it may be verified that 



L 



d k m 

dt k 



s k F(s ) 



s k ~ l f( 0) - s k ~ 2 



d/(0) 

d t 



d^/CO) 

df fc— 1 



(2.54) 



By definition, the initial conditions are set to zero in obtaining the transfer function. This results in 



H(s) = 



bo + b\S + • • • + b m s m 
a Q + a t s + ■ ■ • + a„s n 



(2.55) 



for m < n. Note that Equation 2.55 contains all the information that is contained in Equation 2.53. 
Consequently, the transfer function is an analytical model of a system. The transfer function may be 
employed to determine the total response of a system for a given input, even though it is defined in terms 
of the response under zero initial conditions. This is quite logical because the analytical model of a system 
is independent of the system’s initial conditions. 

The denominator polynomial of a transfer function is the system’s characteristic polynomial. Its roots are 
the poles or the eigenvalues of the system. If all the eigenvalues have negative real parts, the system is stable. 
The response of a stable system is bounded (that is, remains finite) when the input is bounded (which is the 
BIBO stability). The zero-input response of an asymptotically stable system approaches zero with time. 



2.3.2 Frequency-Response Function (Frequency Transfer Function) 

The Fourier integral transform of the impulse-response function is given by 

r oo 

H(f) = h(t ) exp(— j27r/f)df (2.56) 

J -oo 

where/ is the cyclic frequency (measured in cps or hertz). This is known as the frequency-response function 
(or frequency transfer function) of a system. The Fourier transform operation is denoted as ffh(t) = H(f). 
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In view of the fact that h(t) = 0 for t < 0, the lower limit of integration in Equation 2.56 could be made 
zero. Then, from Equation 2.52, it is clear that H(f) is obtained simply by setting s = j2rrf in H(s). Hence, 
strictly speaking, we should use the notation H()2Trf) and not H(f). However, for notational simplicity, 
we denote H(j27j/) by H(f). Furthermore, since the angular frequency a> = 2 nf, we can express the 
frequency-response function by H( jco), or simply by H(co) for notational convenience. It should be noted 
that the frequency-response function, like the Laplace transfer function, is a complete representation of a 
linear, constant-parameter system. In view of the fact that both u(t) = 0 and y(t) = 0 for t < 0, we can 
write the Fourier transforms of the input and the output of a system directly by setting s = j2rrf = j co in 
the corresponding Laplace transforms. Specifically, we have, according to the notation used here 

U(f) = UCfiTTf) = U(j0J) 

and 



Y(f) = Y()2irf) = Y(jco). 



Then, from Equation 2.51, we have 



Y(f) = H(f) U(f) 



(2.57) 



Note: Sometimes, for notational convenience, the same lowercase letters are used to represent the 
Laplace and Fourier transforms as well as the original time-domain variables. 

If the Fourier integral transform of a function exists, then its Laplace transform also exists. The 
converse is not generally true, however, because of the poor convergence of the Fourier integral in 
comparison to the Laplace integral. This arises from the fact that the factor exp(— trt) is not present in the 
Fourier integral. For a physically realizable, linear, constant-parameter system, H(f) exists even if U(f) 
and Y(f) do not exist for a particular input. The experimental determination of H(f), however, requires 
system stability. For the nth-order system given by Equation 2.53, the frequency-response function is 
determined by setting s = ;27 t f in Equation 2.55 as 



H(f) = 



b 0 + b^irf H 1- b m {)2Trf) m 

a 0 + a^vf H h a n {)2irf) n 



(2.58) 



This, generally, is a complex function off that has a magnitude denoted by \H(f)\ and a phase angle 
denoted by AH(f). 

A further interpretation of the frequency-response function can be given in view of the developments 
given in Section 2.2. Consider a harmonic input having cyclic frequency/, expressed by 



u(t) = u 0 cos 2-77 ft 



(2.59a) 



In analysis, it is convenient to use the complex input 

u(t) = u 0 (c os 2rrft + j sin 27 rft) = u 0 exp()27T ft) (2.59b) 



and take only the real part of the final result. Note that Equation 2.59b does not implicitly satisfy the 
requirement of u(t) = Oforf < 0. Therefore, an appropriate version of the convolution integral, where the 
limits of integration automatically account for this requirement, should beused.For instance, we can write 



y(t) = Re f h( t)u 0 exp[]2irf(t — r)]dr 

_J -oo 



(2.60a) 



y(t) = Rej^u 0 exp(j27r/f) J /i(r) exp(— j27r/T)drj (2.60b) 



in which Re[-] denotes the real part. As f — ► oo, the integral term in Equation 2.60b becomes the frequency- 
response function H(f), and the response y(t) becomes the steady-state response y ss . Accordingly, 

y ss = R e[H(f)u 0 exp(j2?r/f)] (2.61a) 
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or 

y ss = u 0 \H(f)\ cos(27r/f -f <fi) (2.61b) 

for a harmonic excitation, in which the phase lead angle It follows from Equation 2.61b that, 

when a harmonic excitation is applied to a stable, linear, constant-parameter dynamic system having 
frequency-response function H(f), its steady-state response will also be harmonic at the same frequency, 
but with an amplification factor of I H(f) I in its amplitude and a phase lead of This result has been 

established previously, in Section 2.2. Consequently, the frequency-response function of a stable system 
can be experimentally determined using a sine-sweep test or a sine-dwell test. With these methods, a 
harmonic excitation is applied as the system input, and the amplification factor and the phase-lead angle in 
the corresponding response are determined at steady state. The frequency of excitation is varied 
continuously for a sine sweep and in steps for a sine dwell. The sweep rate should be slow enough, and the 
dwell times should be long enough, to guarantee steady-state conditions at the output. The pair of plots of 
I H(f) I and AH(f) against/ completely represent the complex frequency-response function, and are Bode 
plots or Bode diagrams, as noted earlier. In Bode plots, logarithmic scales are normally used for both 
frequency / and magnitude \H(f)\. 



Impulse Response 

The impulse-response function of a system can be obtained by taking the inverse Laplace transform of the 
system transfer function. For example, consider the damped simple oscillator given by the normalized 
transfer function: 



(j; 

H(s) = i , 2 

r + 2/w n s -T co n 

The characteristic equation of this system is given by 

S 2 ~b 2/(W n S T CQn = 0 

The eigenvalues (poles) are given by its roots. Three possible cases exist, as given below. 

Case 1: (£ < 1) 

This is the case of complex eigenvalues A t and A 2 . Since the coefficients of the characteristic equation are 
real, the complex roots should occur in conjugate pairs. Hence, 



(2.62) 



(2.63) 



Ai, A 2 — -£w n ± jw d 

in which 

w d = -\j 1 - 

is the damped natural frequency. 

Case 2: (£ > 1) 

This case corresponds to real and unequal eigenvalues, 

A 1; A 2 = -£w n ± ^ 2 - 1 co n = -a, ~b (2.66) 

with a b, in which 

ab = col (2-67) 



(2.64) 

(2.65) 
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and 

a + b = 2£co n (2.68) 

Case 3: (f = 1) 

In this case, the eigenvalues are real and equal: 

Aj = A 2 = -co n (2.69) 

In all three cases, the real parts of the eigenvalues are negative. Consequently, these second-order 
systems of a damped simple oscillator are always stable. 

The impulse-response functions h(t) corresponding to these three cases are determined by taking 
the inverse Laplace transform (Table 2.1) of Equation 2.62 for f < 1, f > 1, and f = 1, respectively. The 
following results are obtained: 

TimpulseW = h(t ) = 



ab 



exp(— £w n f) sin a> d t for £ < 1 



ab 

Timpuise(f) = hit) = [exp (-at) - exp(-bt)] for £ > 1 

Timpuise(f) = h(t) = a? n t exp(— w n t) for £ = 1 

Step Response 

Unit-step function is defined by 

for t > 0 
for t < 0 

Unit-impulse function 5(f) may be interpreted as the time derivative of TZ(f); thus, 

dtZ(f) 



(2.70a) 

(2.70b) 

(2.70c) 



V-(t) = 



{: 



5(f) = 



df 



(2.71) 



(2.72) 



Note that Equation 2.72 re-establishes the fact that for non-dimensional T/(f), the dimension of 
5(f) is (time) -1 . Since L'LLit) = 1/s (see Table 2.1), the unit-step response of the dynamic system 
(Equation 2.62) can be obtained by taking the inverse Laplace transform of 



EsIepM 



s (s 2 + 2 fto n s + w 2 ) 

which follows from Equation 2.73. 

To facilitate using Table 2.1, partial fractions of Equation 2.73 are determined in the form 

a 2 + a 3 s 



(2.73) 



— H 

s (s 2 + 2£a> n s + w 2 ) 



in which the constants a l , a 2 , and a 3 are determined by comparing the numerator polynomial; thus, 



— £q(s T 25w n s -f- aj n ) T sia 2 + a^s) 

Then a l = 1, a 2 = — 2fa) n , and a 3 = 1. 

The following results are obtained: 



In Equation 2.74c, 



Tstep(f) = 1 - , j eX P( _ ^nU Sin(w d f + <j>) 

Vi _ b 


for £ < 1 


(2.74a) 


Tstep - 1 ,, , lb exp( at) a exp( bt)] 

(b - a) 


for t > 1 


(2.74b) 


Tstep = 1 _ (<°J + 1) exp(- co n t) for £ = 


1 


(2.74c) 


cos 4> = £ 




(2.75) 
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Transfer Function Matrix 

Consider the state-space model of a linear dynamic system as given by 

x = Ax + Bu (2.76a) 

y = Cx 4- Du (2.76b) 

where, x = the nth order state vector, u = the rth order input vector, y = the mth order output vector, 
A = the system matrix, B = the input gain matrix, C = the output (measurement) gain matrix, and 
D = the feedforward gain matrix. We can express the input -output relation between u and y, in the 
Laplace domain, by a transfer function matrix of the order m X r. 

To obtain this relation, let us Laplace transform the Equations 2.76a and 2.76b and use zero initial 
conditions for x; thus, 

sX(s) = A X(s) + BU(s) 

Y(s) = CX(s) + DU(s) 

From Equation 2.77a it follows that, 

X(s) = (si - A) _1 B + U(s) (2.78) 

in which I is the nth order identity matrix. By substituting Equation 2.78 into Equation 2.77b, we obtain 
the transfer relation 



Y(s) = [C(sl - A) ‘B + D]U(s) 


(2.79a) 


or 




Y(s) = G(s)U(s) 


(2.79b) 


The transfer-function matrix G(s) is an m X r matrix given by 




G(s) = C(sl - A) _1 B + D 


(2.80) 



In practical systems with dynamic delay, the excitation u(t) is not fed forward into the response y. 
Consequently, D = 0 for systems that we normally encounter. For such systems 

G(s) = C(sl - A)“‘B (2.81) 

Several examples are given now to illustrate the approaches of obtaining transfer function models 
when the time domain differential equation models are given, and to indicate some uses of a transfer 
function model. Some useful results in the frequency domain are summarized in Box 2.2. 

Example 2.2 

Consider the simple oscillator equation given by 

my + by + ky = ku(t) (i) 

Note that u(t) can be interpreted as a displacement input (e.g., support motion) or ku(t ) can be 
interpreted as the input force applied to the mass. Take the Laplace transform of the system equation (i) 
with zero initial conditions; thus, 



(2.77a) 

(2.77b) 



( ms 2 + bs + k)Y(s) = kU(s ) (ii) 

The corresponding transfer function is 



G(s) = 



r(s) 

U(s) 



k 

ms 2 + bs + k 



(iii) 
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Box 2.2 

Useful Frequency-Domain Results 



Laplace Transform {£): 



ra 

F(s) = I /(f)exp(-sf)df 



Fourier Transform (J 7 ): 



ra 

F(jco) = f(t) exp(— }cot)dt 

J -oo 

Note: May use F(u>) to denote F(ja>) 

Note: Set s = jco = )2Trf to convert Laplace results into Fourier results. 

co = angular frequency (rad/sec) 

/ = cyclic frequency (cps or Hz) 

Transfer function H(s) = output/input in Laplace domain, with zero initial conditions. 

Frequency transfer function (or frequency-response function) = H(]co) 

Note: Notation (G(s)) is also used to denote a system transfer function 

Note: 

H(s) = £h(t) 

h(t) = impulse-response function = response to a unit impulse input. 

Frequency response: 

Y(j<o) = HQco)UQco) 



where 

U(jco) = Fourier spectrum of input u(t) 
Y(jco) = Fourier spectrum of output y(t) 



Note: 

lH(jct>)l = response amplification for a harmonic excitation of frequency m 
ZH( jw) = response phase “lead” for a harmonic excitation 



Multivariable Systems: 

State-Space Model: 



x = Ax + Bu 



y = Cx + Du 



Transfer-Matrix Model: 
where 



Y(s) = G(s)U(s) 



G(s) = C(sl - A) 'B + D 
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or, in terms of the undamped natural frequency co n and the damping ratio £, where ar n = klm and 
2 £co n = b/m, the transfer function is given by 



G(s) = 



5 “ + 2 fw n s + <w 2 



(iv) 



This is the transfer function corresponding to the displacement output. It follows that the output 
velocity transfer function is 



= sc ° n 

U(s) s 2 + 2£co n s + cal 



(v) 



and the output acceleration transfer function is 



s 2 Y(s) 

U(s) 



= s 2 G(s) = 



s 2 + 2£co n s + co 2 



(vi) 



In the output acceleration transfer function, we have m = n = 2. This means that if the acceleration of 
the mass that is caused by an applied force is measured, the input (applied force) is instantly felt by the 
acceleration. This corresponds to a feedforward action of the input excitation or a lack of dynamic delay. 
For example, this is the primary mechanism through which road disturbances are felt inside a vehicle that 
has very hard suspension. 



Example 2.3 

Again let us consider the simple oscillator differential equation 



y + 2£co n y + co 2 y = w 2 u(f) 


(i) 


By defining the state variables as 




x= [x l5 x 2 ] T = [y, y] T 


(ii) 


a state model for this system can be expressed as 




L -w n -2 J L w 2 J 


(iii) 


If we consider both displacement and velocity as outputs, we have 




y = x 


(iv) 


Note that the output gain matrix C is the identity matrix in this case. 
Equation 2.81 it follows that: 


From Equation 2.79b and 


Y w=r s 2 1 i r° a U) 

L <’>n S+ 2(iO n J L <0 n \ 


(v) 



Y(s) = 



1 



,p + 2 f- Tl 

L -“>n s JL “>n J 



[r + 2£co n s + iw-] | — oj 2 s 

2 



U(s) 



[s 2 + 2 



i r s " 

D n S + W 2 ] _ _ 



U(s) 



The transfer function matrix is 



G(s) = 



r afj a(s) I 

L sw 2 /A(s) J 



(vi) 



(vii) 
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in which A(s) = s 2 + 2£a> n s + u > £ is the characteristic polynomial of the system. The first element in 
the only column in G(s) is the displacement-response transfer function and the second element is 
the velocity-response transfer function. These results agree with the expressions obtained in the 
previous example. 

Now, let us consider the acceleration y as an output and denote it by y 3 . It is clear from the system 
equation (i) that 



=y = ~2^co n y - wly + co 2 n u(t) 



or, in terms of the state variables, 



y 3 = — 2£w n x 2 - (o 2 n x x + (o 2 n u(t) 



(viii) 



(ix) 



Note that this output explicitly contains the input variable. The feedforward situation implies that the 
matrix D is non-zero for the output y 3 . Now, 

■ 2 ,, 2 

' A (s) 

which simplifies to 



y 3 (s) = -2 £co n X 2 (s) - colx^s) + <o 2 U(s) = -2 £co n ^U(s) - a> 2 ^U(s) + co 2 U(s) 



•5 IWn 



(x) 



This again confirms the result for the acceleration output transfer function that was obtained in the 
previous example. 



Example 2.4 

(a) Briefly explain an approach that you could use to measure the resonant frequency of a 
mechanical system. Do you expect this measured frequency to depend on whether displacement, 
velocity, or acceleration is used as the response variable? Justify your answer. 

(b) A vibration test setup is schematically shown in Figure 2.7. 

In this experiment, a mechanical load is excited by a linear motor and its acceleration response is 
measured by an accelerometer and charge amplifier combination. The force applied to the load by the 
linear motor is also measured, using a force sensor (strain-gauge type). The frequency-response function 
acceleration/force is determined from the sensor signals, using a spectrum analyzer. 



Instrumentation 



Mechanical 




FIGURE 2.7 Measurement of the acceleration spectrum of a mechanical system. 
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Suppose that the mechanical load is approximated by a damped oscillator with mass m, stiffness k, and 
damping constant b, as shown in Figure 2.7. If the force applied to this load is /(f) and the displacement 
in the same direction is y, show that the equation of motion of the system is given by 

my + by + ky = /(f) 

Obtain an expression for the acceleration frequency-response function G(jw) in the frequency domain, 
with excitation frequency u> as the independent variable. Note that the applied force / is the excitation 
input and the acceleration a of the mass is the response, in this case. 

Express GQco) in terms of (normalized) frequency ratio r = co/co n , where <w n is the undamped natural 
frequency. 

Giving all the necessary steps, determine an expression for r at which the acceleration frequency- 
response function will exhibit a resonant peak. What is the corresponding peak magnitude of iGl? 

For what range of values of damping ratio / would such a resonant peak be possible? 



Solution 

(a) For a single DoF system, apply a sinusoidal forcing excitation at the DoF and measure the 
displacement response at the same location. Vary the excitation frequency u> in small steps, and 
for each frequency at steady state determine the amplitude ratio of the (displacement 
response/forcing excitation). The peak amplitude ratio will correspond to the resonance. For a 
multi-DoF system, several tests may be needed, with excitations applied at different locations of 
freedom and the response measured at various locations as well (see Chapters 10 and 11). In the 
frequency domain we have, 

IVelocity response spectruml = cox I Displacement response spectruml 
lAcceleration response spectruml = wxIVelocity response spectruml 

It follows that the shape of the frequency-response function will depend on whether the 
displacement, velocity, or acceleration is used as the response variable. Hence it is likely that the 
frequency at which the peak amplification occurs (i.e., resonance) will also depend on the type of 
response variable that is used. 

(b) A free-body diagram of the mass element is shown in Figure 2.8. 



Newton’s Second Law gives 


my = f(t) — by — ky 


(i) 


Hence, the equation of motion is 


my+ by+ ky = f(t) 


(ii) 


The displacement transfer function is 


y _ 1 

/ (ms 2 + bs + k) 


(iii) 



Note that, for notational convenience, the same 
lowercase letters are used to represent the Laplace 
transforms as well as the original time-domain 
variables (y and /). The acceleration transfer 
function is obtained by multiplying Equation iii 
by s 2 . (From Table 2.1, the Laplace transform of 
d/dt is s, with zero initial conditions). Hence 



r / 2 _i_ L _i_ J,\ ^V- 5 / V 1V / 

J ms S + K) FIGURE 2.8 Free-body diagram. 



i y 
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In the frequency domain, the corresponding frequency- response function is obtained by substituting j co 
for s. Hence, 



G(j*>)=s ....2 



(v) 



(—mar + bjco + k) 

Divide throughout by m and use b/m = 2 £<o n and k/m = co 2 , where co n = undamped natural 
frequency and £ = damping ratio. 

Then, 

— ar/tn — r^/m 



GO'®) 



(w 2 - co 2 + 2 j£co n co) 1 - r 2 + 2 )t,rr 



(vi) 



where r = co/co n . The magnitude of G( jco) gives the amplification of the acceleration signal with respect to 
the forcing excitation: 



lG(jw)l = 



r 2 /m 



V(1 - r 2 ) 2 + (2£r) 2 

Its peak value corresponds to the peak value of 



(vii) 



p(r) ■ 



(1 - r 2 ) 2 + (2 £r) 2 
and gives the resonance. This occurs when dp/ dr = 0. Hence, 



(viii) 



The solution is 



[(1 - r 2 ) 2 + (2£r) 2 ]4r 3 - r 4 [2(l - r 2 )(— 2r) + 8£ 2 r] = 0 



r = 0 or [(1 - r 2 ) 2 + 4f 2 r 2 ] + r 2 [l - r 2 - 2£ 2 ] = 0 



The first result (r = 0) corresponds to static conditions and is ignored. Hence, the resonant peak 
occurs when 



(1 - r 2 ) 2 + 4 fr 2 + r 2 - r 4 - 2 £r 2 = 0 



which has the valid root 



Vl - 2f 2 

Note that r has to be real and positive. It follows that, for a resonance to occur we need 

0< ^T2 



Substitute in (vii), the resonant value of r, to obtain 



1 



I G I peak 



m( 1 - 2 £ 2 ) 






2 4? 

+ 



1 - 2'C 1 



(ix) 



\r\ = 

Peak 2mi4^ r f 



(x) 



2.4 Mechanical Impedance Approach 



Any type of force or motion variable may be used as input and output variables in defining a system 
transfer function. In vibration studies, three particular choices are widely used. The corresponding 
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frequency transfer functions are named impedance functions, mobility functions, and transmissibility 
functions. These are described in the present section and in the subsequent section, and their use is 
illustrated. 

Through variables (force) and across variables (velocity), when expressed in the frequency domain 
(as Fourier spectra), are used in defining the two important frequency transfer functions: mechanical 
impedance and mobility. In the case of impedance functions, velocity is considered the input variable and 
the force is the output variable; whereas in the case of mobility functions, the converse applies. Specifically, 

M= | (2.82) 

It is clear that mobility (M) is the inverse of impedance (Z). Either transfer function may be used in a 
given problem. One can define several other versions of frequency transfer functions that might be useful 
in the modeling and analysis of mechanical systems. Some of the relatively common ones are listed in 
Table 2.2. 

Note that in the frequency domain, since acceleration= jco X velocity; and displacement = 
velocity/); to), the alternative types of transfer functions as defined in Table 2.2, are related to mechanical 
impedance and mobility through a factor of jco\ specifically, 

dynamic inertia = force/acceleration = impedance/);' to) 
acceleration = acceleration/force = mobility X (;&>) 
dynamic stiffness = force/displacement = impedance X jco 
receptance = displacement = mobility/); to) 



In these definitions, the variable (force, acceleration, and displacement) should be interpreted as the 
corresponding Fourier spectra. 

The time-domain constitutive relations for the mass, spring, and the damper elements are well known. 
The corresponding transfer relations are obtained by replacing the derivative operator d/dt by the Laplace 
operator s. The frequency transfer functions are obtained by substituting ; co or )2ir for s. These results are 
derived below. 

Mass Element: 



In the frequency domain, 



Hence, 



and 




= / 



mjcov = f or 



— = m\(o 
v 



Z m = mjco 



(2.83a) 






1 

m)oj 



(2.83b) 



TABLE 2.2 Definitions of Useful Mechanical Transfer Functions 



Transfer Function 


Definition (in the Frequency Domain) 


Dynamic stiffness 


Force/displacement 


Receptance, dynamic flexibility, or compliance 


Displacement/force 


Impedance (Z) 


Force/velocity 


Mobility (M) 


Velocity/force 


Dynamic inertia 


Force/acceleration 


Accelerance 


Acceleration/force 


Force transmissibility (T f ) 


Transmitted force/applied force 


Motion transmissibility (T m ) 


Transmitted velocity/applied velocity 
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TABLE 2.3 Impedance and Mobility Functions of Basic Mechanical Elements 



Element 


Frequency Transfer Function (Set s = 


jw = j27 r/) 






Impedance 


Mobility 


Receptance 




Mass, m 


Z m = ms 


Kn = — 

ms 


ms z 




Spring, k 


k 

Z k = - 

S 




1 

R *=- k 




Damper, b 


Z„ = b 


M b =l 


Rb= bs 




Spring Element: 


f = kx 


> 

II 

'■+-J ^ 

^ p-d 

Sh 

o 






In the frequency domain, 


j cof = kv 


/ k 

or - = — 

v jco 






Hence, 




z k =- 

)0) 




(2.84a) 


and 




•§j ^ 

ii 




(2.84b) 


Damper Element: 


II 

< 3 - 

< 


or — = b 

V 






Then, 




Z h = b 




(2.85a) 


or 




M t=\ 




(2.85b) 


These results are summarized 


in Table 2.3. 








2.4.1 Interconnection Laws 









Any general impedance element or a mobility element may be interpreted as a two-port element in which, 
under steady conditions, energy (or power) transfer into the device takes place at the input port and 
energy (or power) transfer out of the device takes place at the output port. Each port of a two-port 
element has a through variable, such as force or current, and an across variable, such as velocity or voltage, 
associated with it. Through variables are called flux variables, and across variable are called potential 
variables. Through variables are not always the same as flow variables (velocity and current). Similarly, 
across variables are not the same as effort variables (force and voltage). For example, force is an effort 
variable, but it is also a through variable. Similarly, velocity is a flow variable and is also an across 
variable. The concept of effort and flow variables is useful in giving unified definitions for electrical and 
mechanical impedance. However, in component interconnecting and circuit analysis, mechanical 
impedance is not analogous to electrical impedance. The definition of mechanical impedance is 
force/velocity in the frequency domain. This is a ratio of (through variable)/(across variable); 
whereas electrical impedance, defined as voltage/current in the frequency domain, is a ratio of 
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TABLE 2.4 Interconnection Laws for Impedance and Mobility 



Series Connections 



Parallel Connections 




M] M 2 



< Vi < Vj 

; v 



V = \’i + v 2 
V v { v 2 

f = T + 7 

M = M l + M 2 
1 _ 1 1 
Y x + Y 2 




m 2 

< V 

f=fl+fl 
f_ = f 1= f2 

V V V 

Z = Z x + Zi 

1 _ 1 1 
M ~ Mi + Mj 



(across variable)/(through variable). Since both force and voltage are “effort” variables, and velocity and 
current are “flow” variables, it is then convenient to use the definition 

Effort 

Impedance (electrical or mechanical) = — 

Flow 

In other words, impedance measures how much effort is needed to drive a system at unity flow. 
Nevertheless, this definition does not particularly help us to analyze interconnected systems with 
mechanical impedance, because mechanical impedance cannot be manipulated using the rules for 
electrical impedance. For example, if two electric components are connected in series, the current 
(through variable) will be the same for both components, and the voltage (across variable) will be 
additive. Accordingly, the impedance of a series-connected electrical system is just the sum of the 
impedances of the individual components. Now consider two mechanical components connected in 
series. Here the force (through variable) will be the same for both components, and velocity (across 
variable) will be additive. Hence, it is mobility, not impedance, that is additive in the case of series- 
connected mechanical components. It can be concluded that, in circuit analysis, mobility behaves like 
electrical impedance and mechanical impedance behaves like electrical admittance. Hence, the 
“generalized series element” is electrical impedance or mechanical mobility, and the “generalized 
parallel element” is electrical admittance or mechanical impedance. The corresponding interconnection 
laws are summarized in Table 2.4. 

Now, two examples are given to demonstrate the use of impedance and mobility methods in 
frequency-domain problems. 

Example 2.5 

Consider the simple oscillator shown in Figure 2.9(a). A schematic mechanical circuit is given in 
Figure 2.9(b). Note here that in this circuit, the broken line from the mass to the ground represents 
how the inertia force of the mass is felt by, or virtually transmitted to, the ground. This is the case 
because the net force that generates the acceleration in the mass (i.e., the inertia force) has to be 
transmitted to the ground at the reference point of the force source. This is the same reference with 
respect to which the velocity of the mass is expressed. If the input is the force /(f), the source 
element is a force source. The corresponding response is the velocity v, and in this situation, the 
transfer function V(f)/F(f ) is a mobility function. On the other hand, if the input is the velocity 
v(t), the source element is a velocity source. Then, / is the output, and the transfer function 
F(f)/V(f) is an impedance function. 
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(c) 

FIGURE 2.9 (a) A ground-based mechanical oscillator; (b) schematic mechanical circuit; (c) impedance circuit. 



Suppose that a known forcing function is applied to this system (with zero initial conditions) using a 
force source, and the velocity is measured. Now, if we were to move the mass exactly at this 
predetermined velocity (using a velocity source), the force generated at the source will be identical to the 
originally applied force. In other words, mobility is the reciprocal (inverse) of impedance, as noted 
earlier. This reciprocity should be intuitively clear because we are dealing with the same system and same 
initial conditions. Owing to this property, we may use either the impedance representation or the 
mobility representation, depending on whether the elements are connected in parallel or in series, and 
irrespective of whether the input is a force or a velocity. Once the transfer function is determined in one 
form, its reciprocal gives the other form. 

In the present example, the three elements are connected in parallel, as is clear from the mechanical 
circuit shown in Figure 2.9(c). Hence, the impedance representation is appropriate. The overall 
impedance function of the system is 



F( f) k 

Z(f) = 77777 = Z m + Z k + Z b = ms A F b\ 

V(f) s 



ms- + bs + k 



'=) 2irf 



=]2irf 



(2.86) 



Then, the mobility function is 



M(f ) = 



V(f) 

F(f) 



s 

ms 2 + bs + k 



\s=)2irf 



(2.87) 



Note that, if in fact the input is the force, the mobility function will govern the system behavior. In this 
case, the characteristic polynomial of the system is s 2 + bs + k, which corresponds to a simple oscillator, 
and accordingly the (dependent) velocity response of the system would be governed by this. If, on 
the other hand, the input is the velocity, the impedance function will govern the system behavior. The 
characteristic polynomial of the system, in this case, is s, which corresponds to a simple integrator. The 
(dependent) force response of the system would be governed by an integrator-type behavior. To explore 
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this behavior further, suppose that the velocity source has a constant value. The inertia force will be zero. 
The damping force will be constant. The spring force will increase linearly. Hence, the net force will have 
an integration (linearly increasing) effect. If the velocity source provides a linearly increasing velocity 
(constant acceleration), the inertia force will be constant, the damping force will increase linearly, and the 
spring force will increase quadratically. 



Example 2.6 

Consider the system shown in Figure 2.10(a). In this example, the motion of the mass, m, is not 
associated with an external force. The support motion, v, however, is associated with a force, /. 

The schematic mechanical circuit representation shown in Figure 2.10(b), and the corresponding 
impedance circuit shown in Figure 2.10(c), indicate that the spring and the damper are connected in 
parallel and that the mass is connected in series with this pair. By impedance addition for parallel 
elements and mobility addition for series elements, it follows that the mobility function is 



V(f) 

F(f) 



— Mm + 



1 

(Z k + Z b ) 



1 

— h 

ms 



1 

(k/s + b ) 




ms 2 + bs + k 



ms(bs + k) 



\s=)2vf 



(2.88) 



It follows that, when the support force is the input (force source) and the support velocity is the 
output, the system characteristic polynomial is ms(bs + k), which is known to be inherently unstable due 
to the presence of a free integrator, and has a non-oscillatory transient response. 

The impedance function that corresponds to support velocity input (velocity source) is the reciprocal 
of the previous mobility function; thus, 



F{f) 

V(f) 



ms(bs + k) 
ms 2 + bs + k 




(2.89) 



(a) 






FIGURE 2.10 (a) An oscillator with support motion; (b) schematic mechanical circuit; (c) impedance circuit. 
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and 



F(f ) 



1 



ms 



s=j2vf 



(2.90) 



The resulting impedance function F(f)/V rn (f) is not admissible and is physically non-realizable 
because V m cannot be an input as there is no associated force. This is confirmed by the fact that the 
corresponding transfer function is a differentiator, which is not physically realizable. The mobility 
function V m (f)/F(f) corresponds to a simple integrator. Physically, when a force, /, is applied to the 
support, it is transmitted to the mass, unchanged, through the parallel spring-damper unit. Accordingly, 
when f is constant, a constant acceleration is produced at the mass causing its velocity to increase linearly 
(an integration behavior). 

Maxwell’s principle of reciprocity can be demonstrated by noting that the mobility function 
V m (f)/F(f), obtained in this example, will be identical to the mobility function when the locations of 
/ and V m are reversed (i.e., when a force,/, is applied to the mass m and the resulting motion, V m , of the 
support, which is not restrained by a force, is measured), with the same initial conditions. The reciprocity 
property is valid for linear, constant-parameter systems in general and is particularly useful in vibration 
analysis and the testing of multi-DoF systems; for example, to determine a transfer function that is 
difficult to measure, by measuring its symmetrical counterpart in the transfer function matrix. 



2.5 Transmissibility Functions 

Transmissibility functions are transfer functions that are particularly useful in the analysis of vibration 
isolation in machinery and other mechanical systems. Two types of transmissibility function, force 
transmissibility and motion transmissibility, can be defined (see Table 2.2). Due to a reciprocity 
characteristic in linear systems, it can be shown that these two transfer functions are equal and, 
consequently, it is sufficient to consider only one of them. Let us, however, consider both types first and 
show their equivalence. 

2.5.1 Force Transmissibility 

Consider a mechanical system that is supported on a rigid foundation through a suspension system. If a 
forcing excitation is applied to the system, the force is not directly transmitted to the foundation. The 
suspension system acts as a vibration isolation device. Force transmissibility determines the fraction of 
the forcing excitation that is transmitted to the support structure (foundation) through the suspension, 
at different excitation frequencies, and is defined as 

, , Force Transmitted to Support, F, 

Force Transmissibility, T f = — (2.91) 

1 * Applied Force, F 

Note that this is defined in the frequency domain, and that accordingly F s and F should be interpreted 
as the Fourier spectra of the corresponding forces. 

A schematic representation of the force transmissibility mechanism is shown in Figure 2.11(a). The 
reason for the suspension force / being not equal to the applied force /is attributed to the inertia paths 
(broken line in the figure) that are present in a mechanical system. 

2.5.2 Motion Transmissibility 

Consider a mechanical system that is supported by suspension on a structure that may be subjected to 
undesirable motions (e.g., guideway deflections, vehicle motions, seismic disturbances). Motion 
transmissibility determines the fraction of the support motion that is transmitted to the system through 
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fit) 



Forcing 



Mechanical 

System 









(a) 



Suspension 



fs 



fs _ v m 

f ~ V 




(b) 



FIGURE 2.11 (a) An inertial system with ground-based suspension; (b) the counterpart (complementary) system 

with support motion. 



its suspension at different frequencies. It is defined as 



Motion Transmissibility, T m = 



System Motion, V m 
Support Motion, V 



(2.92) 



The velocities V m and V are expressed in the frequency domain, as Fourier spectra. 

A schematic representation of the motion transmissibility mechanism is shown in Figure 2.11(b). 
Typically, the motion of the system is taken as the velocity of one of its critical masses. Different 
transmissibility functions are obtained when different mass points (or DoFs) of the system are 
considered. 

Next, two examples are given to show a reciprocity property that makes the force transmissibility and 
the motion transmissibility functions identical in complementary (reciprocal) systems. 



System Suspended on a Rigid Base (Force Transmissibility) 

Consider the system suspended on a rigid base and excited by force/(f), as shown earlier in Figure 2.9(a). 
Here the system is the inertia element m, and the suspension is the parallel spring and damper 
combination. We have noted that the three elements m, k, and b are all in parallel. 

Here, Z m = mjto; Z h = b\ and Z k = kl)a>, as given in Table 2.3. Now, because the elements are corrected 
in parallel, we have (see Table 2.4) 

~ = Z m + z b+ z k 

v 

Hence, 

v _ 1 

/ Z m + Z b +Z d 

Also, suspension impedance is 

— = Z h + Z k = Z s 
v 



(2.93) 



(2.94) 



(2.95) 



where f s is the force transmitted to the support structure (foundation). Then, 

f _ z b + %k _ 
f Z m + Z h + Z k Z m + Z s 



(2.96) 
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Transmissibility 




FIGURE 2.12 Transmissibility curve for a simple mechanical oscillator. 



This result should be immediately clear since force is divided among parallel branches in proportion to 
their impedance values (because the velocity is common). Now, 



Force Transmissibility Magnitude, lT f l = 
Substitute parameters 

lT f l = 



Force Transmitted to Support 






Applied Force to System 




z„, + z s 



)(0 



fs 




b + — 

)CO 




bjco + k 


1 b 2 co 2 + k 2 


f 




k 

ni)co + b + — 




k — mar + bjco 


V (k — mai 1 ) 2 + b 2 ar 



(2 £w n w) 2 + co* 



(u>l - or) 2 + (2 £co n co) 2 
On simplification, we obtain 



where the normalized frequency is 



lT f l = 



1 + 4 £ 2 r 



(1 - r 2 ) 2 + 4£ 2 r 2 



(2.97) 



(2.98) 



At r = 0, we have lT f l = 1. 
At r = 1, 



lTfl - -f 1 + ^2 



This transmissibility magnitude curve is shown in Figure 2.12. 



(2.99) 



System with Support Motion (Motion Transmissibility) 

Consider again the system suspended on a moving platform as shown in Figure 2.10(a). For this system, 
we have Z m = mjco and M m = 1/mjco for the mass element. Since the damper and the spring are 
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connected in parallel, the corresponding impedances are additive. Hence, we have 



Z s — "h Z^ — b - f- — and A F s — 

jco 



1 



)C0 



Motion Transmissibility Magnitude, T m 



Motion of system inertia 






Applied support motion 




+ M s 



( 2 . 100 ) 



This directly follows from the fact that the velocity is divided among series elements in proportion to 
their mobilities (because the force is common). 

However, 



Hence, 



M,„ = 1 

M m + M s 1+ M 



1 = Z, 

i , Z m + Z s 

Z s 



It follows that 



It I = 

I X m l 



Zs 

Z m + Z s 



Tf — T,„ 



This establishes the reciprocity property. 



( 2 . 101 ) 



(2.102) 

(2.103) 



2.5.3 General Case 

Consider an inertial system with a ground-based suspension, as shown in Figure 2.11(a), and its 
counterpart with a moving support, as shown in Figure 2.11(b). 

The corresponding impedance circuits are shown in Figure 2.13. 

For system (a), we have 

k = z s 

/ Z„, + Z s 

For system (b), we have 

= M,„ = 1 = 1 = Z s 

v M m + M s M s Z^ Zs + Z m 

M m Z s 




FIGURE 2.13 Impedance circuits: (a) inertial system with ground-based suspension; (b) system and suspension 
with support motion. 
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FIGURE 2.14 (a) Schematic mechanical circuit of the fluid coupling system; (b) impedance circuit. 



It follows that 



f V 

~ = — and Tr = T m (2.104) 

f v 



for this more general situation. 



Example 2.7 

Consider again the problem of a fluid coupling system shown in Figure 2.5 and studied in Example 2.1. A 
schematic mechanical circuit for the system is shown in Figure 2.14(a). The corresponding impedance 
circuit is shown in Figure 2.14(b). Let us use the impedance method to solve the same problem. 

For this problem, we have: input angular velocity = a(f); angular velocity of the load = 0; and load 
impedance Z; = Z m + Z,. In view of the series connection of Z b and Z ; , we have 

6 = M, = 1/M, = Z h 

a Mj + M, 1/M, + l/M; Z, + Z m + Z, 



For the torsional spring, 




Multiply Equation (i) and Equation (ii) together. 



_ Z k Z b 
“ (Z, + Z m + Z k ) 



(ii) 



(iii) 



Since the time derivative corresponds to multiplication by jcu in the frequency domain, we can write 
(iii) in the form 



— = jrn — (iv) 

a (Z, + Z m + Zfc) 

Substitute Z, = b, Z m = ju>J , and Z, = k/ja>. We obtain r/a = kbja>/((k — Jco 2 ) + bja>), which is 
identical to what we obtained in Example 2.1. 

2.5.4 Peak Values of Frequency-Response Functions 

The peak values of a frequency transfer function correspond to the resonances. The frequencies at these 
points are called resonant frequencies. Since a transfer function is the ratio of a response variable to an 
input variable, it is reasonable to obtain different peak frequencies for the same excitation input, if the 
response variable that is considered is different. Some results obtained for a damped oscillator model are 
summarized in Table 2.5. 
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TABLE 2.5 Some Practical Frequency-Response Functions and Their Peaks 



System 


Response/Excitation 


Frequency- Response Function 
(Normalized) 


Normalized Frequency (r p ) 


Peak Magnitude 
(Normalized) 


Simple oscillator 


Displacement/force 


i 


Vi - u 1 


i 


cT 

+ 

L 

1 


2<rVi - 1 1 


Simple oscillator with velocity response 


Velocity/force 


1 

+ 

,K> 

'{N 


i 


i 

u 


Simple oscillator with acceleration response 


Acceleration/force 


-r 2 


i 


i 


cT 

+ 

1 


Vi - 2f 2 


2A/1 - f 2 


Fluid coupling system 


Torque/displacement 


2j Sr 

(1 - r 2 ) + 2j Cr 


1 


1 


Force transmissibility 


Force/force 


1 + 2j Cr 


! 

00 

+ 

Is 


]j 1+ 4^ (f ° r Sma11 ^ 


cT 

+ 

‘T. 

1 


u 


Motion transmissibility 


Velocity/velocity 


Same 


Same 


Same 
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2.6 Receptance Method 



Receptance is another name for dynamic flexibility or compliance, and is given by the transfer function 
(output displacement)/(input force) in the frequency domain (see Table 2.2). Also, as has been 
mentioned previously, it is directly related to mobility through 



Mobility 
Receptance = ; 



(2.105) 



) 0 ) 

and this relationship should be clear due to the fact that velocity = ja> X displacement, with zero initial 
conditions, in the frequency domain. Hence, the receptance functions for the basic elements mass (m), 
spring ( k ), and damper ( b ) can be derived from the mobility functions of these elements, as given in 
Table 2.3. As a result, the interconnection laws given for mobility (M) will be valid for receptance (R) as 
well. Specifically, for two receptance elements R l and R 2 connected in series, we have the combined 
receptance 



Series: R = R l + R 2 



(2.106) 



because the displacement is additive and the force is common. For two receptance elements connected 
in parallel, the combined receptance R is given by 

Parallel: - = — + — (2.107) 

R Ri R 2 

because the forces are additive and the displacement is common. The inverse of receptance is dynamic 
stiffness. 



2.6.1 Application of Receptance 

The receptance method is widely used in the frequency-domain analysis of multi-DoF systems. This is 
true particularly because the receptance of a multicomponent system can be expressed in a convenient 
form in terms of the receptances of its constituent components. In deriving such relations, we use the 
conditions of continuity (forces balance at points of interconnection, or nodes) and compatibility 
(relative displacements in a loop add to zero). In fact, Equation 2.106 and Equation 2.107 are special cases 
of receptance relations for multicomponent systems. 

It should be clear from Table 2.3 that the receptance R m of an inertia element (— 1 /(arm)), and the 
receptance R k of a spring element (1/fc), are real quantities, unlike the corresponding mobility functions. 
The receptance R b of a damper (l/(fijw)) is imaginary, however. It follows that receptance functions of 
undamped systems are real, and we will have to deal with real quantities only in the receptance analysis 
of undamped systems. This makes the analysis quite convenient. Also, since the displacement response 
of an undamped system becomes infinite when excited by a harmonic force at its natural frequency, we 
see that the receptance function of an undamped system goes to infinity (or its inverse becomes zero) at 
its natural frequencies. This property can be utilized in determining an undamped natural frequency 
(say, the fundamental natural frequency) of a system using the receptance method. In particular, the 
characteristic equations for a system with two interconnected components are 

1 

Series: = 0 (2.108) 

Ri + R 2 

Parallel: R, + R 2 = 0 (2.109) 

and their solutions will give the undamped natural frequencies of the combined system. Now, we will 
consider two examples to illustrate the application of receptance techniques. 

Undamped Simple Oscillator 

Consider the simple oscillator shown in Figure 2.9, but assume that the damper is not present. As was 
noted earlier, the mass and the spring elements are connected in parallel. Hence, the characteristic 
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equation of the undamped system is 
or 



or 

whose positive solution is 



R m + Rk — 0 



” — *" 7 — 1 

arm k 

— k+ co 2 m = 0 




which gives the undamped natural frequency. 



(2.110) 

( 2 . 111 ) 



Dynamic Absorber 

Dynamic absorbers are commonly used for vibration suppression in machinery over narrow frequency 
ranges. Specifically, a dynamic absorber can “absorb” the vibration energy from the main system 
(machine) at a specific frequency (the tuned frequency) and thereby completely balance the vibration 
excitation in the system. 

Consider a machine of equivalent mass M and equivalent stiffness K that is mounted on a rigid 
foundation, as modeled in Figure 2.15(a). A dynamic absorber, which is a lightly damped oscillator, of 
mass m and stiffness k is mounted on the machine. The damping is neglected in the model. The machine 
receives a vibration excitation /(f), and the objective of the absorber is to counteract this excitation. 
A schematic mechanical circuit of the system is shown in Figure 2.15(b). The overall system can be 
considered to consist of two subsystems: the subsystem a, representing the machine, has M and K 
connected in parallel with the excitation source; and the subsystem b, representing the vibrating absorber, 





FIGURE 2.15 (a) A machine with a vibration absorber; (b) schematic mechanical circuit; (c) component receptance 

circuit; and (d) subsystem receptance circuit. 
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Box 2.3 

Concepts of Reception 



Receptance, R 

(Compliance, Dynamic Flexibility) 



Displacement 

Force 



Receptance = Mobility/] co 
Series Connection: R = R l + R 2 
Parallel Connection: 1 IR = l/R l + 1 IR 2 

Note: R is real for undamped systems. 

Natural Frequency: R — * oo (undamped case) 

Characteristic Equation: 

For system with series components: 1/y R, = 0 
For system with parallel components: £l /R ; = 0 



has m and k connected in series, as is clear from Figure 2.15(b). The corresponding receptance circuit, 
indicating the two subsystems with receptances R„ and R b , is shown in Figure 2.15(d). 

Since M and K are connected in parallel, from Equation 2.107 we have 

— = -co 2 M + K (2.112) 

R a 

Since m and k are connected in series, from Equation 2.106 we have 



R b 



l l 

— b T 

arm k 



(2.113) 



Now, since the subsystems a and b are connected in parallel, from Equation 2.109, the characteristic 
equation of the overall system is given by 



R a + Rb — 0 



(2.114) 



Substitute Equations 2.112 and 2.113 in Equation 2.114. We obtain 



1 

-orM + K 



+ 



1 

— co 2 m 




(2.115) 



On simplification, after multiplying throughout by the common denominator, we obtain the 
characteristic equation 



mMco 4 — ( kM + Km + km)u 2 + kK = 0 



(2.116) 



This will give two positive roots for co, which are the two undamped natural frequencies of the system. 
Typically, the natural frequency of the vibration absorber has to be tuned to the frequency of excitation in 
order to achieve effective vibration suppression, as discussed in Chapter 12 (Enunciations 1-26). 

Here, we have only considered direct receptance functions, where the considered excitation and 
response are both for the same node. For more complex, multicomponent, multi-DoF systems, we will 
need to consider cross receptance functions, where the response is considered at a node other than where 
the excitation force is applied. Such situations are beyond the scope of the present, introductory material. 
Some concepts of receptance are summarized in Box 2.3. 
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Appendix 2A 
Transform Techniques 

2A.1 Introduction 

Many people use “transforms” without even knowing it. A transform is simply a number, variable, or 
function in a different form. For example, since 10 2 = 100, one can use the exponent (2) to represent the 
number 100. Doing this for all numbers (i.e., using their exponent to the base 10) results in a “table of 
logarithms.” One can perform mathematical computations using only logarithms. The logarithm 
transforms all numbers into their exponential equivalents; a table of such transforms (i.e., a log table) 
enables a user to quickly transform any number into its exponent, do the computations using exponents 
(where a product becomes an addition and a division becomes a subtraction), and transform the result 
back into the original form (i.e., by an inverse logarithm). It is seen that the computations become simpler 
by using logarithms, but at the cost of the time and effort for transformation and inverse transformation. 

Other common transforms include the Laplace transform, Fourier transform, and Z transform. In 
particular, the Laplace transform provides a simple, algebraic way to solve (i.e., integrate) a linear 
differential equation. Most functions that we use are of the form f", sin cot, or e f , or some combination of 
them. Thus, in the expression 

y=m 

the function y is quite likely to be a power, a sine, or an exponential function. Also, often, we must work 
with derivatives and integrals of these functions and differential equations containing these functions. 
These tasks can be greatly simplified by the use of the Laplace transform. 

Concepts of frequency- response analysis originate from the nature of the response of a dynamic system 
to a sinusoidal (i.e., harmonic) excitation. These concepts can be generalized because the time-domain 
analysis, where the independent variable is time (f), and the frequency-domain analysis, where the 
independent variable is frequency (w), are linked through the Fourier transformation. Analytically, it is 
more general and versatile to use the Laplace transformation, where the independent variable is the 
Laplace variable (s), which is complex (nonreal). This is true because analytical Laplace transforms may 
exist even for time functions that do not have “analytical” Fourier transforms. However, with compatible 
definitions, the Fourier transform results can be obtained from the Laplace transform results simply by 
setting s = jco. In the present appendix, we will formally introduce the Laplace transformation and the 
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Fourier transformation, and will illustrate how these techniques are useful in the analysis of mechatronic 
systems. The preference of one domain over another will depend on such factors as the nature of the 
excitation input, the type of the analytical model available, the time duration of interest, and the 
quantities that need to be determined. 

2A.2 Laplace Transform 

The Laplace transformation relates the time domain to the Laplace domain (also called s-domain or 
complex frequency domain). The Laplace transform, 7(s), of a piecewise-continuous function or signal, 
y(f), is given, by definition, as 

r oo 

Y(s) = I y(t)exp(— st)dt (2A.1) 

and is denoted using the Laplace operator, £, as 

Y(s) = £y(t ) (2A.1)* 

Here, s is a complex independent variable known as the Laplace variable, defined by 

s = cr + jcu (2A.2) 

where cr is a real- valued constant that will make the transform (Equation 2A.1) finite, a> is simply 
frequency, and j = \J—l. The real value ( a ) can be chosen sufficiently large so that the integral in 
Equation 2A.1 is finite even when the integral of the signal itself (i.e., J y(f)df) is not finite. This is the 
reason, for example, the Laplace transform functions better than the Fourier transform, which will be 
defined later, from the analytical point of view. The symbol s can be considered to be a constant, when 
integrating with respect to f, in Equation 2A.1. 

The inverse relation (i.e., obtaining y from its Laplace transform) is 

1 fo+ja> 

y(t) = — 7(s)exp(sf)ds (2A.3) 

^'TT) J a—jo) 

and is denoted using the inverse Laplace operator, £~ l , as 

y(t) = £~ l Y(s) (2A.3)* 

The integration in Equation 2A.3 is performed along a vertical line parallel to the imaginary (vertical) 
axis, located at cr from the origin in the complex Laplace plane (the s-plane). For a given piecewise- 
continuous function, y(t), the Laplace transform exists if the integral in Equation 2A.1 converges. 
A sufficient condition for this is 

r oo 

I ly(f)lexp(— crt)dt < oo (2A.4) 

Convergence is guaranteed by choosing a sufficiently large and positive cr. This property is an advantage 
of the Laplace transformation over the Fourier transformation. 

2A.2.1 Laplace Transforms of Some Common Functions 

Now we determine the Laplace transform of some useful functions using the definition (Equation 2A.1). 
Usually, however, we use Laplace transform tables to obtain these results. 

Laplace Transform of a Constant 

Suppose our function y(t) is a constant, B. Then the Laplace transform is 

f°0 -st 00 B 

£(B) = Y(s) = B e~ st dt = B = - 

Jo - s 0 s 
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Laplace Transform of the Exponential 

If y(t ) is e flf , its Laplace transform is 



r oo r oo i 

£(e at ) = e~ st e at df = e (fl “ s)f dt = — - — , 
Jo Jo (a ~ s) 



Ja~s)t 



o s — Cl 



Note : If y(t) is e at , it is obvious that the Laplace transform is 



r oo r oo 

£(e“ flf ) = e~ st e~ at dt = 



,-(a+s)t j . _ 



-1 



dt = e 

(a - s) 



-(a+s)f 



o 5 + a 



This result can be obtained from the previous result simply by replacing a with — a. 

Laplace Transform of Sine and Cosine 

In the following, the letter j = V~ 1- If y(t) is sin cot , the Laplace transform is 



Consider the identities: 



£(sin cot) = e " f (sin cot)dt 
o 



e )a>r = cos cot + j sin cot 
e |wf = cos cot — j sin cot 

If we add and subtract these two equations, respectively, we obtain the expressions for the sine and the 
cosine in terms of e ,wf and e~ ,a>t : 

cos cot = — (e i<uf + e~ ,wt ) 

2 

sin cot = -(e' wf -e“ i “ f ) 

2i 

£(cos cot ) = ix(e iwf ) + ^(e-^) 

£(sin cot) = ^ - \£(e~'n 



We have just seen that 



Hence, 



£(e at ) = 



£^ mt ) = 



1 

s — )cot 



£(e~ at ) = 



£{e~' ) = 



s + a 



s + j cot 



Substituting these expressions, we obtain: 



£(cos cot ) = 



i[74H[;4K[ 



s + j CO 



+ 



S — )CO 



S 1 - (j CO ) 2 - (jo,) 



s 2 + CO 2 



£(sin cot) = -£^ mt - e“ iwf ) = -if — 
2) 2; L s - 



iLs-JwJ 2)[s + )co\ 2)1 



s + jco s — jco 



s 2 - (j CO ) 2 s 2 - (j co ) 2 



i r 2j co 

~ 2j[ s 2 + co 2 _ 



s 2 + co 2 
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Transform of a Derivative 

Let us transform a derivative of a function. Specifically, the derivative of a function y of t is denoted by 
y = dy/dt. Its Laplace transform is given by 

£(y) = f " e~ st y dt = f “ e“ st % df (2A.5) 

Jo Jo dt 

Now, we integrate by parts, to eliminate the derivative within the integrand. 

Integration by parts: From calculus we know that d(uv) = u dv + v dn. 

By integrating we obtain uv = J u dv + J v du 
Hence, 

Jwdv-w-jv du (2A.6) 



This is known as integration by parts. 
In Equation 2A.5, let 



Then, 



and v = y 



dv = d y = 



dy 

-f-dt = y dt 
dt 



du = — df = — s e st df. 
df 

Substitute in Equation 2A.5 to integrate by parts: 

r oo r r r oo 

£(y) = I e~ st dy = I u dv = uv — I v du = e _sf y(f)|“ — I — s e~ st y(t ) df = — y(0) + s£[y(f)] 

= s£(y) - y( 0) 

where y(0) = initial value of y. This says that the Laplace transform of a first derivative, y, equals s 
times the Laplace transform of the function y minus the initial value of the function (the initial 
condition). 

Note: We can determine the Laplace transforms of the second and higher derivatives by repeated 
application of the result for the first derivative. For example, the transform of the second derivative is 
given by 



£\ 'y(t)\ = £ ^ j = s£\y(t)\ - y(0) = s{s£|y(f)| - y( 0)} - y( 0) or 

£\'y(t)\ = s 2 £[y(f)] - sy( 0) - y(0) 



2A.2.2 Table of Laplace Transforms 

Table 2 A. 1 shows the Laplace transforms of some common functions. Specifically, the table lists functions 
as y(f), and their Laplace transforms (on the right) as Y(s) or £y{t). If one is given a function, one can 
obtain its Laplace transform from the table. Conversely, if one is given the transform, one can obtain 
the function from the table. 

Some general properties and results of the Laplace transform are given in Table 2A.2. 

In particular, note that with zero initial conditions, differentiation can be interpreted as multiplication 
by s. Also, integration can be interpreted as division by s. 
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TABLE 2A.1 Laplace Transform Pairs 

y(t) = iT'lTM] 

B 

e~ at 

e at 

sinh at 
cosh at 
sin cot 
cos cot 
e~ at sin cot 
e~ at cos cot 



dt =y 



= y 



Ramp t 
e~ at (l - at) 

y(t) 
dy 
d t 

d *y 

d t 2 

d 3 y ... 
dF =r 

S‘ a y(t)dt 

af(t) + bg(t) 
Unit step U{ t) - 



{: 



for t> 0 
0 for otherwise 
C\ 



Delayed step cU(t — b) 



0 i 



Pulse c[U(t) - U(t - b)] 



Impulse function 8(t) 

Delayed impulse 8(t — b) = U(t — b) 

Sine pulse 

0 p/w t 



0 b 



L[y(t )] = Y(s) 

Bis 

1 

s + a 

1 

s — a 
a 

~2 2 
s z — a 

s 

CO 

s 2 + or 
s 

01 

(s + a) 2 + o? 
s + a 

(s + a) 2 + o? 

1 

s 2 

s 

(s + a) 2 
Y(s) 

sY(s)-y( 0) 
s 2 T(s) - sy(0) - y( 0) 



s 3 Y(s)-sV(0)-s><0)-H0) 

U(s) - i JoT(Odf 

aF(s) + bG(s ) 





) 



1 



e 



bs 



(s 2 + o. 2 ) ( 



1 + e 



—(irs/a))\ 
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TABLE 2A.2 Important Laplace Transform Relations 



II 

K 

i 

H 


Lf(i) = F(s) 




^ ro-+ joo 

— E(s)exp(sf)ds 

J o— joo 


Jo /(Oexp(-st)df 




fcj/dt) + kif 2 (t) 


ktFfs) + k 2 F 2 (s) 




exp(—at)f(t) 


F(s + a) 




fit - T ) 


exp(— ts)F(s) 




1 df" 


s n F(s) - s” _1 /( 0+) - s”~ 2 / 1 (0 + l - ■ 


o + ) 


i-oo 


EG) ! J-»/(f)df 
s s 




t" 


n\ 

s«+i 




t” e~ at 


n\ 

(. s + a) n+1 





2A.3 Response Analysis 

The Laplace transform method can be used in the response analysis of dynamic systems, mechatronic and 
control systems in particular. We will give examples for the approach. 



Example 2A.1 



The capacitor-charge equation of the RC circuit 
shown in Figure 2A.1 is 



A Mr 



e = iR + v 



For the capacitor, 



i — C 



. dv 
df 



(i) 



(ii) 



C 



Substitute Equation (ii) in (i) to get the circuit 
equation 



dv 

e = RC — — F v 
df 



(iii) 



FIGURE 2A.1 An RC circuit with applied voltage, e , 
and voltage, v, across the capacitor. 



Take the Laplace transform of each term in Equation (iii), with all initial conditions = 0 

E(s) = RCsV(s) + V(s) 

The transfer function expressed as the output/input ratio (in the transform form) is 



V(s) 



1 



1 



V(s) = = = 

E(s) sRCV(s ) + V(s) sRC + 1 rs + 1 



(iv) 



where r = RC. 

The actual response can now be found from Table 2A.1 for a given input E. The first step is to get the 
transform into proper form (like Line 2) 

1 _ 1/t _ a _ / i \ 

ts+1 s + (1/t) s + rt \s+a/ 

where a = 1/t. Suppose that input (excitation), e, is a unit impulse. Its Laplace transform (see Table 2A.1) 
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is E = 1. Then from Equation (iv) 



V(s) = 



1 

TS + 1 



From Line 2 of Table 2A.1, the response is 

v = ae~ at = I e - f/T = — t~ mc 
r RC 

A common transfer function for an overdamped second-order system (e.g., one with two RC circuit 
components of Figure 2A.1) would be 

V(5) = 1 

£(s) (1 + nsKl + t 2 s) 

This can be expressed as “partial fractions” in the form 

A B 

1 + TjS 1 + t 2 s 



and solved in the usual manner. 



Example 2A.2 

The transfer function of a thermal system is given by 



G(s) = 



2 

(s + l)(s + 3) 



If a unit-step input is applied to the system, with zero initial conditions, what is the resulting response? 



Solution 

Input: U(s) = 1/s (for a unit step) 

Since 

Y(s) = 2 

U{s ) (s + l)(s + 3) 

the output (response) is 

2 

Y(s) = 

s(s + l)(s + 3) 

Its inverse Laplace transform gives the time response. For this, first convert the expression into partial 
fractions as 



2 _ A , B , C 

s(s + 1 )(s + 3) “ 7 + (7+1) + (7+3) (l) 

The unknown, A, is determined by multiplying Equation (i) throughout by s and then setting s = 0. 
We obtain 



A _ 2 _ 2 
~ (0 + 1)(0 + 3) _ 3 

Similarly, B is obtained by multiplying Equation (i) throughout by (s+ 1) and then setting s = — 1. 
We obtain 



B = 



2 

(—!)(— 1 + 3) 
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Next, C is obtained by multiplying Equation (i) throughout by (5 + 3) and then setting s= — 3. 
We obtain 



C = 



2 

( 3)( 3 + 1) 



1 

3 



Hence, 



r(s) = 



2 

35 



1 | 1 
(5+1) + 3(5 + 3) 



Take the inverse transform using Line 2 of Table 2A.1 

2 1 -3, 

y(t) = — — e H — e 3 
7 3 3 

Example 2A.3 

The transfer function of a damped simple oscillator is known to be of the form 

T(5) = coj 

U(s ) (5 2 + 2 fw n s + col) 

where co n is the undamped natural frequency and f the damping ratio. 

Suppose that a unit step input (i.e., U{s) = 1/s) is applied to the system. Using Laplace transform 
tables, determine the resulting response with zero initial conditions. 



Solution 



Y(s) = - ■ 



s (s 2 + 2 £&> n s + col) 
The corresponding partial fractions are of the form: 



Y(s) = - + 



Bs + C 



s (s + 2 £co n s + co n ) s(s + 2 £co n s + <w n ) 

We need to determine A, B, and C. 

Multiply Equation (i) throughout by s and set s = 0. We obtain: 

A = 1 

Next, note that the roots of the characteristic equation, 

s 2 + 2£co n s + ojn — 0 



(i) 



are 



s = ~(co n ± ^£ 2 - lw n = -£co n ± jw d 

These are the poles of the system and are complex conjugates. Two equations for B and C are obtained 
by multiplying Equation (i) by s + £co n — -J £ 2 — 1 w n and setting s= — £co n + — lru n , and by 

multiplying Equation (i) by s + £co n + y/£ 2 — lru n and setting s= — £co n — — lw n . We obtain 

B = — 1 and C = 0. Consequently, 

Y(s) = I _ £ = I _ 5 + , i 

S (s 2 + 2/:&) n S + W 2 ) 5 [(s + /jw n ) 2 + W 2 ] ^1 - [(s + £w n ) 2 + W 2 ] 

where ru d = y/l — £ 2 co n is the damped natural frequency. 
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Now, use Table 2 A. 1 to obtain the inverse Laplace transform: 



Tstep(f) = 1 - e COS (O d t 






£ e sin a> d f = 1 — 



e“^” ( 

Vi-f 2 



[sin cf> cos <w d f + cos cf> sin <w d t ] 












sin(w d f + 0) 



where 



cos </>=£ = damping ratio, sin cf> = -yjl — £ 2 



Example 2A.4 

The open-loop response of a plant to a unit impulse input, with zero initial conditions, was found to be 
2 e -f sin t. What is the transfer function of the plant? 



Solution 

By linearity, since a unit impulse is the derivative of a unit step, the response to a unit impulse is given by 
the derivative of the result given in the previous example; thus, 



Ti IT] pL[lsC 1^ 1 



£“>n 



"f“ nf sin(w d f + </>) — 



"d 



4^1 



e i’“ nf cos(<w d f + <f>) 



4^l 2 



e f “" f [cos (f> sin(a> d f + <f > ) 



sin <f> cos(w d f + <fi )] 



or 



yimpulse(0 



'A -fat 



4^l 2 

Compare this with the given expression. We have 



e sm <w d f 






= = 2 , ifa = 1 , 0) d = 1 



However, 



Hence, 



Hence, 



The system transfer function is 



<4 — (£w n ) 2 + w d — 1 + 1 — 2 



= 4~2 






4~i 



(s 2 + 2£o) n s + to 2 ) s 2 + 2s + 2 
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Example 2A.5 

Express the Laplace transformed expression 



X(s) = 

as partial fractions. From the result, determine 

Solution 



s 3 + 5s 2 + 9s + 7 
(s + l)(s 4- 2) 

the inverse Laplace function, x(t). 



X( s) — s + 2 + 



1 



s 1 5 4-2 

From Table 2A.1, we get the inverse Laplace transform 

x(t ) = — 5(f) 4- 25(f) 4- 2 e ' — e 
df 



-it 



where 5(f) is the unit impulse function. 



2A.4 Transfer Function 

By the use of Laplace transformation, a convolution integral equation can be converted into an algebraic 
relationship. To illustrate this, consider the convolution integral which gives the response, y{t), of a 
dynamic system to an excitation input, uft), with zero initial conditions, as discussed in Chapter 2. By 
definition (Equation 2A.1), its Laplace transform is written as 



Y(s) = 




h(r)u(t 



r)drexp(— sf)df 



(2A.7) 



Note that h(t) is the impulse response function of the system. Since integration with respect to f is 
performed while keeping r constant, we have df = d(f — t). Consequently, 

r oo r'oo 

Y(s) =1 u{t — r)exp[— s(f — T)]d(f — r) I fi(T)exp(— sr)dT 



The lower limit of the first integration can be made equal to zero, in view of the fact that u(f) = 0 for 
f < 0. Again, by using the definition of Laplace transformation, the foregoing relation can be expressed as 

Y(s) = H(s)U(s) (2 A. 8) 



in which 



H{s) = 




/t(f)exp(— sf)df 



(2A.9) 



Note that, by definition, the transfer function of a system, denoted by H(s), is given by Equation 2A.8. 
More specifically, the system transfer function is given by the ratio of the Laplace-transformed output 
and the Laplace-transformed input with zero initial conditions. In view of Equation 2A.9, it is clear that 
the system transfer function can be expressed as the Laplace transform of the impulse-response function 
of the system. The transfer function of a linear and constant-parameter system is a unique function that 
completely represents the system. A physically realizable, linear, constant-parameter system possesses a 
unique transfer function, even if the Laplace transforms of a particular input and the corresponding 
output do not exist. This is clear from the fact that the transfer function is a system model and does not 
depend on the system input itself. 

Note: The transfer function is also commonly denoted by G(s). However, in the present context, we 
use H(s) in view of its relation to h(t). 
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Consider the nth-order linear, constant-parameter dynamic system given by 

d"y d "~'y , , d u(t) , d m u(t) 

a " dt" +a "~ l d f" 37 H f a ° y ~ b ° u + bl ~dT H Vbm d t ’ n 



(2A.10) 



for a physically realizable system, m < n. By applying Laplace transformation and then integrating by 
parts, it may be verified that 



L*m 

dt k 



s k F(s) - 



jc-2 d/C 0) 
df 



d t-1 /(0) 

df*' - 1 



(2A.11) 



By definition, the initial conditions are set to zero in obtaining the transfer function. This results in 

b 0 + b^s + ■ ■ ■ + b m s m 



H(S ) : 



Uq T s + ■ ■ ■ + a n s n 



(2A.12) 



for m < n. Note that Equation 2A.12 contains all the information that is contained in Equation 2A.10. 
Consequently, transfer function is an analytical model of a system. The transfer function may be 
employed to determine the total response of a system for a given input, even though it is defined in terms 
of the response under zero initial conditions. This is logical because the analytical model of a system is 
independent of the initial conditions of the system. 



2A.5 Fourier Transform 

The Fourier transform, Y(f), of a signal, y(f), relates the time domain to the frequency domain. 
Specifically, 

r+oo r+°o 

Y(f) = y(f)exp(— ]2irft)dt = y(t)e~ ,<ot dt (2A.13) 

J -00 J -00 

Using the Fourier operator, F, terminology: 

Y(f) = Fy(t ) (2A.14) 

Note that if y(t) = 0 for t < 0, as in the conventional definition of system excitations and responses, the 
Fourier transform is obtained from the Laplace transform by simply changing the variable according to 
s = j2-7T / or jco. The Fourier is a special case of the Laplace, where, in Equation 2A.2, cr = 0: 

Y(f) = Y(s)\ H27rf (2A.15) 



or 



y(w) = y(s)U jw 



(2A.16) 



The (complex) function Y( f) is also termed the (continuous) Fourier spectrum of the (real) signal, y(f). 
The inverse transform is given by: 




7(/)exp(j27r/f)d/ 



(2A.17) 



or 

y(t) = F~ l Y(f ) 

Note that according to the definition given by Equation 2A.13, the Fourier spectrum, Y{f), is defined for 
the entire frequency range /( — °°, +°o) which includes negative values. This is termed the two-sided 
spectrum. Since, in practical applications it is not possible to have “negative frequencies,” the one-sided 
spectrum is usually defined only for the frequency range /(0, <x>). 

In order that a two-sided spectrum has the same amount of power as a one-sided spectrum, it is 
necessary to make the one-sided spectrum double the two-sided spectrum for / > 0. 

If the signal is not sufficiently transient (fast -decaying or damped), the infinite integral given by 
Equation 2A.13 might not exist, but the corresponding Laplace transform might still exist. 
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2A.5.1 Frequency-Response Function (Frequency Transfer Function) 

The Fourier integral transform of the impulse-response function is given by 

r oo 

H(f) = h(t)exp(—j2irft)dt (2A.18) 



where /is the cyclic frequency (measured in cycles/sec or hertz). This is known as the frequency- response 
function (or frequency transfer function) of a system. Fourier transform operation is denoted as Fh(t) = 
H(f). In view of the fact that h(t) = 0 for t < 0, the lower limit of integration in Equation 2A.18 can be 
made zero. Then, from Equation 2A.9, it is clear that H(f) is obtained simply by setting s = j2Tr/ in H(s). 
Hence, strictly speaking, we should use the notation H{)2Trf) and not H(f). However, for notational 
simplicity, we denote H(]2Trf) by H{f). Furthermore, since the angular frequency co = 2 irf, we can 
express the frequency-response function as or simply by H(co) for notational convenience. It 

should be noted that the frequency-response function, like the Laplace transfer function, is a complete 
representation of a linear, constant-parameter system. In view of the fact that both u(t) = 0 and y(t) = 0 
for t < 0, we can write the Fourier transforms of the input and the output of a system directly by setting 
s = )27 rf = ) co in the corresponding Laplace transforms. 

Then, from Equation 2A.8, we have 

Y(f) = H( f)U(f) (2A.19) 



Note: Sometimes, for notational convenience, the same lowercase letters are used to represent the 
Laplace and Fourier transforms as well as the original time-domain variables. 

If the Fourier integral transform of a function exists, then its Laplace transform also exists. The 
converse is not generally true, however, because of the poor convergence of the Fourier integral in 
comparison to the Laplace integral. This arises from the fact that the factor exp(— at) is not present in the 
Fourier integral. For a physically realizable, linear, constant-parameter system, H(f) exists even if [/(/) 
and Y(f) do not exist for a particular input. The experimental determination of H(/), however, requires 
system stability. For the nth-order system given by Equation 2A.10, the frequency-response function is 
determined by setting s = ;27 rf in Equation 2A.12 as 



H(f) = 



b 0 + bjfiirf - 1 Vb m Q2Trf) m 

a 0 + ciifiirf H 1- a n (j2irf) n 



(2A.20) 



This, generally, is a complex function of/, which has a magnitude denoted by lH(/)l and a phase angle 
denoted by AH(f). 



2A.6 The s-Plane 

We have noted that the Laplace variable s is a complex variable, with a real part and an imaginary part. 
Hence, to represent it we will need two axes at right angles to each other — the real axis and the imaginary 
axis. These two axes form a plane, which is called the s-plane. Any general value of s (or any variation or 
trace of s) may be marked on the s-plane. 



2A.6.1 An Interpretation of Laplace and Fourier Transforms 

In the Laplace transformation of a function, f(t), we multiply the function by e~ st and integrate with 
respect to t. This process may be interpreted as determining the “components” F(s) of /(f) in the 
“direction” e -sf , where s is a complex variable. All such components F(s) should be equivalent to the 
original function, f(t). 

In the Fourier transformation of /(f) we multiply it by e _,mf and integrate with respect to f. 
This is the same as setting s = j a>. Hence, the Fourier transform of /(f) is E(jw). Furthermore, F(jco) 
represents the components of /(f) that are in the direction of e~ ,at . Since e _, “ , = cos cot — ) sin cot, in 
the Fourier transformation we determine the sinusoidal components of frequency co, of a time 
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function/(£). Since s is complex, F(s) is also complex and so is F(jco). Hence, they all will have a real part 
and an imaginary part. 



2A.6.2 Application in Circuit Analysis 

The fact that sin cot and cos cot are 90° out of phase is further confirmed in view of 

e*“ f = cos cot + j sin cot (2A.21) 



Consider the R-L-C circuit shown in Figure 2A.2. For the capacitor, the current, i, and the voltage, v, are 
related through 



dv 

Z = 

dt 



(2A.22) 



If the voltage v = v 0 sin cot, the current i = v 0 coC cos cot. Note that the magnitude of v/z is 1/coC 
(or 1/2 tt/C where co = 27r/;/is the cyclic frequency and to is the angular frequency). But v and i are out 
of phase by 90°. In fact, in the case of a capacitor, z leads v by 90°. The equivalent circuit resistance of 
a capacitance is called reactance, and is given by 



2 TtfC 


(2A.23) 


1 

coC 


(2A.24) 



Note that this parameter changes with the frequency. 

We cannot add the reactance of the capacitor and the resistance of the resistor algebraically; we must 
add them vectorially because the voltages across a capacitor and resistor in series are not in phase, unlike 
in the case of a resistor. Also, the resistance in a resistor does not change with frequency. In a series circuit, 
as in Figure 2A.2, the current is identical in each element, but the voltages differ in both amplitude and 
phase; in a parallel circuit, the voltages are identical, but the currents differ in amplitude and phase. 
Similarly, for an inductor, 



The corresponding reactance is 




X L = coL = 2 t rfL 



(2A.25) 



(2A.26) 



If the voltage (E) across R in Figure 2A.2(a) is in the direction shown in Figure 2A.2(b) (i.e., pointing to 
the right), then the voltage across the inductor, L, must point up (90° leading) and the voltage across the 
capacitor, C, must point down (90° lagging). Since the current (7) is identical in each component of a 





FIGURE 2A.2 (a) Series RLC circuit; (b) phases of voltage drops; (c) impedance triangle. 
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series circuit, we see the directions of IR, IX L and 1X C as in Figure 2A.2(b), giving the impedance triangle 
shown in Figure 2A.2(c). 

To express these reactances in the s-domain, we simply substitute s for ja>: 



~) x c = 



1 

sC 



jX L = sL 



The series impedance of the RLC circuit can be expressed as 

Z = R + jX L — jX c = R + sL + — 

In this discussion, note the use of \[— I or j to indicate a 90° phase change. 
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Summary 

This chapter presents the modal analysis of lumped-parameter mechanical vibrating systems. In the considered 
systems, inertia, flexibility, and damping characteristics are lumped at a finite number of discrete points in the system. 
Techniques for determining the natural frequencies and mode shapes of vibration are given. The orthogonality of 
mode shapes is established. The existence of natural modes in damped systems is investigated. Proportional damping 
is discussed. Both free vibration and forced vibration of multi-degree-of-freedom ( multi-DoF) systems are analyzed. 

3.1 Introduction 



Complex vibrating systems usually consist of components that possess distributed energy-storage and 
energy-dissipative characteristics. In these systems, inertial, stiffness, and damping properties vary 
(piecewise) continuously with respect to the spatial location. Consequently, partial differential equations, 
with spatial coordinates (e.g., Cartesian coordinates x, y, z) and time t as independent variables are 
necessary to represent their vibration response. 



3-1 



© 2005 by Taylor & Francis Group, LLC 



3-2 



Vibration and Shock Handbook 



A distributed (continuous) vibrating system may be approximated (modeled) by an appropriate set of 
lumped masses properly interconnected using discrete spring and damper elements. Such a model is 
termed lumped-parameter model or discrete model. An immediate advantage resulting from this lumped- 
parameter representation is that the system equations become ordinary differential equations. Often, 
linear springs and linear viscous damping elements are used in these models. The resulting linear 
ordinary differential equations can be solved by the modal analysis method. The method is based on the 
fact that these idealized systems (models) have preferred frequencies and geometric configurations (or 
natural modes) in which they tend to execute free vibration. An arbitrary response of the system can be 
interpreted as a linear combination of these modal vibrations, and as a result its analysis may be 
conveniently done using modal techniques. 

Modal analysis is an important tool in vibration analysis, diagnosis, design, and control. In some 
systems, mechanical malfunction or failure can be attributed to the excitation of their preferred motion 
such as modal vibrations and resonances. By modal analysis, it is possible to establish the extent and 
location of severe vibrations in a system. For this reason, it is an important diagnostic tool. For the same 
reason, modal analysis is also a useful method for predicting impending malfunctions or other 
mechanical problems. Structural modification and substructuring are techniques of vibration analysis 
and design that are based on modal analysis. By sensitivity analysis methods using a modal model, it is 
possible to determine which degrees of freedom (DoFs) of a mechanical system are most sensitive to 
addition or removal of mass and stiffness elements. In this manner, a convenient and systematic method 
can be established for making structural modifications to eliminate an existing vibration problem, or to 
verify the effects of a particular modification. A large and complex system can be divided into several 
subsystems which can be independently analyzed. By modal analysis techniques, the dynamic 
characteristics of the overall system can be determined from the subsystem information. This approach 
has several advantages, including: (1) subsystems can be developed by different methods such as 
experimentation, finite element method, or other modeling techniques and assembled to obtain the 
overall model; (2) the analysis of a high order system can be reduced to several lower order analyses; and 
(3) the design of a complex system can be carried out by designing and developing its subsystems 
separately. These capabilities of structural modification and substructure analysis which are possessed by 
the modal analysis method make it a useful tool in the design development process of mechanical 
systems. Modal control, a technique that employs modal analysis, is quite effective in the vibration 
control of complex mechanical systems. 



3.2 Degrees of Freedom and Independent Coordinates 

The geometric configuration of a vibrating system can be completely determined by a set of 
independent coordinates. This number of independent coordinates, for most systems, is termed the 
number of DoFs of the system. For example, a particle freely moving on a plane requires two 
independent coordinates to completely locate it (e.g., % and y Cartesian coordinates or r and 6 polar 
coordinates); its motion has two DoF. A rigid body that is free to take any orientation in (three- 
dimensional) space needs six independent coordinates to completely define its position. For instance, 
its centroid is positioned using three independent Cartesian coordinates (x,y, z). Any axis fixed in the 
body and passing through its centroid can be oriented by two independent angles (9,(f>). The 
orientation of the body about this body axis can be fixed by a third independent angle (if/). Altogether, 
six independent coordinates have been utilized; the system has six DoF. 

Strictly speaking, the number of DoF is equal to the number of independent, incremental, 
generalized coordinates that are needed to represent a general motion. In other words, it is the 
number of incremental independent motions that are possible. For holonomic systems (i.e., systems 
possessing holonomic constraints only), the number of independent incremental generalized 
coordinates is equal to the number of independent generalized coordinates; hence, either definition 
may be used for the number of DoF. If, on the other hand, the system has nonholonomic 
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constraints, the definition based on incremental coordinates should be used, because in these 
systems the number of independent incremental coordinates is in general less than the number of 
independent coordinates that are required to completely position the system. 



3.2.1 Nonholonomic Constraints 

Constraints of a system that cannot be represented by purely algebraic equations in its generalized 
coordinates and time are termed nonholonomic constraints. For a nonholonomic system, more 
coordinates than the number of DoF are required to completely define the position of the system. The 
number of excess coordinates is equal to the number of nonalgebraic relations that define the 
nonholonomic constraints in the system. Examples for nonholonomic systems are afforded by bodies 
rolling on surfaces and bodies whose velocities are constrained in some manner. 

Example 3.1 

A good example for a nonholonomic system is provided by a sphere rolling, without slipping, on a 
plane surface. In Figure 3.1, the point O denotes the center of the sphere at a given instant, and P is an 
arbitrary point within the sphere. The instantaneous point of contact with the plane surface is denoted 
by Q, so that the radius of the sphere is OQ = a. This system requires five independent generalized 
coordinates to position it. For example, the center O is fixed by the Cartesian coordinates x and y. 
Since the sphere is free to roll along any arbitrary path on the plane and return to the starting point, 
the line OP can assume any arbitrary orientation for any given position for the center O. This line can 
be oriented by two independent coordinates 0 and <fi, defined as in Figure 3.1. Furthermore, since the 
sphere is free to spin about the z-axis and is also free to roll on any trajectory (and return to its starting 
point), it follows that the sphere can take any orientation about the line OP (for a specific location of 
point O and line OP). This position can be oriented by the angle <//. These five generalized coordinates 
x, y, 0, cf>, and ip are independent. The corresponding incremental coordinates 8x, 8y, 80, 8 <f>, and 8i// 
are, however, not independent, as a result of the constraint of rolling without slipping. It can be 
shown that two independent differential equations can be written for this constraint, and that 
consequently there exist only three independent incremental coordinates; the system actually has only 
three DoF. 

To establish the equations for the two nonholonomic constraints note that the incremental 
displacements 8x and 8y of the center O about the instantaneous point of contact Q can be written 

8 x = a 8y = — a 8ct 



z 




FIGURE 3.1 Rolling sphere on a plane (an example of a nonholonomic system). 
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in which the rotations of a and /3 are taken as positive about the positive directions of x and y, 
respectively (Figure 3.1). Next, we will express 8a and 8/3 in terms of the generalized coordinates. 
Note that 80 is directed along the z direction and has no components along the x and y directions. 
On the other hand, 8 </> has the components 8 cf> cos 0 in the positive y direction and 8</> sin 0 in the 
negative x direction. Furthermore, the horizontal component of 8<// is 8i/fsin</>. This in turn has 
the components (8i//sin </>)c os 0 and (8t//sin </>) sin 0 in the positive x and y directions, respectively. 
It follows that 

8a = — 8</> sin 0 + 8i/f sin </> cos 0 
8/3 = 8</> cos 0 + 8(// sin </> sin 0 

Consequently, the two nonholonomic constraint equations are 

8x = a(8</> cos 0 + 8i// sin </> sin 0) 

8y = a(8</> sin 0 — Si// sin (/> cos 0) 

Note that these are differential equations that cannot be directly integrated to give algebraic equations. 
A particular choice for the three independent incremental coordinates associated with the three DoF 
in the present system of a rolling sphere would be 80, 8 </>, and 8i//. The incremental variables 8 a, 8/3, 
and 80 will form another choice. The incremental variables 8x, 8y, and 80 will also form a possible 
choice. Once three incremented displacements are chosen in this manner, the remaining two 
incremental generalized coordinates are not independent and can be expressed in terms of these three 
incremented variables using the constraint differential equations. 

Example 3.2 

A relatively simple example for a nonholonomic system is a single-dimensional rigid body (a straight 
line) moving on a plane such that its velocity is always along the body axis. The idealized motion of a ship 
in calm water is a practical situation representing such a system. This body needs three independent 
coordinates to completely define all possible configurations that it can take. For example, the centroid of 
the body can be fixed by two Cartesian coordinates x and y on the plane, and the orientation of the axis 
through the centroid may be fixed by a single angle 0. Note that, for a given location (x, y) of the centroid, 
any arbitrary orientation (0) for the body axis is feasible, because, as in the previous example, any 
arbitrary trajectory can be followed by this body and return the centroid to the starting point, but with a 
different orientation of the axis of the body. Since the velocity is always directed along the body axis, a 
nonholonomic constraint exists and it is expressed as 

dy 

— = tan 0 
dx 

It follows that there are only two independent incremental variables; the system has only two DoF. 
Some useful definitions and properties that were discussed in this section are summarized in Box 3.1. 



3.3 System Representation 

Some damped systems do not possess real modes. If a system does not possess real modes, modal analysis 
could still be used, but the results would only be approximately valid. In modal analysis it is convenient to 
first neglect damping and develop the fundamental results, and then subsequently extend the results to 
damped systems, for example, by assuming a suitable damping model that possesses real modes. Since 
damping is an energy dissipation phenomenon, it is usually possible to determine a model that possesses 
real modes and also has an energy dissipation capacity equivalent to that of the actual system. 
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Box 3.1 

Some Definitions and Properties 
of Mechanical Systems 


Holonomic constraints 


Constraints that can be represented by purely algebraic relations 


Nonholonomic constraints 


Constraints that require differential relations for their representation 


Holonomic system 


A system that possesses holonomic constraints only 


Nonholonomic system 


A system that possesses one or more nonholonomic constraints 


Number of DoFs 


The number of independent incremental coordinates 

that are needed to represent general incremental motion of a 
system = number of independent incremental motions 


Order of a system 
For a holonomic system 


= 2 X number of DoF (typically) 


Number of independent 
incremental coordinates 
For a nonholonomic system 


= Number of independent coordinates = number of DoF 


Number of independent 
incremental coordinates 


< Number of independent coordinates 



Consider the three undamped system representations (models) shown in Figure 3.2. The motion of 
system (a) consists of the translator y displacements y l and y 2 of the lumped masses m 1 and m 2 . The 
masses are subjected to the external excitation forces (inputs) fi(t) and/ 2 (f) and the restraining forces of 
the discrete, tensile-compressive stiffness (spring) elements fc 1; k 2 , and k 3 . Only two independent 



Translatory 

System 

(a) 



Flexural 

System 

(b) 



Torsional 
System 

(O © © 

FIGURE 3.2 Three types of two-DoF systems. 
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incremental coordinates (8y t and 5 y 2 ) are required to completely define the incremental motion of the 
system subject to its inherent constraints. It follows that the system has two DoF. 

In system (b), shown in Figure 3.2, the elastic stiffness to the transverse displacements y, andy 2 of the 
lumped masses is provided by three bending ( flexural ) springs that are considered massless. This flexural 
system is very much analogous to the translatory system (a) even though the physical construction and the 
motion itself are quite different. System (c) in Figure 3.2 is the analogous torsional system. In this case, the 
lumped elements m l and m 2 should be interpreted as polar moments of inertia about the shaft axis, and /q , 
k 2 , and k 3 as the torsional stiffness in the connecting shafts. Furthermore, the motion coordinates y { andy 2 
are rotations and the external excitations/! (t) and/ 2 (t) are torques applied at the inertia elements. Practical 
examples where these three types of vibration system models may be useful are: (a) a two-car train, (b) a 
bridge with two separate vehicle loads, and (c) an electric motor and pump combination. 

The three systems shown in Figure 3.2 are analogous to each other in the sense that the dynamics of all 
three systems can be represented by similar equations of motion. For modal analysis, it is convenient to 
express the system equations as a set of coupled second-order differential equations in terms of the 
displacement variables (coordinates) of the inertia elements. Since in modal analysis we are concerned 
with linear systems, the system parameters can be given by a mass matrix and a stiffness matrix, or by a 
flexibility matrix. Lagrange’s equations of motion directly yield these matrices; however, we will now 
present an intuitive method for identifying the stiffness and mass matrices. 

The linear, lumped-parameter, undamped systems shown in Figure 3.2 satisfy the set of dynamic 
equations 

r m n m 12 t h "I r fc n k n T yi l _ r/i l 

L m n tn 22 _||_ )/ J U21 k 22 J|_y 2 J \_f 2 J 

or 

My + Ky = f (3.1) 

Here, M is the inertia matrix which is the generalized case of mass matrix, and K is the stiffness matrix. 
There are many ways to derive Equation 3.1. Below, we will describe an approach, termed the influence 
coefficient method, which accomplishes the task by separately determining K and M. 

3.3.1 Stiffness and Flexibility Matrices 

In the systems shown in Figure 3.2 suppose the accelerations y 1 and y 2 are both zero at a particular 
instant, so that the inertia effects are absent. The stiffness matrix K is given under these circumstances 
by the constitutive relation for the spring elements: 

m = r*n k ujyn 

L/2 J L k 21 k 22 J|_ y 2 J 

or 

f = Ky (3.2) 

in which f is the force vector [/i,/ 2 ] t and y is the displacement vector [yi,y 2 ] T . Both are column vectors. 
The elements of the stiffness matrix, in this two-DoF case, are explicitly given by 




Suppose that y 1 = 1 and y 2 = 0 (i.e., give a unit displacement to m 3 while holding m 2 at its original 
position). Then k n and k 2l are the forces needed at location 1 and location 2, respectively, to maintain 
this static configuration. For this condition it is clear that/ t = k l + k 2 and/ 2 = — k 2 . Accordingly, 

k n = k l + k 2 , fc 21 = — k 2 
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Similarly, suppose that y l = 0 and y 2 = 1. Then k l2 and k 22 are the forces needed at location 1 and 
location 2, respectively, to maintain the corresponding static configuration. It follows that 

kn = ~k 2 , k 22 = k 2 + k 3 

Consequently, the complete stiffness matrix can be expressed in terms of the stiffness elements in the 
system as 




From the foregoing development, it should be clear that the stiffness parameter k^ represents the force 
that is needed at the location i to obtain a unit displacement at location j. Hence, these parameters are 
termed stiffness influence coefficients. 

Observe that the stiffness matrix is symmetric. Specifically, 

ky = kjj for i ¥= j 



or 



K T = K (3.3) 

Note, however, that K is not diagonal in general (ky A 0 for at least two values of i A j). This means that 
the system is statically coupled (or flexibly coupled). 

Flexibility matrix L is the inverse of the stiffness matrix 

L = KT 1 (3.4) 

To determine the flexibility matrix using the influence coefficient approach, we have to start with a 
constitutive relation of the form 



y = Lf (3.5) 

Assuming that there are no inertia forces at a particular instant, we then proceed as before. For the 
systems in Figure 3.2, for example, we start with/[ = 1 and/ 2 = 0. In this manner, we can determine the 
elements l n and Z 21 of the flexibility matrix 



In hil 

hi hi J 

However, here, the result is not as straightforward as in the previous case. For example, to determine l n , 
we will have to find the flexibility contributions from either side of m l . The flexibility of the stiffness 
element k t is 1 /k l . The combined flexibility of k 2 and k 3 , which are connected in series, is 1 /k 2 + Hk 3 
because the displacements (across variables) are additive in series. The two flexibilities on either side of m l 
are applied in parallel at m l . Since the forces (through variables) are additive in parallel, the stiffness will 
also be additive. Consequently, 




1 _ 1 1 
hi (l/^i ) (l//c 2 + 1/^3) 

After some algebraic manipulation we get 

I _ k 2 + k 3 

k\k 2 + k 2 k 3 + k 3 k\ 
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TABLE 3.1 Combination Rules for Stilfness and Flexibility Elements 



Connection 


Graphical Representation 


Combined Stiffness 


Combined Flexibility 


Series 


□ — VW — 0 — Wv — 0 


i 

(1 !k\ + 1 /^ 2 ) 


b + h 


Parallel 




— Wv 




k\ + k 2 


1 

(1 H\ + 1 /( 2 ) 






— wv — 









Since there is no external force at m 2 in the assumed loading configuration, the deflections at m 2 and m l 
are proportioned according to the flexibility distribution along the path. Accordingly, 



1/fc 3 l 

l/fc 3 + 1 /k 2 J U 



or 



Similarly, we can obtain 



and 



^2 

k[h 2 + k 2 k 3 + k 3 k 3 



/,* = 



hi 

/c[fc 2 + k 2 k 3 + k 3 k 3 



I _ h l + k 2 

22 k Y k 2 + k 2 k 3 + k 3 k x 

Note that these results confirm the symmetry of flexibility matrices 

hj = hi for * ^ j 



or 

L T = L (3.6) 

Also, we can verify the fact that L is the inverse of K. The series -parallel combination rules for stiffness 
and flexibility that are useful in the present approach are summarized in Table 3.1. 

The flexibility parameters l represent the displacement at the location i when a unit force is applied at 
location j. Hence, these parameters are termed flexibility influence coefficients. 



3.3.2 Inertia Matrix 

The mass matrix, which is used in the case of translatory motions, can be generalized as inertia matrix M 
in order to include rotatory motions as well. To determine M for the systems shown in Figure 3.2, 
suppose the deflections and y 2 are both zero at a particular instant so that the springs are in their static 
equilibrium configuration. Under these conditions, the equation of motion 3.1 becomes 

f = My (3.7) 

For the present two-DoF case, the elements of M are denoted by 
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To identify these elements, first set y l = 1 and y 2 = 0. Then, m n and m 21 are the forces needed at the 
locations 1 and 2, respectively, to sustain the given accelerations; specifically, f = m l and f 2 = 0. It 
follows that 

m n = m u m 2l = 0 

Similarly, by setting y x = 0 and y 2 = 1, we get 

m l2 = 0, m 2 1 = m 2 

Then, the mass matrix is obtained as 

0 

0 m 2 

It should be clear now that the inertia parameter m,; represents the force that should be applied at the 
location i in order to produce a unit acceleration at location;. Consequently, these parameters are called 
inertia influence coefficients. 

Note that the mass matrix is symmetric in general; specifically 

niy = ntji for i A j 




or 

M T = M (3.8) 

Furthermore, when the independent displacements of the lumped inertia elements are chosen as the 
motion coordinates, as is typical, the inertia matrix becomes diagonal. If not, it can be made diagonal by 
using straightforward algebraic substitutions so that each equation contains the second derivative of just 
one displacement variable. Hence, we may assume 

= 0 for i ¥= j (3.9) 

Then the system is said to be inertially uncoupled. This approach to finding K and M is summarized in 
Box 3.2. It can be conveniently extended to damped systems for determining the damping matrix C. 



Box 3.2 




Influence Coefficient Method of 
Determining System Matrices 


(Undamped Case) 




Stiffness Matrix (K) 


Mass Matrix (M) 


1. Set y = 0 

f = Ky 

2. Set yj = 1 and y,- = 0 for all i ¥= j 

3. Determine f from the system diagram, 

that is needed to main equilibrium = jth column of K 

Repeat for all j 


1. Set y = 0 

f = My 

2. Set yj = 1 and y,- = 0 for all i j 

3. Determine f to maintain this condition 
= jth column of M 

Repeat for all j 
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— ► k 2 iy 2 - yf k 2 (y 2 - Vj) ■+- 


m 2 






— flit) 





k 3 y 2 

flit) 



FIGURE 3.3 Free-body diagram of the two-DoF system. 

3.3.3 Direct Approach for Equations of Motion 

The influence coefficient approach that was described in the previous section is a rather indirect way of 
obtaining the equations of motion 3.1 for a multi-DoF system. The most straightforward approach, 
however, is to sketch a free-body diagram for the system, mark the forces or torques on each inertia 
element, and finally, apply Newton’s Second Law. This approach is now illustrated for the system 
shown in Figure 3.2(a). The equations of motion for the systems in Figures 3.2(b) and (c) will 
follow analogously. 

The free-body diagram of the system in Figure 3.2(a) is sketched in Figure 3.3. Note that all the forces 
on each inertia element are marked. 

Application of Newton’s Second Law to the two mass elements separately gives 

mih = ~hy\ + hiyi - y0 +/i(0 
m 2 y 2 = ~hiy 2 - yi) ~ hy 2 +f 2 (t ) 

The terms can be rearranged to obtain the following two coupled, second order, linear, ordinary 
differential equations: 

mih + (<h + h)yi - hy 2 = flit ) 
m 2 y 2 - k 2 y l + ( k 2 + k 3 )y 2 = f 2 (t) 
which may be expressed in the vector- matrix form as 

r m l o ip! i + r fe 1 +ki ~ ki ir ri i_r /i(o i 

L 0 '”2 JUJ L ~h h + h JL y2 J L flit ) J 

Observe that this result is identical to what we obtained by the influence coefficient approach. 

Another convenient approach that would provide essentially the same result is the energy method 
through the application of Lagrange’s equations. Two common types of models used in vibration 
analysis and applications are summarized in Box 3.3. 



3.4 Modal Vibrations 



Among the infinite number of relative geometric configurations the lumped masses in a multi-DoF 
system could assume under free motion (i.e., with f(t) = 0), when excited by an arbitrary initial state, 
there is a finite number of configurations that are naturally preferred by the system. Each of these 
configurations will have an associated frequency of motion. These motions are termed modal motions. 
By choosing the initial displacement y(0) proportional to a particular modal configuration, with zero 
initial velocity, y(0) = 0, that particular mode can be excited at the associated natural frequency 
of motion. The displacements of different DoF retain this initial proportion at all times. This 
constant proportion in displacement can be expressed as a vector i|i for that mode, and represents the 
mode shape. Note that each modal motion is a harmonic motion executed at a specific frequency 
a> known as the natural frequency (undamped). In view of these general properties of modal motions, 
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Box 3.3 
Model Types 


Linear 


Nonlinear 


Coupled second-order equations 
My+Cy+Ky=f(0 
Response vector: 

y — \y\ 1 y 21 “-lypV \ P — number of DoF 
Excitation vector: f(t) = ...,jp] T 

M = mass matrix 
C or B = damping matrix 
K = stiffness matrix 


My = h(y, y, f(f» 


Coupled first-order equations (state-space models) 
x = Ax + Bu 
y = Cx 

State vector x = [xi,x 2 , ...,x n ] T ; n = order of the system 
Input (excitation) vector u = [iq, w 2 , • . u m ] T 
Output (response) vector y = [yi,y 2 » •••»yp] T 


x = a(x, u) 
y = y(x) 


Notes: 

1. Definition of state: If x(t 0 ), and u from t 0 to t\, are known, x(r x ) can be determined 
completely 

2. State vector x contains a minimum number ( n ) of elements 

3. State model is not unique (different state models are possible for the same system) 




r y 1 

4. One approach to obtaining a state model is to use x = 

Ly J 





they can be expressed by 



y = i|f cos cot 

or, in the complex form, for ease of analysis, as 

y = e' Ml 

When Equation 3.11 is substituted into the equation of unforced (free) motion, 

My + Ky = 0 

as required by the definition of modal motion, the following eigenvalue problem results: 



[w 2 M - K]»J< = 0 



(3.10) 

(3.11) 

(3.12) 

(3.13) 



For this reason, natural frequencies are sometimes called eigenfrequencies, and mode shapes are termed 
eigenvectors. The feasibility of modal motions for a given system is determined by the existence of 
nontrivial solutions for v|t (i.e., v|i A 0). Specifically, nontrivial solutions for i|t are possible if and only if 
the determinant of the system of linear homogeneous equation 3.13 vanishes; thus 

det[w 2 M - K] = 0 (3.14) 



Equation 3.14 is known as the characteristic equation of the system. For an «-DoF system, M and K 
are both «X n matrices. It follows that the characteristic equation has n roots for co 2 . For physically 
realizable systems these n roots are all nonnegative and they yield the n natural frequencies co 2 , ..., co n of 
the system. For each natural frequency <w ; , when substituted into Equation 3.13 and solved for i|j, there 
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results a mode shape vector i[t, that determines up to one unknown parameter which can be used as a 
scaling parameter. Extra care should be exercised, however, when determining mode shapes for zero 
natural frequencies (i.e., rigid-body modes) and repeated natural frequencies (i.e., for systems with a 
dynamic symmetry). We shall return to these considerations in later sections. 

Example 3.3 

Consider a mechanical system modeled as 
in Figure 3.4. This is obtained from the 
systems in Figure 3.2 by setting m, = m, 
m 2 = am, k l = k, k 2 = pk, and fc 3 = 0. The 
corresponding mass matrix and the stiffness 
matrix are 




FIGURE 3.4 A modal vibration example. 



M = 



r m 


0 1 f 




, K = 


L o 


am J l 



(! + £)* —fik 
-pk pk 



The natural frequencies are given by the roots of the characteristic equation 

a? m — (1 + p)k pk 



det 



= 0 



L pk a>~ am — pk J 

By expanding the determinant, this can be expressed as 

[to 2 m — (1 + P)k][cL> 2 am — pk] — p 2 k 2 = 0 



to 4 cm; 2 — co 2 km\p + a(l + P)] + pk 2 = 0 

Fet us define a frequency parameter to 0 = sjklm. This parameter is identified as the natural frequency of 
an undamped simple oscillator (single-DoF mass-spring system) with mass m and stiffness k. 
Consequently, the characteristic equation of the given 2 DoF system can be written as 

a/ — ) - (a + p+ap)( — \ + p=0 

\ oj 0 ) \ to 0 ) 



whose roots are 



(S) ’(5) _ i { “ +/3+ “ /3} { 1 + V 1 vMw} 



The mode shapes are obtained by solving for v|t in 

to 2 m — (1 + p)k 
pk 
or 



[ 



pk 

a? am — pk 



t|t= 0 



( — ) 2 -(l + P) 

\Wo/ 

P 



«(-V 

V w 0 / 



-p 



i|i = 0 



In a mode shape vector, only the ratio of the elements is needed. This is because, in determining a mode 
shape, we are concerned about the relative motions of the lumped masses, not the absolute motions. 
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Nondimensional 

Frequency 




FIGURE 3.5 Dependence of natural frequencies (co/cd 0 ) on mass ratio (a) and stiffness ratio (;8). 
From the above equation, it is clear that this ratio is given by 




which is evaluated by substituting the appropriate value for (a>/co 0 ), depending on the mode, into any one 
of the right-hand-side expressions above. 

The dependence of the natural frequencies on the parameters a and f3 is illustrated by the curves in 
Figure 3.5. Some representative values of the natural frequencies and mode shape ratios are listed in 
Table 3.2. 

Note that, when /3 = 0, the spring connecting the two masses does not exist and the system reduces 
to two separate systems: a simple oscillator of natural frequency a> 0 and a single mass particle (of zero 
natural frequency). It is clear that in this case co^coq = 0 and u> 2 /co 0 = 1. This fact can be established 
from the expressions for natural frequencies of the original system by setting (3 = 0. The mode 
corresponding to co l /a > 0 = 0 is a rigid-body mode in which the free mass moves indefinitely (zero 
frequency) and the other mass (restrained mass) stands still. It follows that the mode shape ratio 
(i/f 2 / —> 00 . In the second mass, the free mass stands still and the restrained mass moves. Hence, 
(t// 2 /*Ai)i = 0 . These results are also obtained from the general expressions for the mode shape ratios 
of the original system. 



TABLE 3.2 The Dependence of Natural Frequencies and Mode Shapes on Inertia and Stiffness 



a 

(i 






0.5 








1.0 








2.0 




(x)l/(O 0 


(x) 2 /(Oo 




(l/f 2 /^i)2 


coi/coq 


C0 2 /C0o 


W'l'di 


(ifeA/db 


0 


(x) 2 /o o 






0 


0 


1.0 


00 


0 


0 


1.0 


00 


0 


0 


1.0 


00 


0 


0.5 


0.71 


1.41 


2.0 


-1.0 


0.54 


1.31 


2.41 


-0.41 


0.40 


1.26 


2.69 


-0.19 


1.0 


0.77 


1.85 


1.41 


-1.41 


0.62 


1.62 


1.62 


-0.62 


0.47 


1.51 


1.78 


-0.28 


2.0 


0.79 


2.52 


1.19 


-1.69 


0.66 


2.14 


1.28 


-0.78 


0.52 


1.93 


1.37 


-0.37 


5.0 


0.81 


3.92 


1.07 


-1.87 


0.69 


3.24 


1.10 


-0.91 


0.55 


2.86 


1.14 


-0.44 


00 


0.82 


00 


1.0 


-2.0 


0.71 


00 


1.0 


- 1.0 


0.57 


00 


1.0 


-0.5 
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When /3 — ► oo, the spring connecting the two masses becomes rigid and the two masses act as a single 
mass (1 + a)m restrained by a spring of stiffness k. This simple oscillator has a squared natural frequency 
of Wo/(l + a). This is considered the smaller natural frequency of the corresponding system: (co l /co 0 ) 2 = 
1/(1 + a). The larger natural frequency co 2 approaches oo in this case and it corresponds to the natural 
frequency of a massless spring. These limiting results can be derived from the general expressions for the 
natural frequencies of the original system by using the fact that for small \x\ <C 1, the expression s/l — x 
is approximately equal to 1 — (l/2)x. (Proof: Use the Taylor series expansion.) In the first mode, the 
two masses move as one unit and hence the mode shape ratio = 1- In the second mode, 

the two masses move in opposite directions restrained by an infinitely stiff spring. This is considered the 
static mode which results from the redundant situation of associating two DoF to a system that actually 
has only one lumped mass ( 1 + a)m. In this case, the mode shape ratio is obtained from the general result 
as follows: For large (5, we can neglect a in comparison. Hence, 

( — ) = + «/3}{l + 1} = (1 + a) — 

\ to 0 / 2a a 

By substituting this result in the expression for the mode shape ratio, we obtain 



Finally, consider the case a = 0 (with (5 # 0). In this case, only one mass m restrained by a spring of 
stiffness k is present. The spring of stiffness (5k has an open end. The first mode corresponds to a simple 
oscillator of natural frequency co 0 . Hence, co l /a> 0 = 1. The open end has the same displacement as the 
point mass. Consequently, (i/f 2 /<Ai)i = 1 . These results can be derived from the general expressions for the 
original system. In the second mode the simple oscillator stands still and the open-ended spring oscillates 
(at an infinite frequency). Hence co 2 /co 0 = oo, and this again corresponds to a static mode situation which 
arises by assigning two DoF to a system that has only one DoF associated with its inertia elements. Since 
the lumped mass stands still, we have (4> 2 /iki) 2 = 00 • 

Note that, when a = 0 and (5 = 0 , the system reduces to a simple oscillator and the second mode is 
completely undefined. Hence, the corresponding results cannot be derived from the general results for 
the original system. 



_ = P = _i 

^ J3- a(l + ff)^ 




3.5 Orthogonality of Natural Modes 

Let us write Equation 3.13 explicitly for the two distinct modes i and j. Distinct modes are defined as 
those having distinct natural frequencies (i.e., w ; <w ; ). 

- Kv|i, = 0 (3.15) 

<dj MiJ/j - Ki|y = 0 (3.16) 

Premultiply Equation 3.15 by v) ij and Equation 3.16 by i\tj 

= 0 (3.17) 

= 0 (3.18) 

Take the transpose of Equation 3.18, which is a scalar: 

- ily K'ily = 0 

This, in view of the symmetry of M and K as expressed in Equation 3.8 and Equation 3.3, becomes 

tof i|ij Mv|t, - i|r/Ki|i; = 0 
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By subtracting this result from Equation 3.17, 
we get 

(a>j — = 0 



Now, because ajj A it follows that 






f 0 for i A j 
\ M t for i = j 



(3.19) 



-hA 



m 




\ ( yi+yi ) 



-> 



Centroid 




Equation 3.19 is a useful orthogonality condition ^ ^ 

for natural modes. 

Even though the foregoing condition of FIGURE 3.6 A simplified vehicle model for heave and 
M - orthogonality was proved for distinct (unequal) P' tc ^ m °tions. 
natural frequencies it is generally true, even if two or 

more modes have repeated (equal) natural frequencies. Indeed, if a particular natural frequency is repeated 
r times, there will be r arbitrary elements in the modal vector. As a result ,we are able to determine r 
independent mode shapes that are orthogonal with respect to the M matrix. An example is given later in the 
problem of Figure 3.6. Note further that any such mode shape vector corresponding to a repeated natural 
frequency will also be M-orthogonal to the mode shape vector corresponding to any of the remaining 
distinct natural frequencies. Consequently, we conclude that the entire set of n mode shape vectors is 
M-orthogonal even in the presence of various combinations of repeated natural frequencies. 



3.5.1 Modal Mass and Normalized Modal Vectors 

Note that, in Equation 3.19, a parameter M ; has been defined to denote i|»; This parameter is termed 
the generalized mass or modal mass for the ith mode. Since the modal vectors iji, are determined for up to 
one unknown parameter, it is possible to set the value of M ; arbitrarily. The process of specifying the 
unknown scaling parameter in the modal vector, according to some convenient rule, is called the 
normalization of modal vectors. The resulting modal vectors are termed normal modes. A particularly 
useful method of normalization is to set each modal mass to unity (M; = 1). The corresponding normal 
modes are said to be normalized with respect to the mass matrix , or M -normal. Note that, if i|», is normal 
with respect to M, then it follows from Equation 3.18 that — i|i ; is also normal with respect to M. 
Specifically, 

(-»(i,) T M(-»Vi) = = 1 (3.20) 

It follows that M-normal modal vectors are still arbitrary up to a multiplier of — 1. A convenient practice 
for eliminating this arbitrariness is to make the first element of each normalized modal vector positive. 



3.6 Static Modes and Rigid-Body Modes 

3.6.1 Static Modes 

Modes corresponding to infinite natural frequencies are known as static modes. For these modes, the 
modal mass is zero; in the normalization process with respect to M static modes cannot be included. If we 
assign a DoF for a massless location, the resulting mass matrix M becomes singular (det M = 0) and a 
static mode arises. We have come across two similar situations in a previous example; in one case the 
stiffness of the spring connecting two masses is made infinite so that they act as a single mass in the limit, 
and in the other case one of the two masses is made equal to zero so that only one mass is left. We should 
take extra precautions to avoid such situations by using proper modeling practices; the presence of a 
static mode amounts to assigning a DoF to a system that it does not actually possess. In a static mode, the 
system behaves like a simple massless spring. 

In the literature of experimental modal analysis, the static modes are represented by a residual 
flexibility term in the transfer functions. Note that, in this case, modes of natural frequencies that are 
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higher than the analysis bandwidth or the maximum frequency of interest are considered static modes. 
Such issues of experimental modal analysis will be discussed in Chapter 18. 

3.6.2 Linear Independence of Modal Vectors 

In the absence of static modes (i.e., modal masses M ; ¥= 0), the inertia matrix M will be nonsingular. 
Then the orthogonality condition 3.19 implies that the modal vectors are linearly independent , and 
consequently, they will form a basis for the n-dimensional space of all possible displacement trajectories y 
for the system. Any vector in this configuration space (or displacement space), therefore, can be expressed 
as a linear combination of the modal vectors. 

Note that we have assumed in the earlier development that the natural frequencies are distinct 
(or unequal). Nevertheless, linearly independent modal vectors are possessed by modes of equal natural 
frequencies as well. An example is the situation where these modes are physically uncoupled. These 
modal vectors are not unique, however; there will be arbitrary elements in the modal vector equal in 
number to the repeated natural frequencies. Any linear combination of these modal vectors can also serve 
as a modal vector at the same natural frequency. To explain this point further, without loss of generality 
suppose that co { = co 2 . Then, from Equation 3.15, we have 

aiiMvJ;! — Kt|/j = 0 
wjMt|> 2 — Kt|i 2 = 0 

Multiply the first equation by a, the second equation by fi , and add the resulting equations. We get 

WiM(cn|q + /3»I> 2 ) - Klmjq + /3 iJj 2 ) = 0 

This verifies that any linear combination mjq + /3»|i 2 of the two modal vectors ilq and t|i 2 will also serve 
as a modal vector for the natural frequency . The physical significance of this phenomenon should be 
clear in Example 3.4. 



3.6.3 Modal Stiffness and Normalized Modal Vectors 

It is possible to establish an alternative version of the orthogonality condition given as Equation 3.19 by 
substituting it into Equation 3.18. This gives 






f 0 for i ¥= j 
(_ Kj for i = j 



(3.21) 



This condition is termed K-orthogonality. 

Since the M-orthogonality condition (Equation 3.19) is true even for the case of repeated natural 
frequencies, it should be clear that the K-orthogonality condition (Equation 3.21) is also true, in general, 
even with repeated natural frequencies. The newly defined parameter represents the value of tjr^KiJj; 
and is known as the generalized stijfness or modal stiffness corresponding to the zth mode. 

Another useful way to normalize modal vectors is to choose their unknown parameters so that all 
modal stiffnesses are unity ( K \ = 1 for all z). This process is known as normalization with respect to the 
stiffness matrix. The resulting normal modes are said to be K-normal. These normal modes are still 
arbitrary up to a multiplier of — 1. This can be eliminated by assigning positive values to the first element 
of all modal vectors. 

Note that it is not possible to normalize a modal vector simultaneously with respect to both M and K, 
in general. To understand this further, we may observe that coj = KfM; and consequently we are unable 
to pick both K; and M ; arbitrarily. In particular, for the M-normal case K { = coj and for the K-normal 
case Mj = 1/cof 



© 2005 by Taylor & Francis Group, LLC 



Modal Analysis 



3-17 



3.6.4 Rigid-Body Modes 

Rigid-body modes are those for which the natural frequency is zero. Modal stiffness is zero for rigid-body 
modes, and as a result it is not possible to normalize these modes with respect to the stiffness matrix. 
Note that when rigid-body modes are present the stiffness matrix becomes singular (det K = 0). 
Physically, removal of a spring that connects two DoF results in a rigid-body mode. In Example 3.3 we 
came across a similar situation. In experimental modal analysis applications, low-stiffness connections or 
restraints, which might be present in a test object, could result in approximate rigid-body modes that 
would become prominent at low frequencies. 

Some important results of modal analysis that we have discussed thus far are summarized in Table 3.3. 

Example 3.4 

Consider a light rod of length l having equal masses m attached to its ends. Each end is supported by a spring 
of stiffness k as shown in Figure 3.6. Note that this system may represent a simplified model of a vehicle in 
heave and pitch motions. Gravity effects can be eliminated by measuring the displacements y 1 and y 2 of the 
two masses about their respective static equilibrium positions. Assume small front-to-back rotations 6 in 
the pitch motion and small up-and-down displacements ( l/2)(y l + y 2 ) of the centroid in its heave motion. 



3.6.4. 1 Equation of Heave Motion 

From Newton’s Second Law for rigid-body motion, we get 

2m^(y l +y 2 ) =~ky 1 - ky 2 



3. 6.4. 2 Equation of Pitch Motion 



Note that, for small angles of rotation, 6 = (jq — y 2 )/l The moment of inertia of the system about the 
centroid is 2m(l/2) 2 = (1/2 )ml 2 . Hence, by Newton’s Second Law for rigid-body rotation, we have 



— m/ 2 
2 



{ri^y-U n + U y2 



These two equations of motion can be written as 



y\+y 2 + co 2 0 (yi +y 2 ) — 0 
h - y 2 + wo(Ti ~y 2 ) = o 



TABLE 3.3 Some Important Results of Modal Analysis 



System 


My + Ky = f (t) 


Symmetry 


M r = M and K T = K 


Modal problem 


[&rM - K]»|< = 0 


Characteristic equation (gives natural frequencies) 


detforM - K] = 0 


M-orthogonality 


_ (0 for i # j 

<I<, M.I., = J 

(. M, for i = j 


K-orthogonality 


( 0 for i # j 

Kty = 1 

[ K, for i = j 


Modal mass (generalized mass) 


Mi 


Modal stiffness (generalized stiffness) 


K, 


Natural frequency 


w, = dKtlM, 


M-normal case 


Mj = 1, K, = lo f 


K-normal case 


K, = 1, M, = 1 /(of 


Presence of rigid-body modes 


det K = 0, Kj = 0, and co, — 0 


Presence of static modes 


det M = 0, M, = 0, and 0 J t — ♦ < 
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in which co 0 = \fkfm. By straightforward algebraic manipulation, a pair of completely uncoupled 
equations of motion are obtained; thus 

h + <4yi = 0 
h + <4 y 2 = 0 

It follows that the resulting mass matrix and the stiffness matrix are both diagonal. In this case, there is 
an infinite number of choices for mode shapes, and any two linearly independent second-order vectors 
can serve as modal vectors for the system. Two particular choices are shown in Figure 3.7. Any of these 
mode shapes will correspond to the same natural frequency co 0 . 

In each of these two choices, the mode shapes have been chosen so that they are orthogonal with 
respect to both M and K. This fact is verified below. Note that, in the present example 



For Case 1: 



For Case 2: 





" 1 


°1 




“1 


M = 




and 


K = 




_ 0 


ij 




L 0 co 2 0 \ 


[1 1 ]M 


1 ' 


= 0 and 


[1 




L 


-1 . 














r o i 


[1 0]M 


U 


= 0 and 


[1 


0] th 



= 0 



In general, since both elements of each eigenvector can be picked arbitrarily, we can write 



»l»i 



1 1 r 1 

and v|i 2 = 

_ a J |_ fo _ 



where a and b are arbitrary, limited only by the orthogonality requirement for 4^ and 4 j 2 . The 
M-orthogonality requires 




FIGURE 3.7 Two possibilities of mode shapes for the symmetric heave-pitch vehicle. 
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Both conditions give 1 + ab = 0, which corresponds to ab = — 1. Note that Case 1 corresponds to a = 1 
and b = — 1 and Case 2 corresponds to a = 0 and b — * oo. More generally, we can pick as modal vectors 



*l»i 




and 




such that the two mode shapes are both M-orthogonal and K-orthogonal. In fact, if this particular system 
is excited by an arbitrary initial displacement, it will undergo free vibrations at frequency w 0 while 
maintaining the initial displacement ratio. Hence, if M-orthogonality and K- orthogonality are not 
required, any arbitrary second-order vector may serve as a modal vector to this system. 



Example 3.5 

An example for a system possessing a rigid- 
body mode is shown in Figure 3.8. This system, 
a crude model of a two-car train, can be derived 
from the system shown in Figure 3.4 by 
removing the end spring (inertia restraint) 
and setting a = 1 and p=l. The equation 
for unforced motion of this system is 




FIGURE 3.8 A simplified model of a two-car train. 



m o lpii r k -*]|>] = m 

0 m JL J l-k k \\_y 2 J |_oJ 



Note that det M = nr ¥= 0 and hence the system does not possess static modes. This should also be 
obvious from the fact that each DoF ( y 1 andy 2 ) has an associated, independent mass element. On the 
other hand, det K = k 2 — k 2 = 0 which signals the presence of rigid-body modes. 

The characteristic equation of the system is 

2 . 



det 



arm — k 
k 



= 0 



arm — k 



( a> 2 m — k ) 2 — k 2 = 0 

The two natural frequencies are given by the roots: co 1 = 0 and a > 2 = \flkJm. Note that the zero natural 
frequency corresponds to the rigid body mode. The mode shapes can reveal further interesting facts. 



3. 6. 4. 3 First Mode (Rigid-Body Mode) 

In this case, we have a> = 0. Consequently, from Equation 3.15, the mode shape is given by 

r; -Mild:] 

which has the general solution i/q = t ji 2 , or 

<Ai ] _ r a 

i/z 2 J, la 



The parameter a can be chosen arbitrarily. The corresponding modal mass is 



Mj = [ 



[ m 0 "If a "I 

0 m Jf a J 



= 2 ma 
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If the modal vector is normalized with respect to M, we have M l = 2 ma 1 = 1. Then, a = ± 1/^/2 m and 
the corresponding normal mode vector would be 





r 1 i 




r 1 i 


r<M 


•Jl m 




•Jl m 


L Ji 


1 


or 


1 




_ \[2 m _ 




•Jim _ 



which is arbitrary up to a multiplier of — 1. If the first element of the normal mode is restricted to be 
positive, the former vector (one with positive elements) should be used. 

We have already noted that it is not possible to normalize a rigid-body mode with respect to K. 
Specifically, the modal stiffness for the rigid-body mode is 



*i = [<J 





= 0 



for any choice for a, as expected. 



3. 6. 4. 4 Second Mode 

For this mode, co 2 = yflkfm. By substituting into Equation 3.15 we get 






k 

k 




the solution of which gives the corresponding modal vector (mode shape). 
The general solution is 02 = — , or 

<Ai 1 _ a 

h L 

in which a is arbitrary. The corresponding modal mass is given by 



M 2 = [a — 



" m 0 "If a 
a] 

0 m J|_ — a _ 



= 2 ma" 



and the modal stiffness is given 



[: :i:] 



K 2 = [a —a] 



Then, for M-normality we must have 2 ma 2 = 1 or a = ±1 l\JJm. 
It follows that the M-normal mode vector would be 



= Aka 





r 1 i 




r 1 i 


m = 


■J2m 


or 


•JJm 


L*Ai Jl 


1 


1 




•JJm _ 




_ •JJm _ 



The corresponding value of the modal stiffness is K 2 = 2 k/m, which is equal to co 2 , as expected. Similarly, 
for K-normality we must have 4Ka 2 = 1, or a = ± H\fAK. Hence, the K-normal modal vector would be 





- i - 




i - 




JjAk 


or 


JjAk 


Ui Ji 


1 




1 




. J/Ak- 




_ \j4k _ 



The corresponding value of the modal mass is M, = ml (2k) which is equal to l/&> 2 , as expected. 
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The mode shapes of the system are shown in 
Figure 3.9. Note that in the rigid-body mode 
both masses move in the same direction through 
the same distance, with the connecting spring 
maintained in the unstretched configuration. In 
the second mode, the two masses move in 
opposite directions with equal amplitudes. This 
results in a node point halfway along the spring. A 
node is a point in the system that remains 
stationary under a modal motion. It follows that, 
in the second mode, the system behaves like an 
identical pair of simple oscillators, each posses- 
sing twice the stiffness of the original spring 
(see Figure 3.10). The corresponding natural 
frequency is y/l k/m, which is equal to u> 2 . 

Orthogonality of the two modes may be verified 
with respect to the mass matrix as 

" ■{: 

and, with respect to the stiffness matrix, as 




FIGURE 3.9 Mode shapes of the two-car train 
example. 



Node 




2k 






wvw 


m 









FIGURE 3.10 Equivalent system for mode 2 of the 
two-car train example. 



[1 





= 0 



Since K is singular, due to the presence of the rigid-body mode, the first orthogonality condition 
(Equation 3.19), and not the second (Equation 3.21), is the useful result for this system. In particular, 
since M is nonsingular, the orthogonality of the modal vectors with respect to the mass matrix implies 
that they are linearly independent vectors by themselves. This is further verified by the nonsingularity of 
the modal matrix; specifically 



detfilq. 



4 * 2 1 = det 




# 0 



Since M is a scalar multiple of the identity matrix, we note that the modal vectors are in fact orthogonal, 
as is clear from 



»lh l »!u = [1 




= 0 



3.6.5 Modal Matrix 

An ?!-DoF system has n modal vectors ilq , i|/ 2 i|j„, which are independent. The n X n square matrix ^ 

whose columns are the modal vectors is known as the modal matrix 

W = ■••>»!'„] (3-22) 

Since the mass matrix M can always be made nonsingular through proper modeling practices 
(in choosing the DoF), it can be concluded that the modal matrix is nonsingular 

det 3P ^ 0 (3.23) 



© 2005 by Taylor & Francis Group, LLC 





3-22 



Vibration and Shock Handbook 



and the inverse "'P 1 exists. Before showing this fact, note that the orthogonality conditions (Equation 
3.19 and Equation 3.21) can be written in terms of the modal matrix as 

'P t M'P = diag [M u M 2 ,...,M n \ = M (3.24) 

= diaglX!, K 2 ,..., K„] = K (3.25) 

in which M and K are the diagonal matrices of modal masses and modal stiffnesses, respectively. 

Next, we use the result from linear algebra, which states that the determinant of the product of two 
square matrices is equal to the product of the determinants. Also, a square matrix and its transpose have 
the same determinant. Then, by taking the determinant of both sides of Equation 3.24, it follows that 

det'P T M'P = (det ^) 2 det M = det M = M U M 2 , (3.26) 

Here, we have also used the fact that in Equation 3.24 the RHS matrix is diagonal. Now, M ; ^ 0 for all i 
since there are no static modes in a well-posed modal problem. It follows that 

det ip ¥= 0 (3.27) 

which implies that *P is nonsingular. 

3.6.6 Configuration Space and State Space 

All solutions of the displacement response y span a Euclidean space known as the configuration space. 
This is an n-Euclidean space (L n ). This is also the displacement space. 

The trace of the displacement vector y is not a complete representation of the dynamic response of 
a vibrating system because the same y can correspond to more than one dynamic state of the system. 
Hence, y is not a state vector. However, 




is a state vector, because it includes both displacement and velocity and completely represents the state of 
the system. This state vector spans the state space (L 2n ) which is a 2n-Euclidean space. 

3. 6.6.1 State Vector 

This is a vector x consisting of a minimal set of response variables of a dynamic system such that, with 
knowledge of the initial state x(f 0 ) and the subsequent input u[f 0 , t ] | to the system over a finite 
time interval [f 0 , fj, the end state x(tfi can be uniquely determined. Each point in a state space uniquely 
(and completely) determines the state of the dynamic system under these conditions. 

Note: Configuration space can be thought of as a subspace of the state space, which is obtained by 
projecting the state space into the subspace formed by the axes of the y vector. 

For an n-DoF vibrating system (see Equation 3.1), the displacement response vector y is of order n. If 
we know the initial condition y(0) and the forcing excitation f(f), it is not possible to completely 
determine y(f) in general. However, if we know y(0) and y(0) as well as f(f), then it is possible to 
completely determine y(f) and y(f). This says what we have noted before; y alone does not constitute a 
state vector, but y and y together do. In this case, the order of the state space is 2n. which is twice the 
number of DoF. 

3.7 Other Modal Formulations 



The modal problem (eigenvalue problem) studied in the previous sections consists of the solution of 

aTMiji = Kv|r (3.28) 

which is identical to Equation 3.13. The natural frequencies (eigenvalues) are given by solving the 
characteristic equation 3.14. The corresponding mode shape vectors (eigenvectors) v|r, are determined by 
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substituting each natural frequency into Equation 3.13 and solving for a nontrivial solution. This 
solution will have at least one arbitrary parameter. Hence, i|r represents the relative displacements at the 
various DoF of the vibrating system and not the absolute displacements. Now, two other formulations are 
given for the modal problem. 

The first alternative formulation given below involves the solution of the eigenvalue problem of a 
nonsymmetric matrix (M _1 K). The other formulation given consists of first transforming the original 
problem into a new set of motion coordinates, then solving the eigenvalue problem of a symmetric 
matrix (M~ 1/2 KMT 1/2 ), and then transforming the resulting modal vectors back to the original 
motion coordinates. Of course, all three of these formulations will give the same end result for the 
natural frequencies and mode shapes of the system, because the physical problem would remain the 
same regardless of what formulation and solution approach are employed. This fact will be illustrated 
using an example. 



3.7.1 Nonsymmetric Modal Formulation 

Consider the original modal formulation given by Equation 3.28 that we have studied. Since 
the inertia matrix M is nonsingular, its inverse M _1 exists. The premultiplication of Equation 3.28 by 
M _1 gives 



w 2 v[< = M ‘Kill 


(3.29) 


This vector- matrix equation is of the form 

Ai|/ = SiJ< 


(3.30) 



where A = co 2 and S = M : K. Equation 3.30 represents the standard matrix eigenvalue problem for 
matrix S. It follows that 



Squared natural frequencies = eigenvalues of M 1 K 
Mode shape vectors = eigenvectors of M *K 



3.7.2 Transformed Symmetric Modal Formulation 

Now consider the free (unforced) system equations 



My + Ky = 0 (3.31) 

whose modal problem needs to be solved. First, we define the square root of matrix M, as denoted by 
M 1/2 , such that 

M 1/2 M 1/2 = M (3.32) 

Since M is symmetric, M 1/2 also has to be symmetric. Next, we define M~ 1/2 as the inverse of M 1/2 . 
Specifically, 

M~ 1/2 M 1/2 = M 1/2 M~ 1/2 = I (3.33) 

where I is the identify matrix. Note that M~ 1/2 is also symmetric. 

Once M^ 1/2 is defined in this manner, we transform the original problem 3.31 using the coordinate 
transformation 

y = M“ 1/2 q (3.34) 
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Here, q denotes the transformed displacement vector, which is related to the actual displacement vector y 
through the matrix transformation using M~ 1/2 . 

By differentiating Equation 3.34 twice, we get 

y = M“ 1/2 q (3.35) 

Substitute Equation 3.34 and Equation 3.35 into Equation 3.31. This gives 

MM 1/2 q + KM 1/2 q = 0 

Premultiply this result by M~ 1/2 and use the fact that 

M~ 1/2 MM~ 1/2 = M' 1/2 M 1/2 M 1/2 M“ 1/2 = I 

which follows from Equation 3.32 and Equation 3.33. We get 

q + M“ 1/2 KM~ 1/2 q = 0 (3.36) 

Equation 3.36 is the transformed problem, whose modal response may be given by 

q = e iwf 0 (3.37) 

where co represents a natural frequency and cf> represents the corresponding modal vector, as usual. Then, 
in view of Equation 3.34, we have 

y = e i<uf M ~ 1/2 0 = e iwf i|i (3.38) 

It follows that the natural frequencies of the original problem 3.31 are identical to the natural frequencies 
of the transformed problem 3.36, and the modal vectors of the original problem are related to the 
modal vectors 4> of the transformed problem through 

i|i = M~ 1/2 (f> (3.39) 

Substitute the modal response 3.37 into Equation 3.36. We get 

\<f> = P</> (3.40) 

where A = w 2 and P = M~ 1/2 KM“ 1/2 . 

Equation 3.40, just like Equation 3.30, represents a standard matrix eigenvalue problem. But now 
matrix P is symmetric. As a result, its eigenvectors cf> will not only be real but also orthogonal. 

The solution steps for the present, transformed, and symmetric modal problem are: 

1. Determine M~ 1/2 . 

2. Solve for eigenvalues A and eigenvectors <f> of M” 1/2 KM~ 1/2 . Eigenvalues are squares of the natural 
frequencies of the original system. 

3. Determine the modal vectors i|j of the original system by using ij/ = M ~ 1/2 <j>. 

The three approaches of modal analysis which we have studied are summarized in Table 3.4. 



TABLE 3.4 Three Approaches of Modal Analysis 



Approach 


Standard 


Nonsymmetric 
Matrix Eigenvalue 


Symmetric Matrix Eigenvalue 


Modal formulation 


[(o 2 M - K]ifz = 0 


o) 2 ty = M _1 Ki]i 


w 2 <i> = M~ 1/2 iovr 1/2 <j> 


Squared natural 
frequencies ((of) 


Roots of det[w 2 M - K] = 0 


Eigenvalues of M~ : K 


Eigenvalues of M~ 1/2 KM~ 1/2 


Mode-shape vectors (iJj,) 


Nontrivial solutions 
of [w?M - K]i| i = 0 


Eigenvectors of M _1 K 


Determine eigenvectors </>, 

of M~ 1/2 KIVr 1/2 . Then i|r, = M~ 1,2 d>, 
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Example 3.6 

We will use the 2-DoF vibration problem given in Figure 3.4 (Example 3.3) to demonstrate the fact that 
all three approaches summarized in Table 3.4 will lead to the same results. 

Consider the special case of a = 0.5 and /3 = 0.5. Then we have 



M = 







' 3, k~ 


r m 0 




— k — — 


m 

0 W 


and K = 


2 2 
k k 


L 2 J 










_ 2 2 _ 



Approach 1 

Using the standard approach, we obtain the modal results given in Table 3.3. Specifically, we get the 
natural frequencies (normalized with respect to w 0 = y/khn) 



7l= ’ and ^=72 



w 0 72 



w 0 



and the mode shapes 



(+* )=2 and (*>)=-! 

Wl/l Ul/2 

Let us now obtain these results using the other two approaches of modal analysis. 
Approach 2 









3 


k ' 




" 3 


k 


i 


k “ 








— _J_ 


0 " 




- k 
















3 


1 


m 






2 


2 




2 


m 


2 


m 


2 




— 




2 








= 










= O) 0 


2 


2 


0 


m - 




k 


k 




_ 


k 


k 




-1 


1 






_ 2 


2 . 






m 


m 











Note that this is not a symmetric matrix. We solve the eigenvalue problem of 

3 _ 1 

2 2 
-1 1 



Eigenvalues A are given by 



det 



A - 



1 



2 2 
1 A - 1 



= 0 



or 



(- 1 ) 



- - ](A - 1) - - = 0 



A* — — A+ 1 = 0 



© 2005 by Taylor & Francis Group, LLC 



3-26 



Vibration and Shock Handbook 



the roots of which are 



1 

A,, A, = -,2 
12 2 

It follows that co^coq = H\[2 and co 2 /co 0 = -Jl as before. 

The eigenvector corresponding to Aj (mode 1) is given by 



- 1 


3 




1 - 


1 


2 


2 




2 


1 

0 

1 

1 

1 

1 




1 


1 

2 


- 1 


o 

1 



The solution is (ifc/'Mi = 2 as before. 

The eigenvector corresponding to A 2 (mode 2) is given by 




The solution is (i/q/i/q^ = — 1 as before. 



Approach 3 

Since M is diagonal, it is easy to obtain M 1/2 . We simply take the square root of the diagonal elements; 
thus, 



M 1/2 = 






0 




Its inverse is given by inverting the diagonal elements; thus 




3 k _ 1 k 
2 m yjl m 

1 k k 

*J2 m m 



Note that, as expected, this is a symmetric matrix. We solve for eigenvalues and eigenvectors of 



3 

2 



1 

Ti 



i - 

Ti 

i 
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Eigenvalues are given by 



or 

(a- !)<a- d- | = ° 

or 



det 



A - 



L y/2 



1 



—= A - 1 



= 0 



A 2 



5 

2 



A + 1 = 0 



which is identical to the characteristic equation obtained in the first two approaches. It follows that the 
same two natural frequencies are obtained by this method. The eigenvector cf> l for mode 1 is given by 



which gives (</> 2 /</>i)i = [4 
Accordingly, we may use 



The eigenvector <fi 2 for mode 2 



which gives (0 2 / ( / > i )2 = — 1/\/2. 
Accordingly, we use 



r 1 3 In 






Now, we transform these eigenvectors back to the original coordinate system using Equation 3.39. 
We get 




which gives («// 2 /*Ai)i = 2 as before. 
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Also, 




which gives (ipi/ 4’\)2 = ~ 1 as before. 



3.8 Forced Vibration 



The forced motion of a linear, «-DoF, undamped system is given by the nonhomogeneous equation of 
motion 3.1: 

My + Ky = f(f) (3.41) 

Even though the following discussion is based on this undamped model, the results can be easily 
extended to the damped case. 

We have observed that the modal vectors form a basis for the configuration space. In other words, it is 
possible to express the response y as a linear combination of the modal vectors i|/,: 

Y= qi^i+q 2 '\h_ + --- + qAn (3-42) 



The parameters q : are a set of generalized coordinates and are functions of time f. Equation 3.42 is written 
in the vector- matrix form 



qi 



Y = M»i, »l»2, •••>»!»„] 



qi 



Lqnj 



or 



y = ipq (3.43) 

and can be viewed as a coordinate transformation from the trajectory space to the canonical space of 
generalized coordinates (principal coordinates or natural coordinates). Note that the inverse 
transformation exists because the modal matrix "'P is nonsingular. On substituting Equation 3.43 into 
Equation 3.41, we obtain 



M'Pq + K^q = f(f) 

This result is premultiplied by and the orthogonality conditions (Equation 3.24 and Equation 3.25) 
are substituted to obtain the canonical form of the system equation: 

Mq + Kq = f(f) (3.44) 

in which M and K are the diagonal matrices given by Equation 3.24 and Equation 3.25, and the 
transformed forcing vector is given by 



f(f) = Vf(f) 



(3.45) 
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Since M and K are diagonal matrices, Equation 3.44 corresponds to the set of n uncoupled simple 
oscillator equations: 

Mjij; + = ffi) for i = 1,2 , n (3.46) 

In other words, the coordinate transformation 3.43 using the modal matrix has uncoupled the equations 
of forced motion. It follows from Equation 3.46 that the natural frequencies of the system are given by 

co f = KJMj for i = 1,2, .... n (3.47) 



as we have noted before. 

It is particularly convenient to employ M-normal modal vectors. In this case, M becomes the nth order 
identity matrix, and K the diagonal matrix having coj as its diagonal elements; thus 

M = I (3.48) 

K = diag[<Oi,tU2, (3.49) 

The corresponding uncoupled equations 3.46 take the form 

ij, + co^qj = fj(t) for i — 1, 2, ..., n (3.50) 

in which the forcing terms fpt) are given by Equation 3.45, ''P' being M-normal. 

Typically, the initial conditions for the original system are provided as the initial position y(0) and the 
initial velocity y(0). The corresponding initial conditions for the transformed equations of motion are 
obtained using Equation 3.43 as 

q( 0) = Hryo) (3.51) 

q(0) = 'P” 1 y(0) (3.52) 



The complete response of the original system can be conveniently obtained by first solving the simple 
oscillator equation 3.50 and then transforming the results back into the trajectory space using 
Equation 3.43. 

The complete solution to this linear system can be viewed as the sum of the initial condition response 
in the absence of the forcing function and the forced response with zero initial conditions, as discussed in 
Chapter 2. For the simple oscillator equation 3.50, the initial condition response q ;i is given by 



(J;i = q&) cos co ^ + 



q,( 0) 

M; 



sin cop 



(3.53) 



The impulse response function (i.e., response to a unit impulse excitation) for the undamped oscillator 
equation is 



hj(t ) = — sin cop for t > 0 

(Oi 



(3.54) 



The forced response q iv , with zero initial conditions, is obtained using the convolution integral method; 
specifically 



to — 




T)dr 



(3.55) 



The complete solution in the canonical domain is 



= to + to = <J;(0)cos cop + sin cop H — — I /;(T)sin co;(t — t) dr i = 1,2 ,...,« (3.56) 

0). CO; 



Each of the n responses is a modal response that is the contribution from that mode to the actual 
response y. This approach is summarized in Box 3.4. Next, we will illustrate this approach of solving 
for the forced vibration by means of an example. 
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Box 3.4 

Modal Approach to Forced Response 



Forced system: My-F Ky = £(f) 

Number of DoFs = n 
Modal transformation: y = 'Pq 

where modal matrix 'P = . . . , = matrix of mode shape vectors. 

We obtain the diagonalized system 

Mq + Kq = f(f) 



M;if; + Kjl J; = f(t)\ 1=1,2 



M = 'P 1 M'P = diag[M 1 ,M 2 ,...,M„] 
K = ip T IOP = diagt^j ,K 2 ,...,K„\ 
f(t) = v r m = \f u f 2 ,...j n ? 



Initial conditions: 



q(0) = *P TlO) 
q(0) = ¥ _1 f(0) 



Steps : Use M-normal case: M,- = 1, K; = coj 
Then, 



qt + <»hi = f(t); * = 1,2 w 



1. Free, initial-condition response (zero-input response) 

<7,1 = q ; ( 0)cos cop + sin cop 

CO; 



2. Forced, zero initial-condition response 



1 f f - 

q i¥ = — f(r ) sin «,(f - r)dr 

07 ; 0 



3- — Qii + <I;f 



4. Transform back to y using y = 'Pq 
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Example 3.7 

Let us consider again the system shown in Figure 3.8. A step-input force fit) given by 

f/o for t > 0 

fit) = 1 

( 0 for t < 0 

is applied to the left-hand mass (DoF jq). Assume that the system starts from rest (y(0) = 0 and 
y(0) = 0). 

As before, the M-normal modal matrix of the system is 



r i in 




No forcing input is applied to the second DoF ( y 2 ). Hence, the overall forcing input vector is 



m = 




for t > 0 



From Equation 3.45, the transformed forcing input vector is obtained as 



f (t) = rp'f(t) 




for t > 0 



From Equation 3.51 and Equation 3.52, the initial conditions for the modal (canonical) variables 
are obtained as q(0) = 0 and q(0) = 0. The modal responses q ] (t) and q 2 (t) are obtained using 
Equation 3.56. 



3.8.1 First Mode (Rigid-Body Mode) 

Note that 



It follows that 



sin w ; (f — r) 
lim 

* 0 CO l 



T 



<?i(0 



r »-^ dT= 

J o -Jim 2 y/2m 



3.8.2 Second Mode (Oscillatory Mode) 



< 22(0 



l 

w 2 




sin co 2 (t 



r)dr = 




(1 



cos a> 2 t) 



The overall response in the physical trajectory space is obtained by transforming the modal responses 
using Equation 3.43; thus 



=— r 1 

7 sflm [ l 



r /of2 i 




t 2 1 

— + t( 1 “ c °s w 20 

2 co 2 


2\flm 


! 


f 0 (l — cos <o 2 t ) 


2m 


t 2 1 

— - —(1 - cos co 2 t) 

L 2 J 
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Response 




FIGURE 3.11 Forced response obtained through modal analysis. 

with coj = 2k/m. The response of both masses grows (unstable) quadratically in an oscillatory manner, as 
shown in Figure 3.11. 

3.9 Damped Systems 

Let us examine the possibility of extending the modal analysis results to damped systems. Damping is an 
energy dissipation phenomenon. In lumped-parameter models of vibrating systems, damping force can 
be represented by a resisting force at each lumped mass. In view of Equation 3.1, then, the system 
equations for a damped system can be written as 

My + Ky = f(t) - d (3.57) 

in which d is the damping force vector. Modeling of damping is usually quite complicated. Often, a linear 
model, whose energy dissipation capacity is equivalent to that of the actual system, is employed. Such a 
model is termed as an equivalent damping model. The most popular model for damping is the linear 
viscous model, in which the damping force is proportional to the relative velocity. In lumped-parameter 
dynamic models, (linear) viscous damping elements maybe assigned across pairs of DoF or across a DoF 
and a fixed reference. The damping force for such a model may be expressed as 

d = Cy (3.58) 

in which C is the damping matrix. The resulting damped system equation is 

My+Cy+Ky = f(f) (3.59) 

To determine the elements of C for a given system model by the influence coefficient approach, the same 
procedure outlined previously for obtaining the elements of K may be used, except that the velocities y ; 
should be used in place of the displacements y ; . The coefficients c y - are termed as damping influence 
coefficients. 
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3.9.1 Proportional Damping 

Because the modal vectors are orthogonal with respect to both M and K, the transformation 3.43 will 
decouple the undamped system equation 3.41. It should be clear, however, that the same transformation 
will not diagonalize the C matrix in general. As we have observed in the previous section, decoupling or 
modal decomposition, is a convenient tool in response analysis. This is because each uncoupled 
modal equation is a simple oscillator equation with a well-known solution that can be transformed back 
(or, recombined) to obtain the total response. This simple procedure cannot be used for damped systems 
unless the modal vectors are orthogonal with respect to C as well. 

In modal vibration, all DoF move in the same displacement proportion, as given by the modal vector. 
This type of synchronous motion may not be possible in damped systems. Another way to state this is 
that most damped systems do not possess real modes. If we try to excite such a damped system at one of 
its natural frequencies, we will notice that the constant proportion, given by the modal vector (for the 
undamped system), is violated during motion. Furthermore, if the undamped system has a (fixed) node 
point in the particular mode, that point would not remain fixed but would move in a cyclic manner when 
set to vibrate at the natural frequency of the mode. 

Note that viscous damping is just a model for energy dissipation. If we become rather restrictive in 
choosing the parameters of viscous damping, we will be able to develop an equivalent damping matrix, 
with respect to which, the modal vectors of the undamped system would be orthogonal. In other words, 
we require that the transformed damping matrix C be a diagonal matrix; thus 

ip T OIr = diag[C 1 ,C 2 ,...,C„] = C (3.60) 

In this case, the corresponding viscous damping model is termed proportional damping or Rayleigh 
damping (after the person who first identified this simplification). 

Modal decomposition of Equation 3.59, assuming proportional damping using the transformation 
3.43, results in the canonical form (uncoupled modal equation) 

Mq + Cq + Kq = f(f) (3.61) 

or 

M;ij; + C,q t + K t q, = f^t) for i= 1,2 

Equation 3.61 can be written in the standard form for a damped simple oscillator: 

qi + 2 + opq, = f t (t) for i= 1,2 (3.62) 

in which, the modal matrix is assumed M-normal (i.e., M* = 1). It can be concluded that a 
proportionally damped system possesses real modal vectors that are identical to the modal vectors of its 
undamped counterpart. The damped natural frequency, however, is smaller than the undamped natural 
frequency and is given by 

«d i = V 1 - (3-63) 

One way to guarantee proportional damping is to pick a damping matrix that satisfies 

C — c m M + c k K (3.64) 

From modal transformation (see Equation 3.61), it follows that Equation 3.64 corresponds to 

Modal damping constant C; = c m M ; + c k K l 



or 



2 Cm = c m + c k op 
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or 



Modal damping ratio £ 






(3.64a) 



Equation 3.64, however, is not the only way to achieve real modes in a damped system (Equation 3.60). 
The first term on the right-hand side (RHS) of Equation 3.64 is termed the inertial damping matrix. The 
corresponding damping force on each lumped mass in the model will be proportional to the momentum. 
This term may represent the energy loss associated with a momentum and is termed momentum 
damping. Physically, this is incorporated by assigning a viscous damper between each DoF and its fixed 
reference, with the damping constant proportional to the mass concentrated at that location. 

The second term in Equation 3.64 is termed the stiffness damping matrix. The corresponding damping 
force is proportional to the rate of change of the local deformation forces (stresses) in flexible structural 
members and joints. It may be interpreted as a simplified model for structural damping. Physically, this 
model is realized by assigning a viscous damper across every spring element in the model, with the 
damping constant proportional to the stiffness. It is known that rate of change of stresses or rate of 
change of strains will give rise to viscoelastic damping, which is associated with plasticity and 
viscoelasticity. This type of damping is known as strain-rate damping. 

Usually, structural damping is most appropriately modeled as being present across (lumped) stiffness 
elements. Coulomb damping is modeled as acting between an inertia element and its fixed reference 
point. These intuitive observations also support the damping model given by Equation 3.64. Some 
terminology and properties of damped systems are summarized in Box 3.5. 



Example 3.8 

Let us examine the lumped-parameter damped model shown in Figure 3.12 to determine whether it has 
real modes. 

Note that if we modify the model as in Figure 3.13, the damping matrix will become proportional to 
the stiffness matrix. This will be a case of proportional damping and the modified (damping) system will 
possess real modes with modal vectors that are identical to those for the corresponding undamped 
system. It should be verified that the equations of motion for this modified system (Figure 3.13) are 



1" m 0 1 


u 


r 2c - c l 


L . [ 


|_ 0 m J 


n 


l-c 2c J 


H 




Notice the similarity between the stiffness matrix and the damping matrix. 

Another damped system that possesses classical modes is shown in Figure 3.14. In this model, the 
damping matrix is proportional to the mass (inertia) matrix. It may be easily verified that the system 
equations are 



[" °M C °M 

l 0 m ] L0 cj [ 



2k 

-k 




Here, notice the similarity between the inertia matrix and the damping matrix. 

Returning to the original system shown in Figure 3.12, the equations of motion can be written as 



°M C,+C2 C 2 ly+[ 21 - t ly_r 0 1 

i ■! L & c, J L-‘ 2*1 l/w J 



From these equations, it is not obvious whether this system possesses real modes. The undamped natural 
frequencies are given by the roots of the characteristic equation 



det 



a/m — 2k 
k 



= 0 



‘m — 2k 
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Box 3.5 

Terminology and Properties 
of Damped Systems 



Characteristic equation: 



det[Ms 2 + Cs + K] = 0 



Roots s are the eigenvalues A ; 

Im(A;) = co di = damped natural frequencies 
I A; I — - ojj — undamped natural frequencies 
— Re(A;)/w ; = £ = modal damping ratios 

1 — 2 £}(Oj = (o ri = resonant frequencies 
= w d i 

Existence of real modes: 

• Condition for existence of modes that are identical to undamped modes 

M'OP = diagonal matrix 



■'P = modal matrix of undamped modes 



Another (equivalent) condition 

M -1 CM -1 K = M _1 KM _1 C (Prove) 

i.e., M~ : C and M 'K must commute 
Special case: 

Proportional damping C = c m M + c k K 
=> Modal damping constant C; = c m M ; + c k Kj 



Modal damping ratio L = — ( — + aw, ) 

2 V / 



The natural frequencies are oij = \/khn and a> 2 = 'J'bklm. The corresponding mode shapes are given by 
the nontrivial solution of 



Jm — 2k 



coj m — 2k 



r ^ i _ r ° 

. . <fe . ; . 0 . 



for i = 1,2 



Also, let us normalize the modal vectors by choosing the first element of each vector to be unity. 
Then, by following the usual procedure of modal analysis, we will obtain the normalized modal vectors 



and i|> 2 



" 1 " 
-1 
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The modal matrix is 






" 1 
_ 1 



1 

-1 



Consequently, we obtain 



qr T M^ = M = 

^ T IOP = K = 



" 2m 
0 

' 2k 
0 




'BOR 




Ci 

C 1 + 4c 2 . 



and 

'Ir T f (t) = f(f) = [ ^ {t) 

l -/(f) 

Notice that the transformed damping matrix C is 
not diagonal in general and, consequently, real 
modes will not exist. This is to be expected 
without the condition of proportional damping. 
Proportional damping is realized in this model 
if q = 0. Then, C will be diagonal and the 
transformed systems equations will be uncoupled. 
The uncoupled model equations are 



2mq 1 + 2 kq l = f(t) 

2 m'q 2 + 4c 2 q 2 + 6fcq 2 = ~/(f) 




FIGURE 3.12 A system with linear viscous damping. 



c 



C 

—IE 1 

- y Mr— L- 
* ^ c 



!-> 



y2 



I — vwv — I 

k 



An 






FIGURE 3.13 A system with proportional damping in 
proportion to stiffness. 




FIGURE 3.14 A system with proportional damping in 
proportion to inertia. 



The first mode is always undamped for this choice of damping model. This confirms that, in the case of 
proportional damping, it is not generally possible to pick an arbitrary structure for the damping matrix. 
For this reason, proportional damping is sometimes an analytical convenience rather than a strict 
physical reality. 

Modal analysis and response analysis of a system with general viscous damping can also be 
accomplished using the state-space concepts. In this case, modal analysis is carried out in terms 
of the eigenvalues and eigenvectors of the system matrix of a suitable state-variable model. These 
“eigen results,” if complex, will occur in complex conjugate pairs and then the modes are said to be 
complex. This approach is outlined next. 



3.10 State-Space Approach 

The state-space approach to modal analysis may be used for any linear dynamic system. The starting 
point is to formulate a state-space model of the system, which is a set of coupled first-order differential 
equations: 



x = Ax + Bu 



(3.65) 



where x = state vector; u = input vector; A = system matrix; and B = input gain matrix. 
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There are many approaches to formulating a vibration problem as a state-space model 3.65. One simple 
method is to first obtain the conventional, coupled, second-order differential equations: 

My+Cy+Ky = f(f) 

Next, the state vector and the input vector are defined as 



"y" 

.y. 



and u = f(f) 



Note that Equation 3.59 may be written as 

y = — M *Ky - M _1 Cy + M _ 1 f(t) 

which is identical to 



y = [— M *K - M 



'C] 7 
-Y- 



+ f (t) 



This, together with the identity y = y, can be expressed in the form 



~ y ~| r 0 I Tyl r 0 

= _j -i + _! f( f ) 

yj L -M K -M CJLyJ L M . 



which is in the state-space form 3.65 where 

0 



A = 



° i I r o " 

and B = 

_ -M *K -M : Cj |_M 1 . 



(3.66) 



(3.67) 



(3.67a) 



(3.68) 



(3.69) 



Note that, in Equation 3.68 and Equation 3.69, I denotes an identity matrix of an appropriate size. 



3.10.1 Modal Analysis 

Consider the free motion (u = 0) of the «th order system given by Equation 3.65. Its solution is given by 

x = <J>(f)x(0) (3.70) 

It is known that the state transition matrix <I>(f) is given by the matrix-exponential expansion equation. 

<&(f) = exp(Af) = I + A t+ A Y + ■ ■ ■ (3.71) 

To discuss the rationale for this exponential response further, we begin by assuming a homogeneous 
solution of the form 



x = X exp(Af) (3.72) 

By substituting Equation 3.72 in the homogeneous equation of motion (that is, Equation 3.65 with 
u = 0), the following matrix- eigenvalue problem results: 

(A - sI)X = 0 (3.73) 

We shall assume that the n eigenvalues (A 1; A 2 , ..., A„) of A are distinct. Then, the corresponding 
eigenvectors X 1 ,X 2 ,...,X„ are linearly independent vectors; that is, any one eigenvector cannot be 
expressed as a linear combination of the rest of the eigenvectors in the set. Thus, the general solution for 
free dynamics is 

x(f) = X t explA^) + X 2 exp(A,f) + h X„ exp(A„t) (3.74) 
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Each of the n eigenvectors has an unknown parameter. The total of n unknowns is determined using n 
initial conditions: 

x(0) = Xq (3.75) 



3.10.2 Mode Shapes of Nonoscillatory Systems 

Since the eigenvectors are independent, if the initial state is set at x 0 = X ; , then the subsequent motion 
should not have any Xj terms with j i in Equation 3.74. Otherwise, when we set t = 0, X, becomes a 
linear combination of the remaining eigenvectors, which contradicts the linear independence. Elence, the 
motion due to this eigenvector initial condition is given by x(f) = X, exp(A ; f), which vector is parallel to X ; 
throughout the motion. Thus, X ; gives the mode shape of the system corresponding to the eigenvalue A, . 

3.10.3 Mode Shapes of Oscillatory Systems 

The analysis in the preceding section is valid for real eigenvalues and eigenvectors. In vibratory systems, 
A ; and X ; generally are complex. Let 

A, = <r, + jo) l (3.76) 

X; = R; + fli (3.77) 

For real systems, corresponding complex conjugates exist: 

A; = CT; — jcoi (3.78) 

X, = R, - jl, (3.79) 

Equation 3.76 to Equation 3.79 represent the fth mode of the system. The corresponding damped natural 
frequency is co ; and the damping parameter is er ; . The net contribution of the /th mode to the solution 
(Equation 3.74) is 

(R; COS (Ojt — I; Sm to;f)2 exp((T;f) 

It should be clear, for instance from Equation 3.66, that only some of the state variables in x(f) 
correspond to displacements of the masses (or spring forces). These can be extracted through an output 
relationship of the form 

y = Cx (3.80) 

The contribution of the ith mode to displacement variables is 

Y; = C[R, cos ajjt — I; sin co;t]2 exp (er ; f) (3.81) 

If Equation 3.81 can be expressed in the form 

Y ; = S ; sin(o> ; f + 0 ; )exp(cr ; f) (3.82) 

in which S, is a constant vector that is defined up to one unknown, then it is possible to excite the system 
so that every independent mass element undergoes oscillations in phase (hence, passing through the 
equilibrium state simultaneously) at a specific frequency a> r We have noted that this type of motion is 
known as normal mode motion. The vector S ; gives the mode shape corresponding to the (damped) 
natural frequency w ; . A normal mode motion is possible for undamped systems and for certain classes of 
damped systems. The initial state that is required to excite the ith mode is x 0 = R;. The corresponding 
displacement and velocity initial conditions are obtained from Equation 3.81; thus 

Y ; (0) = CR ; (3.83) 

Y;(0) = C(R; CT; - I,«;) (3.84) 

Note that the constant factor 2 has been ignored, because X,- is known up to one unknown complex 
parameter. 
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Example 3.9 

A torsional dynamic model of a pipeline segment 
is shown in Figure 3.15(a). Free-body diagrams in 
Figure 3.15(b) show internal torques acting at 
sectioned inertia junctions for free motion. A state 
model is obtained using the generalized velocities 
(angular velocities fl t ) of the inertia elements and 
the generalized forces (torques T ; ) as state 
variables. A minimum set that is required for 
complete representation determines the system 
order. There are two inertia elements and three 
spring elements — a total of five energy-storage 
elements. The three springs are not independent, 
however. The motion of two springs completely 
determines the motion of the third. This indicates 
that the system is a fourth-order system. We obtain 
the model as follows. 

Newton’s Second Law gives 




FIGURE 3.15 (a) Dynamic model of a pipeline 

segment; (b) free-body diagrams. 



= -r, + t 2 (i) 

i 2 4 = -t 2 -t 3 (ii) 



and Hooke’s Law gives 



T l = fc,/}. 



(hi) 



T 2 = k 2 (fl 2 ~ ^i) 



(iv) 



Torque T 3 is determined in terms of T l and T 2 , using the displacement relation for the inertia I 2 : 




The state vector is chosen as 



x= [/2 1 ,/2,,Ti,r,] T 



The corresponding system matrix is 



A = 



0 

0 



0 

0 



1 1 

h h 




k l 0 0 0 

— k 2 kj 0 0 



The output-displacement vector is 



T \ Tj_ 

kl ' h 



+ 



T2 

^2 






(v) 



(Vi) 



(vii) 



(viii) 
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1 st Mode 



2 nd Mode 



. I k + 2 k 2 



\ 2 , A2 — —jco 2 — — y 



and the corresponding eigenvectors are 



(xi) FIGURE 3.16 Mode shapes of the pipeline segment. 



Xi.Xj = R : ± jl l = 0] 1 

X 2 ,X 2 = R 2 ± ih = ~ u > 2 , +jk 1 , ±2jk 2 \ 

In view of Equation 3.81, the modal contributions to the displacement vector are 
Y, = I let! sin ntjf and Y 2 = I |a 2 sin w 2 t 



" 1 ' 

c 

_ 1 _ 



" 1 " 

L 

-1 



(xii) 

(xiii) 

(xiv) 



This Equation xiv is of the form given by Equation 3.82. The mode shapes are given by the vectors 
Sj = [1, 1] T and S 2 = [1, — 1] T , which are illustrated in Figure 3.16. In general, each modal contribution 
introduces two unknown parameters, and <pj, into the free response (homogeneous solution) where <J> ; 
are the phase angles associated with the sinusoidal terms. For an n-DoF (order-2n) system, this results 
in 2 n unknowns, which require the 2 n initial conditions x(0). 
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Appendix 3A 
Linear Algebra 

3A.1 Introduction 

Linear algebra, the algebra of sets, vectors, and matrices, is useful in the study of mechanical vibrating 
systems in general, and modal analysis in particular. In practical mechanical systems, interactions among 
various components are inevitable. There are many response variables associated with many excitations. 
It is convenient to consider all excitations (inputs) simultaneously as a single variable, and also all 
responses (outputs) as a single variable. Use of linear algebra makes the analysis of such a system 
convenient. Modal analysis using such a vector-matrix representation will provide natural frequencies 
and mode shapes, as discussed in Chapter 3 and other places in the handbook. The subject of linear 
algebra is complex and is based on a rigorous mathematical foundation. In this appendix, we will review 
the basics of vectors and matrices. 

3A.2 Vectors and Matrices 

In the analysis of mechatronic systems, vectors and matrices will be useful in both time and frequency 
domains. First, consider the time-domain formulation of a mechanical system. For a single-DoF system 
with a single forcing excitation, f(t), and a corresponding single displacement response, y, the dynamic 
equation would be 



my + cy+ky = f(t) (3A. 1) 

Note that, in this single-DoF case, the quantities/, y, m, c, and k are scalars. If the system has n DoF, with 
excitation forces (x, y + z) = (x, y) + (x, z) and associated displacement responses, y 1 ,y 2 , ...,y n , the 
equations of motion may be expressed as 



llx + yll< 11x11 + 11/11 



(3A.2) 



in which 



Y = 



y l 

Z2 

Jn. 



= displacement vector (nth-order column vector) 



7i' 

h 



f = 



= forcing excitation vector (nth-order column vector) 



L/J 
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M = 



m n m 12 m ln 

m 2l m 22 ■ ■ ■ m 2n 



L m n\ m n2 



C = 



K = 



c n 


c 12 


c 2l 


c 22 


_ c nl 


c n2 


k n 


kn 


kn 


^22 


_ ^nl 


k , ,2 



mass matrix (n X n square matrix) 



c ln 

c 2n 



kin 

k 2n 



= damping matrix (tiXn square matrix) 



= stiffness matrix (n X n square matrix) 



In this manner, vectors and matrices are introduced into the formulation of a multi-DoF mechanical 
system. Further vector-matrix concepts will enter into the picture in subsequent analysis of the system 
(e.g., in modal analysis). 

Next consider the frequency-domain formulation. In the single-input single-output (SISO) case, the 
system equation may be given as 

y = Gu (3A.3) 



in which 



u = frequency spectrum (Fourier spectrum) of the forcing excitation (input) 
y = frequency spectrum (Fourier spectrum) of the response (output) 

G = frequency transfer function (frequency-response function) of the system 

The quantities u, y, and G are scalars because each one is a single quantity and not a collection of several 
quantities. 

Next, consider a multi-input multi-output (MIMO) system having two excitations, U\ and u 2 , and 
two responses, y l and y 2 ; each y, now depends on both u ] and u 2 . It follows that we need four transfer 
functions to represent all the excitation -response relationships that exist in this system. We use the four 
transfer functions (G n , G 12 , and G 22 ). For example, the transfer function G 12 relates the excitation u 2 to 
the response y l . The associated two equations that govern the system are 

Yi = Gn«i + G u u 2 
Yi = G 21 !<! + G 22 u 2 

Instead of considering the two excitations (two inputs) as two separate quantities, we can 
them as a single “vector” u having the two components u ] and u 2 . As before, we can write 
column consisting of the two elements: 

■-[:] 

In this case we have a “column vector.” Alternately, we can write a “row vector” as 

u = \u,,u 2 \ 

The column-vector representation is more common. 



(3A.4) 

consider 
this as a 
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Similarly, we can express the two outputs, y [ and y 2 , as a vector y. Consequently, we have the column 
vector 




or the row vector 



y = lyuyii 

It should be kept in mind that the order in which the components (or elements) are given is important 
since the vector [u l ,u 2 l is not equal to the vector [u 2 , tq]. In other words, a vector is an “ordered” 
collection of quantities. 

Summarizing, we can express a collection of quantities, in an orderly manner, as a single vector. Each 
quantity in the vector is known as a component or an element of the vector. What each component means 
will depend on the particular situation. For example, in a dynamic system it may represent a quantity 
such as voltage, current, force, velocity, pressure, flow rate, temperature, or heat transfer rate. The 
number of components (elements) in a vector is called the order , or dimension of the vector. 

Next let us introduce the concept of a matrix using the frequency-domain example given above. Note 
that we needed four transfer functions to relate the two excitations to the two responses. Instead of 
considering these four quantities separately we can express them as a single matrix G having four 
elements. Specifically, the transfer function matrix for the present example is 




Note that our matrix has two rows and two columns. Hence the size or order of the matrix is 2 X 2. Since 
the number of rows is equal to the number of columns in this example, we have a square matrix. If the 
number of rows is not equal to the number of columns, we have a rectangular matrix. Actually, we can 
interpret a matrix as a collection of vectors. Hence, in the previous example, the matrix G is an assembly 
of the two column vectors 




or alternatively, an assembly of the two row vectors 



[Gn, G 12 ] 



and 



[G 2 i, G 22 ] 



3A.3 Vector -Matrix Algebra 

The advantage of representing the excitations and the responses of a mechatronic system as the vectors u 
and y, and the transfer functions as the matrix G is clear from the fact that the excitation -response 
(input- output) equations can be expressed as the single equation 

y = Gu (3A.5) 

instead of the collection of scalar equations (Equation 3A.4). 

Hence, the response vector y is obtained by premultiplying the excitation vector u by the transfer 
function matrix G. Of course, certain rules of vector- matrix multiplication have to be agreed upon in 
order that this single equation is consistent with the two scalar equations given by Equation 3A.4. Also, 
we have to agree upon rules for the addition of vectors or matrices. 



© 2005 by Taylor & Francis Group, LLC 




3-44 



Vibration and Shock Handbook 



A vector is a special case of a matrix. Specifically, a third-order column vector is a matrix having three 
rows and one column. Hence, it is a 3 X 1 matrix. Similarly, a third-order row vector is a matrix having 
one row and three columns. Accordingly, it is a 1 X 3 matrix. It follows that we only need to know matrix 
algebra; the vector algebra will follow from the results for matrices. 



3A.3.1 Matrix Addition and Subtraction 



Only matrices of the same size can be added. The result (sum) will also be a matrix of the same size. In 
matrix addition, we add the corresponding elements (i.e., the elements at the same position) in the two 
matrices, and write the results at the corresponding places in the resulting matrix. 

As an example, consider the 2X3 matrix 



and a second matrix 



A = 



B = 



r-. o 
L 2 6 -2 J 

P ' "1 

|_ 0 -3 2 j 



The sum of these two matrices is given by 

A + B = 



[' 1 ~ 2 1 
|_ 2 3 0 J 



The order in which the addition is done is immaterial. Hence 



A + B = B + A (3A.6) 

In other words, matrix addition is commutative. 

Matrix subtraction is defined just like matrix addition, except the corresponding elements are 
subtracted. An example is given below: 



"-I 2" 




"4 2 




"-5 0" 


3 0 


- 


2 -1 


= 


1 1 


_ —4 1_ 




_ — 3 0 _ 




_-l 1 _ 



3A.3.2 Null Matrix 

The null matrix is a matrix whose elements are all zeros. Hence, when we add a null matrix to an arbitrary 
matrix, the result is equal to the original matrix. We can define a null vector in a similar manner. We 
can write 

A + 0 = A (3A.7) 

As an example, the 2X2 null matrix is 

[: :] 

3A.3.3 Matrix Multiplication 

Consider the product AB of the two matrices A and B. Let us write this as 

C = AB (3A.8) 



© 2005 by Taylor & Francis Group, LLC 




Modal Analysis 



3-45 



We say that B is premultiplied by A or, equivalently, A is postmultiplied by B. For this multiplication to 
be possible, the number of columns in A has to be equal to the number of rows in B. Then, the number of 
rows of the product matrix C is equal to the number of rows in A, and the number of columns in C is 
equal to the number of columns in B. 

The actual multiplication is done by multiplying the elements in a given row (say, the ith row) of A by 
the corresponding elements in a given column (say, the jth column) of B and summing these products. 
The result is the element c y - of the product matrix C. Note that c t j denotes the element that is common to 
the ith row and the ;th column of matrix C. So, we have 



As an example, suppose 





(3A.9) 



Note that the number of columns in A is equal to three and the number of rows in B is also equal to three. 
Hence, we can perform the premultiplication of B by A. For example 

c n = 1 X 1 + 2X2 + (-l)X5 = 0 

c 12 = 1X( — l) + 2X3 + ( — 1)X( — 3) = 8 

c 13 = 1X2 + 2X(— 4) + (— 1)X1 = -7 

c 14 = lX4 + 2X2 + (— 1)X0 = 8 

c 21 = 3X1 + (-3) X 2 + 4 X 5 = 17 

c 22 = 3X(— 1) + ( — 3)X3 + 4X( — 3) = -24 



and so on. The product matrix is 




8 -7 8" 

-24 22 6 _ 



It should be noted that both products AB and BA are not always defined and, even when they are 
defined, the two results are not equal in general. Unless both A and B are square matrices of the same 
order, the two product matrices will not be of the same order. 

Summarizing, matrix multiplication is not commutative: 

AB^BA (3A.10) 



3A.3.4 Identity Matrix 

An identity matrix (or unity matrix) is a square matrix whose diagonal elements are all equal to 1 and all 
the remaining elements are zeros. This matrix is denoted by I. 

For example, the third-order identity matrix is 



1 = 



1 0 
0 1 
.0 0 



0" 

0 

1 _ 
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It is easy to see that when any matrix is multiplied by an identity matrix (provided, of course, that the 
multiplication is possible) the product is equal to the original matrix; thus 

AI = IA = A (3A.11) 



3A.4 Matrix Inverse 



An operation similar to scalar division can be defined in terms of the inverse of a matrix. A proper inverse 
is defined only for a square matrix and, even for a square matrix, an inverse may not exist. The inverse of 
a matrix is defined as follows. 

Suppose that a square matrix A has the inverse B. Then, these must satisfy the equation 



AB = I 



or equivalently 

BA = I 



(3A.12) 



(3A.13) 



where I is the identity matrix, as defined before. 

The inverse of A is denoted by A -1 . The inverse exists for a matrix if and only if the determinant of 
the matrix is nonzero. Such matrices are termed nonsingular. We shall discuss the determinant in 
Section 3A.6. Before explaining a method for determining the inverse of a matrix, let us verify that 

2 1 

1 1 

is the inverse of 

1 -1 
-1 2 



To show this, we simply multiply the two matrices and show that the product is the second-order unity 
matrix. Specifically, 

[- 1 , :n :h: :] 

or 

[: ii :h: :] 

3A.4.1 Matrix Transpose 

The transpose of a matrix is obtained by simply interchanging the rows and the columns of the matrix. 
The transpose of A is denoted by A T . 

For example, the transpose of the 2X3 matrix 



A = 



1 

-2 



-2 3 ' 
2 0 



is the 3X2 matrix 



r i -2i 



a t = 



-2 



2 



3 0 
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Note that the first row of the original matrix has become the first column of the transposed matrix, and 
the second row of the original matrix has become the second column of the transposed matrix. 

If A t = A, then we say that the matrix A is symmetric. Another useful result on the matrix transpose is 
expressed by 

(AB) t = B t A t (3A.14) 

It follows that the transpose of a matrix product is equal to the product of the transposed matrices, 
taken in the reverse order. 

3A.4.2 Trace of a Matrix 

The trace of a square matrix is given by the sum of the diagonal elements. The trace of matrix A is 
denoted by tr(A). 

tr(A) = ^a, ; (3A.15) 

i 

For example, the trace of the matrix 

"-2 3 0 

A = 4 -4 1 

_-l 0 3 

is given by 

tr(A) = (—2) + (—4) + 3 = -3 



3A.4.3 Determinant of a Matrix 

The determinant is defined only for a square matrix. It is a scalar value computed from the elements of 
the matrix. The determinant of a matrix A is denoted by det(A) or lAl. 

Instead of giving a complex mathematical formula for the determinant of a general matrix in terms of 
the elements of the matrix, we now explain a way to compute the determinant. 

First, consider the 2X2 matrix 

a n a n 

a 2l a 22 

Its determinant is given by 

det(A) — a ] | ciy'i ^ 12^21 

Next, consider the 3X3 matrix 




flu fl 12 a i3 

A = fl 21 fl 22 fl 2 3 
- a 31 a S2 a 33 

Its determinant can be expressed as 

det(A) — fljjAFj^ flj 2 Afj 2 4~ fli 3 Afj 3 

where the minors of the associated matrix elements are defined as 
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Note that M ip the determinant of the matrix, is obtained by deleting the ith row and the jth column of 
the original matrix. The quantity M i; is known as the minor of the element a tj of the matrix A. If we attach 
a proper sign to the minor depending on the position of the corresponding matrix element, we have a 
quantity known as the cofactor. Specifically, the cofactor, C lp corresponding to the minor, M ip is given by 

C S = (-1)^M*- (3 A. 16) 

Hence, the determinant of the 3X3 matrix may be given by 

det(A) = a n C n + a u C n + «bCb 

Note that in the two formulas given above for computing the determinant of a 3 X 3 matrix, we have 
expanded along the first row of the matrix. We get the same answer, however, if we expand along any row 
or any column. Specifically, when expanded along the rth row, we have 

det(A) = a,, C,, + a i2 C i2 + a a C a 

Similarly, if we expand along the jth column, we have 

det(A) = aijCij + a 2 jC 2 j + a 3 jC 3 j 

These ideas of computing a determinant can be easily extended to 4 X 4 and higher-order matrices in a 
straightforward manner. Hence, we can write 

det(A) = ^ ayCy = ^ a^Qj (3A.17) 

i > 



3A.4.4 Adjoint of a Matrix 

The adjoint of a matrix is the transpose of the matrix whose elements are the cofactors of the 
corresponding elements of the original matrix. The adjoint of matrix A is denoted by adj(A). 

As an example, in the 3X3 case, we have 





Qi 


Cl2 


Cb" 


T 


Qi 


Qi 


Qi 


adj(A) = 


Qi 


C 2 2 


C 23 


= 


^12 


c 2 2 


C32 




-Qi 


C32 


C 33 - 




-^13 


c 2 3 


C33- 



In particular, it is easily seen that the adjoint of the matrix 

'1 2 -r 

A = | 0 3 2 

1 1 1 



is given by 



Accordingly, we have 



adj(A) 



1 2 -3' 

-3 2 1 

7 -2 3 



1 -3 



adj(A) = 



2 2 



-3 1 



-2 

3 
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Hence, in general 

adj(A) = [C,/ 



(3A.18) 



3A.4.5 Inverse of a Matrix 

At this juncture, it is appropriate to give a formula for the inverse of a square matrix. Specifically, 



A _ i _ adj(A) 
det(A) 



(3A.19) 



Hence, in the 3X3 matrix example given before, since we have already determined the adjoint, it 
remains only to compute the determinant in order to obtain the inverse. Now, expanding along the first 
row of the matrix, the determinant is given by 

det(A) = 1 X 1 + 2 X 2 + (- 1) X (-3) = 8 



Accordingly, the inverse is given by 



A- J = 




-3 

2 

1 



7 " 

-2 

3 



For two square matrices A and B we have 

(AB) -1 = B _1 A _I 



(3A.20) 



As a final note, if the determinant of a matrix is zero, the matrix does not have an inverse. Then we say 
that the matrix is singular. Some important matrix properties are summarized in Box 3A.1. 



Box 3A.1 

Summary of Matrix Properties 

Addition. A m x (J 4- B mXn C mxn 

Multiplication: A„ lX „B„ Xr = C,„ Xr 

Identity: AI = IA = A => I is the identity matrix 

Note: AB = 0=AA=0orB = 0in general 

Transposition: C T = (AB) T = B T A T 

Inverse: AP = I = PA =s A = P 1 and P = A 1 

(AB) -1 = B -1 A -1 

Commutativity: AB A BA in general 
Associativity: (AB)C = A(BC) 

Distributivity: C(A + B) = CA + CB 
Distributivity: (A + B)D = AD + BD 
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3A.5 Vector Spaces 

3A.5.1 Field (F) 

Consider a set of scalars. 

For any a and /3 from the set, if a + (3 and a/3 are also elements in the set; if 

1. a + /3 = [3 + a and a/3 = /3a 

2. (a + /3) + y = a + (/3 + y) and (a/3)y = a(/3y) 

3. a(i 3 + y) = a/3 + ay 

are satisfied; and if 



(commutativity) 

(associativity) 

(distributivity) 



1 . Identity elements 0 and 1 exist in the set such that a + 0 = a and 1 a = a 

2. Inverse elements exist in the set such that a + ( —a ) = 0 and a-a -1 = 1 



then the set is a field. 

For example, the set of real numbers is a field. 

3A.5.2 Vector Space (L) 

Properties: 

1. Vector addition (x + y) and scalar multiplication (ax) are defined. 

2. Commutativity: x + y = y + x and associativity: (x -f y) + z = x + (y + z) are satisfied. 

3. Unique null vector 0 and negation (— x) exist such that x + 0 = x, x + (— x) = 0. 

4. Scalar multiplication satisfies 



a(/3x) = (a/3)x 

a(x + y) = ax + /3y 
(a + /3)x = ax + /3x 



(associativity) 



(distributivity) 



lx = x. Ox = 0 



Special case: Vector space L" has vectors with n elements from the field F. 
Consider 





~*1~ 




>r 




*2 




yi 


X = 




, y = 


.y„. 



Then 



f *i +Til 



x + y = 



= y + x 



Lx„ +y n J 
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and 



ax l 



ax = 



L ax n J 



3A.5.3 Subspace S of L 

1 . If x and y are in S then x + y is also in S. 

2. If x is in S and a is in F then ax is also in S. 

3A.5.4 Linear Dependence 

Consider the set of vectors: x t , x 2 , . . . , x„ .They are linearly independent if any one of these vectors cannot 
be expressed as a linear combination of one or more remaining vectors. 

Necessary and sufficient condition for linear independence : 

a^j + a 2 x 2 + ■ ■ ■ + a„x„ = 0 (3A.21) 

gives a = 0 (trivial solution) as the only solution. 

For example, 





"l" 




" 2 " 




~5~ 


Xl = 


2 


, x 2 = 


-1 


, x 3 = 


0 




_3_ 




1 




_5_ 



These vectors are not linearly independent because Xj + 2x 2 = x 3 . 

3A.5.5 Bases and Dimension of a Vector Space 

1. If a set of vectors can be combined to form any vector in L then that set of vectors is said to span 
the vector space L (i.e., a generating system of vectors). 

2. If the spanning vectors are all linearly independent, then this set of vectors is a basis for that vector 
space. 

3. The number of vectors in the basis = the dimension of the vector space. 

Note: The dimension of a vector space is not necessarily the order of the vectors. 

For example, consider two intersecting third-order vectors. They will form a basis for the plane (two- 
dimensional) that contains the two vectors. Hence, the dimension of the vector space = 2, but the order 
of each vector in the basis = 3. 

Note: L" is spanned by n linearly independent vectors 



For example, 



=> dim(L") = n 



T 




'o' 




"0" 


0 




1 




0 


0 


, 


0 


, • • *, 












0 


_ 0 _ 




_ 0 _ 




_ 1 _ 



© 2005 by Taylor & Francis Group, LLC 




3-52 



Vibration and Shock Handbook 



3A.5.6 Inner Product 



(x,y)=y H x (3A.22) 

where H denotes the Hermitian transpose (i.e., complex conjugate and transpose). Hence, y 11 = (y*) T 
where ( )* denotes complex conjugation. 

Note: 

1. (x,x) > 0 and (x, x) = 0 if and only if (iff) x = 0 

2. (x,y) = (y,x)* 

3. (Ax,y) = A(x,y)(x, Ay) = A*(x,y) 

4. (x, y + z) = (x, y) + (x, z) 

3A.5.7 Norm 

Properties 

llxll > 0 and llxll = 0 iff x = 0 
llAxll = lAlllxll for any scalar A 
lx + yll < llxll + llyll 



For example, the Euclidean norm: 



H 

X X = 




(3A.23) 



Unit vector 



Normalization 



Angle between vectors 
We have 



llxll = 1 



X 



Ixll 



= X 



cos 0 = 



(x,y) 

llxllllyll 



(x,y) 



(3A.24) 



where 6 is the angle between x and y. 

Orthogonal vectors 

iff (x,y) = 0 (3A.25) 

Note: n orthogonal vectors in L" are linearly independent and span L", and form a basis for L". 

3A.5.8 Gram-Schmidt Orthogonalization 

Given a set of vectors, x, , x 2 , x„, that are linearly independent in I", we construct a set of orthonormal 
(orthogonal and normalized) vectors, yi,y 2 , ...,y ,,, which are linear combinations of x ; . 

Start 
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Then 



;—i 

Y i = x / _ X (Xi ’ y>)y> for (' = 1 , 2, . . . , n 

j= 1 

Normalize y ; to produce y ; . 



3A.5.9 Modified Gram-Schmidt Procedure 

In each step, compute new vectors that are orthogonal to the just-computed vector. 
Initialization: 



as before. 
Then 



and 



and so on. 




.(D v . — 



■; - Cy, , x,)y, for i = 2, 3, ..., « 



y« = 






for i = 2, 3, . . . n 



X; 2) = x. 1 ’ — (y 2 ,xl 1 ' l )y 2 , i = 3,4 



.(i) 



3A.6 Determinants 



Now, let us address several analytical issues of the determinant of a square matrix. Consider the matrix 

r«n a ln~\ 



A = 



a 



nn — 1 



The minor of = M y - = the determinant of matrix formed by deleting the zth row and the jth column of 
the original matrix. 

The cofactor of = C,j = (— 1) ,+; M^ 

cof(A) = cofactor matrix of A 

adj(A) = adjoint A = (cof A) T 

3A.6.1 Properties of Determinant of a Matrix 

1. Interchange two rows (columns) => determinant’s sign changes. 

2. Multiply one row (column) by a => a det( ). 

3. Add a [a X row(column)] to a second row( column) => determinant unchanged. 

4. Identical rows(columns) => zero determinant. 

5. For two square matrices A and B, det(AB) = det(A)det(B). 



3A.6.2 Rank of a Martix 

Rank A = number of linearly independent columns = number of linearly independent rows = 
dim(column space) = dim(row space) 

Here “dim” denotes the “dimension of.” 
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3A.7 System of Linear Equations 

Consider the following set of linear algebraic equations: 

a n x i dr Ci2 x 2 + ' ' ’ + di n x n = Cj 

421*1 + a 22 x 2 + b a 2 „x n = c 2 



a ml x l + a,„ 2 X 2 J \ b a m n x n ~ C m 

We need to solve for x ] ,x 2 , ...,x„. 

This problem can be expressed in the vector-matrix form: 

A ,„x„ x « = c m B = [A, c] 

A solution exists iff rank[A, c] = rank[A] 

Two cases can be considered: 

Case 1: 

If m > n and rank[A] = n => unique solution for x. 

Case 2: 

If m < n and rank[A] = m =$■ infinite number of solutions for x 

x = A H (AA H ) _1 C <= minimum norm form 



Specifically, out of the infinite possibilities, this is the solution that minimizes the norm, x H x. 

Note that the superscript H denotes the Hermitian transpose, which is the transpose of the complex 
conjugate of the matrix. 

For example, 

2 + 3 j 6 I 

5 -1-2/J 

3 +j 

-3 j 5 

6 — 1 + 2j_ 

If the matrix is real, its Hermitian transpose is simply the ordinary transpose. 

In general, if rank[A] < n => infinite number of solutions. 

The space formed by solutions Ax = 0 => is called the null space 

dim(null space) = n — k where rank[A] = k 



Then 



A = 



[ 1+i 
L 3 — 7 



A h = 



3A.8 Quadratic Forms 

Consider a vector, x, and a square matrix, A. Then the function Q(x) = (x. Ax) is called a quadratic form. 
For a real vector x and a real and symmetric matrix A, 

Q(x) = x t Ax 

Positive definite matrix : If (x. Ax) > 0 for all x ¥= 0, then A is said to be a positive definite matrix. 
Also, the corresponding quadratic form is also said to be positive definite. 
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Positive semidefinite matrix: If (x. Ax) > 0 for all x^O, then A is said to be a positive semidefinite 
matrix. Note that in this case the quadratic form can assume a zero value for a nonzero x. The 
corresponding quadratic form is also said to be positive semidefinite. 

Negative definite matrix: If (x, Ax) < 0 for all x#0, then A is said to be a negative definite matrix. The 
corresponding quadratic form is also said to be negative definite. 

Negative semidefinite matrix: If (x, Ax) < 0 for all x?^0, then A is said to be a negative semidefinite 
matrix. Note that, in this case, the quadratic form can assume a zero value for a nonzero x. The 
corresponding quadratic form is also said to be negative semidefinite. 

Note: If A is positive definite, then —A is negative definite. If A is positive semidefinite, then —A is 
negative semidefinite. 

Principal minors: Consider the matrix 



a 11 «12 a ln 

a 21 a 22 " ' a 2n 

_ a nl a n2 ' ' ' a nn 



Its principal minors are the determinants of the various matrices along the principal diagonal, as given by 



A t = a n , A 2 = det 









a n 


«i 2 


a 13 


r a n 


a l2 


, A 3 = det 


a 2\ 


«22 


a 23 


L «21 


a 22 . 




- a M 


fl 32 


a 33 - 



, and so on 



Sylvester’s theorem: A matrix is positive if definite if all its principal minors are positive. 



3A.9 Matrix Eigenvalue Problem 

3A.9.1 Characteristic Polynomial 

Consider a square matrix A. The polynomial 

A(s) = det[sl - A] 

is called the characteristic polynomial of A. 

3A.9.2 Characteristic Equation 

The polynomial equation 

A(s) = det[sl — A] = 0 

is called the characteristic equation of the square matrix A. 

3A.9.3 Eigenvalues 

The roots of the characteristic equation of a square matrix A are the eigenvalues of A. For an n X n matrix, 
there will be n eigenvalues. 

3A.9.4 Eigenvectors 

The eigenvalue problem of a square matrix A is given by 

Av = Av 
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where the objective is to solve for A and the corresponding nontrivial (i.e., nonzero) solutions for v. 
The problem can be expressed as 

(AI - A)v = 0 

Note: If v is a solution of this equation, then any multiple of it, av, is also a solution. Hence, an 
eigenvector is arbitrary up to a multiplication factor. 

For a nontrivial (i.e., nonzero) solution to be possible for v, one must have 

det[AI - A] = 0 

Since this is the characteristic equation of A, as defined above, it is clear that the roots of A are the 
eigenvalues of A. The corresponding solutions for v are the eigenvectors of A. For an n X n matrix, there 
will be n eigenvalues and n corresponding eigenvectors. 

3A.10 Matrix Transformations 

3A.10.1 Similarity Transformation 

Consider a square matrix, A, and a nonsingular square matrix, T. Then, the matrix obtained according to 

B = T J AT 

is the similarity transformation of A by T. The transformed matrix B has the same eigenvalues as the 
original matrix A. Also, A and B are said to be similar. 

3A.10.2 Orthogonal Transformation 

Consider a square matrix A and another square matrix T. Then, the matrix obtained according to 

B = T t AT 



is the orthogonal transformation of A by T. 

If T^ 1 = T t then the matrix T is said to be an orthogonal matrix. In this case, the similarity 
transformation and the orthogonal transformation become identical. 

3A.11 Matrix Exponential 

The matrix exponential is given by the infinite series 

exp(Af) = I + Af + — A 2 f 2 + ■ ■ ■ (3A.26) 

exactly like the scalar exponential 

exp(Af) = 1 + At + -i-AV 5 (3A.27) 

The matrix exponential may be determined by reducing the infinite series given in Equation 3A.26 
into a finite matrix polynomial of order n — 1 (where, A is nX n) by using the Cayley- Hamilton 
theorem. 

3A.11.1 Cayley-Hamilton Theorem 

This theorem states that a matrix satisfies its own characteristic equation. The characteristic polynomial 
of A can be expressed as 

A(A) = det(A - AI) = a n A" + a„_iA" _1 + • • • + a 0 (3A.28) 
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in which det( ) denotes determinant. The notation 

A(A) = a n A" + a,,.. A" -1 + • ■ ■ + a 0 l (3A.29) 

is used. Then, by the Cayley- Hamilton theorem, we have 

0 = a„A" + n„_ 1 A' ,_1 H \-a 0 1 (3A.30) 



3A.11.2 Computation of Matrix Exponential 

Using the Cayley- Hamilton theorem, we can obtain a finite polynomial expansion for exp(Af). First, we 
express Equation 3A.26 and Equation 3A.27 as 

exp(Af) = S( A)-A(A) + a„_ 1 A"“ 1 + a„_ 2 A"“ 2 + ■ ■ ■ + a 0 I (3A.31) 

exp(Af) = S(A)-A( A) + o^A" -1 + a„_ 2 A" -2 + • ■ ■ + a 0 (3A.32) 

in which S(-) is an appropriate infinite series, which is the result of dividing the exponential (infinite) 
series by the characteristic polynomial A(-). 

Next, since A(A) = 0 by the Cayley- Hamilton theorem, Equation 3A.31 becomes 

exp(Af) = a n - l A" 1 + a„_ 2 A" 2 + • • • + a 0 I (3A.33) 

Now it is just a matter of determining the coefficients, a 0 ,a 1 ,...,a n - 1 , which are functions of time. This 
is done as follows. If Aj, A 2 , . . ., A„ are the eigenvalues of A, however, then, by definition 

A(A ; ) = det(A — A ; I) = 0 for i = 1,2, ..., n (3A.34) 

Thus, from Equation 3A.32, we obtain 

exp(A;f) = a„_jA" 1 + a„_ 2 A" 2 + ■ ■ ■ + a 0 for i = 1, 2, ..., n (3A.35) 

If the eigenvalues are all distinct. Equation 3A.35 represents a set of n independent algebraic equations 
from which the n unknowns a 0 ,a 1 ,...,a n - l could be determined. If some eigenvalues are repeated, the 
derivatives of the corresponding equations (Equation 3A.35) have to be used as well. 
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Summary 

This chapter presents the analysis of continuous (or distributed-parameter) mechanical vibrating systems. In these 
systems, inertial, elastic, and dissipative effects are found continuously distributed in one, two, or three dimensions. 
Examples such as strings, rods, shafts, beams, membranes, and plates are studied. Modal analysis is carried out 
using the separation of time and space. The orthogonality property of mode shapes is established. Boundary 
conditions are derived. Free vibration and forced vibration are analyzed. 



4.1 Introduction 



Often in vibration analysis, it is assumed that inertial (mass), flexibility (spring), and dissipative (damping) 
characteristics can be “lumped” as a finite number of “discrete” elements. Such models are termed lumped- 
parameter or discrete-parameter systems. Generally, in practical vibrating systems, inertial, elastic, and 
dissipative effects are found continuously distributed in one, two, or three dimensions. Correspondingly, 
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we have line structures, surface/planar structures, or spatial structures. They will possess an infinite 
number of mass elements, continuously distributed in the structure, and integrated with some connecting 
flexibility (elasticity) and energy dissipation. In view of the connecting flexibility, each small element of 
mass will be able to move out of phase (or somewhat independently) with the remaining mass elements. It 
follows that a continuous system ( or a distributed-parameter system) will have an infinite number of degrees 
of freedom (DoFs) and will require an infinite number of coordinates to represent its motion. In other 
words, extending the concept of a finite-degree-of-freedom system as analyzed previously, an infinite- 
dimensional vector is needed to represent the general motion of a continuous system. Equivalently, a one- 
dimensional continuous system (a line structure) will need one independent spatial variable, in addition to 
time, to represent its response. In view of the need for two independent variables in this case, one for time 
and the other for space, the representation of system dynamics will require partial differential equations 
(PDEs) rather than ordinary differential equations (ODEs). Furthermore, the system will depend on the 
boundary conditions as well as the initial conditions. 

Strings, cables, rods, shafts, beams, membranes, plates, and shells are example of continuous members. 
In special cases, closed-form analytical solutions can be obtained for the vibration of these members. A 
general structure may consist of more than one such member, and furthermore, boundary conditions 
(BCs) could be various, individual members may be nonuniform, and the material characteristics may be 
inhomogeneous and anisotropic. Closed-form analytical solutions would not be generally possible in such 
cases. Nevertheless, the insight gained by analyzing the vibration of standard members will be quite 
beneficial in studying the vibration behavior of more complex structures. 

The concepts of modal analysis may be extended from lumped-parameter systems to continuous 
systems. In particular, since the number of principal modes is equal to the number of DoFs of the 
system, a distributed-parameter system will have an infinite number of natural modes of vibration. A 
particular mode may be excited by deflecting the member so that its elastic curve assumes the shape 
of the particular mode, and then releasing from this initial condition. When damping is significant 
and nonproportional, however, there is no guarantee that such an initial condition could accurately 
excite the required mode. A general excitation consisting of a force or an initial condition will excite 
more than one mode of motion. However, as in the case of discrete-parameter systems, the general 
motion may be analyzed and expressed in terms of modal motions, through modal analysis. In a 
modal motion, the mass elements will move at a specific frequency (the natural frequency), and 
bearing a constant proportion in displacement (i.e., maintaining the mode shape), and passing the 
static equilibrium of the system simultaneously. In view of this behavior, it is possible to separate the 
time response and spatial response of a vibrating system in a modal motion. This separability is 
fundamental to modal analysis of a continuous system. Furthermore, in practice an infinite number 
of natural frequencies and mode shapes are not significant and typically the very high modes may be 
neglected. Such a modal-truncation procedure, even though carried out by continuous-system 
analysis, is equivalent to approximating the original infinite-degree-of-freedom system by a finite- 
degree-of-freedom one. Vibration analysis of continuous systems may be applied in the modeling, 
analysis, design, and evaluation of such practical systems as cables; musical instruments; transmission 
belts and chains; containers of fluid; animals; structures including buildings, bridges, guideways, and 
space stations; and transit vehicles, including automobiles, ships, aircraft, and spacecraft. 

4.2 Transverse Vibration of Cables 



The first continuous member which we will study is a string or cable in tension. This is a line structure 
whose geometric configuration can be completely defined by the position of its axial line with reference 
to a fixed coordinate line. We will study the transverse (lateral) vibration problem; that is, the vibration in 
a direction perpendicular to its axis and in a single plane. Applications will include stringed musical 
instruments, overhead transmission lines (of electric power or telephone signals), drive systems (belt 
drives, chain drives, pulley ropes, etc.), suspension bridges, and structural cables carrying cars (e.g., ski 
lifts, elevators, overhead sightseeing systems, and cable cars). 
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As usual, we will make some simplifying assumptions for analytical convenience. However, the results 
and insight obtained in this manner will be useful in understanding the behavior of more complex 
systems containing cable-like structures. The main assumptions are: 

1. The system is a line structure. The lateral dimensions are much smaller compared with the 
longitudinal dimension (normally in the x direction). 

2. The structure stays in a single plane and the motion of every element of the structure will be in a 
fixed transverse direction (y). 

3. The cable tension (T) remains constant during motion. In other words, the initial tension is 
sufficiently large that the variations during motion are negligible. 

4. Variations in slope (6) along the structure are small. Hence, for example, 6 sz sin 9 = tan 9 = — . 

1 ' 0X 

A general configuration of a cable (or string) is shown in Figure 4.1(a). Consider a small element of 
length dx of the cable at location x, as shown in Figure 4.1(b). The equation (Newton’s Second Law) of 
motion (transverse) of this element is given by 

d 2 v(x, t) 

f(x, t)dx — T sin 9 + T sin(0+ d 9) = m(x)dx — — (4.1) 

in which 

v(x, t) = transverse displacement of the cable 
f(x, t) — lateral force per unit length of cable 
m{x ) = mass per unit length of cable 
T ~ cable tension 
9 = cable slope at location x. 

Note that the dynamic loading fix, t) may arise due to such causes as aerodynamic forces, fluid drag, 
and electromagnetic forces, depending on the specific application. 




FIGURE 4.1 (a) Transverse vibration of a cable in tension; (b) motion of a general element. 
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Using the small slope assumption we have sin 0 s 0 and sin(0 + d0) = 6 + dd with 0 = dv/dx and 
dO = (0 2 v/0x 2 ) dx as dx— * 0. On substitution of these approximations into Equation 4.1 and canceling 
out dx, we obtain 



m(x) 



d 2 v(x, t) 0 2 v(x, t) 



0 t 



= T- 



0X 2 



+ f(x, t) 



Now consider the case of free vibration where /(x, t) = 0. We have 

0 2 v(x, t) 2 d 2 v(x, t) 

— c 



0r 



0x 2 



with 



• = \frJm 



(4.2) 



(4.3) 



(44) 



Also, assume that the cable is uniform so that m is constant. 



4.2.1 Wave Equation 

The solution to any equation of the form (Equation 4.3) will appear as a wave, traveling either in the 
forward (positive x) or in the backward (negative x) direction at speed c. Hence, Equation 4.3 is called the 
wave equation and c is the wave speed. To prove this fact, first, we show that a solution to Equation 4.3 can 
take the form 



v(x, f) = v 1 (x — ct) 



First, let x — ct = z. Hence, V] (x 



with 



It follows that 



— ct) = V\ (z). Then, 



dv Y 


dz 


0V t 


dv 1 


dz 




— and 








dz 




dt 


dz 


~dt 



dz 


and 


dz 






dx 




dt ~ C 


dS _ ii 


and 


1 0-5 
J < 

II 

'"Y) 


dx 2 1 




dr 



where 



(4.5) 



A 



d 2 v t 

dz 2 



Clearly, then, v 1 satisfies Equation 4.3. 

Now, let us examine the nature of the solution vr(x — ct). It is clear that V! will be constant when 
x — ct = constant. However, the equation x — ct = constant corresponds to a point moving along the x 
axis in the positive direction at speed c. What this means is that the shape of the cable at t = 0 will 
“appear” to travel along the cable at speed c. This is analogous to the waves we observe in a pond when 
excited by dropping a stone. Note that the particles of the cable do not travel along x: it is the deformation 
“shape” (the wave) that travels. 

Similarly, it can be shown that 



v(x, t) = v 2 (x + ct) 



(4.6) 
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is also a solution to Equation 4.3 and this corresponds to a wave that travels backward (negative x 
direction) at speed c. The general solution, of course, will be of the form 

v(x, t) = Vjfx — ct) + v 2 (x + ct ) (4.7) 

which represents two waves, one traveling forward and the other backward. 



4.2.2 General (Modal) Solution 

As usual, we look for a separable solution of the form 

v(x,t) = Y(x)q(t) (4.8) 



for the cable/string vibration problem given by the wave equation 4.3. If a solution in the form of 
Equation 4.8 is obtained, it will be essentially a modal solution. This should be clear from the separability 
itself of the solution. Specifically, at any given time f, the time function q(t) will be fixed and the structure 
will have a shape given by Y(x). Hence, at all times the structure will maintain a particular shape Y(x) and 
this will be a mode shape. Also, at a given point x of the structure, the space function Y(x ) will be fixed and 
the structure will vibrate according to the time response q(t). It will be shown that q(t) will obey the 
simple harmonic motion of a specific frequency. This is the natural frequency of vibration corresponding 
to that particular mode. Note that, for a continuous system, there will be an infinite number of solutions 
of the form of Equation 4.8 with different natural frequencies. The corresponding functions Y(x) will be 
“orthogonal” in some sense. Hence, they are called normal modes (normal meaning perpendicular). The 
systems will be able to move independently in each mode and this collection of solutions in the form of 
Equation 4.8 will be a complete set. With this qualitative understanding, let us now seek a solution of the 
form of Equation 4.8 for the system Equation 4.3. 

Substitute Equation 4.8 in Equation 4.3. We obtain 



Y(x) 



d 2 q(t) 
dt 2 



d 2 Y(a) 

dx 2 



q(t) 



or 

1 d 2 Y(x) 1 d 2 q(t) 2 

— = = -A 2 (4 9 ) 

Y(x) dx 2 c 2 q(t) dt 2 

In Equation 4.9, since the left-hand terms are a function of x only and the right-hand terms are a function 
of t only, for the two sides to be equal in general, each function should be a constant (that is independent 
of both x and t). This constant is denoted by —A 2 , which is called the separation constant and is 
designated to be negative. There are two reasons for this. If this common constant were positive, the 
function q(t) would be nonoscillatory and transient, which is contrary to the nature of undamped 
vibration. Furthermore, it can be shown that a nontrivial solution for Y(x) would not be possible if the 
common constant were positive. 

The unknown constant A is determined by solving the space equation (mode shape equation) of 
Equation 4.9; specifically 

d 2 Y(x) 2 

— - + A 2 Y(x) = 0 (4.10) 

and then applying the BCs of the problem. There will be an infinite number of solutions for A, with 
corresponding natural frequencies co and mode shapes Y(x). 

The characteristic equation of 4.10 is 

p 2 + A 2 = 0 (4.11) 

which has the characteristic roots (or eigenvalues ) 

p=±j\ (4.12) 
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The general solution is 

Y(x ) = A 1 e ;A * + A 2 e _;Ajc = C, cos Ax + C 2 sin Ax (4.13) 

Note that, since 7(x) is a real function representing a geometric shape, the constants A : and A 2 have 
to be complex conjugates and C l and C 2 have to be real. Specifically, in view of the fact that 
cos Ax = (e ,Ajc + e _jAx /)2 and sin Ax = (e ,Ax — e _ - ,A */2j) > we can show that 

Aj = i(C, — ;'C 2 ) and A 2 = ^(C, + ;'C 2 ) 

For analytical convenience, we will use the real-parameter form of Equation 4.13. 

Note that we cannot determine both constants Q and C 2 using BCs. Only their ratio is determined 
and the constant multiplier is absorbed into q(t) in Equation 4.8 and then determined using the 
appropriate initial conditions (at t = 0). It follows that the ratio of C t and C 2 and the value of A are 
determined using the BCs. Two BCs will be needed. Some useful situations and appropriate relations are 
given in Table 4.1. 



4.2.3 Cable with Fixed Ends 

Let us obtain the complete solution for the free vibration of a taut cable that is fixed at both ends. The 
applicable BCs are 

7(0) = Y(l) = 0 (4.14) 



where Z is the length of the cable. Substitution into Equation 4.13 gives 

Q X 1 + C 2 X 0 = 0 
Q cos A l + C 2 sin AZ = 0 



Hence, we have 



C 1 = 0 and C 2 sin AZ = 0 (4.15) 

A possible solution for Equation 4.15 is C 2 = 0. However, this is the trivial solution, which corresponds to 
Y(x) = 0 (i.e., a stationary cable with no vibration). It follows that the applicable, nontrivial solution is 

sin AZ = 0 



which produces an infinite number of solutions for A given by 

Ztt 

A; = — with i= 1,2,. ,.,oo (4.16) 

As mentioned earlier, the corresponding infinite number of mode shapes is given by 

i ' irx 

Yi(x) = Ci sin— (4.17) 

Note: If we had used a positive constant A 2 instead of — A 2 in Equation 4.9, only a trivial solution (with 
Ci = 0 and C 2 = 0) would be possible for Y(x). This further justifies our decision to use — A 2 . Substitute 
Equation 4.16 into Equation 4.9 to determine the corresponding time response (generalized coordinates) 
qft)', thus 

d 2 ci:(t) ^ 

-J±± + a>Jq i (t)= 0 (4.18) 

in which 



aij = A jC = 




for i = 1,2, ...,oo 



(4.19) 



© 2005 by Taylor & Francis Group, LLC 



TABLE 4.1 Some Useful Boundary Conditions for the Cable Vibration Problem 



Type of End Condition 



Nature of End x = x 0 



Fixed 




Free 




dv 

dx 



Flexible 



Flexible and inertial 
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Equation 4.18 represents a simple harmonic motion with the modal natural frequencies co ; given by 
Equation 4.19. It follows that there are an infinite number of natural frequencies, as mentioned earlier. 
The general solution of Equation 4.19 is given by 

q,(t) = Cj sin(w ; f 4- </>,) (4.20) 

where the amplitude parameter c ; and the phase parameter are determined using two of the initial 
conditions of the system. It should be clear that it is redundant to use a separate constant C ; for Yfx) in 
Equation 4.17, and that this maybe absorbed into the amplitude constant in Equation 4.20 to express the 
general free response of the cable as 

% ■ 17TX 

v(x, t) = y q sin — — sin ((Ojt + </> z ) (4.21) 

In this manner, the complete solution has been expressed as a summation of the modal solutions. This is 
known as the modal series expansion. Such a solution is quite justified because of the fact that the mode 
shapes are orthogonal in some sense, and what we obtained above were a complete set of normal modes 
(normal in the sense of perpendicular or orthogonal). The system is able to move in each mode 
independently, with a unique spatial shape, at the corresponding natural frequency, because each modal 
solution is separable into a space function, Yfx), and a time function (generalized coordinate), qft). Of 
course, the system will be able to simultaneously move in a linear combination of two modes (say, 
C] 7, (x)q ] (t) + C 2 Y 2 (x)q 2 (t)), since this combination satisfies the original system Equation 4.3 because of 
its linearity and because each modal component satisfies the equation. However, clearly, this solution, 
with two modes, is not separable into a product of a space function and a time function. Hence, it is not a 
modal solution. In this manner, it can be argued that the infinite sum of modal solutions Y;(x)<j;( f) is 

the most general solution to the system (Equation 4.3). The orthogonality of mode shapes plays a key role 
in this argument and, furthermore, it is useful in the analysis of the system, as we shall see. In particular, 
in Equation 4.21, the unknown constants c ; and </>,- are determined using the system initial conditions, 
and the orthogonality property of modes is useful in that procedure. 



4.2.4 Orthogonality of Natural Modes 

A cable can vibrate at frequency while maintaining a unique natural shape Yfx), called the mode shape 
of the cable. We have shown that, for the fixed-ended cable, the natural mode shapes are given by 
sinfr'-nx/Z ) with the corresponding natural frequencies, cu ; . It can be easily verified that 



' f iirx jirx 

sin — — sm — — dx = 
Jo i / 



0 

l 

. 2 



for i ^ j 
for i = j 



(4.22) 



In other words, the natural modes are orthogonal. Equation 4.22 represents the principle of 
orthogonality of natural modes in this case. 

Orthogonality makes the modal solutions independent and the corresponding mode shapes “normal.” 
It also makes the infinite set of modal solutions a complete set, or a basis, so that any arbitrary response 
can be formed as a linear combination of these normal mode solutions. 

Orthogonality holds for other types of BCs as well. To show this, we observe from Equation 4.9 that 



d 2 Yfx) 
dx 2 



+ A- Y;(x) = 0 



for mode i 



(4.23) 



d 2 Yj(x) 
dx 2 



+ A }Yj(x) = 0 



for mode; 



(4.24) 



© 2005 by Taylor & Francis Group, LLC 




Distributed-Parameter Systems 



4-9 



Multiply Equation 4.23 by Yj(x), Equation 4.24 by Y;(x), subtract that second result from the first, 
and integrate with respect to x along the cable length from x = 0 to l. We obtain 



d 2 7 ; 



cbc 2 



|dx + (A- - A; 



* !) J> 



Yj cbc = 0 



Integrating by parts, we obtain the results 



'y^dx =Y^i. 
0 1 dx 2 > dx 



J> 



1 d 2 y ; d Yj 

dx 2 • dx 



r. §§- 






Hence, the first term of Equation 4.25 becomes 

; dx 1 dx Jo 

which will vanish for common BCs. Then, since A ; A j for i j, we have 



Yi(x)Yj(x) dx = 0 for i¥=j 



(4.25) 



We can pick the value of the multiplication constant in the general solution for Y(x), given by Equation 
4.13, so as to normalize the mode shapes such that 



if(x)dx = 



1 

2 



which is consistent with the result 4.22. Hence, the general condition of orthogonality of natural modes 
may be expressed as 



J> 



Yj(x)Yj(x) dx 



0 for i ¥= j 

— for i = j 

2 J 



(4.26) 



4.2.4. 1 Nodes 

When vibrating in a particular mode, one or more points of the system (cable) that are not physically 
fixed may remain stationary at all times. These points are called the nodes of that mode. For example, in 
the second mode of a cable with its ends fixed, there will be a node at the midspan. This should be clear 
from the fact that the mode shape of the second mode is sin IttxII which becomes zero at x = 1/2. 
Similarly, in the third mode, with mode shape sin 3 tt x/l, there will be nodes at x = 1/3 and 21/3. 



Example 4.1 

If the cable tension varies along the length x, what is the corresponding equation of free lateral vibration? 
A hoist mechanism has a rope of freely hanging length l in a particular equilibrium configuration and 
carrying a load of mass M, as shown in Figure 4.2(a). Determine the equation of lateral vibration and the 
applicable BCs for the rope segment. 

Solution 

With reference to Figure 4.1(b), Equation 4.1 may be modified for the case of variable T as 

9 2 v 

— T sin 0+ (T + dT) sin(0+ d0) = m (4.27) 
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where /(x, t) = 0 for free vibration. Now, with the 
assumption of small 9, and by neglecting the 
second-order product term dT d 9, we obtain 



9 2 v 

T d9+ 9 dT = m — T dx 

dx 2 



Next, using 
9V 



d 0=^, and dT= — dx 

9x 2 9x 




and canceling dx, we obtain the equation of lateral ZK 

vibration of a cable as 

9 2 v _ 9 2 v 9T 0v V 0 

m — T = T — T -1 (4.28) 

9 f 2 9x 2 9x 9x v 

Longitudinal (axial) dynamics of the rope are 
negligible for the case of a stationary hoist. Then, 
longitudinal equilibrium (in the x direction) of the T+dT 

small element of rope shown in Figure 4.2(b) gives N e+M 

( T + dT) cos(0 + d 9) — T cos 9 — mg dx = 0 

For small 9, we have cos Os 1 and cos(0+ \ x+dx 

d9) s 1 up to the first-order term in the Taylor x 

series expansion. Hence, ^ ^ 

dT = mg dx (4.29) ® 

v 

Integration gives mgdx 

T To + m S x (4.30) FIGURE 4.2 (a) Free segment of a stationary hoist; 

with the end condition ( b ) a sma11 element of the rope. 

T = Mg at x = 0 

Hence, 

T = Mg + mgx (4.31) 

Note from Equation 4.29 that 977 dx = dT/dx = mg for this problem. Substitute in (Equation 4.28) this 
fact and Equation 4.31 to obtain 

9 2 v 9 2 v 9v 

m —2 =(M + mx)g — j + mg — 

9 r 9x z 9x 



(SH 



d z v 0 v 

St~2 + St~ 



The BC at x = 0 is obtained by applying Newton’s Second Law to the end mass in the lateral (y) direction. 
This gives 

9v(0, t) 9 2 v( 0, f) 

T 0 = M 

9x 9 f 2 

Now, using the fact that T 0 = Mg, we have the boundary condition 

_9v(0,f) _ 9 2 v(0,f) 

8 9x 9? 
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For mode i: 



9v(0,f) _ d7 ; (0) 
dx dx 



qi(t ) 



and 



^ , y m fgi , -JrtOHf,) 



which holds for all t and where a > , is the ith natural frequency of vibration. Hence, the modal BC at x = 0 
is 



dY;(0) 2 

g-f^-+a,?Y i (0) = 0 for i = 1 , 2 ,... 
dx 

The BC at x = l is 

v(l , f) = 0 

which holds for all t. Hence, the corresponding modal BC is 

Y t (l) = 0 fori =1,2,... 



(4.33) 



(4.34) 



(4.35) 



4.2.5 Application of Initial Conditions 

The general solution to the cable vibration problem is given by 

V(X, t ) = ^C;Y;(X) Sm(W;f + </>;) 



(4.36) 



where Y)(x) are the normalized mode shapes which satisfy the orthogonality property (Equation 4.26). 
The unknown constants C; and (f>j are determined using the initial conditions 



v(x, 0) = d(x) 
dv(x, 0) 



dt 



s(x) 



By substituting Equation 4.36 into Equation 4.37 and Equation 4.38, we obtain 

d(x) = ^c,T ; (x)sin <frj 

S(X) = ^C/OJ/Y/ix) COS 0; 



(4.37) 

(4.38) 

(4.39) 

(4.40) 



Multiply Equation 4.39 and Equation 4.40 by Yj(x) and integrate with respect to x from 0 to /, making use 
of the orthogonality condition (Equation 4.26). We obtain 



f' l 

d(x)Yj(x ) dx = Cj— sin (f>j 

r. 



s(x)Y,(x)dx = CjCOj— cos </>,- 



Solving these two equations, we obtain 



d(x)Y:(x) dx 



tan (l)j = (Oj 

I s(x)Yj(x) dx 



for j = 1, 2, 3, ... 



(4.41) 
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Once <pj is determined in this manner, we can obtain Cj by using 

2 (' 

C: = d(x)YAx)dx for j= 1,2,3,... 

/ sin <f>j ) o 



(4.42) 



Example 4.2 

Consider a taut horizontal cable of length / and 
mass m per unit length, as shown in Figure 4.3, 
excited by a transverse point force f 0 sin cot at 
location x = a, where co is the frequency of 
(harmonic) excitation and f 0 is the forcing 
amplitude. Determine the resulting response of 
the cable under general end conditions and initial 
conditions. For the special case of fixed ends, what 
is the steady-state response of the cable? 



yf 



o 



f a sine* 

* 



a 



■> 

x 



FIGURE 4.3 A cable excited by a point harmonic force. 



Solution 

We have shown that the forced transverse response of a cable is given by Equation 4.2: 

9 2 v(x,f) _ 2 9 2 v(x,t) f(x,t ) 

9 1 2 dx 2 m 

where v(x, t) is the transverse displacement and / (x, t) is the external force per unit length of the cable. 
For the point force F at x = a, an analytical representation of the equivalent distributed force per unit 
length is 

fix, t) = Fd(x - a) (4.43) 



where the Dirac delta function (unit impulse function) S(x) is such that 



g(x)S(x -a) dx = g(a) 



(i) 



for an arbitrary function g(x), provided that the point a is within the interval of integration [fl 1; a 2 ]. We 
seek a “modal superposition” solution of the form 



v(x, t ) = Yji(x)qj( t) 



(4.44) 



where q ; (f) are the generalized coordinates of the forced response solution (which are generally different 
from those for the free solution; i.e., qf t)). 

Substitute the solution (Equation 4.44) into the system Equation 4.2 and make use of the governing 
equation of the mode shapes (see Equation 4.10) 



d 2 Yj(x) 
dx 2 



= “A jYj(x) 



(4.45) 



we obtain 



rn^Yfxfqft) = -T^X 2 Y i (x)q i (t) + f 0 sin cotS(x - a) (ii) 

Multiply Equation (ii) by Yj(x), and integrate from x = Oto l using the orthogonality property (Equation 
4.26) and also Equation (i). We obtain 

l .. / 2 

m-qft) = —T — Aj qft) +f 0 Yj(a)sin cot 
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Now since coj = kjsjTIm (see Equation 4.19), we obtain 

qit) + cofqAt) = -J^-YAa) sin cot for j = 1, 2, 3, ... (4.46) 

J Im 

This has the familiar form of a simple oscillator excited by a harmonic force and its solution is well 
known. The initial conditions q ; ( 0) and ijj(0) are needed. Suppose that the initial transverse displacement 
and the speed of the cable are 

v(x, 0) = d(x) and v(x, 0) = s(x ) 



Then, in view of Equation 4.45, we can write 

£ Y i(x)qj(0) = d(x) 
^Y,(x)cj,(0) = s(x) 



(4.47) 

(4.48) 



Multiply Equation 4.47 and Equation 4.48 by Yj(x), and integrate from x = 0 to l using the orthogonality 
property 4.26. We obtain the necessary initial conditions 



<?/°) = j | o d(x)Yj(x)dx 
3/(0) = J | o s(x)Yj(x)dx 



(4.49) 



(4.50) 



which will provide the complete solution for Equation 4.46 and hence will completely determine 
Equation 4.44. 

For a fixed-ended cable, we have 



inx 

Y,(x) = sin — 



(iii) 



and, at steady state, the time response qj(t) will be harmonic at the same frequency as the excitation 
frequency co. Elence, we have 



= <2o j sin (cot + (j)j) 



(4.51) 



We see that, for Equation 4.51 to satisfy Equation 4.46 in this undamped problem, we must have <pj = 0. 
Direct substitution gives 



[ _ »‘ + ujMoj — 



which determines q 0 j. Hence, from Equation 4.45, the complete solution for the fixed-ended problem, at 
steady state, is 



2fo \ sin itt a/ 1 rnx 

v(x, t) = - — sin cot > — = y- sin — — 

(coj — CO ) l 



Im 



(4.52) 



Some important results for transverse vibration of strings and cables are summarized in Box 4. 1 . 



4.3 Longitudinal Vibrations of Rods 

It can be shown that the governing equation of the longitudinal vibration of line structures such as rods 
and bars is identical to that of the transverse vibration of cables and strings. Hence, it is not necessary to 
repeat the complete analysis here. We will first develop the equation of motion, then consider BCs, next 
identify the similarity with the cable vibration problem, and will conclude with an illustrative example. 
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Box 4.1 

Transverse Vibration of Strings and 
Cables 



Equation of motion: 



m(x) 



d 2 v(x, t) d 2 V(X, t) 



3f 2 



= T- 



dx 2 



+ f(x, t) 



Separable (modal) solution for free vibration: 

v(x,t) = X y »(*)< 2 >'( f) 



with 



and 



d 2 Y{x) 

— ' 2 h A 2 Yj(x) = 0 (needs two boundary conditions) 



d 2 fl ; (t) 2 

— -jp 1- cojqiit) = 0 (needs two initial conditions) 

Natural frequency: w, = A,-c 



Wave speed: c = J — 

V m 

Traveling- wave solution (long cable, independent of end conditions): 

v(x, t) = Vi (x — ct) + v 2 (x + ct) 



Orthogonality: 



Y ; (x)Y,(x) dx 



0 for i ¥= j 

„ — for i = j 

l 2 ; 



Initial conditions: 

(for initial displacement d(x) and speed s(x)) 



Variable-tension problem: 



<],«>) = y | o d(x)Y;(x)dx 
<?;(0) = y | o s(x)T ; (x)dx 



r) 2 v 0 2 v 3T 9v 

l y — T J + 

3 r 3x 2 3x 3x 



© 2005 by Taylor & Francis Group, LLC 






Distributed-Parameter Systems 



4-15 



4.3.1 Equation of Motion 



Consider a rod that is mounted horizontally (so that the gravitational effects can be neglected) as shown 
in Figure 4.4(a). A small element of length dx (the limiting case of Sx) at position x is shown in 
Figure 4.4(b). The longitudinal strain at x is given by 



e = 



dll 

dx 



(4.53) 



where u(x, t ) = longitudinal displacement of the rod at x from a fixed reference. 

Note that the fixed reference may be chosen arbitrarily but, if the assumption of small u is needed, the 
relaxed (unstrained) position of the element must be chosen as the reference. The longitudinal stress at 
the cross section at x is cr = Es and, hence, the longitudinal force is 

du 

P=EA — (4.54) 

0X 



where 



E = Young’s modulus of the rod 
A = area of cross section 

It is not necessary at this point to assume a uniform rod. Hence, A may depend on x. 
The equation of motion for the small element shown in Figure 4.4(b) is 

, d 2 u(x,t) 

pA dx — — ^ — = P + dP — P + f(x, t)dx 



or 



pA — T dx = dP + f{x, t)dx 
dt 2 1 



(4.55) 



Now, from Equation 4.54, we have 



0 du 

dP = — EA(x) — dx 
0X 0X 



(4.56) 



Force per unit length -f{x,t) 




u 

p 


r(x, 




P+dP 


V 




X4 


X 

-dx 



(b) Area of cross section = A(x) 



FIGURE 4.4 (a) A rod with distributed loading and in longitudinal vibration; (b) a small element of the rod. 
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which when substituted into Equation 4.55 gives 



pA 



9 ~u(x, t ) 



9 u(x, t) 



= —EA(x) 
at ax ax 



+f(x, t) 



For the case of a uniform rod (constant A) in free vibration (f(x, t) = 0), we have 



9 2 u 2 d 2u (x,t) 

9 1 2 dx 2 



(4.57) 



(4.58) 



which is identical to the cable vibration equation 4.3, but with the wave speed parameter given by 

E 

(4.59) 
P 



which should be compared with Equation 4.4. The analysis of the present problem may be carried out 
exactly as for the cable vibration. In particular, the traveling wave solution will hold. Mode shape 
orthogonality will hold also. Even the BCs are similar to those of the cable vibration problem. 



4.3.2 Boundary Conditions 

As for the cable vibration problem, two BCs will be needed along with two initial conditions in order to 
obtain the complete solution to the longitudinal vibration of a rod. Both free and forced vibration maybe 
analyzed as before. For a fixed end at x = x 0 , we will have no deflection. Hence, 

u(x g , t) = 0 (4.60) 



with the corresponding modal end condition 

Xj(xq) — 0 for i= 1,2,3, ... (4.61) 



For a free end at x = x 0 , there will not be an end force. Hence, in view of Equation 4.54, the applicable BC 
will be 



9 u(x 0 , t) 
dx 



= 0 



with the corresponding modal boundary condition 

dX.iXg) 



dx 



= 0 for i = 1, 2, 3, ... 



The mode shapes X,(x) will satisfy the orthogonality property 



/ f 0 for i ¥= j 

Xj(x)X;(x) dx = ] 
o (_ lj for i = j 



as before. It can be easily verified, for example, that, for a rod with both ends fixed 

irrx 



Xj(x) = sin- 



l 



(4.62) 



(4.63) 



(4.64) 



(4.65) 



Example 4.3 

A uniform structural column of length l, mass M, and area of cross section A hangs from a rigid platform 
and is supported on a flexible base of stiffness k. A model is shown in Figure 4.5. Initially, the system 
remains stationary, in static equilibrium. Suddenly an axial (vertical) speed of u 0 is imparted uniformly 
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on the entire column due to a seismic jolt. 
Determine the subsequent vibration motion of 
the column from its initial equilibrium 
configuration. 

Solution 

The gravitational force corresponds to a force per 
unit length 

/(*,*)= 

and Equation 4.57 becomes 

9 2 u(x,t) 2 9 2 w(x, f) Mg 

9f 2 dx 2 pAl 

Since M = pAl, we have 






Y 



9 2 u(x,t) , 9 2 «(x, f) 

9 1 2 = C dx 2 

Boundary conditions are 

u( 0, f) = 0 



Initial conditions are 



+ g (4.66) 

(4.67) 

9 u(l,t) , , 

EA +ku(l,t ) = 0 

dx 

u(x, 0) = 0 
9 u(x, 0) 



msmzmzr/, 

FIGURE 4.5 A column suspended from a fixed plat- 
form and supported on a flexible base. 



9 1 



«0 



We seek the modal summation solution 



«(*, t) = £X-(x)q ; (f) 



where the mode shapes X,-(x) satisfy 



d 2 Xi(x) 2 , _ n 

— ^2 h 4, 7f,(x) — 0 



(4.68) 

(4.69) 

(4.70) 

(4.71) 

(4.72) 



whose solution is 



Xj(x) = C 2 sin A ; x + C 2 cos A pc 

According to Equation 4.67 and Equation 4.68, the modal BCs are 



fy(0) = 0 



EA 



d m 

dx: 



+ kXi(l) 



(4.73) 



(4.74) 

(4.75) 



Substitute Equation 4.74 into Equation 4.73. We have C 2 = 0. Next, use Equation 4.75. We obtain 

EA\ i C l cos A,/ 4- kCi sin A ,-Z = 0 

Since, C 2 ¥* 0 for a nontrivial solution, the required condition is 

EAA, cos A jl + k sin A, / = 0 
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which may be expressed as 



tan A, / + 




(4.76) 



This transcendental equation has an infinite number of solutions A ; , which correspond to the modes of 
vibration. The solution may be made computationally and the corresponding natural frequencies are 
obtained using 



W; = A ; c = 




(4.77) 



Substitute Equation 4.71 into Equation 4.66 and use Equation 4.72 to obtain 

J^XiixYqiit) = -c 2 ^Xi(x)q,(t) + g (4.78) 

Multiply Equation 4.78 by Xj(x) and integrate from x = 0 to l, using the orthogonality property 
(Equation 4.64), to obtain 



lflj(t) + c 2 \jljqj(t ) = g 



Xj(x)dx 



(4.79) 



We normalize the mode shapes as 



Xi(x) = sin A,x 



(4.80) 



where the constant multiplier (Q) has been absorbed into q;(t) in Equation 4.71. Then, 



l. = f sin 2 A,xdx = f —[1 — cos 2A:x]dx = x — — sin 2A ; x = — Z — sin 2A.Z (4.81) 

; J o 2 J o 2 ' 2 L 2Aj ' Jo 2 L 2A ; J 

and 



f 1 

sin X:X dx = — [1 — cos A./] 

J o Aj 

Accordingly, Equation 4.79 becomes 

qj(t) + ( oj qj(t) = y- [1 - cos A jl\ (4.82) 

ij 

where the right-hand side is a constant and is completely known from Equation 4.81 and Equation 4.76, 
and a>j is given by Equation 4.77. Now Equation 4.82, which corresponds to a simple oscillator with 
a constant force input, may be solved using any convenient approach. For example, the particular 
solution is 



and the overall solution is 



djp 



rfb x i 



[1 — cos A :t] 



(4.83) 



qj(t) = Aj sin cojt + Bj cos (Ojt + qj p (4.84) 

The constants Aj and Bj are determined using the initial conditions <j ; (0) and qj(0). These are obtained by 
substituting Equation 4.71 into Equation 4.67 and Equation 4.68, multiplying by Xj(x), and integrating 
from x = 0 to l, making use of the orthogonality property (Equation 4.64). Specifically, we obtain 

qj( 0) = 0 (4.85) 
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and 



<?j( 0 ) = 



«o 



r' 

sin A.x dx = 
o 



yy[l - cos A jl] 

IjAj 



(4.86) 



4.4 Torsional Vibration of Shafts 



Torsional vibrations are oscillating angular motions of a device about some axis of rotation. Examples are 
vibration in shafts, rotors, vanes, and propellers. The governing PDE of the torsional vibration of a shaft 
is quite similar to that we previously encountered of the transverse vibration of a cable in tension and the 
longitudinal vibration of a rod. However, in the present case, the vibrations are rotating (angular) 
motions with resulting shear strains, shear stresses, and torques in the torsional member. Furthermore, 
the parameters of the equation of motion will take different meanings. When bending and torsional 
motions occur simultaneously, there can be some interaction, thereby making the analysis more difficult. 
Here, we neglect such interactions by assuming that only the torsional effects are present or that the 
motions are quite small. 

Since the form of the torsional vibration equation is similar to forms we have studied before, the same 
procedures of analysis may be employed and, in particular, the concepts of modal analysis will be similar. 
However, the torsional parameters will be rather complex for members with noncircular cross sections. 
Nevertheless, vast majority of torsional devices have circular cross sections. 



4.4.1 Shaft with Circular Cross Section 

Here, we will formulate the problem of the torsional vibration of a shaft having a circular cross section. 
The general case of a nonuniform cross section along the shaft is considered, but the usual assumptions 
such as homogeneous, isotropic, and elastic material are made. 

First, we will obtain a relationship between torque (T) and angular deformation or twist (6) for a 
circular shaft. Consider a small element of length dx along the shaft axis and the cylindrical surface at a 
general radius r (in the interior of the shaft segment), as shown in Figure 4.6(a). During vibration, this 
element will deform (twist) through a small angle d6. 

A point on the circumference will deform through r d0 as a result, and a longitudinal line on the 
cylindrical surface will deform through angle y, as shown in Figure 4.6(a). From the strength of materials 
and elasticity theory of solid mechanics, we know that y is the shear strain. Hence, 

, . r dd 

Shear strain y = — — 
dx 





FIGURE 4.6 (a) Small element of a circular shaft in torsion; (b) shear stresses in a small annular cross section 

carrying torque. 
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However, allowing for the fact that the angular shift 0 is a function of t as well as x in the general case of 
dynamics, we use partial derivatives and write 

9 9 

y=r— (4.87) 

9x 

The corresponding shear stress at the deformed point at radius r is 

90 

r=Gy=Gr — (4.88) 

dx 



where G = shear modulus. 

This shear stress acts tangentially. Consider a small annular cross section of width dr at radius r of 
the shaft, as shown in Figure 4.6(b). By symmetry, the shear stress will be the same throughout this 
region and will form a torque of rrX 2 tt r dr = 2'TTr 2 rdr. Hence, the overall torque at the shaft cross 
section is 

T = I 2Trr 2 Tdr 



which, in view of Equation 4.88, is written as 

90 f . 

T = G — I'ur dr 
dx J 

It is clear that the integral term is the polar moment of area of the shaft cross section: 

7=| 2Trr 3 dr 



(4.89) 



(4.90) 



In particular, for a solid shaft of radius r 




and, for a hollow shaft of inner radius r l and the outer radius r 2 



So, we write Equation 4.89 as 



7 r 4 4 \ 

/ = y(C “ h) 



T = 



GJ(x) 



90 

9x 



(4.91) 



(4.92) 



(4.93) 



The combined parameter GJ is termed the torsional rigidity of the shaft. We have emphasized that the 
shaft may be nonuniform and hence / is a function of x. Consider a uniform shaft segment of length l, 
with associated overall angular deformation 0. Equation 4.93 can be written as 



Torsional stiffness K = — 
9 



GJ_ 

l 



(4.94) 



Note: For a shaft with noncircular cross section, replace / by J t in this equation. It follows that, the 
larger the torsional rigidity GJ, the higher the torsional stiffness K, as expected. Furthermore, longer 
members have a lower torsional stiffness (and smaller natural frequencies). 

Now, we apply Newton’s Second Law for rotatory motion of the small element dx, shown in 
Figure 4.6(a). The polar moment of inertia of the element is J r 2 dm = J r 2 p dx dA = p dx J r 2 dA = pj 
dx, where J is the polar moment of area, as discussed before. Also, suppose that a distributed external 
torque of t(x, t) per unit length is applied along the shaft. Hence, the equation of motion is 

02 q 3 X" 

pj dx — T = T + dT — T + t(x, f)dx = — dx + t(x, f)dx 
9r 9x 
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Substitute Equation 4.93 and cancel dx to obtain the equation of torsional vibration of a circular 
shaft as 



PJ 



8“ d(x , f) 9 



= — GJ(x) 
dx 



9 6(x, t ) 



+ t(x, t ) 



9 t 9x dx 

For the case of a uniform shaft (constant /) in free vibration (t {x,t) = 0), we have 

d 2 0(x,t) 2 d 2 6(x,t) 

dt 2 dx 2 



(4.95) 



(4.96) 



with 



c = 




(4.97) 



Note that Equation 4.96 is quite similar to that for transverse vibration of a cable in tension and the 
longitudinal vibration of a rod. Hence, the same concepts and procedures of analysis may be used. In 
particular, two boundaries conditions will be needed in the solution; for example 



The orthogonality property of mode shapes © ; (x): 



0j(x)0j(x)dx ■ 



Fixed end atx = x 0 : d(x 0 , t) = 0 
dd(x 0 ,t) 

Free end at x = x n : = 0 

0 dx 

' 0 for i ^ j 
lj for i = j 



(4.98) 

(4.99) 



(4.100) 



4.4.2 Torsional Vibration of Noncircular Shafts 



Unlike the longitudinal and transverse vibrations of rods and beams, when considering the torsional 
vibration of shafts, the equation of motion for circular shafts (Equation 4.95 and Equation 4.96) cannot 
be used for shafts with noncircular cross sections. The reason is that the shear stress distributions in the 
two cases can be quite different, and Equation 4.88 does not hold for noncircular sections. Hence, the 
parameter / in the torque- deflection relations (e.g., Equation 4.93 and Equation 4.94) is not the polar 
moment of area in the case of noncircular sections. In the noncircular case, we write 

dd 

T = GJ t — (4.101) 



where J t = torsional parameter. 

The Saint-Venant theory of torsion and the related membrane analogy, developed by Prandtl, have 
provided equations for J, in special cases. For example, for a thin hollow section 



where 




(4.102) 



A s = enclosed (contained) area of the hollow section 
p = perimeter of the section 
t = wall thickness of the section 



For a thin, solid section, we have 



J,= 



t 3 a 

~Y 



(4.103) 
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where 

a = length of the narrow section 
t = thickness of the narrow section 

Torsional parameters for some useful sections are given in Table 4.2. 



TABLE 4.2 Torsional Parameters for Several Sections 



Section 



Solid circular 



Hollow circular 



Thin closed 



Thin open 



Solid square 



Hollow square 



Shape 



Torsional Parameter /, 




a l a 2 

a, 



ir 4 

— r 



2 



| (ri-rf) 



4 tA] 

P 



3 



0.1406u 4 



0.1406(a| - at) 
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Example 4.4 

Consider a thin, rectangular hollow section of thickness t, height a, and width a/2, as shown in 
Figure 4.7(a). Suppose that the section is opened by making a small slit as in Figure 4.7(b). Study the 
affect on the torsional parameter J t and torsional stiffness K of the member due to the opening. 

Solution 

(a) Closed section: 

The contained area of the section is A s = a 1 12 

The perimeter of the section p = 3a 

Using Equation 4.102, the torsional parameter is 




(b) Open section: 

The solid length of the section = 3 a 

Using Equation 4.103, the torsional parameter is 

I to = at 3 

The ratio of the torsional parameters is 

Jto _ 3 1 2 

Jt C a 2 

For members of equal length, torsional stiffness will also be in the same ratio as is given by this 
expression. Since t is small compared with a, there will be a significant drop in torsional stiffness due to 
the opening (cutout). 

Example 4.5 

An innovative automated transit system uses an elevated guideway with cars whose suspension is 
attached to (and slides on) the side of the guideway. Owing to this eccentric loading on the guideway, 



a/2 




FIGURE 4.7 (a) A thin closed section; (b) a thin open section. 
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Support 

Pier 




Support 

Pier 



there is a significant component of torsional dynamics in addition to bending. Assume that the torque Tj 
acting on the guideway due to the jth suspension of the vehicle to be constant, acting at a point Xj as 
measured from one support pier, and moving at speed v r A schematic representation is given in 
Figure 4.8. The guideway span shown has a length L and a cross section which is a thin-walled rectangular 
box of height a, width b, and thickness t. The ends of the guideway span are restrained for angular motion 
(i.e., fixed): 



(a) Formulate and analyze the torsional (angular) motion of the guideway. 

(b) For a single point vehicle entering a guideway that is at rest, what is the resulting dynamic 
response of the guideway? What is the critical speed that should be avoided? 

(c) Given the parameter values 

l = 60 ft (18.3 m) 

abt = 5ffX2.2ftX — ft (1.52 m X 0.67 m X 0.15 m) 

p = 4.66 slugs/ft 3 (2.4 X 10 3 kg/m 3 ) 

G = 1.55 X 10 6 lb/in. 2 (1.07 X 10 10 N/m 2 ) 

and vehicle speed 

v = 60 mi/h (26.8 m/sec) 

Compute the crossing frequency ratio given by 

Rate of span crossing 

c Fundamental natural frequency of guideway 
and discuss its implications. 



Solution 



(a) For a uniform guideway with distributed torque load i(x, t) and a noncircular cross section having 
torsional parameter J t , the governing equation is 



9 2 d{x,t) 9 2 0 

PJ — rp — = G h y-r + t(x, f) 
9f- dx 



As usual, the mode shapes are obtained by solving 

d 2 © 



dx 2 



+ A 0=0 



and the corresponding natural frequencies are given by 

a>; = A-jy/GJ/pJ, 



(4.104) 



(4.105) 



(4.106) 
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The general solution of Equation 4.105 is 

0(x) = A 1 sin Ax + A 2 cos Ax 

where A i ( i =1,2) are the constants of integration. The torsional BCs corresponding to the fixed 
ends (no twist) are 

0(0) = 0 ( 1 ) = 0 



where l = guideway span length. For a nontrivial solution, we need 

A 2 = 0 



and 



A,= 



IT 

7 



i= 1,2,... 



(4.107) 



The solution corresponds to an infinite set of eigenfunctions ©,(x) satisfying Equation 4.105. Each 
of these represents a natural mode in which the beam can undergo free torsional vibrations. The 
actual motion consists of a linear combination of the normal modes depending on beam initial 
conditions and the forcing term -fix, f). The integration constant A 1 may be incorporated 
(partially) into the generalized coordinate q, which is still unknown and is determined through 
initial conditions. Elere, we use the normalized eigenfunctions 



_ r 1TTX 

0j(x) — v2 sin — — — i=l,2,... 



The orthogonality condition given by 



1 

7 



0 1 0j dx = 



{: 



for i j 
for i = j 



(4.108) 



(4.109) 



is satisfied. In view of the relations (Equation 4.106 and Equation 4.107) the natural frequencies 
corresponding to different eigenfunctions (natural mode shapes) are 

w;=yVGfr^ i= 1,2,... (4.110) 

For n number of vehicle’s suspensions located on the analyzed span 

n 

frx, t) = ^ Tj8(x — x 0 j — Vjt) (4.111) 

l=i 



where 

Tj = torque exerted on guideway by the ;th suspension 
Vj = speed of the jth suspension 

x 0 j = initial position (at t = 0) along the guideway of the jth suspension 
S(-) = Dirac delta function 

The forced motion can be represented in terms of the normalized eigenfunction as 

OO 

6(x, t) = £ qi(t ) ©;(x) (4. 1 12) 

;= i 

where q t (t) = the generalized coordinate for forced motion in the fth mode. On substituting the 
relations (Equation 4.111 and Equation 4. 1 12) into Equation 4. 104, and integrating the result over 
the span length, after multiplying by a general eigenfunction while making use of the 
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orthogonality relation (Equation 4.109), one obtains 



d 2 qj 

d t 2 



+ cojqi — 



X T j@i( x oj + v?) 



i= 1,2,... 



(4.113) 



(b) For a single suspension entering the guideway at t = 0, with the guideway initially at 
rest (q t ( 0) = <j ; ( 0) = 0), we have n = 1 and x 0l = 0. Then, the complete solution of 
Equation 4.113 is 



qt(t) = 



s/2lT^ sin — - — — 2v c sin ru,tj 
GWH 1 - v 2 c ) 



i = 1,2, 



where the crossing-frequency ratio v c is given by 

v 



v c = 



lco l 



(4.114) 



(4.115) 



Note from Equation 4.114 that the critical speed corresponds to v c = 1 and should be 
avoided. In typical transit systems, v c is considerably less than 1. 

(c) For the given numerical values, by straightforward computations, it can be shown that 

J t = 3.485 X 10 5 in. 4 (1.451 X 10 7 cm 4 ) 

/ = 4.574 X 10 5 in. 4 (2.736 X 10 7 cm 4 ) 

co l = 263.8 rad/sec = 42.0 Hz 

Note: We used the expression for a thin, hollow section, given in Table 4.2, in computing/,. Finally, 
the crossing- frequency ratio is computed to be v c = 0.017, which is much less than 1.0, as expected. 



4.5 Flexural Vibration of Beams 



In this section, we will study a beam (or rod or shaft) in flexural vibration. The vibration is in the 
transverse or lateral direction, which is accompanied by bending (or flexure) of the member. Hence, the 
vibrations are perpendicular to the main axis of the member, as in the case of a cable or string, which we 
studied in Section 4.2. However, a beam, unlike a string, can support shear forces and bending moments 
at its cross section. In the initial analysis of bending vibration, we will assume that there is no axial force 
at the ends of the beam. We will make further simplifying assumptions that will be clear in the 
development of the governing equation of motion. The analysis procedure will be quite similar to that we 
have followed in the previous sections. 

The study of the bending vibration (or lateral or transverse vibration) of beams is very important in a 
variety of practical situations. Noteworthy are the vibration analyses of structures like bridges, vehicle 
guideways, tall buildings, and space stations; the ride quality and structural integrity analysis of buses, 
trains, ships, aircraft and spacecraft; the dynamics and control of rockets, missiles, machine tools and 
robots; and the vibration testing, evaluation, and qualification of products with continuous members. 

4.5.1 Governing Equation for Thin Beams 

Now, we will develop the Bernoulli- Euler equation, which governs the transverse vibration of thin beams. 
Consider a beam bending in the x-y plane, with x as the longitudinal axis and y as the transverse axis of 
bending deflection, as shown in Figure 4.9. We will develop the required equation by considering the 
moment- deflection relation, rotational equilibrium, and transverse dynamics of a beam element. 
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FIGURE 4.9 A thin beam in bending. 

(1) Moment- deflection relation 

A small beam element of length Sx subjected to bending moment M is shown. Neglect any transverse 
deflections due to shear stresses. Consider a lateral area element 8A in the cross section A of the beam 
element, at a distance w (measure parallel to y) from the neutral axis of bending. 

Normal strain (at 8A) 

U? + w)80- £80 
B ~ £80 

Note that the neutral axis joins the points along the beam when the normal strain and stress are zero. 
Hence, 

w 

e= R (4.116) 

where R = radius of curvature of the bent element. Normal stress in the axial direction 

cr=Es = E — (4.117) 

where E = Young’s modulus (of elasticity). Then, bending moment 

f , f 2 E , E f 2 , El 
)a ) R £J R 

where I = second moment of area of the beam cross section about the neutral axis. So, we have 

El 

M= — (4.118) 

Slope at A = 3v/0x; slope at B = (3v/3x) + (3 2 v/3x 2 )8x; where v = lateral deflection of the beam at 
element 8x. Hence, the change in slope = (3 2 v/3x 2 )8x =80, where 80 is the arc angle of bending for the 
beam element 8x, as shown in Figure 4.9. 
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Also, we have 8 x = R 80. Hence, (d 2 v/dx 2 )R 80 = 80. Cancel 80. We obtain 



1 d 2 v 
R ~ dx 2 



Substitute Equation 4.119 into Equation 4.118. We obtain 



M=EI- 



r 0 V 

dx 2 



(4.119) 



(4.120) 



(2) Rotatory dynamics (equilibrium) 

Again, consider the beam element 8x, as shown in Figure 4.10, where forces and moments acting on 
the element are indicated. Here, / (x, t) = excitation force per unit length acting on the beam, in the 
transverse direction, at location x. Disregard the rotatory inertia of the beam element. 

Hence, the equation of angular motion is given by the equilibrium condition of moments: 

M+QSx- lM + —0x1 = 0 



or 



0M 0 , 

Q = = —[EI—r 

dx dx 1 ''- 9 



( h S) 



(4.121) 



where the previously obtained result (Equation 4.120) for M has been substituted. Note that we have not 
assumed a uniform beam and hence I = I(x) will be variable along the beam length. 

(3) Transverse dynamics 

The equation of transverse motion (Newton’s Second Law) for element Sx is 



( pA 8x) ^ = f(x, f)Sx + Q - ^Q+ -r^Sx^ 



Here, p = mass density of the beam material. So, we obtain 



pA 



0“ v 0Q 

+ 



1 fix, t ) 



or, in view of Equation 4. 1 2 1 , we have the governing equation of forced transverse motion for the beam as 



0 v 



0" 



K) 






(4.122) 



x x + 8x 



> 






V 

y 



M 



C 



fix,t)hx 



IA 



ev 



dM 

M + — — ox 
dx 



dQ 
Q + ^ 

dx 



FIGURE 4.10 Dynamics of a beam element in bending. 
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4.5.2 Modal Analysis 



The solution to the flexural vibration problem given by Equation 4.122 may be obtained exactly as for other 
continuous members. Specifically, we first obtain the natural frequencies and mode shapes and express the 
general solution as a summation of the modal responses. The approach is similar for both free and forced 
problems, but the associated generalized coordinates will be different. This approach is followed here. 

For modal (natural) vibration, consider the free motion described by 




(4.123) 



For a uniform beam, El will be constant and Equation 4.123 can be expressed as 

d 2 v(x, t ) 2 f) 

9? C dx 4 



(4.124) 



where 




(4.125) 



Observe from Equation 4.124 that it is fourth order in x and second order in t, whereas the governing 
equations for the transverse vibration of a cable, longitudinal vibration of a rod, and torsional vibration 
of a shaft, are all identical in fourth and second order in x. So the behavior of transverse vibrations of 
beams will not be exactly identical to that of these other three types of continuous system. In particular, 
the traveling wave solution 4.7 will not be satisfied. However, there are also many similarities. 

In each mode the system will vibrate in a fixed shape ratio. Hence, the time and space functions will be 
separable for a modal motion; we seek a solution of the form 



v(x, f) = Y(x)q(t ) 



(4.126) 



This separable solution for a modal response has been justified previously. Note that, even in the lumped 
parameter case, we make the same assumption, except in that case we have a modal vector 




instead of a mode shape function Y(x). For a given mode of a lumped parameter system, Y t values denote 
the relative displacements of various inertia elements m h as shown in Figure 4.11. Hence, the vector Y 
corresponds to the mode shape. Note that Y ; can be either positive or negative. Also, q(t) is the harmonic 
function corresponding to the natural frequency. 

It should be clear that Y and q(t) are separable in this lumped-parameter case of modal motion. 
Then, in the limit, Y(x) and q(t) should also be separable for the distributed parameter case. 

Substitute Equation 4.124 into Equation 4.123, 
and bring the terms containing x to the left-hand 
side (LHS) and terms containing t to the right- 
hand side (RHS). 

1 d 2 / d 2 Y \ 1 d 2 < q 2 

pAY dx 2 l dx 2 ) q(t) df 2 

v ' (4.127) 

Y x q(t) Y 2 q(t) Y 3 q(t) Y A q(t) 

Since a function of x cannot be equal to a function 

of t in general, unless each function is equal to the FIGURE 4.11 Modal motions of a lumped-parameter 
same constant, we have defined co 2 as a constant. system. 
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We have not shown that this separation constant (co 2 ) should be positive. This requirement can be 
verified due to the nature of the particular vibration problem; that is, q(t) should have an 
oscillatory solution in general. It is also clear that the physical interpretation of co is a natural 
frequency of the system. Equation 4.127 corresponds to the two ODEs, one in t and the other in 
x, as 



d 2 q(t) 

dt 2 



+ co 2 q(t) = 0 



d 2 d 2 Y(x) 

PI 

dx 2 dx 2 



co 2 p AY (x) = 0 



(4.128) 

(4.129) 



The solution of these two equations will provide the natural frequencies co and the corresponding 
mode shapes Y(x) of the beam. 

For further analysis of the modal behavior, assume a uniform beam. Then, El will be constant and 
Equation 4.129 may be expressed as 

- A 4 T(x) = 0 (4.130) 

where 



co = A 2 c = 




(4.131) 



The positive parameter A is yet to be determined, and will come from the mode shape analysis. 

The characteristic equation corresponding to Equation 4.130 is 

p 4 - A 4 = 0; or, (p 2 - A 2 )(p 2 + A 2 ) = 0 (4.132) 



The roots are 



p=±\,±j\ (4.133) 

Hence, the general solution for a mode shape (eigenfunction) is given by 

Y(x) = 7l 1 e' u + A 2 e _Ax A 3 e +jAx 4- A 4 e _4A * = Q cosh Ax + C 2 sinh Ax + C 3 cos Ax + C 4 sin Ax 

(4.134) 



There are five unknowns (C 1; C 2 , C 3 , C 4 , and A) here. The mode shapes can be normalized and one of 
the first four unknowns can be incorporated into q(t) as usual. The remaining four unknowns 
are determined by the end conditions of the beam. So, four BCs will be needed. 

Note: 



e Ax q. e -Ax 

cosh Ax = 



pM* 4. P -i A * 
cos Ax = 



— cosh Ax = A sinh x; 
dx 



e A * _ e ~ A * 
sinh Ax = 



pW — p-j** 

sin Ax = 

2 ; 



— sinh x = X cosh x 
dx 



4.5.3 Boundary Conditions 

The four modal BCs that are needed can be derived in the usual manner, depending on the conditions at 
the two ends of the beam. The procedure is to apply the separable (modal) solution Equation 4.126 to the 
end relation with the understanding that this relation has to be true for all possible values of q(t). The 
relation (Equation 4.128) may be substituted as well, if needed. 
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For example, consider an end x = x 0 that is completely free. Then, both bending moment and shear 
force have to be zero at this end. From Equation 4.120 and Equation 4.121, we have 



d 2 v(x 0 , t) 

El ^ — 

3x 2 



= 0 



0 / 9 2 v(x 0 ,f)\ 

dx \ dx 2 ) 



= 0 



(4.135) 

(4.136) 



Substitute Equation 4.126 into Equation 4.135 and Equation 4.136: 

d 2 y(xo) 

d d 2 y(x 0 ) 

Tx El ^m = o 



which are true for all q(t). Hence, the following modal BCs result for a free end: 

d 2 y(x 0 ) 



dx 



El 



dx 2 
d 2 Y(x 0 ) 



= 0 



dx 2 



= 0 



For a uniform beam, Equation 4.137 becomes 



d 3 E(*b) 

dx 3 



(4.137) 

(4.138) 



Some common conditions and the corresponding modal BC equations for the bending vibration of a 
beam are listed in Box 4.2. 



4.5.4 Free Vibration of a Simply Supported Beam 

To illustrate this approach, consider a uniform beam of length l that is pinned (simply supported) at both 
ends. In this case, both displacement and the bending moment will be zero at each end. Accordingly, we 
have the modal boundary conditions 



7(0) = 0 = Y(l ) 

d 2 E(0) _ n _ d2y ( ? ) 

dx 2 dx 2 

where l = length of the beam. Substitute Equation 4.134 into Equation 4.139: 

Ci + C 3 = 0 

Ci cosh A 1 + C 2 sinh A l + C 3 cos A l + C 4 sin XI = 0 



(4.139) 

(4.140) 



(4.141) 

(4.142) 



To apply the bending moment BCs, first differentiate Equation 4.134 to obtain 
d7 



dx 



= ACi sinh Ax 4- AC 2 cosh Ax — AC 3 sin Ax + AC 4 cos Ax 



d 2 y , , , 

— T = A 2 Ci cosh Ax + A 2 C 2 sinh Ax — A 2 C 3 cos Ax — A 2 C 4 sin Ax 
dx- 



and the substitute these into the bending moment BCs (Equation 4.140). We obtain 

Ci - C 3 = 0 

Ci cosh A / + C 2 sinh A l — C 3 cos A l — C 4 sin XI = 0 



(4.143) 

(4.144) 
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Box 4.2 




Boundary Conditions for Transverse 
Vibration of Beams 


1. Simply supported (pinned) 


Deflection = 0 => Y = 0 




, d 2 T 

Bending moment = 0 =*■ — = 0 
cbr 


2. Clamped (fixed) 


Deflection = 0 => Y = 0 




, dy 

Slope = 0 => — — = 0 
ax 


3. Free 


d 2 Y 

Bending moment = 0 => -pj- = 0 

, , d d 2 y 

Shear force = 0 =*■ —El — — T = 0 
ax ax 


4. Sliding 


, dY 

Slope = 0 => — — = 0 
dx 

, r d d 2 y 

Shear force = 0 =*■ —El — =- = 0 
dx dx 


5. Dynamic (flexible, inertial, etc.) 


Transverse equation of motion (or force balance) 

Substitute Equation 4.128, if needed 

Rotatory equation of motion (or moment balance) 



as A 0 in general, due to the oscillatory nature of most modes. Equation 4.141 and Equation 4.143 give 
Q = 0 = C 3 . Then, 

Equation 4.142 becomes: 

Equation 4.144 becomes: 



Add 



C 2 sinh A l + C 4 sin AZ = 0 
C 2 sinh A l — C 4 sin AZ = 0 

C 2 sinh AZ = 0 



However, sinh AZ = 0 if and only if A = 0. This corresponds to zero -frequency conditions (no 
oscillations), and is rejected as it is not true in general. Hence, we have C 2 = 0. Accordingly, we are left 
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with the remaining equation: 



C 4 sin AZ = 0 



(4.145) 



However, if C 4 = 0 then Y(x) = 0, which corresponds to a stationary beam with no oscillations, and is 
rejected as the trivial solution. Hence, the valid solution is given by sin AZ = 0 which gives the infinite set 
of solutions: 



A ; Z = irr for i = 1, 2, 3, . . . (4.146) 

Note that we must have i > 0 because A has to be nonzero, thereby giving nonzero natural frequencies 
according to Equation 4.131, as required for the given problem. 

4.5.4. 1 Normalization of Mode Shape Functions 

For absorbing the yet unknown constant C 4 into q(t), we will normalize the mode shape functions. The 
commonly used normalization condition is 

f/ i 

Yf dx = - (4.147) 

Jo 2 



Hence, 



Z 

2 



9 . 9 , 9 

C 4 sin" — — dx = Ci 



rl 

si 

o 



2 nrx 

sin — — dx = 



Cl 



Note that we used cos 2 6= 1 — 2sin 2 0 prior to integration. Then, for normalized mode shape 
functions, we have C 4 = 1. Hence, the normalized eigenfunctions (mode shape functions) for various 
modes are given by 



w i • lJiX 

Yi{x) = sin — 



for i = 1, 2, 3, ... 



(4.148) 



Using the result (Equation 4.146) in Equation 4.131, the natural frequencies of the Zth mode are 



0)i = 




for i = 1, 2, 3, ... 



(4.149) 



In this manner, we have obtained an infinite set of mode shape functions Y t (x) for a simply supported 
beam. Hence, according to the solution (Equation 4.126), we have a corresponding infinite set of 
generalized coordinates q t ( t), i= 1,2,3,..., which satisfy Equation 4.128. It follows that the overall 
response of the beam is 

v(x, t) = ^ Y ,(x)q,(t) (4.150) 



4.5.4. 2 Initial Conditions 

We have yet to solve Equation 4. 128 for determining q t (t). To do so, we need to know the initial conditions 
q t ( 0) and (j,(0). These are determined from the beam initial conditions of displacement and speed, which 
have to be known: 



0v(x, 0) 

at 



= d(x) 


(4.151) 


= s(x) 


(4.152) 


juation 4.152 to obtain 




)) = d(x) 


(4.153) 


)) = s(x) 


(4.154) 
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Multiply by Yj(x) and integrate from x = 0 to l, using the orthogonality property of 
Yj(x) = sin(iTrx/i); namely 



We obtain 



1 irrx nrx 

sm — — sin — — ax = 
o / / 



0 for i # j 

, — for i = j 

l 2 ' 



q }(°) = y | o d(x)Yj(x)dx 



2 r l 

qj(°) = - s(x)Yj(x)dx 
l J o 



(4.155) 



(4.156) 



(4.157) 



In this manner, (j ; (f) is completely determined for each w; by solving Equation 4.128, using the 
initial conditions (Equation 4.156 and Equation 4.157). Hence, the complete solution (Equation 
4.150) is determined for the free bending vibration of a simply supported beam. 



4.5.5 Orthogonality of Mode Shapes 

We have seen that the mode shapes of simply supported beams in bending vibrations are orthogonal 
(see Equation 4.155). This property is not limited to simply supported beams but holds for most BCs, as 
we will show now. First, from integration by parts, twice, we have 



1 d 4 7, d 3 Yj 

y L Hr — y L 

o 1 ck 4 1 ck 3 



n Jo cbc d * 3 



d 3 Y, 

Y - 

' dx 3 



dY ; d 2 Yj 
cbc dx 2 



+ 



d 2 Y; d 2 Yj 
o dx 2 dx 2 



dx (4.158) 



Now consider two separate modes, i and j, which have the modal equations 



d 4 Y 

Mode i : —2 = A 4 Y, 
ax 1 



(a) 



Mode; : 




A 4 Y ; 



(b) 



Multiply Equation (a) by Y ; -, multiply Equation (b) by Y ; , integrate both with respect to x from 0 to /, 
make use of Equation 4.158 and subtract the second result from the first. We obtain 



(A; 



- A 4 ) Y;Y;dx = 
0 



:(* 



d 4 Y; 

dx 4 



- Y 



d 4 Y ; 

dx 4 



= Y 



d 3 Y 



dY ; d 2 Y ; 



1 dx 3 dx dx 2 



f) dx 



d 3 Y ; dY, d 2 Y ; 



(4.159) 



dx 3 dx dx 2 



Clearly, the two RHS terms are zero for typical BCs, such as pinned, fixed, free, and sliding. Now, since 
A ; A j for i ¥= j (unequal modes), we have 

J Yj Y j dx — 0 fori#; Z ; - for i = ; (4.160) 

Note that normalized mode shape functions may be used here to obtain the constant lj = 1/2. 
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4.5.5. 1 Case of Variable Cross Section 



The orthogonality of mode shapes holds for nonuniform beams as well. Here, El is not constant. We use 
integration by parts: 



' d 2 d 2 y ; , 
v FI - dx = 

’ dx 2 dx 2 



~l> 




-it 



dY, 

dx 



El 



d 2 Y i 



M JO 



+ 



r' d 2 y, d 2 y, 



I o dx 2 



dx 2 



r dx 



(4.161) 



Again, the first two terms on the RHS are zero for typical BCs. Then, as before, we use the modal 
equations (Equation 4.129) for two different modes, i and j: 



d 2 d 2 Y ; , 
d^ EI dF ~ MlpAYi 



d 2 d 2 T. 2 
dx^dx^ <1J]PAY) 

Multiply the first equation by Y p the second equation by Y n subtract the second result from the first, 
integrate the result form x = 0 to /, and finally use Equation 4.161 to cancel the equal terms. We obtain 



/ 2 2 , 

(«; - W ) 



pAYiY: dx - 



d d 2 Y; 

Y FI - 

1 dx dx 



d d 2 Y; 
— v El 

l dx dx 



r I/ 

l 

_ 0 



+ 



^EI^-^EI^l 

dx dx 2 dx dx 2 0 



(4.162) 



Now, as before, for common BCs, the second and third boundary terms in Equation 4.162 will vanish. 
Hence, after canceling the term coj — w 2 , which is # 0 i ¥= j, we obtain the orthogonality condition for 
nonuniform beams as 



ri f 0 for i j 

pAYjYj dx = -I (4.163) 

Jo ( atj for i = j 



The general steps for the modal analysis of a distributed-parameter vibrating system are summarized in 
Box 4.3. 



4.5.6 Forced Bending Vibration 

The equation of motion is 

9 2 3 2 v 9 2 v 

+ P A YAT =/(*’£) (4.164) 

dx- dx 9r 

Assume a separable, forced response: 

v(x, f) = X ‘jKOi'Kx) (4.165) 



where q t {t) are the generalized coordinates in the forced case. Substitute Equation 4.165 into Equation 
4.164 in the beam equation: 

d 2 d 2 Y ; (x) v- „ 

X H — ^ F pA X = fix, t) 
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Box 4.3 

Modal Analysis of Continuous Systems 



Equation of free (unforced) motion: 



where 



L(x, t)v(x, t) = 0 



(i) 



v(x, t ) = system response 

L(x, t) = partial differential operator in space (x) and time (f) 



Model solution: 

Assume a separable solution 



v(x, t) = Y(x)q(t ) 



(ii) 



because a modal response is separable in time and space. 

Note: 

Y(x) = mode shape 

q(t) = generalized coordinate for free response 

Note: For two- and three-dimensional space systems, time and space will still be separable for a 
modal response. However, the space function itself may not be separable along each coordinate 
direction. 

Steps: 

1. Substitute Equation (ii) in Equation (i) and separate the space function (of x) and the time 
function (of t ), each of which should be equal to the same constant. 

2. Solve the resulting ODE for Y(x) using system boundary conditions. We obtain an infinite 
set of mode shapes Y,-(x), up to one unknown (removed by normalization), and natural 
frequencies w ; . 

3. Solve the ODE for q(t) using system initial conditions to determine q,(f) for mode i. 
(The orthogonality of Y ; (x) will be needed to establish the initial conditions for q,(f).) 

4. Overall response 

v(x, 0 = X Yitoqfc) 



The first term on the LHS, on using the mode shape equation 4.129, becomes q^tipAcojYjix). Multiply 
the result by Yj(x) and integrate with respect to x[0, 1], We obtain 

cojqij(t) j pAY?(x)dx + %j(t) j pAYf(x) dx= J Yj(x)f(x,t)dx 

' m ' 

Each of the two integrals on the LHS evaluates cq according to Equation 4.163. Hence, 

%j(t) + a>jqj(t) = forj= 1,2,3,... (4.166) 

a j 
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We can then solve this equation to determine the generalized coordinates qft), using the knowledge of 
the forcing function /j(f) and the initial conditions qj( 0) and (dqj/dt)(0). Specifically, if the initial 
displacement and speed of the beam are given by Equation 4.151 and Equation 4.152, respectively, by 
following the procedure that was adopted to obtain the results (Equation 4.156 and Equation 4.157), we 
determine 



1 f l 

qAO) = — pAd(x)YAx) dx 

a, J o 

dq,(0) 1 f' 

— — = — pAs(x)Yj(x) dx 

dt otj J o 



(4.167) 

(4.168) 



Finally, we obtain the overall response of the forced system as 



v(x, f) = X ‘lUU*) 
i 



(4.169) 



The main steps in the forced response analysis are summarized in Box 4.4. 



Box 4.4 

Forced Response of Continuous 
Systems 

Equation of forced motion: 

L(x, t)v(x, t) = L^x, t)f(x, t) (i) 

where 

v(x, t) = forced response of the system 

f(x, t) = distributed force per unit space 

L and L x are partial differential operators in space and time 

Steps: 

1. Substitute the modal expansion 

v(x, t) = Y/iMU t) (ii) 

in Equation (i), where 
Yj(x) = mode shapes 

qi(t) = generalized coordinates for forced motion 

2. Multiply by Yj(x) and integrate with respect to space (x) using orthogonality 

m(x)Yi(x)Y :(x)dx = 0 for i ¥= j (iii) 

Jo 

Note: Additional boundary terms are present in Equation (iii) when there are lumped elements 
at the system boundary. 

3. Determine the initial conditions for q,(t). We require Equation (iii) for this. 

4. Solve the ODE for qSt) using the initial conditions. 

5. Substitute the results into Equation (ii). 
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FIGURE 4.12 A pump mounted on a simply supported beam. 



Example 4.6 

A pump is mounted at the midspan of a simply supported thin beam of uniform cross section and length 
/. The pump rotation generates a transverse force f 0 cos cot, as schematically shown in Figure 4.12. 
Initially, the system starts from rest, from the static equilibrium position of the beam, such that 

c)v(x, t) 

v(x, t) = 0 and — = 0 at f = 0 

dt 

It is necessary to obtain the transverse response v(x, t ) of the beam in the form of a modal summation 
during operation of the pump. 

First, determine qj(t) in terms of f 0 , co , coj and the beam parameters p, A, and l, assuming that the beam 
is completely undamped. Are all modes of the beam excited by the pump? If the beam is lightly damped, 
what would be its steady-state response? 

In particular, what is the steady-state response of the beam at the pump location? Sketch its amplitude 
as a function of the excitation frequency co. 



Solution 

Using the Dirac delta function S(x), we can express the equation of forced motion of the beam as 

3 4 v 9 2 v r / l \ 

+pA —2 =f 0 coscot8\x- -J (4.170) 

Substitute v(x, t) = y Y i (x)q i (t), where normalized mode shapes for the simply supported beam are 
Yj(x) = sin iitx/l, multiply by Yj(x), integrate over x = [0, /] and use the orthogonality of mode shapes. 
We obtain 



El l 



/ iic \ 4 Z l h r 

I t ) 2 q ; (t ) + ( >A 2 = Jo cos sm y 



Note: 



Hence, from Equation 4.149, we obtain 



where 



p(x)S(x — a) dx = p(a) 



qj + coj qj = ctj cos cot 



(4.171) 



2/o . .TT 

a; = — - sm i — 
7 pAl J 2 



The given initial conditions are satisfied if and only if qj( 0) = 0 and qj( 0) = 0 for all j. 
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Hence, the complete solution is 



%(f) = 



-= — X-[C0S COt — COS to.f] 

(coj - CO 1 ) 



It follows that the total response is 



v(x, t) 



2/o v- sin jTt/2 

pAl 2- (to 2 — co 2 ) 



TTX 

sin j — [cos cot — cos 



COjt] 



(4.172) 



(4.173) 



Clearly, sinf/ir^) = 0 for even values of j. We see that even modes of the beam are not excited by the 
pump. This is to be expected because, for even modes, the midspan is a node point and has no motion. 
If the beam is lightly damped, its natural response terms (cos co/t) will decay to zero with time. Hence, the 
steady-state response will be 



v ss (*, f) 



2/o 

pAl 



cos cot 



X 



sin/rr/2 sin jnx/l 

(oj - CO 2 ) 



(4.174) 



At the pump location ( x = 1/2), the steady-state response is 



, s (7/2, 0=4 



sin 2 /TT/2 
, cos cot > — 3 T 
pAl <-' 1 - -' 2 



2/o 



(CO 2 - co 2 ) pAl 



cos cotl 



1 



+ 



1 



+ 



1 



( CO ) — CO 2 ) (co 3 — CO 2 ) (tog — to - ) 



+ ■ 



Note again that only the odd modes contribute to the response. Furthermore, for a simply supported 
beam 



to. = j 2 to] for j = 1, 2, 3, ... 



where 



— (t ) 2 



Nondimensionalize the midspan response at steady state as 



P Ala) i cm r 1 



1 1 1 

+ 1 % 4 _ + ,c4 _ ,-.2\ + ' ' ' l C0S 



- di 2 ) (3 4 - to 2 ) (5 4 - to 2 ) 



Its amplitude is 



V 0 (to) 



1 , 1 , 1 

"b , -.a _> + : , _> “F 



(l 4 - to 2 ) (3 4 - to 2 ) (5 4 - co 2 ) 



The characteristic of the amplitude as a function of the nondimensional excitation frequency is sketched 
in Figure 4.13. 

Example 4.7 

Perform a modal analysis to determine natural frequencies and mode shapes of transverse vibration of a 
thin cantilever (i.e., a beam with “fixed-free” or “clamped-free” end conditions). The coordinate system 
and the beam parameters are as shown in Figure 4.14. 



Solution 

As usual, the mode shapes are given by 

Y(x) = Q cosh Ax + C 2 sinh Ax + C 3 cos Ax + C 4 sin Ax (4.134) 
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Steady-State 

Response 

Amplitude 

(Nondimensional) 




FIGURE 4.13 Amplitude of the steady response at the pump as a function of excitation frequency. 
Its first three derivatives are 
d 7(x) 



dx 



= CjA sinh x + C 2 A cosh Ax — C 3 A sin Ax 4- C 4 A cos Ax 



dx 3 

The BCs of the beam are 



d 2 Y(x) 2 , 2 2 2 

— , , — = CiA“ cosh Ax + C 2 A sinh Ax — C 3 A" cos Ax — C 4 A~ sin Ax 
dx z 

d 3 7(x) it 3 , 

= CjA sinh Ax + C 2 A cosh Ax + C 3 A sin Ax — C 4 A cos Ax 



At x = 0 : v(0, t) = 0 and 



0v(O, t) 



3x 



= 0 



At x = l : El 



9 2 v( 7, f) 
dx 2 



— 0 and El 



9 3 v( /, f) 
9x 3 



= 0 



The corresponding modal BCs are 

d7(0) d 2 7(7) 

7 ( 0 ) = 0 ; — = 0 ; = 0 ; 

dx dx 



d 3 7(7) 
dx 3 



= 0 



Equation 4.177 into Equation 4.178. We obtain 



Ci + Q — 0 

C 2 + C 4 = 0 



(4.175) 

(4.176) 

(4.177) 




(i) 



(ii) FIGURE 4.14 A cantilever in bending vibration. 
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Cj cosh A l + C 2 sinh A / — C 3 cos A l — C 4 sin AZ = 0 (iii) 

Ci sinh A l + C 2 cosh A l + C 3 sin A l — C 4 cos AZ = 0 (iv) 

Eliminate Cj and C 2 in Equation (iii) and Equation (iv) by substituting Equation (i) and Equation (ii). 
We obtain 



[cosh AZ + cos AZ]C 3 + [sinh AZ + sin AZ]C 4 = 0 (v) 

[sinh AZ — sin AZ]C 3 + [cosh AZ + cos AZ]C 4 = 0 (vi) 



or, in the vector-matrix form 



1" cosh AZ + cos AZ 


sinh AZ + sin AZ "II" C 3 "1 1” 0 "1 


|_ sinh AZ — sin AZ 


cosh AZ + cos AZ J|_ C 4 J |_ 0 J 



(4.179) 



The trivial solution of Equation 4. 1 79 is C 3 = 0 = C 4 . Then, from Equation (i) and Equation (ii) , we also 
have Ci = 0 = C 2 . This solution corresponds to Y(x) = 0 and is not acceptable in general for a vibrating 
system. Hence, the matrix in Equation 4.179 must be noninvertible (i.e., singular). Hence, the 
determinant of the matrix must vanish (see Appendix 3A); thus 

(cosh AZ + cos AZ) 2 — (sinh AZ + sin AZ)(sinh AZ — sin AZ) = 0 
or 



cosh 2 AZ + 2 cosh AZ cos AZ + cos 2 A Z — sinh 2 AZ + sin 2 AZ = 0 



However, it is well known that 
Hence, 



cosh 2 AZ — sinh 2 AZ = 1 and cos 2 AZ + sin 2 AZ = 1 



cos AZ cosh AZ = — 1 



(4.180) 



This equation has an infinite number of solutions A ; for i= 1,2,3,... giving an infinite number of 
natural frequencies: 

. I Ft 

(4.181) 

The corresponding mode shapes are given by Equation 4.134 subject to Equation (i), Equation (ii), and 
Equation (v) or Equation (vi). This gives Yj(x) = C 3 (c os A,x — cosh A ; x) + C 4 (sin A,x — sinh A ; x) with 

, _ _ [sinh A ,Z + sin A,Z] 

^3 — t — ; — r~r, rrrw 



It follows that 



Y,(x) = C 4 [sin A ; x — sinh A,x] + C, 



[cosh A,Z + cos A,Z] 
sinh A ; Z + sin A ,Z 



ii\ 



[—cos Ape + cosh A,x] 



cosh A;Z + COS A;i 

The unknown multiplier C 4 simply scales the mode shape and is absorbed into the generalized 
coordinate <j,(f) as usual. In fact, this is a process of normalization of mode shapes, where C 4 = 1 is used. 
So, we have the normalized mode shapes: 

Yj(x) = a sin Ape 4- b sinh A,x + a t [c cos A ; x + d cosh Ape] (4. 182) 

with 

sinh A , Z + sin A , Z 



a = 1, 



'= -1, c= -1, 



d= 1 



and 



cosh A ,Z + cos Ay Z 



(4.183) 



The first three roots of Equation 4.180 are 

AjZ = 1.875104; A 2 Z = 4.694091; A 3 Z = 7.854757 
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FIGURE 4.15 First three modes of a cantilever (fixed-free beam) in transverse vibration. 

The corresponding three mode shapes are sketched in Figure 4.15. Note, in particular, that the node 
points are not physically fixed but remain stationary during a modal motion. This completes the 
solution. 

The modal information corresponds to the infinite set of natural frequencies that are obtained by 
solving Equation 4.180 subject to Equation 4.181, and the mode shapes are given by Equation 4.182 
subject to Equation 4.183. Modal information corresponding to other common BCs may also be put in 
this form. Table 4.3 summarizes such data. Table 4.4 provides numerical values corresponding to this 
modal information for the first three modes. 



TABLE 4.3 Modal Information for Bending Vibration of Beams 



End 


Natural Frequencies 






Mode Shapes 




Conditions 


w, = \]JeUpA 




Yj(x) = a sin 


A,x + b sinh A,-+ otj[c cos A ,x + d cosh Ape] 




where A, are roots of 














a 


b 


c 


d 


(Xj 


Pinned -pinned 


sin A ,7 = 0 
i = 1,2,3,... 


i 


0 


0 


0 


0 


Fixed -fixed 


cosh A;/ cos A , l = 1 
i= 1,2,3,... 


i 


- 1 


-1 


1 


sinh kjl — sin A, 7 
cosh A jl — cos A jl 


Free -free 


cosh A,/ cos A jl = 1 
i= 0,1,2,... 


i 


1 


-1 


- 1 


Same 


Fixed -pinned 


tanh A,/ = tan A, / 
i= 1,2,3,... 


i 


- 1 


-1 


1 


Same 


Fixed -free 


cosh A, / cos A,Z = — 1 


i 


- 1 


-1 


1 


sinh kjl + sin A, 7 
cosh kjl + cos kjl 


Fixed -sliding 


tanh A, 7 = —tan A,/ 


i 


- 1 


-1 


1 


cosh kjl + cos kjl 
sin kjl — sin kjl 


Pinned -free 


tanh A,/ = tan A,/ 


i 


(Xj 


0 


0 


sin kjl 
sinh kjl 
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TABLE 4.4 Roots of the Frequency Equation for 
Bending Vibration of Beams 

End Conditions First Three Roots A,/ 



Pinned-pinned 





2-rr 
3 IT 


Fixed -fixed 


4.730041 

7.853205 

10.995608 


Free -free 


0 

4.730041 

7.853205 

10.995608 


Fixed -pinned 


3.926602 

7.068583 

10.210176 


Fixed -free 


1.875104 

4.694091 

7.854757 


Fixed -sliding 


2.365020 

5.497804 

8.639380 


Pinned -free 


0 

3.926602 

7.068583 

10.210176 



4.5.7 Bending Vibration of Beams with Axial Loads 

In practice, beam-type members that undergo flexural (transverse) vibrations may carry axial forces. 
Examples are structural members such as columns, struts, and towers. Generally, a tension will increase 
the natural frequencies of bending and compression will decrease them. Hence, one way to avoid the 
excitation of a particular natural frequency (and mode) of bending vibration is to use a suitable tension 
or compression in the axial direction. 

The equation of motion for the transverse motion of a thin beam subjected to an axial tension P may 
be easily derived by following the procedure that led to Equation 4.122. For simplicity, assume a thin 
beam subjected to a constant tensile force P. A small element 8x of the beam is shown in Figure 4.16. The 
vertical component (in the positive y direction) of the axial force is 

-P sin 6 + P sin(0 + 80) s ~P6 + T(0 + 80) = P 80 

because the slope 0 = 9v/9x is small. Also, the change in slope is 

9 2 v 

80= —.8% 

9x 2 

It is clear that the previous equation of transverse dynamics of element 8x has to be modified simply by 
adding the term P( 9 2 v/9x 2 )8x to the fix, t)hx side of the equation. Then, the resulting equation of 
transverse vibration will be 



pA 



9 2 v 
9 1 2 



+ 





= fix, t ) 



(4.184) 
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FIGURE 4.16 Beam element in transverse vibration and subjected to axial tension. 



For modal analysis of a uniform beam, then, we use the equation of free motion 

i) 2 v 3 4 v 9 2 v 

pA—t +£7-r -P n =0 (4.185) 

dt dx dx~ 

With a separable (modal) solution of the form 

v(x,t) = Y(x)q(t) (4.186) 

we have 



q(t) _ _EI (d 4 T/d* 4 ) - P (d 2 y/ck 2 ) _ _ 2 
W) ~ pAY 

which gives, as before, the time response equation of the generalized coordinates 

q(t) + (o 2 q(t) = 0 



and the mode shape equation 



d 4 7 d 2 F 

FT — P 

dx 4 dx 2 



pAco 2 Y — 0 



(4.187) 



(4.188) 



(4.189) 



Note that the mode shape equation is still fourth order, but is different. The analysis, however, may be 
done as before by using four BCs at the two ends of the beam to determine the natural frequencies (an 
infinite set) and the corresponding normalized mode shapes. 



4.5.8 Bending Vibration of Thick Beams 

In our derivation of the governing equation for the lateral vibration of thin beams (known as the 
Bernoulli -Euler beam equation), we neglected the following effects in particular: 

1 . Deformation and associated lateral motion due to shear stresses 

2. Moment of inertia of beam elements in rotatory motion 

Note, however, that we did use the fact that shear forces (Q) are present in a beam cross section, even 
though the resulting deformations were not taken into account. Also, in writing the equation for rotational 
motion of a beam element 8x, we simply summed the moments to zero, without including the inertia 
moment. These assumptions are valid for a beam whose cross-sectional dimensions are small compared 
with its length. However, for a thick beam, the effect of shear deformation and rotatory inertia must be 
included in deriving the governing equation. The resulting equation is known as the Timoshenko beam 
equation. Important steps in the derivation of the equation of motion for the forced transverse vibration of 
beams, including the effects of shear deformation and rotatory inertia, are given now. 
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x+8x 



M 






V 

2 



f(x,t) 8x 



V V N 

r. 


d 2 e 
> — 

df- 


d 2 v ' 
d? 


f 






A 



M 



Q 



dM 

dx 



5x 

dx 



-8x 



(b) v 



FIGURE 4.17 A Timoshenko beam element: (a) combined effect of bending and shear; (b) dynamic effects 
including rotatory inertia. 

Consider a small element 8x of a beam. Figure 4.17(a) illustrates the contribution of the bending of an 
element and the deformation due to transverse shear stresses towards the total slope of the beam neutral 
axis. Let 

6 = angle of rotation of the beam element due to bending 

<[> = increase in slope of the element due to shear deformation in transverse shear (this is equal to 
shear strain) 

Then, the total slope of the beam element is 

0V 

— = 0+0 (4.190) 

0x 

Here, v and x take the usual meanings, as for a thin beam. 

Figure 4.17(b) shows an element 8x of the beam with the forces, moments, and the linear and angular 
accelerations marked. With the sign convention shown in Figure 4.17(b), the linear shear-stress-shear- 
strain relation can be stated as 

Q = — kGA 0 (4.191) 

where the Timoshenko shear coefficient 

Average shear stress on beam cross section at x 
Shear stress at the neutral axis at x 

and 

G = shear modulus 

The equation for translatory motion is 

„ „ / SQ \ ^ 3 2 v 

fix, f)8x + Q - l Q + — 8xj = (pA Sx) 

Hence, 

„ 0Q 0 2 v 

/(x, 0 — -r— = pA—y (4.192) 

dx 8r 
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The equation for the rotatory motion of the element, taking into account the rotatory inertia, is 

0M . 



which becomes 



0 2 Q 

M H 8 x — M — Q 8x = (Ip 8x) — T 

dx dt 



0M a 2 6 

U7 Q _ Ip ~dt 2 



From the elementary theory of bending, as before 



M = El - 



,00 

dx 



The relationship between the shear modulus and the modulus of elasticity is known to be 

E = 2(1 v)G 

where v = Poisson’s ratio. This relation may be substituted if desired. 

Manipulation of these equations yields 



(4.193) 



(4.194) 



(4.195) 



0 4 v 



d 2 V 



EI ^4 +P A T7T -P / ( 1 + 



0 4 v 



dt 2 



-V 

kG ) dx 2 dt 2 kG dt 4 



+ 



p 2 I 0 4 v 



pI >,,fM 



kGA dx 2 



kGA dt 2 



(4.196) 



This is the Timoshenko beam equation for forced transverse motion. Note that this equation is fourth 
order in time, whereas the thin beam equation is second order in time. The modal analysis may proceed as 
before, by using the free (f = 0) equation and a separable solution. However, the resulting differential 
equation for the generalized coordinates will be fourth order in time and, as a result, additional natural 
frequency bands will be created. The reason is the independent presence of shear and bending motions. The 
differential equation of mode shapes will be fourth order in x and the solution procedure will be as before, 
through the use of four BCs at the two ends of the beam. 



4.5.9 Use of the Energy Approach 

So far, we have used only the direct, Newtonian approach in deriving the governing equations for 
continuous members in vibration. Of course, the same results may be obtained by using the 
Lagrangian (energy) approach. The general approach here is to first express the Lagrangian L of the 
system as 

L = T* —V (4.197) 



where 



T* = total kinetic co-energy (equal to kinetic energy T for typical systems) 
V = total potential energy 



Then, for a virtual increment (variation) of the system through incrementing the system variable, the 
following condition will hold: 



[81 + SVP]df = 0 



(4.198) 



where 81 is the increment in the Lagrangian and 8 VP is the work done by the external forces on the system 
due to the increment. Finally, using the arbitrariness of the variation, the equation of motion, along with 
the BCs, can be obtained. This approach is illustrated now. 
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First, consider the free motion. We can easily extend the result to the case of forced motion. Kinetic 
energy is given by 

If' , /9v\ 2 If' /9v\ 2 , 

T= 2j„ MdX U) - 2.l/ A U) djC (41W > 

Potential energy due to bending results from work needed to bend the beam (angle denoted by 6 = dv/dx 
as usual) under bending moment M; thus 

1 f End2 , , If' f d 2 vV , 

V=-\ M dcf>= — El — 2 dx (4.200) 

2 J End 1 2 J 0 y 9X 2 ) 



Before proceeding further, note the following steps of variation and integration by parts with respect to t: 

f' 2 9 2 iW , 

- — vSvdf (4.201) 



f* 2 1 / 3v \ 2 , C 2 9v / 9v \ C‘ 2 dv 9 8v , r9v T 2 f 

. tj 2 V 9f / J t, 9f \ 9f / t, 9 1 9f L 9f Y J 



9f 



Note that we interchanged the operations 8 and 9/9 1 prior to integrating by parts. Also, by convention, 
we assume that no variations are performed at the starting and ending times (f t and t 2 ) of integration. 
Hence, 



Sv^) = 0 and Sv(f 2 ) = 0 



(4.202) 



Similarly, variation and integration by parts with respect to x are done as follows: 



1 ( 9 2 v Y C l 9 2 v ( 9 2 v \ 

— El I — T I dx = El — T 8 1 — T ) dx 

2 \dx 2 ) Jo 9t 2 \ 9x 2 J 

f 9 2 v / 9v \ T 

**?*(*) , 



1 9 2 v 9 

El— j — , 
o dx 2 dx 



1 “--KsY 



' 9 9 v /9v 

— El—, 8 

o 9x 9x 2 



9 2 v / 9v \ T 
El^r 8 — - 

9 X 2 V 9 x / J Q 



... , , ,9 9W 

— I I -I — ET—j 8v 
9x 9x- 



(— )dx= r — ) 

V 9 x ) y 9x 2 \ dx ) 

u 



-It 



rl 9 9 2 v 9 8v , 

— El y dx 

o 9x 9x 2 9x 



9 9 v , 

— T El — y 8v dx 
9x 2 9x 2 



(4.201a) 



Now, for the case of free vibration (SW = 0), substitute Equation 4.201 and Equation 4.201a in 8 T, and 
8V of Equation 4.199 and Equation 4.200, to obtain 



8 L df =0 = — 



-Pdrf 






9 2 v 



P A ^7T + 8v + AXPA AT 



9x 2 9x 2 

9 






" 9v . 

1 — 8v 

L 9f J 



(4.203) 



El — y8V 
9x 9x 2 



o 



Since Equation 4.203 holds for all arbitrary variations Sv(f), its coefficient should vanish. Hence, 

yi a 2 , 



9 v 9 9 v 

pA y H y El y = 0 

F 9f 2 9x 2 9x 2 



(4.204) 



which is the same Bernoulli -Euler beam equation for free motion as we had derived before. 

The second integral term on the RHS of Equation 4.203 has no consequence. We conventionally pick 
8v(tj ) = 0 and Sv(f 2 ) = 0 at the time points t ] and f 2 . 

The third integral term on the RHS of Equation 4.203 gives some BCs. Specifically, if the slope BC 
dv/dx is zero (i.e., fixed end), then the corresponding bending moment at the end is arbitrary, as 
expected. However, if the slope at the boundary is arbitrary, then the bending moment EI( d 2 v/dx 2 ) at the 
end should be zero (i.e., pinned or free end). 

The last integral term on the RHS of Equation 4.203 gives some other BCs. Specifically, if 
the displacement BC v is zero (i.e., pinned or fixed end) then the corresponding shear force at the 
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end is arbitrary. However, if the displacement at the boundary is arbitrary, then the shear force 
(d/dx)EI(d 1 v/dx 2 ) at that end should be zero (i.e., free or sliding end). 

Next, consider a forced beam with force per unit length given by f(x, t). Then, the work done by 
f(x, t)dx in a small element dx of the beam, when moved through a displacement of 8v, is 

f(x,t ) dx Sv (4.205) 

Then, by combining Equation 4.205 with Equation 4.203, for arbitrary variation 8v, we obtain the forced 
vibration equation 



3 2 v 9 2 9 2 v 

pA— I + —^EI—^=f(x,t) (4.206) 

dr dx- 

Note that external forces and moments applied at the ends of the beam can be incorporated into the BCs 
in the same manner. 



4.5.10 Orthogonality with Inertial Boundary Conditions 

It can be verified that the conventional orthogonality condition (Equation 4.163) holds for beams in 
transverse vibration, under common noninertial BCs. When an inertia element (rectilinear or rotatory) is 
present at an end of the beam, this condition is violated. A modified and more general orthogonality 
condition can be derived for application to beams with inertial boundary conditions. 

To illustrate the procedure, consider a beam with a mass m attached at the end x= l, as shown in 
Figure 4.18(a). A free-body diagram giving the sign convention for shear force Q acting on m is shown in 
Figure 4.18(b). 

The BCs at x = l are: 



1 . Bending moment vanishes, because there is no rotatory inertia at the end that is free. Hence, 



9 2 v(/, f) 

El 

dx 2 



= 0 



(4.207) 



Point 

Mass 

m 




v(l,t) 



FIGURE 4.18 (a) A beam with an end mass in transverse vibration; (b) free-body diagram showing the shear force 

acting on the end mass. 
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2. Equation of rectilinear motion of the end mass 



m 



d 2 v(l, t) 
3f 2 



3 3 2 v(Z, f) 

— El SDZ 

3x dx 2 



(4.208) 



In the usual manner, by substituting v(x, t) = Y i (x)q i (t) for mode i, along with q ; (f) = into 

Equation 4.207 and Equation 4.208, with the understanding that the result should hold for any q,(f), we 
obtain the corresponding modal boundary conditions: 



d 2 Y;(1) 

dx 2 



= 0 



d d 2 Y.(Z) 

FT — 

dx dx 2 



+ u) 2 mYj(l) = 0 



for mode i. 

Now, we return to Equation 4.162: 

dY, d 2 Y ; 
dx dx 2 



t 2 2 \ 

(W; - (Oj) 



pAYjY: dx - 



d d 2 Y ; 

v El - 

1 dx dx 2 



d d 2 y 

— Y FI - 

1 dx dx 2 



(4.209) 

(4.210) 



dY, 

dx 



El 




0 



(4.162) 



The second and the third terms of Equation 4.162 will vanish at x = 0 for noninertial BCs, as usual. At 
x = l, the third term will vanish in view of Equation 4.209. So, we are left with the second term at x = Z. 
Substitute Equation 4.210: 



d d 2 Y ; d d 2 Y. \ , 2 ^ ^ 

^dx EI ^ - Yi dx EI ^ Jr - (w ' - 



(4.211) 



Substitute Equation 4.211 into Equation 4.162 and cancel w 2 — coj 0 for i ^ j. We obtain 

W f 0 for i j 

pAY ; Y:dx + mYi(l)Y:(l) = ] (4.212) 

Jo l otj for i = j 



This is the modified and more general orthogonality property. If the mass is at x = 0, the direction of Q 
that acts on m will reverse and, hence, the second term in Equation 4.212 will become — mY;(0)Yj(0). 

4.5.10.1 Rotatory Inertia 

If there is a free rotatory inertia at x = Z, without an associated rectilinear inertia, then the shear force will 
vanish, giving 



d d 2 Y ; (Z) 

FT — = n 

dx dx 2 



(4.213) 



The equation of rotational motion of / will give 



El 



d 2 Y;(Z) 

dx 2 




= 0 



(4.214) 



Here, the second term in Equation 4.162 will vanish in view of Equation 4.213. Then, by substituting 
Equation 4.214 into the third term of Equation 4.162, we obtain the modified orthogonality relation 



pAY,Yjdx + J 



d Yj(l) d Yj(l) 

dx dx 



f 0 for i j 
[ otj for i = j 



(4.215) 
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4.6 Damped Continuous Systems 

All practical mechanical systems have some form of energy dissipation (damping). When the level of 
dissipation is small, damping is neglected, as we have done thus far in this chapter. Yet, some effects of 
damping (e.g., the fact that at steady state the natural [modal] vibration components decay to zero 
leaving only the steady forcing component) are tacitly assumed even in undamped analysis. 

The natural behavior of a system is expected to change due to the presence of damping. In particular, 
the system’s natural frequencies will decrease (and be called damped natural frequencies) as a result of 
damping. Furthermore, it is quite possible that a damped system would not possess “real” modes in 
which it could independently vibrate. Mathematically, in that case, the modes will become complex (as 
opposed to real) and, physically, all the points of the system will not move, maintaining a constant phase 
at a given damped natural frequency. In other words, a real solution that is separable in space ( x ) and time 
(f) may not be possible for the free vibration problem of a damped system. Also, node points of an 
undamped system may vary with time as a result of damping. With light damping, of course, such effects 
of damping will be negligible. 

Since there are damped systems that do not possess real natural modes of vibration, care should be 
exercised when extending the results of modal analysis from an undamped system to a damped one. 
However, in some cases, the mode shapes will remain the same after including damping (even though the 
natural frequencies will change). This is analogous to the case of proportional damping, which was 
discussed in the section on lumped-parameter (multi-degree-of-freedom) vibrating systems. The modal 
analysis of a damped system will become significantly easier if we assume that the mode shapes will remain 
the same as those for the undamped system. Even when the actual type of damping in the system results in 
complex modes, for analytical convenience, an equivalent damping model that gives real modes is used in 
simplified analysis. This is analogous to the use of proportional damping in lumped-parameter systems. 



4.6.1 Modal Analysis of Damped Beams 

Consider the problem of free damped transverse vibration of a thin beam, given by 



aw 



dx 



c)X 



m 



d 2 V 



+ L T7 ) + P A TZ 2 ~ 0 



0 t l 



(4.216) 



where L is a spatial differential operator (in x). Consider the following two possible models of damping: 

(4 - 2i7) 



2. L = c 



(4.218) 



Model 1 corresponds to the Kelvin-Voigt model of material (internal) damping given by the stress- 
strain relation 

0e 

ct=Ee + E*— (4.219) 

0 t 

where E* is the damping parameter of the beam material. Hence, we obtain the damped beam equation 
simply by replacing E in the undamped beam equation by E + E* ( d/dt ). Also, E* is independent of the 
frequency of vibration for the viscoelastic damping model, but will be frequency dependent for the 
hysteretic damping model. Modal analysis is done regardless of any frequency dependence of E* and, in 
the final modal result for a particular modal frequency <w ; , the appropriate frequency function for E*(a > ) 
is used with a> = if the damping is of the hysteretic type. It can be easily verified that the mode shapes 

of the damped system with model 4.217 are identical to those of the undamped system, regardless of 
whether the beam cross section is uniform or not. 

In Model 2 (Equation 4.218), the operator is a constant c. This corresponds to external damping of the 
linear viscous type, distributed along the beam length. For example, imagine a beam resting on a 
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foundation of viscous damping material. For Model 2, it can be shown that the damped mode shapes are 
identical to the undamped ones, assuming that the beam cross section is uniform. If the beam is 
nonuniform, the damped and the undamped mode shapes are identical if we assume that the damping 
constant c varies along the beam in proportion to the area of cross section A(x) of the beam. We shall 
show this in the example given below. 

Example 4.8 

Perform the modal analysis for transverse vibration of a thin nonuniform beam with linear viscous 
damping distributed along its length and satisfying the beam equation 

d 2 d 2 v dv d 2 v 

EI W ^2 + pA< ^ fc — + pA(x) = 0 (4.220) 

Determine damped natural frequencies, modal damping ratios, and the response v(x, t ) as a modal series 
expansion, given v(x, 0) = d(x) and v(x, 0) = s(x). 



Solution 

Substitute the separable solution 

v(x, t) = Y(x)q(t) 

into Equation 4.220. We obtain 

^EI^-q(t) + p A(x)bY(x)q(t ) + pA(x)Y(x)q(t) = 0 

Group the functions of x and t separately and equate to the same constant or, as usual: 

d 2 c , r d 2 7(x) 

dx jEI dx 2 = _ W) + bq(t) = w i 

pA(x)Y(x) q(t) 

We have 



and 



d 2 d 2 Y(x) 

ET — 

dx 2 dx 2 



co 2 pAY(x) = 0 



(4.221) 



(4.222) 



(4.223) 



q(t) + bq(t ) + co 2 q(t) = 0 (4.224) 

Note that Equation 4.223 is identical to that for the undamped beam. Hence, with known BCs, we will 
obtain the same mode shapes Y,(x) and the same undamped natural frequencies w, in the usual manner. 
However, the equation of modal generalized coordinates q(t) given by Equation 4.224 is different from 
that for the undamped case ( b = 0). We write, for mode i 

4i(t) + 20, <j, (f) + cojqXt) = 0 (4.225) 

where 



Ci = (4.226a) 

2a>j 

is the modal damping ratio for mode i. Damped natural frequencies are 

*>d; = V 1 - ( 4 - 226b ) 

Equation 4.225 can be solved in the usual manner, with initial conditions q t ( 0) and q;( 0) determined 
a priori, using known v(x, 0) and v(x, 0). 
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The modal series solution is 





v(x, t) = Y/i(x)qi(t) 


(4.227) 


The initial conditions are 


'^Y l (x)q,(0) = d(x) 


(4.228) 




^y ; (x)qi(°) = s(x) 


(4.229) 


Multiply Equation 4.228 and Equation 4.229 by pA(x)Yj(x) and integrate from x 
orthogonality condition 


= 0 to l using the 




ri f 0 for i j 

pA(x) 7; (x) Yj(x)dx = ] 

Jo (_ ctj for ; = ; 


(4.230) 


We obtain 


1 f' 

£7,(0) = — d(x)pA(x) dx 
atj J o 


(4.231) 




1 f' 

<?/ 0) = — s(x)pA(x) dx 
aj Jo 


(4.232) 



This completes the solution for the free damped beam. The forced damped case can be analyzed in the 
same manner as for the forced undamped case because the mode shapes are the same. 



4.7 Vibration of Membranes and Plates 



The cables, rods, shafts, and beams whose vibration we have studied thus far in this chapter are 
one-dimensional members or line structures. These continuous members need one spatial variable (x), 
in addition to the time variable (f), as an independent variable to represent their governing equation of 
motion. Membranes and plates are two-dimensional members or planar structures. They need two 
independent spatial variables ( x and y) in addition to time (f), for representing their dynamics. 

A membrane may be interpreted as a two-dimensional extension of a string or cable. In particular, it 
has to be in tension and cannot support any bending moment. A plate is a two-dimensional extension of 
a beam. It can support a bending moment. Their governing equations will, therefore, resemble two- 
dimensional versions of their respective one-dimensional counterparts. Modal analysis will also follow 
the familiar steps, after accounting for the extra dimension. In this section, we will give an introduction 
to the modal analysis of membranes and plates. For simplicity, only special cases of rectangular members 
with relatively simple BCs will be considered. Analysis of more complicated boundary geometries and 
conditions will follow analogous procedures, but requires a greater effort and produces more complicated 
results. 



4.7.1 Transverse Vibration of Membranes 



Consider a stretched membrane (in tension) that lies on the x—y plane, as shown in Figure 4.19. 
Transverse vibration v(x,y, t) in the z-direction is of interest. By following a procedure that is somewhat 
analogous to the derivation of the cable equation, we can obtain the governing equation as 



9 2 v(x,y, t) 
dt 2 



d 2 9 2 
dx 2 9 y 2 



v(x, y, t) 



(4.233) 
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FIGURE 4.19 A membrane or a plate in Cartesian coordinates. 



with 



where 

T 1 = tension per unit length of membrane section (assumed constant) 
rri = mass per unit surface area of membrane 

For modal analysis, we seek a separable solution of the form 

v(x,y,t) = Y(x)Z(y)q(t) 

Substitute Equation 4.235 into Equation 4.233. We obtain 



Y(x)Z(y)q(t ) = c 



1 

_ 70 



d 2 Y(x) 1 d 2 Z(y) 



+ 



Y(x) dx 2 Z(y) d y 



(4.234) 



(4.235) 



(4.236) 



Since Equation 4.236 is true for all possible values of f, x, and y that are independent, the three function 
groups should separately equal the constants; thus 



1 d 2 7 

Y(x)~dx 2 

1 d 2 Z(y) 
Z(y) dy 2 



qi f) 

<?(f) 



2 



— a 



-p 2 



2 



~ CO 



or 



or 



d 2 y(x) 

dx 2 



+ a 2 Y(x) = 0 



d 2 Z(y) 

d y 2 



+ p 2 Z(y) = 0 



or q(t) + u> 2 q(t) = 0 



(4.237) 

(4.238) 

(4.239) 



with 



co 2 = c 2 ( a 2 + fi 2 ) 



(4.240) 



The argument for using positive constants a 2 , /3 2 , and co 2 is similar to that we gave for the one- 
dimensional case. Next, Equation 4.237 and Equation 4.238 have to be solved using two end conditions 
for each direction, as usual. This will provide an infinite number of solutions a, and /3 ; , and the 
corresponding natural frequencies 

co 2 j = c(ot] + P 2 ) 112 for i= 1,2,3,... and j= 1,2,3, ... (4.241) 



along with the mode shape components Y^x) and Zj(y) for the two dimensions. 
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4.7.2 Rectangular Membrane with Fixed Edges 

Consider a rectangular membrane of length a and width b as shown in Figure 4.19 and with the four 
edges fixed. The BCs are 

v(0 ,y, t ) = 0; v(a,y, t) = 0; v(x, 0, t) = 0; v(x, b,t) = 0 



Using these in solving Equation 4.237 and Equation 4.238, as usual, we obtain 

m 

Yj(x) = sin ape with a ; = — 

a 

Zj(y) = sin fyy with fy = y 



- c[aj + (3 j] -ir c\ -r + TJ 



Note that the spatial mode shapes are given by 



[W] 



1/2 



for i = 1, 2, 3, ... and; = 1, 2, 3 



nrx my 

Yj(x)Zj(y ) = sin sin^— 

11 a b 



(4.242) 

(4.243) 

(4.244) 

(4.245) 



4.7.3 Transverse Vibration of Thin Plates 



Consider a thin plate of thickness h in a Cartesian coordinate system as shown in Figure 4.19. The usual 
assumptions as for the derivation of the Bernoulli -Euler beam equation are used. In particular, h is 
assumed small compared with the surface dimensions ( a and b for a rectangular plate). Then, shear 
deformation and rotatory inertia can be neglected, and also normal stresses in the transverse direction (z) 
can be neglected. Furthermore, any end forces in the planar directions (x and y) are neglected. The 
governing equation is 



with 



where 



9 2 v(x,y, t ) 

9 ? 



+ c 



r 9 2 9 2 t 

dx 2 9y 2 J 



v(x,y, t) = 0 



(4.246) 



E'l 1 _ Eh 2 
pA' 12(1 — tZ)p 



(4.247) 




/ 13 

e! = ^ 

(1 - v 2 ) 

second moment of area per unit length of section 



(4.248) 

(4.249) 



A 1 = h = area per unit length of section 
p = mass density of material 

E = Young’s modulus of elasticity of the plate material 
v = Poisson’s ratio of the plate material 

If we attempt modal analysis by assuming a completely separable solution of the form v(x, y, t) = 
Y(x)Z(y)q(t ) in Equation 4.246, a separable grouping of functions of x and y will not be achieved in 
general. However, the space and the time will be separable in modal motions. Hence, we seek a solution of 
the form 

v(x,y, t) = Y(x,y)q(t) (4.250) 
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Mode 5 
i = 3 ,7=1 




Mode 6 
i = 3 ,7=2 



FIGURE 4.20 Mode shapes of transverse vibration of a simply supported rectangular plate. 

We will obtain 

if(f) + co 2 q(t) = 0 (4.251) 

and 

V 2 V 2 Y(x, y) - A 4 Y(x, y) = 0 (4.252) 

with the natural frequencies co given by 



co = A 2 c 



(4.253) 



and V 2 is the Laplace operator given by 




(4.254) 
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and, hence, V 2 V 2 is the biharmonic operation V 4 given by 



V 4 



a 4 a 4 a 4 

a * 4 ax 2 a y 2 ay 4 



(4.255) 



The solution of Equation 4.252 will require two sets of BCs for each edge of the plate (as for a beam), 
but will be mathematically involved. Instead of a direct solution, a logical trial solution that satisfies 
Equation 4.252 and the BCs is employed next for a simply supported rectangular plate. The solution tried 
is in fact the correct solution for the particular problem. 



4.7.4 Rectangular Plate with Simply Supported Edges 

As a special case, we now consider a thin rectangular plate of length a, width b, and thickness h, as shown 
in Figure 4.19, whose edges are simply supported. For each edge, the BCs are the displacement in zero and 
the bending moment about the edge zero. Specifically, we have 



v(x, y, f) = 0 and M x = Ell 1 1 



a 2 v 

dx 2 



+ 



v(x, y, t) = 0 and M y = E! I 1 



d~v 



9 2 v 

( a y 2 a * 2 



a 2 v\ 

v , = 0 

ay 2 / 

)=„ 



= 0 for x = 0 and a; 0 < y < b 



= 0 fory = 0 and b\ 0 < x < a (4.256) 



where E! and I 1 are as given in Equation 4.248 and Equation 4.249. In this case, the mode shapes are found 
to be 



Yy(x,y) = sin 



nrx 

sm 

a 



b 



for i = 1,2, ... and j = 1,2, ... 



(4.257) 



which clearly satisfy the BCs (Equation 4.256) and the governing model equation 4.252, with an infinite 
set of solutions for A given by 




Hence, from Equation 4.253, the natural frequencies are 




(4.258) 



(4.259) 



where c is given by Equation 4.247. The overall response, then, is given by 



v(x, y, t) 




sin coijt + By cos co^t 



] 



. mx . my 

sm sin — — 

a b 



(4.260) 



The unknown constants and B { j are determined by the system initial conditions v(x,y, 0) and v(x,y , 0). 
The first six mode shapes of transverse vibration of a rectangular plate are sketched in Figure 4.20. 
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Summary 

This chapter summarizes the key ideas of linear random vibration. This discipline focuses on determining the 
response statistics of an oscillator or structure to input forces that are definable only in terms of their statistics. 
Typical problems include the following: (1 ) given the power spectrum of the force, find the power spectrum of the 
response; (2) given the mean value and variance of the force, find the mean value and variance of the response. The 
methodology is built upon the linear theory of vibration for discrete single- and multi- degree-of-freedom (DoF) 
systems, and continuous systems. The approaches are essentially the direct method and the modal analysis method. 
The direct method may also be called a transfer matrix method ( see Chapter 2). Modal analysis (see Chapters 3 and 
4) has the same benefit in random vibration as is done in deterministic vibration studies: it can be computationally 
more efficient. A number of examples are given, as are a list of representative references. 



5.1 Random Vibration 



The discipline of random vibration of structures was borne of the need to understand how structures 
respond to dynamic loads that are too complex to model deterministically. Examples include aerodynamic 
loading on aircraft and earthquake loading of structures. Essentially, the question that must be answered is: 
given the statistics (read: uncertainties) of the loading, what are the statistics (read: most likely values with 
bounds) of the response? Generally, for engineering applications the statistics of greatest concern are the 
mean, or average value, and the variance, or scatter. These concepts are discussed in detail subsequently. 

Suppose that we are aircraft designers currently working on the analysis and design of a wing for a new 
airplane. As engineers, we are very familiar with the mechanics of solids and can size the wing for static 
loads. Also, we have vibration experience and can evaluate the response of the wing to a harmonic 
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or impulsive forcing. However, this wing provides Force 
lift to an airplane flying through a turbulent 
atmosphere. Even though we are not fluid 
dynamicists, we know that turbulence is a very 
complicated physical process. In fact, the fluid 
(air) motion is so complicated that probabilistic 
models are required to model the behavior. Here, a 
plausibly deterministic but very complicated 
dynamic process is taken to be random for the 
purposes of modeling. Wing design requires force FIGURE 5.1 Turbulent force history, 

data resulting from the interaction between fluid 
and structure. Such data can be shown as the time history in Figure 5.1. 

The challenge is to make sense of such intricate fluctuations. The analyst and designer must run scale 
model tests. A wing section is set up in the wind tunnel and representative aerodynamic forces are 
generated. Data on wind forces and structural response are gathered and analyzed. With additional data 
analysis, it is possible to estimate the force magnitudes. Estimates of the mean values of these forces can be 
calculated, as well as of the range of possible forces. With these estimates, it is possible to study the behavior 
of the wing under a variety of realistic loading scenarios using the tools of probability and statistics to 
model this complex physical problem. This text introduces the use of probabilistic information in 
mechanical systems, primarily structural and dynamic systems. These tools are applicable to all the sciences 
and engineering, even though this text focuses on the mechanical sciences and engineering. 




5.2 Single Degree of Freedom: The Response to Random Loads 

Consider the second-order differential equation 1 governing the linear motion of an oscillator 

X(t) + 2 fco n X(t) + co 2 n X(t ) = F(t) (5.1) 

where the input force per unit mass is given by stationary random process F(t) and the output 
displacement by random process X(t). Note that it is customary to use upper case letters X(t) to represent 
random processes, and lower case letters x(t) to represent the realizations of a random process. 
The notation here is standard: 2 fa>„ = chn where c = viscous damping and m = mass; and a? n = kJm 
where k = stiffness. 

We assume that the reader understands the concepts of impulse response and convolution. We would 
also like to present a priori the results which are derived in the subsequent section; the mean value of the 
response /x x and the spectral density of the output Sxx(a>) ■ 

Px = H( 0)p, F 

Sxx(co) = \H(co)\ 2 S FP (a>) 




These equations tell us that the mean value of the response /jl x is proportional to the mean value of the 
force /jl f , and that the response spectral density Sxx(^) is proportional to the force spectral density 
S FF ((x)). For both results, the proportionality constants depend on the structural or system parameters. 



1 In this instance, the system parameters £ and co n are deterministic and, therefore, so is the governing equation of motion. 
If £ and a) n are either random variables or processes then the governing equation is random. The case of random parameters 
is much more complicated because the system itself is random rather than just the forcing. We would have to solve the 
problem for the “many randomly prescribed systems” rather than for just one system with randomly prescribed forces. 
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By previewing the end results, the reader will hopefully be able to better follow the mathematical 
manipulations which follow. 



5.2.1 Formulation 

Consider the linear system defined by Equation 5.1 and assume random process input F(t) to be 
stationary, with mean (jl f and power spectrum S FF (co). The stationarity assumption for the forcing 
means that transient dynamic behavior cannot be directly considered here. 2 Thus, the initial loading 
transients of an earthquake, a wind gust, or an extreme ocean wave cannot be considered as stationary. 
Assuming that the character of the loading does not change, steady-state behavior can be assumed to be 
statistically stationary. 



5.2.2 Derivation of Equations 

Begin with the convolution equation for the deterministic response of a linear oscillator 

r oo 

X(t) = g(r)F(t - T)dr 
J -00 

where g(t ) is the impulse response given by 

g(t) = — e sin u> d t 
co d 



(5.2) 



and stationary random load per unit mass F(t) is applied at t = — oo, that is, long before the present 
time. This ensures that the impulse response is stationary. Beginning with Equation 5.2, take the 
expected value of both sides and use the linear property of mathematical expectation to interchange it 
with the integral: 

r oo roo 

E{X(t ) } = g(r)E{F(t - r)}dT= E{F(t)} g(r)dT 
J -oo J -oo 

roo 

= Ff g(r) dr = n F H(0) 

J -oo 

where the fact that F(t) is stationary was utilized in the second and third equations, 3 and Fl(co) is the 
frequency response function; H(0) = iT(w)l m=0 . Therefore, we arrive at the first important result 

1 

Fx = H(0)/z f = 



which shows us that since /jl f is time independent, then so must be E{x(t)}. 

In order to derive the output spectral density, we must work through the intermediate results involving 
the correlation function. 



5.2.3 Response Correlations 



For a stationary process, the autocorrelation function is given by 



Rxx(t) = 



roo 

x(t)x(t + r)fx(x) dx 



where f x (x) is the probability density function of the process. We cannot take the Fourier transform 
of this equation to find the response spectral density because we do not know the response density 



2 There are, however, clever ways by which stationary solutions can be utilized in nonstationary cases. One possibility is to 
multiply the stationary process by a deterministic time function such that the product is an evolutionary , or nonstationary, 
process. For example, use A(t)F(t) as the forcing function where A{t ) is a deterministic transient function and F(t ) is 
stationary. 

3 The force is stationary and has a constant mean value. 
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function f x (x). There are two other equivalent ways to proceed: (i) utilize the ergodic definition of the 
autocorrelation, 4 or (ii) use Equation 5.2, utilizing available information on F(t), as follows. 

First, derive the cross-correlation between F(t) and X(t). Multiply both sides of Equation 5.2 by 
F(t — ay) and take the expected values of both sides: 

r oo 

E{X(t)F(t - a^} = glrOEjFU - Ti)F{t - a^diy 
J -00 

where E{F(t — r{)F(t — ay)} = R FF ( iy — a t ) and E{X(t)F(t — aj)} = R XF (ay ), the cross-correlation 
between loading F(T) and response X(t). Thus, 

r oo 

Rxf((* i) = g(Tife(Ti - ai)dT! (5.3) 



and R ff is known from experimental data. Next, multiply both sides of Equation 5.2 by X(t + a 2 ) and 
take expected values of both sides: 

roo 

E{X(t + a 2 )X(t)} = g(r 2 )E{X(t + a 2 )F(t - r 2 )}dr 2 
J -00 

r oo 

Rxx(ot 2 ) = g(T 2 )RxF(r 2 + a 2 ) dr 2 (5.4) 



Substitute Equation 5.3 into Equation 5.4 to find 

r oo roo 

Rxx(t) = g(a)gU3)R PF (T+ 13 - a)d a d/3 

J -00 J -oo 

which is a double convolution. To evaluate the variance, we use 

4 = E{X(t) 2 } - E 2 {X(t)} = R XX (0) - [H(0)E{F(t)}] 2 



(5.5) 



While this information on the correlation is of interest, a more important result is the response spectral 
density that we derive in the next section. 



5.2.4 Response Spectral Density 

Begin with the Fourier transform relation between power spectrum and correlation function 

If 00 _■ 

Sxx( w ) = ~ — Rxx(T)e 1<JT dr, 

2tT J —oo 

and substitute Equation 5.5 for Rxx(t), with A = t+ (3 — a: 

j roo r roo roo n 

Sxx(w) = — j J _ oo J ^ gWgifflRwW d « d/3jdr 

roo roo -i roo 

= g(a)e- iM “da g(/3)e +i ^d/3 X — R FF ( A)e“ iwA dA 
J -oo J -oo ZTT J -oo 

= H(co)H*(co)S ff (co) 

by definition, where * denotes complex conjugate and therefore 

SxxM = IH(co)I 2 S ff (co) (5.6) 

This is the fundamental result for random vibration and linear systems theory that allows us to 
evaluate the output spectral density, given the input spectral density and the system frequency response. 



R„(t) = lim^ — 




x(t)x(t + 7]d/.. 
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It is emphasized here that the derivation of Equation 5.6 made use of the convolution equation that is 
valid for linear systems and structures. Any generalization for nonlinear behavior requires problem- 
specific approaches. 



Example 5.1 Oscillator Response to White Noise 

Consider a simple application of the above ideas to an oscillator. What is the response of a damped 
oscillator to a force with white noise density? 



Solution 

The governing equation of motion is 

X(t) + 2 £co n X(t) + co 2 n X(t) = F(t) 

where F(t) is the external force per unit mass, the system transfer function is given by 

HO) = T 

co 2 + i2 £co n co + (ico) 2 

and the squared magnitude of HO) is given by 



lHO)l 2 



1 

(col ~ w 2 ) 2 + (2 £(o n co ) 2 



Therefore, given any input spectral density S FF (co), the response spectral density is 

SxxO) = lH(w)l 2 S ff O) = yv. 2\2 I nr \2 

(w- - co z y + (2 £(o n coy 

Suppose, for mathematical simplicity, that the forcing is white noise, S FF (co) = S 0 . Then, 

So 



SxxO) — 



(cjY n - to 2 ) 2 + (2£(o n co) 2 



(5.7) 



and the mean-square response is given by 

r 

E{X(t) 2 } = 



Sxvlwldw — 



tt m 2 S 0 ttS 0 



kc 



2 coU 



The mean-square response can also be written in terms of a one-sided spectrum 



E{X(t) 2 



TTm 2 S 0 



m 2 W 0 



kc 4 kc 

where the one-sided density W 0 is related to the two-sided density by S 0 = rcWJA. 

This integral is not standard, but can be found in texts on random vibration. 5 Even though infinite 
mean-square energy is input to the system, 6 it responds with finite mean-square energy. See Figure 5.2 for 
plots of the components of Equation 5.7. Only the positive frequency ranges are plotted as they are 



5 For example, the integral of this example problem is a specialized version of 

f 00 I Bq + icoB\ 



where 



A) — 



| A 0 + i ct)Ai — o) 2 A 2 

Ai = 2 £(o n 



| 2 d(<)= 7T(AoBj +A 2 Bj) 
A 0 AiA 2 



A 2 = 2, 



B 0 = 1, 



Be = 0. 



6 The energy input equals to the area under the spectral density, which for white noise is 




d a) = oo. 
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symmetric about the abscissae. White noise is 
useful and frequently used, even though it is 
nonphysical, because it leads to good approximate 
results. 






Response to Colored 



Input Spectrum 



CO 



Example 5.2 
Noise 

Suppose the same system as in the last 
example is subjected to more complex loading, 
where the spectral density of the forcing is not a 
constant, but a function of co. How would the above 
analysis change? 

Solution 

The output spectral density becomes a more 
complex function of frequency, for example, if 
the loading density is similar to those found for 
wind loads. Then, the mean-square response must 
be evaluated numerically. 

The applied problems are always solved numeri- 
cally, although hopefully after some significant 
analytical exposition. There are numerical 
methods that are specifically geared to handling 
uncertainties. Of particular note is the group 
known as Monte Carlo methods. These methods 
utilize the massive computational power available 
today to account for uncertainties. This is 

accomplished by generating random numbers that are used to represent random parameters. For each 
of these generated random values, the program recalculates the problem. After running enough cycles to 
ensure the convergence of the statistics, these numerical realizations are averaged to find the mean value 
and variance of the relevant parameters. 

We summarize the key results for the random vibration of a single-DoF linear oscillator in Table 5.1 to 
Table 5.3. Figure 5.3 shows some of the most important correlation and spectral density pairs. 




FIGURE 5.2 S FF (<u), \H(ico)\ 2 , S^co). 



TABLE 5.1 Mean- Value Response 



H-x — H( 0)fJ-F 
lH(io) I 2 = 



1 i< 



yj(\ — oj 2 / o)~ y (2£Wftj„) 2 

/jLp is known from force data 



TABLE 5.2 Output Correlation Function/Variance 
Rxx(t) = J°°oo J“oog(a)g03)R FF (T+ /3 - a)da d/3 
4 = Rxxf 0) - [H(0)£{F(t)}] 2 
-Rff( t + jS — a) is known from force data 
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TABLE 5.3 Output Spectral Density 
Sxx(°>) = \H(co)\ 2 S ff M 
\H(cq)\ 2 from structural parameters 
S FF ((x)) is the input force power spectrum 



R(l) = |~5(C0)c ,,<0t c/C0 


S(CO) = 2^J“/?(T)e-' t0X rfT 




i 




- 


L 


k 

,S(co) 

1 r.'s 








|0 




0 


t 

i 


L 2tt5( co) 




1 


k 




| /A 




0 




0 


A ( 


COS(0 o T 

\ A r A 


sinco 0 x 

r\ , , 


i-8(co+co 0 ) 

: t 


i-8(co-co 0 ) 
"1 ... 


V 


<\y t \j 


0 V T 


-co 0 


0 w 0 


^2^ 


L 




2a 




0 




0 








V 4sin 2 (co772) 
\ Tar 


-T 


0 T ' 




0 2n!T 


2k 


2^-«|x|c°S(0 o T 

\/V'7v . , 


jy 


l_/a_ 

> (0 




|o \JV * 


-Wo 


0 ® 0 



FIGURE 5.3 Correlation functions and corresponding power spectral densities. 



5.3 Response to Two Random Loads 

Previously, the system responses were due to a single randomly varying force. In general, the situation is 
more complicated, because more than one load may act on a system and the resulting response depends 
not only on the properties of each force, but also on the correlation between the two forces. 
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FIGURE 5.4 Response to two random loads. 



Consider the response of the system to two 
random loadings, Pit) and Q(f), acting simul- P(t) 
taneously but at different points on the system, as 
shown in Figure 5.4. We are interested in 
calculating the response statistics of the displace- 
ment X(t ) at an arbitrary point on the system. 

Assume that E{P(t)} = 0 and E{Q(t)} = 0. Also, 
by utilizing available data, we are able to estimate 
Rpp(t) and Rqq(t). Our interest is in evaluating 
Rxx(t) an d its Fourier transform Sxx(w). Using linear superposition and the convolution integral, the 
response due to both forces is given by 

r oo 

X(t) = [gxp(n)P(t - Ti) + g X Q(Tl)Q(t - Ti)]dT, 

J -00 

Similarly, for X(t + r) : 

r oo 

X(t + T) = [tofTjWf + T - T 2 ) + g XQ (T 2 )Q{t +T~ T 2 )]dT 2 

J -oo 

where g XP is the impulse response function at coordinate X due to force P and g XQ is the impulse response 
function at X due to Q. Then, 

Rxx(r) = E{X(t)X(t + t)} = F-jJ ^ [gxp(Ti)P(t - Ti) + gxQ( r i)Q(t ~ Ti)]dri 

X J-oo [ gxp( ' T2)P( ' t + 7 ~ H) + gxQ(r 2 )Q(t + t- T 2 )]dr 2 | 

Now expand the product, and then move the expectation operator to the random processes, as follows: 
Rxx(t) =| _^gxp(Tl)^ _^gxp(T 2 )E{P(t - T{)P(t+T - T^JdTjjdT! 

gxQ(T 2 )E{P(t - T^Qit+T- TjlJd^jdTi 

Jxp(T 2 )E{Q{t - Tj)P(f + T - T 2 )}dT 2 jdT! 

JxQ(T 2 )E{Q{t - n)Q(f + r- T 2 )}dr 2 jdiy 



+ 



+ 



+ 



poo 

fepOi) 

J -oo 

r oo 

&q( t i) 

J -oo 

r oo 

&q( t l) 

J -00 



In this expression 



E{P(t - T\)P(t +T - T 2 )} = Rpp( T+ Ty - T 2 ) 
E{Q(t - tOQU + T - t 2 )} = Pqq(t+ - t 2 ) 



The expectations in the second and third terms are cross-correlations of the form R P q(t) = 
E{P(t)Q(t + t)}. Therefore, the autocorrelation of the response becomes 



-oo r r oo 

Rxx(t)= gxp(Ti) gxp(r 2 )Rpp(T + Ti - T 2 )dT 2 dri 
-oo L J -oo 



+ J 


L^ (ti) [J 


'*00 "I 

&q(t 2 )Ppq(t+ Tj - r 2 )dr 2 
-00 J 


dr, 


+ J 


r 8xq(t ,)[ 


g X p(T 2 )RQp(T+ T ~ T 2 )dT 2 
-00 J 


dn 


+J 




&q('T2)Pqq('t+ - T 2 )dr 2 

— 00 


dr. 
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The importance of this result is primarily in the observation that we cannot derive Rxx( T ) unless the 
cross-correlations R P q(t ) and Rq P (t ) are also known. Using the Fourier transform relation between 
Rxxir) and Sxx(cu), that is 

1 f 00 

Sxx( w ) = ~ — Rxx(t)z 1WT dr 

2tt J -oo 

we obtain 



SxxM — Hxp((o)Hxp(to)S PP ((o) + H xp ((o)H X q((o)S P q(co) 

+ ^xq( (U )JJxp( w )‘Sqp(w) + H X q((o)H X q((o)Sqq{(o) 

where 

HUco^ico) = 

H* xq (co)H xq (co) = \H xq (co)\ 2 

and 

1 f 00 

S PQ (a>) = — R PQ (T)e 1MT dr 

ZTT J —oo 

As expected, the evaluation of the output spectral density requires knowledge about the cross-spectra 
S P q(co ) and Sq P (co). If there are more than two forces, then we will have additional cross-spectra between 
each pair of forces. 

Examining Equation 5.8 closely, we find that we can write S^ico) as 



Sxx( w ) — 



r * * iT Sppfa) 

\H* XP (co) HxqM r , 

L 1, Qp( a) ) 



S P q(co) "ir H XP (co) "I 

Sqq(w) J|_ H X q(C0 ) J 



(5.9) 



Example 5.3 Conjugates of Cross Spectra 

It was briefly mentioned that R P q(t ) = Rq P ( — t). How are S P q(cj) and Sgp(w) related? 



Solution 

By the definition of spectral density 

1 f°° 

Spo((o) = — R PQ (T)exp(-uoT)dT 

Z7T J —00 

Replacing R P q(t) with Rq P ( — t ) 

1 f°° 

S PQ {to)= — R Q p(-T)exp(-iwT)dr 

Z7T J —oo 

Letting — t = t 

1 f°° 

S PQ (co) = — R PQ (t)exp(ui>t)at 

ZTT J —oo 

Then, 

-Spq(w) = Sq P (-io) = Sq P (co) 



Example 5.4 Response Spectrum due to Two Random Loads 

Consider a mass -spring -damper system in Figure 5.5 subject to two random forces P(t) and Q(f). Find 
the response spectrum Sxx(w) assuming that 

Spp(w) = Sp, S P q(u > ) = 0, Sqq(co) = Sq 
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Solution 

The equation of motion for this system is given by 

mX +cX+kX = P(t ) + Q(t) 

First, assume that Q(t) = 0 in order to first obtain 
H X p(cl>). Taking the Fourier transform, the equation 
of motion is given by 

(—mco 2 + a or + k)X(co) = P(co) 




Then, the frequency response function H XP (co) is FIGURE 5.5 Single-DoF system subjected to two 



H XP (co ) — 



(—mco 2 + cico + k ) 



random loads. 



H X p(co) ■ 



m(—ar + 2co n £ico + cof t ) 
Similarly, H X q(co) is obtained by setting P(t) = 0 and is also given by 

_ 1 

H X q(co) y— — — — ■ — jT 

m( — co + 2co n C,i(o + co^) 

Then, the spectral density of the response is given by 

Sjocico) = [ ( m(co 2 n - co 1 - 2co n £ico)) 1 (m(co 2 n - co 2 - 2w„£iw)) 1 J 



Spp((o) Spq(u > ) 

|_SQ P (m) SQq(m)J 



(m(co 2 n — co 2 + 2co„£ico)) 1 ~ l 



_(m(co 2 n — co 2 4- 2co„£ico)) 1 J 



Spp(co) + S PQ (co ) 4- Sqp(co) 4- S QQ (co) 
m 2 [(a>l - co 2 ) 2 + (2 m„£) 2 ] 



In our case, the spectral density is reduced to 

Sxxiw) = - 



S P + Sq 



• 2 [(^-co 2 Y + (2co n ^] 



Spectral densities are rather complicated expressions to evaluate in general. A number of special cases 
will help better understand the effects of the cross-terms: 

1. P(t) and Q(f) arise from independent sources and are, therefore, uncorrelated. 7 Then, R P q(t) = 0, 
Rqp(t) = 0 and S PQ (co) = 0, Sqp(co) = 0. 

2. P(t) and Q(f) are directly correlated; that is, Q(t) = kP(t) where k is a constant. 

3. P(t) and Q(f) are exponentially correlated, E{P(t)Q(t + r)} = k PQ exp{ — ar) where k PQ is a 
constant. 

4. P(t) and Q(f) are correlated in a “simplified” exponential; that is, with a triangular correlation 
defined by E{P(t)Q(t 4- t)} = k P Q( 1 — t/ti), — n ^ r < t x . 



7 Independence implies that 

EmdQih)} = E{P( tl )}E{Q(t 2 )} 

They are uncorrelated if 

Cov(P( fl )Q(f 2 )) = E{P( tl )Q(t 2 )} - FIPCfOlFlQlft)} = 0 
Independent processes are always uncorrelated whereas uncorrelated processes may not be independent. 
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We consider in more detail the first two cases listed above. Where the loads are independent, because 
the cross-correlations are identically zero, the output spectral density is just the sum of the two respective 
spectral densities obtained with the forces acting separately: 

Sxxiw) = H X p((o)H X p(co)Spp(u > ) + H X q(u>)H X q(o>)Sqq(co) 

= \H XP (co)\ S P p{a>) + \H X q(w)\ Sqq(co) (5.10) 

We note that the output spectral density for a linear system follows a strict interpretation of the principle 
of linear superposition only when the forces are uncorrelated. 

For the case where Q(f) = kP(t), we have 

R pq (t) = E{P(t)kP(t + r)} = kRpp(r) 

R qp (t) = E{kP(t)P(t + r)} = kR PP ( t) 

Rqq( t) = E{kP(t)kP(t + T)} = k 2 Rpp(T) 

Then, we can obtain the respective spectral densities 

Spq(co) = Sqp(co) = kSpp(co) 

Sqq(<o) = Ic'Sppico) 

leading to the spectral density of the response 

Sxx( w ) = fixp( w )^AT( w )Spp(iz>) + H X p(to)H X Q(co)kSp P (to) + H X Q(co)H X Q(co)kS PP (co) 

+ H X q((o)H X q(o)) 1^ Spp(co) = ( H XP + kH X Q)(H XP + kH X Q)S PP {co ) (5.11) 

= I H X p(co) + kH X Q(to)\ 2 Spp(co) 

This last expression is related to the relative phase between the two functions H XP (co) and H X q(co). The 
addition of two frequency response functions H XP + kH X Q is shown graphically in Figure 5.6. 

Suppose Spp(co) = Sqq(cj) = S(co) Then, from Equation 5.10, for independent loadings 

SxxM = [ \H XP \ 2 + lH XQ l 2 ]S(w) (5.12) 

If the forces are directly correlated with parameter k = 1, Equation 5.11 yields 

S^fw) = I H XP + H xq \ 2 S(co) = [\H XP \ 2 + \H xq \ 2 + 2 \H xp \\H xq \cos «flS(w) (5.13) 

where </> is the phase difference between H XP and H X q as shown in Figure 5.6. The law of cosines is 
used for the second relation. Therefore, a comparison of Equation 5.12 with Equation 5.13 
shows that the results of an uncorrelated loading 
will be identical to those that are correlated where 
cos (f> = 0, that is, (f> = ±tt/ 2. This is when the two 
vectors in Figure 5.6 are perpendicular to each 
other. For other values of <£>, the spectral density in 
the correlated case may have any value in the 
range defined by [I H XP \ 1 ± IH X q 1 2 ]S(w) depending 
on the value of (f>. 

If, at some frequency, H XP = — H X q , the spectral 
density at that frequency for the correlated case 
with k — 1 will be zero. For any case where 
H XP = H X q, the spectral density with correlation 
will be twice that obtained without correlation. 

Another specialized result is where Q(f) follows 
P(f) after a lag of r 0 so that Q(f) = P(t + r 0 ). 



Imaginary 




FIGURE 5.6 Addition of frequency-response 
functions. 
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Then, 



R pq (t) = E{P(t)P(t + r 0 + t)} = Rpp(r 0 + r) 

with the respective spectral density 

If 00 If 00 

S PQ (co) = — R PQ (r)e~ lmT dr = — R pp (t 0 + T)e~ la,T dr 

Z7T J — oo Z77 J —oo 

i r°° 

= — e'“ T ° R pp (t o + T)e _1 " (To+T) d(r 0 + r) = e ^Spp(co) 

2tt J —oo 

Since S PQ ((o) = S QP (a >) are complex conjugates 

S QP (co) = e~ i<OT ° Sp P (co) 

Also, Spp(ui) = Sqq(u>). Then, 

Sxxico) = [H XP (a>)H* XP (.a>) + e iwT » H XP (co)H* XQ (co) + e~^ H XQ (co)H* XP (u) + H XQ ( W )Hi Q ( W )]S f , P (ar) 



5.4 Multi-Degree-of-Freedom Vibration 

In this section, a review of deterministic vibration is provided. These results are used in the next section, 
where the forcing is taken to be a random process. 



5.4.1 Deterministic Vibration 

Consider a case where there is more than one DoF. 

The equations of motion can be written as 

[m]{x(t)} + [c]{x(f)} + [k]{x(t)} = {F(t)\ 

For an N-DoF system, the matrices [m\, [c] and [k] 
are of dimension N XN, and the response {x(t)} 
and force {F(t)} vectors are of dimension NX 1. 

For purposes of demonstration and discussion, 
the necessary concepts will be introduced primar- 
ily by working through the solution of a two-DoF 
system. All these ideas transfer to larger systems, but with the two-DoF model we can demonstrate the 
key ideas without the complications of the major algebraic and numerical demands made by the larger 
systems. 

For the system shown in Figure 5.7, we can derive the coupled equations of motion using either 
Newton’s Second Law of motion applied to a free body diagram for each mass, as shown in Figure 5.8, or 
by Lagrange’s equation. In either case, we find the governing equations to be 




FIGURE 5.7 Two-DoF mass-spring-damper system. 



+ Cjjxjff) + (fci + k^jqCf) - c 2 x 2 (t) - k 2 x 2 (t) = F^t), 
m 2 x 2 (t) + c 2 x 2 (t) - c 2 ±!(f) - k 2 Xi(t) + k 2 x 2 (t ) = F 2 (t) 



or in matrix form 



r m \ o 




r c i + c i 


-Cl ' 


f* iW L 


\ki+k 2 


~k 2 - 


jx,(0 j 


|_ 0 m 2 _ 


1 x 2 (0 J 


[ -Cl 


C 2 . 




^ "*2 


k 2 . 


U(oJ 




(5.14) 
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F x (t) 




k 2 (. x 2~ x 1 ) 
C 2 ( x 2~ x l) 



F 2 (t) 




FIGURE 5.8 Free body diagram of a two-DoF system. 



In this case, the mass, damping, and stiffness matrices are given by 



I '"I 



f '«1 0 I 


f Cl + c 2 ~C 2 "I 


[ k x + k 2 k 2 "I 


’ 


M = 


m = 


L 0 m 2 J 


L -c 2 C 2 j 


L -k 2 k 2 J 



5.4.2 Solution by Frequency Response Function 

Begin by taking the Fourier transform of the equations of motion, obtaining 

(-to 2 [m] + \oj\c\ + [k]){X(co)} = {E(«)} 



where {X(w)} and {E(<w)} are Fourier transforms of {x(t)} and {T(f)}, respectively. The matrix 
(— u> 2 [m\ + i<u[c] + [k]) is denoted as [Z(<w)]. Then, 

{X(w)} = [Z(co)r l {F(co)} 



The matrix [Z(w)] 1 is identical to the frequency response matrix denoted as [H(<w)]: 



{*(<»)} = [H(w)]{F( W )} 



(5.15) 



For the two-DoF system in Figure 5.7 



IH(co) ] = 



' 1 

det[Z] [ 



—m 2 a> 1 + i u>c 2 + k 2 
i u>c 2 + k 2 



i coc 2 + k 2 

-m 1 co 2 + ia>(c l + c 2 ) + (&! + k 2 ) . 



det[Z] = ( o 4 m l m 2 — ico 3 (m l c 2 + c 1 m 2 + c 2 m 2 ) + iwfq/c, + Ayc 2 ) 

— a) 2 (m x k 2 + qc 2 + k l m 2 + k 2 m 2 ) + /qfc 2 

Note that the frequency response function of a two-DoF system is given as a matrix with dimension of 
2 X 2. To clarify the meaning of each element, let us expand Equation 5.15: 



= HnMF^co) + H 12 (aj)F 2 (co) 



X 2 (oj) = H^i^F^co) + H 22 (co)F 2 {(o) 



Now, the meaning of each element is clear. Each element H, ■,(&>) is the frequency response function for 
coordinate i due to a force at j. In general, [H(w)] is a symmetric matrix since [in], [c] and [fc] are 
symmetric. 

For a deterministic response, recall that the impulse response function is related to the frequency 
response function by 

1 f°° 

gij(t) = — H^(w)exp(iwf)dm 
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which is written for each element in the matrix. For the two-DoF system 



ftl(0= 2¥l- o 



gn(t) = 
feiM = 






i 

2 IT J -o 

1 

2 TT J -c 

1 



— tn 2 co 2 + iwc 2 + k 2 
det[Z] 
iwc 2 + k 2 



exp(iwt)dci) 



exp(iwf)dw 
exp(iwf)dw = gn(t) 



det [Z] 
iwc 2 + k 2 
det [Z] 

-m^ar + iajfa + c 2 ) + (k 2 + k 2 ) 



det[Z] 



Again, [g(t)] is a symmetric matrix. 

Using the convolution integral, the response x ; (f) due to Fj is 



exp(iwf)d<u 



Xi(t) = gij(T)Fj(t ~ r)dr 
J -00 

The total response x,(f) of mass m l is then equal to the sum of the individual responses to each of the 
forces. In our case, the responses are 



roo 

*i (0 = lgu(T)Fi(t - r) + g n (r)F 2 (t - r)]dT 

J -00 

roo 

X 2 (t) = [g2l(T)Fl(t - r) + g 22 (T)F 2 (t - T)]dT 

J -00 



We can extend our analysis to a system with N DoF. The equations of motion are written in matrix form 
as 

[m]{x(t)} + [c]{x(t)} + [k\{x(t)} = {F(t)} 

where {x(t)} and {F(t)} are response and force vectors and the frequency response matrix is given by 

[H(w)] = (~co 2 [m] + iw[c] + [fc]) _1 
The impulse response matrix [g(f)] is given by 



lg(t)] = — [lT(w)]exp(ia)f)dw 

Z7T —oo 



and the response matrix is given by 



{x(t)\ ■ 



lg(T)]{F(t - r)}dr 



Note that the impulse response vector is not trivial to evaluate, much less the convolution integrals. More 
importantly, this method becomes much harder for each additional DoF. Therefore, this method is rarely 
used, and we often rely on modal analysis. 



5.4.3 Modal Analysis 

Let us first consider an undamped system in free vibration with equations of motion 

[m]{x(t)} + [k\{x(t)} = 0 

If we assume that {x(t)} is harmonic with frequency co, 

W01 = A 0 Me iMt 

the equations of motion are reduced to the eigenvalue problem given by 

(~co 2 [m] + [k]){u} = { 0} (5.16) 
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The goal is to find the nonzero vector { u }. Therefore, equations must be linearly dependent, 8 or there 
should be no inverse for (— co 2 [m] + [1:]). This can be satisfied if the determinant of (— co 2 [m] + [A]) is 
zero: 

I - ar[m] + [k\ I =0 

There are several values of (O 2 which can make the determinant equal zero, and these values of co 2 are 
called eigenvalues. For each nonrepeating eigenvalue, there is a corresponding vector \u) that satisfies 
Equation 5.16. This vector is called the eigenvector. Physically, the eigenvalues of this problem are the 
natural frequencies squared, and the eigenvectors are the mode shapes , since they represent the respective 
motion of each modal coordinate. 

By solving this eigenvalue problem, we can obtain N sets of eigenvalues co 2 with corresponding 
eigenvectors {«}; for an N-DoF system. 9 It is customary that the eigenvalues are arranged in ascending 
order 

2 2 2 
CO\ < U>2 < ■ ■ ■ < 



The eigenvectors can be normalized with respect to the mass matrix, 

{u}J[m\{u}i = 1 , i= 1,2, ...,N 

where 



u li 



u Ni 



For the ith and jth set of eigenvalues and eigenvectors, we can write 

-w- [«!]{«}; + [fc]{«},- = {0} 

-(o 2 [ml{u}j+ [kl{u}j = {0} 

Multiplying the first equation by {u}j and the second equation by {u}J, we obtain 

-coj{u}j[m\{u}i + {u}J[k]{u}j = {0} 
-coj{u}J[m]{u}j + {u}][k]{u}j = {0} 

Take the transpose of Equation 5.18, 

-coj{u}J[m] T {u}i+ {u}j[kf{u}i = {0} 

Since [ m ] and [A:] are symmetric, [ m ] = [m] T and [A] = [A] T , and 

-coj{u}J[m]{u}j+ {u}][k]{u}j = {0} 



(5.17) 

(5.18) 



(5.19) 



8 An example of a linear dependent equation is 

[: :h;h:} 

or 

iq + 2 u 2 = 0 
2tq + 4 u 2 = 0 

In this case, u x and u 2 need not be zeros. Instead, the equations are satisfied as long as tq = 2 u 2 . Therefore, there is an infinite 
number of solutions. 

9 An eigenvalue problem will be demonstrated in the next example. 



© 2005 by Taylor & Francis Group, LLC 




5-16 



Vibration and Shock Handbook 



Subtracting Equation 5.19 from Equation 5.17, we obtain 

(ajj - a)j){u}][ml{u}i = 0 
If the eigenvalues are unique (coj coj), then 

{u}j[ml{u}i = 0, i¥=j 

From Equation 5.19, similarly 

{u}J[k]{u}i = 0, i#; 

That is, the eigenvectors are orthogonal (or normal) to each other with respect to the mass and the stiffness 
matrices. If the eigenvectors are normalized with respect to the mass matrix, Equation 5.19 with i = j can 
be written as 

-a)f{u}j[m]{u} i + {u}j[k]{u}i = {0} 

and therefore 

{ u}][k]{u}j = co] 

In summary, we just found that the eigenvectors have the following properties: 

t f 1 ’ i=j 

{u}][m]{u}j = ] 

[O, 

and 

f or], i = j 

{u}J[k]{u} j = ] 

to, i*j 

If we construct a matrix composed of eigenvectors 

[P] = [{u] i ••• }«} N ] (5.20) 

we can write 



ipfmpi 



\p\'\m\\p\ = [/] 
~ co i 0 0 " 

0 0 
0 0 



diag( tt> 2 ) 



where [7] is the identity matrix and [P] is called the modal matrix. 

Now, let us return to our original equations of motion given by 

[m]{x(t)} + [c]{x(f)} + [k\{x(t)} = {F(t)} 



We restrict our problem to the proportional damping case, where [c] is a linear combination of [m\ 
and 1 7c |: 

[c] = a[m\ + /3[k\ 



with constant a and /3. 

Let us define a new set of coordinates {z(f)|, so that 

MO} = [P]{z(t)} 



(5.21) 



where [p] is the modal matrix defined in Equation 5.20. The equations of motion then become 



[m][P]{z(0} + [c][P]{z(0} + [k][P]{z(t)} = {F(t)} 
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Multiplying by [P] T , 

[P] T [m][P]{z(t)} + [P] T [c][P]{z(f)} + [P] T [k][P]{z(t)} = [P] T {PW} 

which reduces to 

}z(f)} + («[/] + /3x diag(w 2 )){z(f)} + diag(w 2 ){z(f)} = [P] T {P(f)} 
or 

Zt(0 + (« + /3wl)zi(f) + coiz(t) = {«}?{P(0} 



z N (t) + (a + Pa> 2 N )z N (t) + u> 2 N z(t) = {u}Jf{F(t)} 

It is clear now why proportional damping is considered. The damping matrix [c] becomes diagonalized 
so that the equations of motion are decoupled. The coordinates z ; (f) are called the modal coordinates , and 
{u}J{F(t)} are called the modal forces. We often let 



to simplify the equations to 



(a + ft co 2 ) = 2 u>Xi 

{u}J{F(t)} = qft) 

hit) + 2w 1 £ii: 1 (f) + WiZjff) = q x (t) 



(5.22) 



2n( 0 + 2w ]v ^ N z N (f) + a> 2 N z(t) — q N (t) 

The solution to these equations can be obtained using the impulse response function and the convolution 
integral for each coordinate 



Z;(f) = 




gfpgft - T) dr, i = 1, 2, . . ., N 



where 



and 



gi(t) = \ 



— e ^ sin coj t. 



0 , 



0 

t < 0 




Once we find all the z ; (f), we recover the physical coordinates by using the transformation in Equation 
5.21 or 



}x(f)} = [P]{z(f)} 



5.5 Multi-Degree-of-Freedom: The Response to Random Loads 

From the analysis of the Single-DoF system, we know that knowledge of the frequency response function 
H(co) is crucial in obtaining the response statistics to random loads. For a system with more than one 
DoF, there is more than one frequency response function FI(co). For an N-DoF system, the frequency 
response functions will be given as an N X N symmetric matrix H(f). 
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In the single-DoF system, the response statistics were given in terms of the mean response /jl x and 
the spectral density of the response Sxx(u>). We will find here that the response statistics of an N-DoF 
system are given in terms of the mean response for each DoF, /jl X i , .... /jl Xn > and a matrix of spectral 
densities of the response S(w), which is also of dimension N X N. 

We present a priori the results which are derived in the subsequent section; the mean response vector 
fj, x and the matrix spectral density of the output Sxx( w ) : 

f*-x = HjfxfOlfAp 

Sxx( w ) = H xx 1 w ) S ff ( W )H XX ! oh 

Here, we will first obtain the frequency response function of a typical two-DoF system. We will then 
consider a two-DoF system subjected to a single random load. Finally, we will expand our analysis to an 
N-DoF system subjected to N random loads. 



5.5.1 Response due to a Single Random Force 

When a body vibrates, points on the body move relative to each other. To describe this relative 
motion of two points on a body subjected to random loading, we must know both their cross- 
spectral densities and cross-correlations, and also the spectral densities and the autocorrelation 
function of the individual motions of each point. This requirement is true even though there is 
only one force acting on the system. This is similar to the problem of the single mass loaded by 
two random loads. 

Consider a body excited by a single randomly varying force P(t) with autocorrelation Rrr(f) and 
spectral density S PP (to). Owing to this loading, two points on the body have displacements X(t) and Y(t) 
with means p x and /-W autocorrelations Rxx(t) and Ryy(t), and spectral densities Sxx(<w) and Syy(w), 
respectively. Note again that upper case letters are used to signify random processes. 

We know the following from our earlier studies 

EfX(t)} = H XP (0)p P 

E{Y(t )} = H YP (0)fi P 

and 

SxxM = iH^pltojhSppCto) (5.23) 

Syy(to) = lH F p(w)| 2 Spp(w) (5.24) 

where 



and 






H yp {(o) — 



r oo 

gxp( T )e -imT dr 

J -00 
r oo 

gyp('r)e“ 1 " T dr 

J -00 



X(t) = gxp(T)P(t - T)dT 



Y(t) = 



-00 

g YP (r)P(t - r)dr 

— 00 
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With these relations, we can now find the expressions for the cross-correlation Rxy ( t ) and cross-spectral 
density S X y(a>). Using the definition of a cross-correlation function, we obtain 

R xy (t) = E{X(t)Y(t + r)} = e\ f° gxp^Pit ~ r, 

r oo 

= gxp ( T 1 



oo r r oo -| 

^gx^i) _^gYp(T2)Rpp(T+ n - T 2 )dT 2 dry 

Even though we have an explicit expression, it is generally not easy to interpret. 

The cross-spectral density can be derived by using the Fourier transform relation between R xy (t) and 
S XY (co). Thus, 




)[\ _Jyp(r 2 )mt - Tj)P(f + T - T^ldTzJdT! 



)diy L SYpfaW + t- r 2 )dr 2 | 



| poo J poo poo poo 

S X y(w) = — Pxy(T)e _1 “ T dT=— £xp(ti) gyp(r 2 )Ppp(T+ T! - T 2 )dT 2 dry e _1 “ T dr 

ZTT J —oo Z7T J —oo J —oo J —oo 

i roo roo r oo 

= 2 tT J -oo &f> ^ Tl)e+1MTl J -oo to ^ T2 ' )e ” 1<UT2 J _ 00 ' Rp ^ T+Tl _ 7 2 ) e_ 1 “ (T+Tl_T 2 ) dTdT 2 dT 1 ( 5 . 25 ) 

In order to integrate this last expression, it is easier to proceed by transforming the variables in the 
innermost integral according to 



A =t+t 1 —t 2 and dA=dT 

where r, and t 2 are dummy variables. Then, Equation 5.25 becomes 

1 poo poo poo 

Sxv(w) = — &p(n)e +1 “ Tl drj &p(T 2 )e _1 “ T2 dT 2 Ppp(A)e“ IwA dA 

ZTr J -oo J -oo J -oo 

— Hxp(a})HYp((o)Spp(co) (5.26) 

Where points X and Y coincide, this result reduces to the classical fundamental relation 
Sxx ( w ) = I- Hxp 1 2 Spp ( <n) . 

Equation 5.23, Equation 5.24 and Equation 5.26 can be written in matrix form 



or 



1" Sxx(co) 


Sxf( w ) "1 


T H* x P (ai) I 


L Syx( w ) 


Syy(co) j 


L H*yp(CO) J 



Spp(a))[H XP ((o) 



Hyp(co)] 



(5.27) 



Sxx(<r>) S XY ((o) 1 I” H XP ((o)S xx (aj)H XP (a)) H X p((v)S XY (aj)Hyp((o) 

Syx ( W ) Syy(w) J |_ Hyp(co)Sy X ((i})H X p(co) Hyp(to)Syy(w)-Hyp(to) 



Example 5.5 Response Spectra for a Two-Degree-of-Freedom System Subjected 
to a Single Random Force 

Consider the mass-spring-damper system shown in Figure 5.9. Assume that the random force iy(f) is a 
white noise random process with S FlFl (cv) = S 0 and F 2 (t) = 0. (i) Find the frequency response functions 
H ll (co) and H 2l (co), and (ii) find the spectral densities S Xl x, (w), S Xl x 2 (a>) and 
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F l(t) 




Solution 

The equation of motion for this system has been obtained as Equation 5.14 with F 2 (t) = 0. We found 
previously that the frequency response function for this system is given by 

— m 2 (o 2 + i (oc 2 + k 2 i coc 2 + k 2 

i coc 2 + k 2 -Mjd) 2 + i&Xq + c 2 ) + (kj + k 2 ) 



IH(co)] = 



det [Z] 



where 



det[Z] = w 4 m 1 m 2 — i<w 3 (w 1 c 2 4- c 2 m 2 + c 2 m 2 ) + i<u(c 1 fc 2 + k 2 c 2 ) 
— a 2 (m 1 J: 2 + c 2 c 2 4- k l m 2 4- k 2 m 2 ) 4- k 2 k 2 



Since F 2 = 0, the frequency response functions due to F 2 , H 12 (co) and H 22 (a > ), are zero. The frequency 
response functions due to F l are given by 



H n «o) = 
H 21 (co) = 



— m 2 ar + i coc 2 + k 2 
det[Z] 
iwc 2 + k 2 



det [Z] 

Using Equation 5.27, the response spectra are given by 



Sx 1 x 1 ( <M ) = FI n (co)H n (u))S FiPi (co) = S 0 

Sx 2 x 2 ( a> ) = FI 22 (co)H 22 (co)S FiFl (co) = S 0 

Sx!X 2 ( w ) = ffll(< u )ff2l( w )‘SF 1 j; 1 (w) = S 0 

Sx 2 x, (") = Ff 2 ] ((D)H ]] (<d)S Fi F[ (at) = S 0 
Note that Sx 2 x,( w ) = S Xl x 2 (~ w ) = Sx,x 2 ( w )- 



(k 2 - m 2 ar) 2 + (coc 2 ) 2 
(det [Z]) 2 

k\ + (coc 2 ) 2 
(det [Z]) 2 

( — m 2 u> 2 — iwc 2 + k 2 )(icoc 2 + k 2 ) 
(det|Z|) 2 

(—m 2 (o 2 + iwc 2 + k 2 )(—icoc 2 + k 2 ) 
(det[Z]) 2 



5.5.2 Response to Multiple Random Forces 

Consider a multi-DoF system subjected to multiple random forces. The goal is to obtain the relation 
equivalent to Equation 5.27 for the general response for N DoF by first considering the response of a 
Single-DoF to N forces, and then generalizing to N DoF. This will be done in two ways. First, by extending 
the impulse-response method leading to the convolution integral, and then by utilizing the modal 
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analysis approach where the coupled physical equations of motion are decoupled in a new modal 
coordinate system. 

5.5.3 Impulse-Response Approach 

Let us start by expressing the response X k (t) using the impulse-response functions g kl (t). Recall that g fa (f) 
is the impulse response of mass m k to force F,(f). By linear superposition, the total response X k {t) of mass 
m k is equal to the sum of the individual responses to each of the N forces 

N N poo 

x k(t) = X X fa'0) = X Ski(T)Fi(t - T)dr 
;= 1 ;= i ■> 

Assuming that the forces are stationary with respective means fj, F , and cross-correlations R f . f ,(t), the 
mean and correlation of the response can be found as follows: 

N poo 

E{X k (t)} = V gki(r)E{Fi(t - r)}dr 

— 1 ) —oo 

1=1 J 

N poo N 

Fx k — y gki(T ) dr = y fr Fi H ki ( 0) 

;=i J “°° ;= i 



In matrix form 



H-x — Hxx(0 )fk F 



This is a static response and, therefore, can be ignored here and added on at the end of the computations. 
We next evaluate the expressions for the response correlations and spectral densities, from which we can 
evaluate the mean-square response. By definition, the correlations are given by 



r n n ■) 

Rx^ir) = E{X k (t)Xj(t + t)} = E] y X km (t) y X jn (t + t) [ 

(. m= 1 n= 1 J 

C N poo N poo 

gkM)F m (t~D d^y gjn(€)F„(t + T - 

I J —oo — ! I —oo 

{,m= 1 * / n= 1 J 



-- FA 




N N poo poo 

= y y gkjog ] ,M)E\F m (t - 0F n (t + r - f »df d£ 

TTl —oo —oo 



XX 



gkm(Dg jn (mF m F„(T-£+0 d£d| 



The response spectral density is by definition 

1 f” 

— ^R XtX .(r)exp(-iwT)dT 



Before substituting the correlation function into this equation, multiply it by exp(— icu[f — £]) 
X exp(ito[£ — £]). Also, define v = t — f + £ with dr 1 = dT. All of these manipulations allow us to put 
the spectral density in the following form: 



N N 



Sx t x/«) -XX 

m=l n= 1 



) poo ^ poo 

& n (£>exp(iw£)df g jn (g)exp(-ico£)d£x — R FmFn (v)exp(~icov)dv 

oo —oo Z IT —oo 



N AT 

= XX 

m=l n=l 
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where the star denotes complex conjugate. In matrix form 



Sx t x,M = HU<o)S pf (co)H;(co) 
In this notation, H^(w) is a row vector of dimension IX N 

H l(co) = [H* kl (co) ••• H* kN (co)] 



Hj(co) is a column vector of dimension Nxl 



H J(co) 



H n (co) 






and S PF (co ) is a matrix of dimension N XN 



Sppiu) — 



S Fl p N (a)) 



|_ 5 f n FiM ••• S F N F N Mj 

Equation 5.28 can now be generalized for any X k and Xj 

S xx(co) = H*(co)S F p(co)H T (co) 

where 



and 





ffluM •• 


I — 

sc 


H(w) = 


i 

g ... 
? 


' H NN (a>) _ 






' ' S Xl x N ( w ) 


Sxx( w ) — 


_‘Sx N x,( a> ) ' 


■ • S x N x N (w) 



(5.28) 



(5.29) 



Let us recall Equation 5.6, Equation 5.9, and Equation 5.27. Equation 5.6 is the response spectral density 
of a single-DoF system to a single random force, Equation 5.9 is the response spectral density of a single- 
DoF system to two random forces, and Equation 5.27 is the response spectral densities of a two-DoF 
system due to a single force. Comparing them with Equation 5.29, we realize that they are all special cases 
of this equation. 

For a zero mean, the mean-square response of the jth coordinate is given by the relation 




r oo 

'Sx j x J ( <y )d<u 



(5.30) 



Example 5.6 Spacecraft Design Problem (based on Wirsching et al., p. 228) 

A rocket mounting is to be designed. The rocket of mass m ] = 181 kg is mounted on a supporting 
structure of mass m 2 = 362 kg using structural brackets that can be modeled as springs of constant 
k= 1.40 MN/m. There is also damping with coefficient c= 3.50 kNsec/m. When the engine fires, 
the thrust can be interpreted as being composed of a mean value thrust and a random fluctuating thrust. 
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The random variations are due to factors such as fluctuations in fuel mix and eccentricities in thrust 
direction. The mean thrust is given by /z x = 16 kN and the random component is given by T, which is 
a random function of time. T is characterized as white noise of intensity 1980 N 2 /Hz over the frequency 
range 0-50 Hz. The mean thrust can be viewed as a static load while the random thrust as 
the dynamic load. 

The design must consider that components in the supporting structure will be damaged if the 
acceleration is too large. Also, the structural brackets will fail if the relative displacement between the 
rocket and the supporting structure is too large. Both these design issues are difficult because the input is 
random. Therefore, there is a trade-off between the cost of making a component stronger and making it 
more reliable. The probabilistic framework allows the analyst to quantitatively understand the trade-off. 



Solution 

The goal of the analysis is to determine the acceleration of the supporting mass X 2 and the relative 
displacement Z = X 2 ~ X l . 

First we solve the mean value problem. The mean value acceleration is 



F 

a = 

m l + m 2 



16,000 

181+362 



29.46 m/sec 2 



29.46 

9.81 



3.00s 



The mean force in the bracket is found by applying the equation of motion to m 2 
fji Pi = m 2 a 2 = 362 X 29.46 = 10665 N = 10.66 kN 
The mean bracket deflection is 



H Fl _ 10.66 X 10 3 
~k 1.40 X 10 6 



= 7.61 X 10 3 m = 7.61 mm 



While the mean value is the single most important descriptor of randomness, the variance is important 
because it is a measure of the scatter of possible results. In order to calculate the variance, we need to 
derive the response spectral density and the frequency response function (see Equation 5.30). This we 
compute next. The equations of motion are given by 

m,X, - k(X 2 - X,) - c(X 2 - Xj) = F(f) 

m 2 X 2 + k(X 2 - Xj) + c(X 2 - X i) = 0 



Given the problem statement, the variables of interest are (Z,X 2 ). Transform variables using 
Z = X 2 — Xj . The equations of motion become 

niiX 2 — tti\Z — kZ — cZ = F(t) 

m 2 X 2 + kZ + cZ = 0 

To derive the frequency response function, assume harmonic excitation 




and harmonic response of the form 




Substitute these equations into the matrix equation of motion to find 

m^X o + m l a) 2 Z 0 — kZ 0 — i ccoZ 0 = F 0 
m 2 X 0 + kZ 0 + i ccoZq = 0 
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The frequency response function is then found to be 

1 f m 2 

H(w) = 

A(co) ^ — i C(0 tn lUI 2 — 1c — 

A(co) = m l m 2 (o 2 — k(m l + m 2 ) — icco(m 1 + m 2 ) 
There is only one applied force, and the spectral density function matrix is 



•' 1 
k — icto J 



S p ((o) = 



"S 0 0- 
. 0 



Apply Equation 5.29 to find 
Sxx(w) = 



To determine the root mean square of relative displacement Z(t), note that the spectral density function 
of Z(f) is the top term on the diagonal of Sxx(w): 



1 

1 

CO 

N 

N 

co 

i 


So 


2 

m 2 


—km 2 + i cm 2 a> 


L $xz $xx J 


l4(w)l 2 


—km 2 + i cm 2 co 


k 2 + (cco) 2 



S zz (oj) — S 0 



m\ 



140)1 



The mean-square value of Z(f) is then 



2 

Oz = 



S zz (a>) — 



TiS 0 m 2 

ck(m 1 + m 2 ) 2 



The above are for a two-sided spectrum. The given spectrum is one-sided, therefore, S 0 = Wo/4tt. Then, 
with appropriate substitutions, we find cr z — 0.212 mm. In summary, the relative displacement has 
mean and root mean-square 

jji z = 7.61 mm, cr z = 0.212 mm 
The force in the spring has mean and root mean-square 

H Fb = k(JL z = 1.40 X 10 6 X 7.61 = 10.65 kN 
cr Pb = k(T Z = 1.40 X 10 6 X 0.212 = 0.297 kN 

Finally, the spectral density of the acceleration is the second diagonal term of SxO): 

k 2 + (ca>) 2 



Sirif — Sn 






l4(w)l 2 



and 



— TT 5| 



° . c( m i 






+ 



(nil + m 2 )m 



1«2 . 



+ »h ) 2 

Upon making the appropriate substitutions, we find 

Ojj = 0.852 m/sec 2 = 0.087g 
In summary, the mean and standard deviation of X 2 are 

Hx, = 3 g, (Tx 2 = 0.087 g 

See Example 5.1 for a discussion on the above nonstandard integrals. 

A designer would now use these mean and standard deviation numbers to decide how reliable to make 
the components. Forexample, ifwe assume that F b andX 2 are normal density, we can specify a design based 
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on fi ± 3er, which tells us the probability of 
exceeding this 6cr range is less than 0.1%. If this 
design is too expensive, then the designer will try a 
design based on /r ± 3 cr, one that will have a higher 
probability of failure. In this way, a trade-off study is 
performed weighing cost against probability of 
failure. Figure 5.10 demonstrates a design based on 
5% failure probability. 

5.5.4 Modal Analysis Approach 

The response of a multi-DoF discrete system loaded by random forces is generally a very complicated 
problem to formulate and solve. Here, to demonstrate one possible approach, we study the modal 
analysis of such a structure and work through some of the intricacies. 

We will start the analysis at the point where the modal equations of motion have been formulated and 
the assumption of proportional damping has been made. From Equation 5.22, for a random vibration, 
the modal equations in indicial notation are 

Z, + 2£w;Z; + wfZ; = Q;(f), 1 = 1,2 (5.31) 

where the parameters are familiar. We further assume that the modal forces Q,(f) are ergodic random 
excitations. The transformation between physical and modal spaces is 

N 

Xj(t ) = X « jiZiit) 

2=1 

and the transformation between physical and modal forces is 

N 

Qj(t) = X u ij F i(t) = uj F (5.32) 

i=l 

where u, is the modal vector for the ith DoF and 




FIGURE 5.10 Normal density with 5% failure 
probability. 



In matrix form, we can write 



where P is the modal matrix given by 



L u Ni J 



X= PZ 
Q = P t F 



P = [ Uj ■ ■ ■ u N ] 



For a two -DoF system, we can be specific 

2 

Xj(t) = y UjiZ0) = UflZ^t) + u j2 Z 2 (t), j = 1,2 
2=1 
2 

Qj(t) = X = Uij F i(t) + u 2j F 2 (t), j= 1,2 



(5.33) 
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for each DoF j of a two-DoF structure. Our goal in this analysis is to evaluate the statistics of the response, 
that is, to find autocorrelations and cross-correlations, Rx k x j ( T )^ and its Fourier transform, the power 
spectrum, S XlX .(w). 

Begin with the definition of the autocorrelation and substitute Equation 5.33 for Xj(t): 



Rx t x j (r) = E{X j m i (t+r)} 



C n n 

Hi i 

0=1 m= 1 



u ki u j m Zi(t)Z m (t + t) 



(5.34) 



where Z ; (f) is the solution to Equation 5.31: 

Z,(f) = Qi(T)gi(t - T)dT 

gi(T) = — exp(-^WjOsin io d t 
W di 



CO d . = W;( 1 



g) m 



(5.35) 

(5.36) 

(5.37) 



Note that, since the impulse response function g(t) is zero for t < 0, the lower limit on the integral 
defining Z(t) can be made — <x> without changing the value of the integral. 

Substituting Equation 5.35 to Equation 5.37 into Equation 5.34 and letting the expectation operate 
only on the stochastic terms, we have 



Rx tXi (r) 



n n rt+T rt 



M W M;,„E{Q / (0i)Q,„(0 2 )}a(f - Ol)gm(t +T~ 0 2 )d dd 2 (5.38) 



where and 0 2 are dummy time variables, and 

R QlQm ( e 2 - 9 i) = £{Q ; (0 1 )Q m (0 2 )} 

owing to the assumed ergodicity (and thus stationarity) of the forcing. If the system is lightly damped 
and has well-separated modal frequencies, as is the case in many engineering structures, the response due 
to Q/(t) is almost statistically independent of the response due to Q m (t). The cross-correlation terms that 
arise in Equation 5.38 are then almost zero, with the only nonzero terms arising for m = l: 

R QlQl (e 2 - 9d = £{Q/( 0 i)Q/( 0 2 )} 

Now that we have the correlation function for the response in terms of the correlation function for the 
random forcing, we can proceed to evaluate the response spectral density, from which we can evaluate 
probabilities of occurrence. To do this, the following transformation of variables is first necessary: 

tq = t — 8 U u 2 = t + t — d 2 , 

diq = — d 0 1; du 2 = — d0 2 

resulting in the response correlation 

n n roo r 00 

R x k xdr) = X X UkiUj m R QlQm (u i - u 2 + T)g,(wi)g m (» 2 )d«i du 2 

(=1 m= 1 ■> -°° ■> 

The power spectral density for response X(t) is equal to the Fourier transform of the correlation function 
1 f 00 

Sx k Xj(d BU >) = — Rx k xX T ) e IalT dr 
‘ ’ 2tt J -oo ‘ ’ 

°° r n n c°° c°° ~) 

ill u ki u j m R Ql Q m (u , - u 2 + r)g/(Mi)^ m (M 2 )d« 1 d u 2 (-e -1 " 7 dr 

00 (./=i m= 1 J 0 J 0 J 
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or, recalling and utilizing the assumption that the processes are ergodic, and, therefore, by averaging 
in time 



SxtXji 0 *) — 



n n r i 

X X 2 . 

/=1 m= 1 '■ 



2tt J -t 



&(Mi) d «i lim 



1 



r-^oo 2 tt J -t 



gm(u 2 )du 2 



X lim — 

T— *oo 2 tt J -r 



f?Q,Q m (Wl — «2 + T )e 1WT dTj- 



where the lower limits on the integrals were set to — T since g(t) is zero for t < 0, and thus the change in 
lower limit does not affect the values of the integrals. Using the change of variables 

y — U\ u 2 + t, dy = dT 



we obtain 



” " r i c T 

Sx k XjM = X X 2tt L St( u i) ex P( la>u i)^ u i 

1=1 m= 1 c °° J T 



X lim 



1 



r-^oo 2 tt J -t 



g m (u 2 )exp(—icou 2 )du 2 lim 



1 rT-« 2 +«i 



r-^oo 2 tt J -t-uj+mj 



R QiQ m (y) e 1 " Td n 



In the last integral, we make the physical argument that Rq.q^ ( y) — * 0 as lyl increases and, therefore, the 
limits can be replaced by — T and T, respectively. 10 Then, 



HA — co) = lim 
' r- oo 2 tt J - 



|_ T ft(Mi)exp(i w « 1 )dM 1 

1 f T 

H m ((o) = lim — g m (u 2 ) exp (—icou 2 )du 2 

T—> 00 2TT J -r 



Sq,q(") = I im ^ 



l rT-u 2 +u x 



T—*oo 277 J -T-u 2 + Ui 



R QlQm^ e ~ la>7 d ? 



with the resulting response spectral density 

n n 

Sx k Xj( 0) ) = XX UklUjrnH^ - u>)H m (a,)S QlQm ( ut) 



;= 1 m= 1 



r hUco) 


0 


SQiQi( w ) W") H l( co) 0 


" «jl " 


j 

L o 


H*_(co) _ 


-^Q 2 Qi( w ) Sq 2 q 2 (<o) _ _ 0 H 2 (w) _ 


. «j2 . 



For a two-DoF system, we would have 

f Hi 

SxtXjiM) = [ u kl u k 2 ]l 

= ^«ttj 1 -H?(w).H 1 (w)SQ i Q i (&>) + u kl u j2 Hl(to)H 2 ((o)S Qi Q 2 (co ) + M i . 2 !< il H2(w)H 1 (w)S Q2 Q i (w) 
+ u k2 u j2 H 2 (co)H 2 ((o)S Q2 Q 2 (co) 

Suppose that we wish to find Sxx for a two-DoF system. Then 



Syy — 



M 11 “l2 H 1 (co) 


0 


SqiQiM 


S QiQ 2 ( w ) 


- H^oi) 


0 " 


M u M 21 


. U 21 “22 _ _ 0 


H*(w) . 


- 5 Q 2 Qi( w ) 


Sq 2 q 2 (w) _ 


0 


H 2 (w) . 


_ “l2 “22 . 



10 Physically, we are stating that, as time difference ( trial mode ) increases, there will be an exponentially decaying 
correlation. This is borne out by experiments on physical systems. 
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In general, we can write 



where 



SxxM = PH»S QQ (<o)H( W )P T 



(5.39) 



H«u) = 



Hi(a>) = 



H^ai) 0 0 

0 0 

L 0 o h n (w) J 

1 

— co 1 + i2£;<W,Cl> + w? 



The spectral densities of the modal forces Sq^Iw) can be obtained from S FF (co) using Equation 5.32. 
The autocorrelation RqjQ^t) is defined as 



RqqJt) = E{Qi(t)Q m (t + t)} = £] X u a F >(^ X u j»' F M + T ) | = H u il Uj m E{F i (t)F j (t + t)} 



;'=i 



n 



j = i 



N N 

= X X “UUjmRFiFjiT) 
i= 1 j= 1 

Taking the Fourier transform 



S QiQm ( w ) — X X! U iI U jmS Fi F j ( c °) 

i=l j= 1 



SqiqA 0 *) ~ u / 



Sqq(w) — P SpfP 

Substituting Equation 5.40 into Equation 5.39, we obtain 

SxxM = PH(oj) P‘S f F ( oj) P H (oj) P 1 
Comparing this result with Equation 5.29, we find that 



(5.40) 



HxxM = PH(oj)P 
Hxx(w) = PH(w)P t 

which is a fully populated transfer function matrix of X(t). 

For lightly damped systems with well-spaced modal frequencies, the cross-terms in the 
double summation, those where l ¥= m, contribute very little to the mean-square response given by 
J-oo S Xi x .(w)dto. In this case, we can use the approximation 

n 

“ X U fl 1 H /( 1 2 SqiQi ( w ) 



1=1 



where 



\H,(co)\ 2 = 



l/(OJ 



- (0 2 /(oj) 2 + ( 2 £i(o/(Oi) 2 J 
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Suppose that we only account for the first three modes out of 1000 DoF. Then, the spectral density S^x 
based on three modes can be obtained by 



Sxx( w ) — PI 1 OOOX 3 H (w)l 3x3 P I 3 X 1000SffIi000X1000PIi 000X3H( w ) 



pT| 

3X3 r '3X1000 



where 



P 1 1000X3 — 1 U 1 u 2 tl 3 ] 



rHi(w) 0 



H{co)\ 3 X3 — 



H 2 (co) 

0 



0 " 

0 

H } (co)_ 



Thus, we can easily see that the modal approach allows the analyst and designer to retain only those 
modes that are key to the problem at hand. If, as above, a thousand-DoF system can be adequately 
modeled as a three-DoF system because that is where all the energy is located, then a great deal of 
unnecessary computation is avoided. 



5.6 Continuous System Random Vibration 

Continuous models of vibrating systems are viewed as more realistic because the structural properties 
are distributed rather than being concentrated at discrete points. The price to pay for increased realism 
is increased complexity. The governing equations of motion go from being ordinary differential 
equations for the discrete models, to partial differential equations for the continuous ones, since 
displacement is a function of both time and position. For our elementary applications, deriving and 
solving the partial differential equations does not pose a great challenge. But, when we need to model 
nonuniform structures with varying cross sections and material properties, approximate techniques 
will be needed. Here our introduction to continuous systems will focus on strings and vibrating 
beams. These are found in most structures and machines, and understanding how they behave is of 
great use to modeling more complex systems. We will approach these studies using the direct and 
modal solutions. 



5.6.1 Transverse Vibration of Beams 

Begin with the equation of motion of a damped, forced, simply-supported beam with uniform 
properties 

3 4 y 3y 3 2 y 

El — j+c F m — y=p(x,t) (5.41) 

dx 4 3 1 3 t 2F 

where it is assumed the natural frequencies and the mode shapes have already been evaluated. 
To solve this problem, we will use the normal mode method, which depends on the modal 
orthogonality properties. First, expand the applied force p(x,t) in terms of the modes, 11 then do the 



'The modes Yj(x) are the eigenfunctions of the problem 



8 4 v 3 2 y 

El — j + m — j = 0 
dx 4 8f 2 



That is, they satisfy 



d 4 Y, 



El — j- — ufmYj = 0, j = 1,2,... 
dx ’ 



and the boundary conditions at hand. 
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same with the structural displacement 

00 

p(x, t ) = Y,Pj( t ) Y j(x) 

;'= i 

Multiply both sides of this equation by rnYpcx) and then integrate over the beam span 

rL “ cl 

mp(x, t) Y k (x)dx = y pAx,t) mY:(x)Y k (x)dx 

Jo pi Jo 

On the right-hand side of this equation, we note that, by the orthogonality properties of the modes, the 
integral equals zero for k ¥= j, and otherwise is normalized to 1 for k = j. Therefore, we are left with 

J mp(x, t)Yj(x)dx = pj(t) (5.42) 

Apply the same procedure to the response 

00 

y(x, t ) = ^yj(t)Yj(x) (5.43) 

;=i 

and multiply and integrate as above to find 

J my(x,t)Yj(x)dx = yj(t) 



y(x, t) can be differentiated with respect to a; and t so that all the terms in the equation of motion 
(Equation 5.41) can be put into the modal expansion form 




d 4 7, 



d y-i 






dx 4 



dt 



dt 2 



Y; ~ 



X Pj(t) Y j(.x) 

j= 1 



(5.44) 



We know that the modes are defined by and satisfy the equation El d 4 Y ; /dx: 4 = wjmYj. Substituting this 
relation into Equation 5.44 leads to 

00 

X [tojmyjit) + cyj(t) + rnyfi) - pj(t)]Yj(x) = 0 
i= i 



Since the eigenfunctions Yj(x) are not zero except for unrestrained motion, the expression in the square 
brackets must vanish for every j, 

yff) + —yft) + (ojyjit) = —pj(t), j= 1,2, ... (5.45) 

As for single-DoF systems, let dm = 2 that is, 

Cj = ~z ~ — 

zmajj 

Equation 5.52 is the damped, forced, harmonic oscillator, with the well-known convolution solution, 

Vj(t) = — [ Pj(T)gj(t ~ T)dr (5.46) 

in Jo 1 

where gj(t) is the impulse response function for a damped oscillator. Once solved, y ; (f)is substituted 
into the expansion equation 



y(x, t ) = Y,yj(t)Yj(x) 
i= 1 




T)dr 
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and substituting Equation 5.42 for pj(t) results in 



y(x, 0 = X 
i= i 



p(£f)T ; (f)d£ gj(t - T)dr 

o L o J 



This is the complete steady-state time-domain solution. 



(5.47) 



5.6.2 Random Transverse Vibration 

Assume that the loading P(x, t) is random and represents an ensemble of functions of space and time. We 
need only the first two statistics of the load to proceed with the analysis of the response. Its mean value is 
denoted 

E{P(x, t )} = /x P (x, f) 

with autocorrelation 



E{P(x u t l )P{x 2 , t 2 )} = R PP (x u x 2 \ t u t 2 ) 

These statistics are available through data-gathering experiments performed on the loading to be 
experienced by the structure. Our goal in this analysis is to derive the statistics for the response, / jl y and 
.Ryy, which are functions of the statistics of the loading and the structural parameters. 

For steady-state vibration problems, we may reasonably assume that the statistics of the loading are 
stationary. Begin with Equation 5.47 but now, for random loading P(x, t ) 



y(x, t) = £ Y j(x) 
j=i 




P(g,t 



r)Yj(i) d£ gj(r ) dr 



where the shift t has been placed within p(x, t) and take the expectation of both sides 



E{Y(x,t)} = ^Yj(x) 
M 




E{P({, t 



r)}Yj(£j)d$ gj(T ) dT 



The impulse response function is g(t), and for stationary loading, the expected value is a constant, 
E{P(£, t — t)} = Hp(£). In order to simplify the following analysis, we assume that the loading has zero 
mean. This does not overly simplify the problem since a nonzero mean can be introduced later by simply 
shifting the response by the (constant) mean value. For zero mean loading, /jl p (x) = 0, and the response is 
also zero mean, E{Y(x, t)} = (jl y = 0. 

We need to relate the autocorrelation of the response to that for the loading. Begin with 
Equation 5.42: 

Rpjpftuh) = EiPjitJPkih)} = nr ^E{P(x i ,t l )P(x 2 ,t 2 )}Y j (x l )Y k (x 2 )dx l dx 2 

= m 2 J J R P p(x 1 ,x 2 ,t l ,t 2 )Yj(x l )Y k (x 2 )dx l dx 2 (5.48) 

where, for a stationary loading, R PP (x 1 ,x 2 ;t l ,t 2 ) — RppixY^^r), where r=t 2 — t 1 and therefore, 
R p .p k (t l ,t 2 ) = Rp.p^T). Using Equation 5.43, the response autocorrelation is 

00 00 

Ryrixuxiituti) = E{Y(x u tl )Y(x 2 , t 2 )} = £ £ EiYfaWMtyixOYfa) 

j—l k= 1 



00 00 

=11 RYjY k (tlit2)Yj( x l)Yk(X 2 ) 
j—l k= 1 
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where, using Equation 5.46, with upper and lower limits extended to ±oo without changing the 
final value of the integral due to the fact that the impulse response is zero outside the original 
limits 

R Y.Y t (t 1, t 2 ) = “T £ j [ P j( f 1 ~ %j(0)d0 [ P k(t 2 ~ K)g k (K)dKl 

m (j -oo J -oo J 

1 ' I - d)P k (t 2 - K)} gj (d) gk (K)de dK 

-oo J -oo 



j rco roo 

— Rpp^ - 0,t 2 ~ K)gj(0)g k (K)dOd K 

m j -oo j -oo 



Since P(x,t) is stationary, R P . Pt (t l — 6, t 2 — k) = R PjPt (t 2 — h + 0 — k) and Ry^ituh) = R YjY k (h 
t{). Therefore, 



R YjY k (tl’ h) — 



00 Z*00 



-00 J -00 



^p t ( f 2 - h + 0 - K)gj(e)g k (K)dd dK 



(5.49) 



and 



Ryy( x \’ x 2 ’h h) — ^ ^ R YjY k (h t l )Yj(x l )Y k (x 2 ) 

j= l t — i 

This last equation is a relation between the forcing and response autocorrelations. The spectral 
density of the response, Syy(co), is given by the Fourier transform of Ryy(t) 



oo CO /> oo 

Syy(o>) = XX R Yt Y k (T)^' a,T dT Yfx, )Y k (x 2 ) 



(5.50) 



where t= t 2 — t ] , and the term in the square brackets equals Sy. Yk (co), which now needs to be 
evaluated in terms that have already been derived. 

By definition, we know the Fourier transform relation 



Sy.y t (w) = J _ R Yj Y k (r)e 1WT dT 
We can evaluate Ry.y. by beginning with Equation 5.49 



RyyAt) — — J 



oo r oo 



-oo J -oo 



R Pj p k (T+ e - K)gj(e)g k (K)de dK 



Take the Fourier transform of both sides, letting A = r + 0 — k, to find 

1 



Svy t (<w) 



— iw(A— 0+k) 



oo r oo 



M L J -oo J -oo 



Rp j p k Wgj(G)gk(K)d0 dK dA (5.51) 



where r has been replaced by A — 0+k and dr by dA. Rewrite Equation 5.51 in a more useful form by 
separating the integrals according to dummy variables 



1 



S YiYl (co) = gj(d)e 1<o0 d0 g k ( k)c ' 01k d/< R PjPt ( A)e“ IMA dA 



(5.52) 



The Fourier transform of the impulse response function g(t) is the frequency response function H(co). 
Therefore, Equation 5.52 becomes 



1 



3Yy(° J ) 2 H: (co)H k (co)Sp P (co) 

J K J J K 



(5.53) 
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where Hj(co) = [coj — co 2 + 2£jtOjCo\ 1 and S P . Pl ((o), the spectral density of the modal force components, 
is derived assuming that the Fourier transform for Pf t) exists, as it does for most physical processes 

1 C°° 

Pj(t ) = — Pj((o)e' r,,t dw 
1 2tt J -oo 1 



Take the Fourier transform of Equation 5.48, to find 



Sp jPl (<n) 




S f ,p(w)y i (x 1 )y i (x 2 )dx 1 



dx. 



(5.54) 



where S PP (co) is the spectral density of the loading, a quantity that is estimated from data. Substituting 
Equation 5.54 into Equation 5.53, we now have the expression for S Yj y k ( w), which can be substituted into 
Equation 5.50, resulting in 

| OO OO 

Syy(%i , Xj ^ OJ) — — 2 II H*(a>)H k ((o)S PjPk ((o)Yj(x 1 )Y k (x 2 ) 

m j = i k=i 



One value of having such an equation is that the mean-square displacement can be evaluated 

r oo 

y MS (x) = Ryy(x, x; 0) = Syy(x, x; co)dco 
J -oo 

Recall that if /jl y (x) = 0 then y M s(x) = Oy(x), the variance. 

The derivations are now complete, but what do they mean and what do they do for us? One of the 
functions of a probabilistic analysis is to help us bound our uncertainties so that we can understand how 
randomness in the forcing results in a scatter of possible structural responses. Furthermore, this scatter is 
not haphazard, but is defined by a standard deviation and possibly a density function. It is the variance 
that is used to bound the mean-value response. 



Nomenclature 

Symbol Quantity 


Symbol 


Quantity 


£{•} 


mathematical expectation 


{«}; 


structural mode 


H(co) 


frequency response function 


W 0 


one-sided spectral density 


Rxx(r) 


autocorrelation function 


z(t) 


modal coordinates 


Rxy(t) 


cross-correlation function 




mean value (first moment) 


Sxxiu) 


power spectral density 


a 2 


variance (second moment) 


S XY (d)) 


power cross-spectral density 
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Summary 

This chapter gives an overview of numerical techniques for vibration analysis. The centered difference 
approximation for the first, second, and fourth derivative are given. These form the basis for the finite difference 
approximation of both spring-mass systems and the continuous problem. The fourth-order Runge-Kutta method 
is presented. Both of these approaches are used to solve the single-degree-of-freedom (single-DoF) system. In order 
to demonstrate these techniques for the multiple-degree-of-freedom (multi-DoF) system a two-degree-of-freedom 
(two-DoF) system is explored. Finite element and finite difference methods are presented as solution techniques for 
the continuous problem (also see Chapter 9). The bar and beam are used for examples. The Rayleigh method and 
Dunkerley’s formula are presented. These are methods for computing the fundamental frequency. 



6.1 Introduction 



This chapter presents numerical techniques for three classes of vibration problems; the single spring 
mass, the multiple spring mass, and the continuous model. The simplest oscillatory problem results when 
the problem can be modeled by the single spring-mass system. This system is modeled by a second-order 
constant coefficient differential equation, which can be solved analytically when either there is no forcing, 
or the forcing is harmonic. When the forcing is not harmonic, the finite difference method can be used to 
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solve this second-order equation or to solve the system of first-order equations, which is equivalent to the 
second-order equation. A larger computational problem arises when there are multiple springs and 
masses subjected to nonharmonic forcing. Again, the finite difference method can be used to compute 
the full solution. It is not always necessary to compute the full solution. Often, all that is needed is 
the fundamental frequency. This can be computed from the eigenvalues of a matrix problem. Both the 
numerical solution to the full problem and the matrix problem will be discussed. Finally, one may want 
to look at the vibration of a continuous element like a beam. Here, both the finite difference method and 
the finite element method will be discussed. 

6.2 Single-Degree-of-Freedom System 

The simple undamped spring-mass system oscil- 
lates with a frequency known as the natural 
frequency. The natural frequency is determined 
by the spring constant and the mass in the 
following way, co = sjklm. This relationship is 
derived by applying Newton’s second law to the 
basic spring-mass system. The resulting equation 
is given by mx = —kx. The solution to this 
equation is harmonic with the frequency specified 
by the expression a> = sjklm. 

A more realistic vibration model of a simple oscillatory system includes a mass, a spring and a damper 
(see Figure 6.1). For simplicity, the mass is concentrated at the center of mass of the object, the spring is 
assumed to be of negligible mass, and, for the purposes of this discussion, the damping will be modeled 
by viscous damping. This is described by a force proportional to the velocity, denoted by x. In the case of 
no external forcing, the system can be described by the following equation: 

mx + cx + kx = 0 




FIGURE 6.1 Single spring-mass system. 



where m, c, and k are constants and m is the mass, c is the damping coefficient, and k is the spring 
constant. This equation can be solved analytically by assuming a solution of the form 

x = e s( 

where s is a constant. Substitution into the differential equation yields the following quadratic equation: 

(ms 2 4- cs + k)e 5t = 0 



This equation is satisfied for all values of t when the following quadratic equation, known as the 
characteristic equation, is satisfied: 



s 2 + 




k 

m 



= 0 



The characteristic equation has two roots 

Sj = — F J(c/2m) 2 — ( k/m ) 

2 m v 



and 



Sj = — — J(c/2m) 2 — (k/m) 

2m v 

The general solution is 

x = A e Slt + B e h ' 

The constants A and B are determined by the initial conditions x(0) and x(0). The single spring-mass 
system exhibits three types of behavior, overdamped, underdamped and critically damped. 
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The overdamped state exists when k/m is larger than (c/2m) 2 . No oscillations exist in this state. The 
underdamped case is oscillatory and results when (dim) 2 is larger than k/m. The limiting case between 
oscillatory and nonoscillatory motion occurs when {dim) 2 = k/m. When this condition, is met, the 
system is said to be critically damped. 

The next level of complexity results when the system is forced harmonically. The following equation 
serves as a model for this system: 

mx + cx + kx = F sin cot 

The solution of this equation is found by first computing the complementary function, which is the 
solution of the homogeneous equation discussed above, and then the particular solution. The details for 
computing a particular solution can be found in books on differential equations or mechanical vibrations 
(Thomson and Dahleh, 1998). 

6.2.1 Forced Single-Degree-of-Freedom System 

In general, when the oscillatory system is forced in a nonharmonic way, the resulting differential equation 
cannot be solved in closed form, and numerical methods must be employed to predict the behavior of the 
system. In this section, we consider two finite difference methods chosen for their simplicity. For a more 
detailed discussion of numerical methods for ordinary differential equations see Atkinson (1978) and 
Isaacson (1966). 

The spring-mass system that is subjected to general forcing, F(x, x, t ), can be modeled by the following 
differential equation: 

mx + cx+ kx = f(x, x, t ) 
x 0 = x(0) 
x 0 = x(0) 

where m, c, and k are constants and F is an arbitrary function. The two initial conditions, x 0 and x 0 , are 
known. 

In the first method, the second-order equation is integrated without change in form; in the second 
method, the second-order equation is rewritten as a system of two first-order equations and then the 
system of equations is integrated. Both methods approximate the first and second derivatives with the 
centered difference approximation for the derivatives. Finite difference methods are based on the Taylor 
expansion. The centered difference method for the first and second derivative results from a combination 
of the forward and backward Taylor expansion about the point x ; . To get the forward expansion, one 
writes the Taylor expansion for x i+l . Similarly, the backward expression is obtained from the Taylor 
expansion about x,_, . These are given by 

h 2 h 3 

X; + i = + hx i + — X; + — x -I 

2 6 

, h 2 h 3 

Xj -1 = Xi — hx j 4 X; — — x + • ■ ■ 

2 6 

where h = A t. A second-order approximation is one which matches the Taylor expansion exactly up to 
and including terms of order h 2 \ that is, to determine a second-order expansion one neglects terms of 
order h 3 and higher. A second-order approximation for the first derivative is obtained by subtracting the 
backward difference from the forward difference. The resulting centered difference approximation is 
given by ^ 

X; = ^j(x;+i - x,- 1) - — x + • • • 

Errors result when this expression is truncated after the first term. These errors depend on h 2 and the 
third derivative of x ; . If the error in the computed derivative is larger than order h 2 it may well arise from 
the neglected third derivative term. 
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The centered difference approximation for the second derivative is found by adding the forward 
and backward difference expansions and ignoring terms of order h 4 and higher. The resulting 
approximation is 

1 h 2 : 

*; = T 2 -(*;-i -2x;+x i+1 )+ —x +■■■ 

The truncation error that occurs for this expression depends on h 2 and the fourth derivative of x ; . Both 
the first and second derivative centered difference approximations are order h 2 . They can be used 
together to create a second-order approximation to a second-order ordinary differential equation such as 
that describing the spring-mass system. 

6. 2. 1.1 Centered Difference Approximation 

After substituting these two centered difference approximations into the differential equation and 
rearranging terms, one gets the following recurrence relation for the single spring-mass system: 

x i+1 = h 2 f(Xj, fi) — {fh 2 — 2 m)X{ — ( m — ch/2)x i - l 

with the initial conditions 

*o = *(0) 
x 0 = x(0) 

The recurrence relation should be used to compute all values of x from the initial condition. By letting 
i = 1 in the recurrence relation, we get 

x 2 = h 2 f(x i, h) — (kh 2 — 2 m)x l — ( m — ch/2)x 0 

In order to compute x 2 , both x 0 and x { are needed. The initial conditions provide x 0 . However, to start 
the calculation, we need an additional equation for x { . This equation is derived by substituting i = 0 into 
the Taylor expansion for x i+1 , using the initial conditions and ignoring terms of order h 2 and higher. 
Since the centered difference approximation is of order h 2 , it is consistent to compute X\ with an error of 
order h 2 . For the point i = 0, the forward difference is given by 

x Y = x 0 + hx Q 

This equation allows one to find x t in terms of the two initial conditions, after which the recurrence 
relation can be used to find all subsequent discrete values of x 

6.2. 1.2 Pseudocode for Centered Difference Approximation 

The following is an example of the MATLAB® routine for the solution to the centered difference 
approximation of the general single-DoF spring-mass equations. The function/ needs to be specified in 
a separate function file: 

%initial conditions (index has to start at 1) 
x(l) = x 0 
xd = Xq 

%specify a time step 
h = H 

%specify the constants m, k, c. 
m = M 
k = K 
c = C 

%compute x(2) from the Taylor expansion 
x(2) = x(l) + h * xd 
%specify the total number of steps 
TEND = ffinal 
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%compute the solution for all remaining times using the recurrence relation 
f(l) = h 
t( 2) = 2 *h 
for I = 3:TEND 

X ; = h 2 tj- j) - (k * h 2 - 2 * m) * Xj- X - (m - c * h/2) * x ; _ 2 

T(0 = t(I- \) + h 

end 

The method just presented has ignored terms of order h 2 and higher. This is known as the truncation 
error. The calculation will contain other errors such as round-off error due to the loss of significant 
figures. This loss is related to both the machine and the language used for the calculations. The round-off 
errors are also related to the time increment h = Af in a complicated way that is beyond the scope of this 
chapter. Better accuracy can be obtained by choosing a smaller Af. However, the smaller the Af, the larger 
the number of computations needed to reach the solution in a fixed time T. The increased number of 
computations affects both the total time of the calculation and the overall accuracy. 

6.2. 1.3 Runge-Kutta Methods 

The centered difference approximation is not a self-starting method. In other words, the calculation that 
determines x 1 from the initial conditions does not come from the discretized equation, but rather from 
the Taylor expansion directly. An alternate way to solve this equation is to use what is known as a Runge- 
Kutta method. All of these methods approximate the differential equation with Taylor series expansions. 
The advantage of this class of methods is that they are self-starting. The disadvantage is that they only 
work on first-order equations (or systems of first-order equations). Before the Runge-Kutta method is 
discussed in detail, the second-order spring-mass equation has to be written as a system of two first- 
order equations. The equation for the single-DoF system, subjected to arbitrary forcing / is 

nix. + cx+ kx = f(x, x, f) 

It can be rewritten as the following system of first-order equations 

x = u 

ii = x = — [f(x, u, f) — cu + kx] 
m 

These equations are coupled and need to be solved together. Any Runge-Kutta method for the system 
of equations requires a Taylor series expansion of x and u about x t and The Taylor expansion is given 
by 

, h 2 

x i+ 1 = Xj + Xjh + x— H 

, h 2 

Uj + i = u; + Ujh + iij — + ■ ■ ■ 

As above, the time increment will be denoted by h = Af. The first-order Runge-Kutta method (also 
known as Euler’s method) is obtained by retaining terms of first-order and lower, i.e., the Euler 
approximation is given by 

x i+l = Xj + Xjh - o(h ) 
u i+i = u i + Ujh — o(h ) 

The truncation error for Euler’s method is order h. The error depends linearly on h. 

Matching more terms in the Taylor expansion generates higher order Runge-Kutta methods. The 
most commonly used Runge-Kutta method is the fourth-order method that matches the Taylor 
expansion up to terms of order /i 4 . This is a significant reduction in the error. For a derivation of this 
method see Cheney and Kincaid (1999). 
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TABLE 6.1 Fourth-Order Runge-Kutta Method for Spring-Mass Equation 





t 




X 


X= u 




X=G 


Ti 


= tj 




= X, 


Uj = Uj 


Gi 


= G(T l ,X l ,U 1 ) 


t 2 


— tj + hi 2 


x 2 


= X; + Ui h /2 


I/2 = Wj G\h !2 


G2 


= G(T 2 ,X 2 ,U 2 ) 


T, 


— tj hi 2 


X 3 


= Xj + U z h /2 


U3 == Uj + G2/2/2 


g 3 


= G(T 3 ,X 3 , U 3 ) 


t 4 


— tj -|- h 


x 4 


= Xj + U } h 


L/4 — Uj G 3 h 


g 4 


= G(T 4 ,X 4 , U 4 ) 



Source: Thomson and Dahleh 1998. Theory of Vibration Applications, 5th ed. With permission. 



For the system of first-order equations given above, the fourth-order Runge-Kutta method requires 
four values of f, x, u, and, G where G = 1 /m[f(x, u, t) — cu + kx\. It can be computed for each point i as 
follows in Table 6.1. 

Combining these quantities in the following method gives the fourth-order Runge-Kutta method: 

x i+ i = Xj + h/6(U l + 2 U 2 + 2L/3 + Uf) 

Mj-i-i = Uj + h/6(G| + 2Gr + 2G3 + G4) 

where it is recognized that the four values of U divided by six represent the average slope dtx/d t and the 
four values of G divided by six result in an average of du/dt. A way to check the accuracy of a Runge- 

Kutta method is to Taylor expand G l5 G 2 , G 3 , and G 4 and collect like terms. One will find that the above 

combination produces an expansion which is exact up to order h 4 . 

6.2. 1.4 Pseudocode for the Fourth-Order Runge-Kutta Method 

For simplicity, the code is given for the single first-order equation 

x = G(t,x) with the initial data x(0) = x 0 . 

The function G should be specified in a function file. 

%initial conditions (index has to start at 1) 
x(l) = x 0 ' 

%time step needs to be specified 
h = H- 
h2 = 2*H\ 

%TEND is the total number of time steps 
TEND = Tfinal; 

T = h; 

for 1= 1:TEND 
G1 = H * G(t,x); 

G2 = H * G(t + h2, x = 0.5 * Gl); 

G3 = H * G(f + h2, x = 0.5 * G2); 

G4 = h * G(t + h,x+ G3); 

X = x (Gl + 2 * G2 -f- 2 * G3 -t- G4)/6.0; 
t = (I + l) * h; 
end 

6.2. 1.5 Example 

Solve numerically the differential equation 
43c + 2000x = F(t) 

with the initial conditions 

i _ q FIGURE 6.2 The forcing function for Example 6.2. 1.5. 

( Source : Thomson and Dahleh 1998. Theory of Vibration 
The forcing is as shown in Figure 6.2. Applications, 5th ed. With permission.) 
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6.2. 1.5.1 Centered Difference 

Using the centered difference approximation for the second derivative, one gets the following discrete 
equation 

x i+1 = h 2 /4F(t) — 500 h 2 Xj — *;_! + 2x ; 

This equation is valid for i > 1. From the initial conditions x 0 = x 0 = 0, x l is computed by the 
following Xj = x 0 + x 0 = 0 + 0. A time step of h = 0.02 sec has been used in the calculation. The 
numerical solution as compared with the exact solution is given in Table 6.2. Table 6.3 contains the 
absolute errors for the two discrete solutions. 

6.2.1. 5.2 Runge-Kutta 

In order to use the Runge-Kutta method, the second-order equation needs to be written as a system of 
first-order equations. 

Let u = x; then 

u = G(x, t) = .25 * F(t) — 500x 



where x(0) = 0 and «(0) = 0. 

This is now in a form which can be directly input into a fourth-order Runge-Kutta solver. 

The Runge-Kutta method is more accurate then the centered difference approximation. This can be 
seen in Table 6.3, which gives the absolute value of the difference between the exact solution and the 
computed solutions. This is known as the absolute error. Moreover, the Runge-Kutta method is self- 
starting and can be used for a single variable or a system of variables as in the above example. The price 
that is paid is that the fourth-order Runge-Kutta method requires four function evaluations for the first 
derivative for each time step. This is offset by the fact that this method has higher accuracy and has a large 
stability region so one can take larger time steps. 



TABLE 6.2 Solution to Example 6.2. 1.5 



Time t 


Exact Solution 


Central Difference 


Runge-Kutta 


0 


0 


0 


0 


0.02 


0.00492 


0.00500 


0.00492 


0.04 


0.01870 


0.01900 


0.01869 


0.06 


0.03864 


0.03920 


0.03862 


0.08 


0.06082 


0.06159 


0.06076 


0.10 


0.08086 


0.08167 


0.08083 


0.12 


0.09451 


0.09541 


0.09447 


0.14 


0.09743 


0.09807 


0.09741 


0.16 


0.08710 


0.08712 


0.08709 


0.18 


0.06356 


0.06274 


0.06359 


0.20 


0.02949 


0.02782 


0.02956 


0.22 


-0.01005 


-0.01267 


- 0.00955 


0.24 


-0.04761 


-0.05063 


- 0.04750 


0.26 


-0.07581 


- 0.07846 


-0.07571 


0.28 


-0.08910 


-0.09059 


- 0.08903 


0.30 


- 0.08486 


-0.08461 


-0.08485 


0.32 


-0.06393 


-0.06171 


- 0.06400 


0.34 


- 0.03043 


- 0.02646 


- 0.03056 


0.36 


0.00906 


0.01407 


0.00887 


0.38 


0.04677 


0.05180 


0.04656 


0.40 


0.07528 


0.07916 


0.07509 


0.42 


0.08898 


0.09069 


0.08886 


0.44 


0.08518 


0.08409 


0.08516 


0.46 


0.06436 


0.06066 


0.06423 


0.48 


0.03136 


0.02511 


0.03157 
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TABLE 6.3 Absolute Error for Centered Difference and for the Fourth-Order 
Runge-Kutta 



Time t 


Error for Central 
Difference 


Error for Runge-Kutta 
All Times 1.0 X 10 -3 


0 


0 


0 


0.02 


0.0001 


0.0 


0.04 


0.0003 


0.0100 


0.06 


0.0006 


0.0180 


0.08 


0.0008 


0.0600 


0.10 


0.0008 


0.0300 


0.12 


0.0009 


0.0400 


0.14 


0.0006 


0.0200 


0.16 


0.0000 


0.0100 


0.18 


0.0008 


0.0300 


0.20 


0.0017 


0.0700 


0.22 


0.0026 


0.0500 


0.24 


0.0030 


0.1100 


0.26 


0.0026 


0.1000 


0.28 


0.0015 


0.0700 


0.30 


0.0003 


0.0100 


0.32 


0.0022 


0.0700 


0.34 


0.0040 


0.1300 


0.36 


0.0050 


0.1900 


0.38 


0.0050 


0.2100 


0.40 


0.0039 


0.1900 


0.42 


0.0017 


0.1200 


0.44 


0.0011 


0.0200 


0.46 


0.0037 


0.1300 


0.48 


0.0062 


0.2100 



Stability is a measure of how quickly errors in the computed solution grow or decay. There are very few 
numerical methods that are stable for all choices of time step. For most methods, there is a range of time 
steps which produce a stable method. The fourth-order Runge-Kutta method is stable for larger values 
of the time step than are the lower-order Runge-Kutta methods. A numerical method will not converge 
to a solution if the time step does not produce a stable method. Often, the stability criterion places a 
stricter limitation on the time step than accuracy does. For a more complete discussion of stability, see 
Strang (1986). In Table 6.3, the absolute error for both methods grows but it does not grow exponentially. 
Controlled error growth is the signature of a stable time step. 



6.2.2 Summary of Single-Degree-of-Freedom System 

• Unforced equation of motion mx + cx + kx = 0. 

• Forced equation of motion mx + cx-\- kx = f(x,x, t). 

• Centered difference approximation for the first derivative jq = — (x j+] — x,-i). 

2 h j 

• Centered difference approximation for the second derivative 3q = — rfx;-! — 2x t + x. +1 ). 

h 

• Fourth-order Runge-Kutta method. 



6.3 Systems with Two or More Degrees of Freedom 



A system that requires more than one coordinate to describe its motion is a multi-DoF system. These 
systems differ from single-DoF systems in that n DoF are described by n simultaneous differential 
equations and have n natural frequencies. When these systems are written in matrix notation, they look 
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just like the single-DoF system. The equations of motion of a viscously damped multi-DoF system can be 
written as follows: 

[M]3c + |C|x + [K]x = f 

where [M], [C], and [K] are the mass, damping, and stiffness matrices, respectively; x is the displacement 
vector; and f is the force vector. Both the central difference method and Runge-Kutta can be applied to 
the matrix equation. The method follows exactly that given above where the scalar quantities are replaced 
by the matrix quantities. 



6.3.1 Example 

As an example, consider the two-DoF system 
shown in Figure 6.3. 

In this example, ky=k 2 = 36 KN/m, m 1 = 
100 kg, m 2 = 25 kg, and / = 4000 N for t > 0 
and 0 for t < 0. The initial conditions are all 
zero, i.e., Xy = ky = x 2 = x 2 = 0. The equation of 
motion for this system is 

1003q + 36,000*! — 36,000(x 2 — x, ) = 0 

25x 2 + 36,000(x 2 — Xi) = f 

This can be written in matrix notation as 



[ 100 0 I [2 -1 "I 

\x + 36,000 

L 0 25 J L-l 1 J 



= f 




where x = (xy,x 2 ) 1 and f = (0 ,/) f . FIGURE 6.3 Two-DoF system. ( Source : Thomson and 

Dahleh 1998. Theory of Vibration Applications , 5th ed. 
With permission.) 

6.3. 1.1 Centered Difference 

Using the centered difference approximation for the second derivatives, one obtains the following two 
recurrence relations 



4 +1 = (-720xi + 360% 2 )Af 2 + 2x[ - x[ 1 
4+ 1 = (1440(xj - 4) + 160)Ar + 2x\ - 4 _1 

These two equations are only valid for i > 3. From the single-DoF system, we know that this method is 
not self-starting. In order to compute x\ and x 2 , one needs to use an additional equation, which one 
obtains from the Taylor expansion. First one needs to compute the initial acceleration for the system. 
This is obtained from the differential equation and the initial data. For this problem, the initial 
acceleration is given by 3q =0 and x 2 = 160. Next, values for xf 1 and xf 1 are computed from the Taylor 
expansion 

-10 a At 2 

Xy = Xy — A tXy H — Xy = 0 

x 2 _1 = 80Ar 

Now, the recurrence relations can be used to compute the rest of the terms. An example of the 
MATLAB code for this calculation is the following. 
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6.3. 1.2 Pseudocode for Example 6.3.1 

The following is a MATLAB m file for Example 6.3.1. 

clear 

deltat = 0.01; 
deltsq = deltat * deltat; 
x2(l) = 0; 
jcl(l) = 0; 

x2(2) = 160/2* deltsq; 

xl(2) = (60*x2(2)*deltsq)/(l + 120 * deltsq); 
x2ddot(2) = 1440*(xl(2) - x2(2)) + 160; 
xlddot(2) = — 720*xl(2) + 360*x2(2); 
for i = 3:51 

x2(i) = x2ddot(i — l)*deltsq + 2*x2 (i — 1) — x2(i — 2); 
xl (i) = xlddot(i — l)*deltsq + 2*xl(i — 1) — xl(i — 2); 
x2ddot(i) = 1440*(xl(i) — x2 (i)) + 160; 
xlddot(i) = — 720*xl(i) + 360*x2(i); 
end 

Figure 6.4 gives the displacement of xl and x2 over time for Example 6.3.1. 

6.3. 1.3 Runge-Kutta 

Alternately, the system of second-order equations can be integrated using the fourth-order Runge- 
Kutta method. In order to use Runge-Kutta, the second-order system has to be written as a system 
of first-order equations. The following second-order system 

Xi = — 720xj + 360 x 2 



x 2 = 1440(X! — x 2 ) + 160 




FIGURE 6.4 Displacement versus time. ( Source : Thomson and Dahleh 1998. Theory of Vibration Applications, 
5th ed. With permission.) 
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becomes the following first-order system 

*1 = *3 
X 2 = X 4 

x 3 = —720^! + 360x 2 
x 4 = 1400(x 1 — x 2 ) + 160 
Two new variables have been introduced. 

6.3. 1.4 Integrating Ordinary Differential Equations Using MATLAB 

There are several ODE solvers in MATLAB, especially in version six. The discussion here will be limited 
to the least complicated solvers. These are ode23 and ode45, which are implementations of a second- 
and third-order, and a fourth- and fifth-order solver, respectively. Like all Runge-Kutta methods, these 
solvers work on first-order equations. If the equation is of higher order, it needs to be converted to a 
system of first-order equations. Then the equation should be written in vector form, i.e., x 2 = f(x, t). 
The user must write a MATLAB function routine which computes the values off = (/, ,/ 2 , . . ./„) given 
the values of (x, t ). Once this function files exists, it can be used as input in either ode23 or ode45. The 
function call details are given in the on-line help facility in MATLAB. See the Appendix for an 
introduction to MATLAB. 

6.3.2 Summary of Two-Degree-of-Freedom System 

1. Equation of motion: [M]x + [C]x + [K]x = f. 

2. Centered difference for systems of equations. 

3. Runge-Kutta methods. 

4. MATLAB commands for solution of ordinary differential equations — ode23 and ode45. 



6.4 Finite Difference Method for a Continuous System 



6.4.1 Bar 

A thin uniform rod is the first example of a continuous system that will be examined. The equation of 
motion for such a system is given by 

9 2 u/dx 2 = l/c 2 d 2 uldt 2 



where c = ■JE/p. E is the modulus of elasticity and p is the density of the rod. A complete derivation of 
this equation can be found in many books (see Thomson and Dahleh 1998). Separation of variables can 
be used to find a solution of the form u(x, t) = U(x)G(t). This substitution gives the equation. 



d 2 17 

dr 2 



G(t) = 




d 2 G(t) 

dr 2 



Upon rearrangement, this becomes 



1 d 2 U 

U(x) dx 2 



1 d 2 G(f) 
c 2 G(f ) dr 2 



The left-hand side of the equation is independent of t and the right-hand side is independent of x. 
Therefore, each side must equal a constant. Let this constant be denoted by a and a = —(co/c) 2 . There are 
now two differential equations, the displacement equation 

d 2 U/cbr + a 2 U = 0 
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and the temporal equation 

d~G/df 2 -j- (o G — 0 

The displacement equation can be solved using 
a finite difference approximation. The finite 
difference approximation requires dividing the 
bar of length L into n — 1 pieces each of length 
h = L/(n — 1). The finite difference mesh consists of n points, 1,2,3 ,...,«. The first node (labeled 1) 
is the left-hand endpoint of the bar, and the last node, labeled n, is the right-hand endpoint of the bar 
(see Figure 6.5). The value of U at each point i is denoted by 17 ; . Using the centered difference 
approximation for the second derivative, the discretized version of the displacement equation becomes 

(U i+l - 2 Uj + Ui-J/h 2 + aUj = 0 

Collecting like terms, the equation becomes 

U >+1 - (2 - A) Uj + U Hl = 0 

where A = h 2 a 2 . As is typical for the finite difference approximation, this equation holds at the 
interior mesh points (i = 2,3 ,...,» — 1) and not at the endpoints. To see that this equation does not 
hold at the endpoints, substitute i = 1 into the recurrence relationship. The resulting equation is 

U 2 - ( 2 - A)U t + U 0 = 0 

The problem is that there is no value U 0 . Recall that Ui represents the displacement of the left- 
hand endpoint. Since U 0 represents a point even further to the left, it is not on the bar. Similarly, the 
recurrence relation does not work for i = n. When the relationship is evaluated for i = n, the value 
U n+l is needed and it does not exist. The displacement equation evaluated for i = n is 

U n+ \ ~ (2 — A )U„ + U n - 1 = 0 

When the relationship is evaluated for (i = 2, 3, ..., n — 1), the resulting matrix problem is tri- 
diagonal. This is characteristic of the centered difference approximation. It is given by the following 
matrix: 



◄ L ► 

r . . . v 

1 2 3 n- 1 n 

FIGURE 6.5 Discretized bar. 



-1 2 — A -1 



U, 



0 -1 2 — A -1 0 

0 0-1 2 — A -1 



0 

0 



U 2 

U } 



0 

0 



0 -1 2 — A -1 



U„ 



This matrix problem does not have a unique solution since there are n unknowns and there are 
only n — 2 equations. The boundary conditions for the bar provide the needed two additional 
constraints. For a bar that is fixed at both ends, the deflection is zero at the ends (x = 0 and x = L). 
Under these conditions, Ui = U n = 0. If one of the ends is free then the stress is zero at that end, 
which means that dU/dx = 0. For the purposes of illustration, let us assume that the end at x = 0 is 
fixed and the other end is free. This means that U l = 0 and dU/dxIn = 0. If we use the centered 
difference approximation for the derivative, we get 

dU/dxIn = (U„ +1 - U n —i )/2h = 0 



which means that U n+1 = U n - 1 . 
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U n+ i is the displacement of a point off the bar. We never compute L7„ +1 ; however, as one can see 
from a previous calculation, this value is used when the recurrence relationship is evaluated for i = n, 
U n+1 — (2 — A)L7„ + U n - 1 = 0. Under the assumption that the stress is zero at the right-hand endpoint, 
the remaining constraint becomes 

(2 - A )U n - 2U„_i = 0 

For a bar that has one fixed left-hand endpoint and a free right-hand end, the matrix problem is the 
following: 



— 1 

to 

1 

> 

1 

o 


0 


1 

o 




1 

1 




1 — 

O 


-1 2 — A -1 


0 


0 




U } 




0 


0 -1 2 - A 


-1 


0 




U 4 


— 


0 


0 


-1 


2 - A -1 




u „- 1 




0 






-2 2 — A_ 




. u n _ 




_ 0 _ 



This matrix problem has a unique solution because there are n — 1 linearly independent equations and 
there are n — 1 unknowns. 

6.4. 1.1 Example 

Consider a bar of unit length that is divided into four equal pieces. The left-hand end is fixed so that 
Ui = 0, and the right-hand end is free. The eigenvalue problem for this system is the following: 



'2 - A 


1 

O 

o 
1 




~U 2 ~ 




'o' 


-1 


2 - A -1 0 




u 3 




0 


0 


1 

to 

1 

> 

1 




u 4 




0 


0 


0 -2 2 — A_ 




_U 5 _ 




_0_ 



The eigenvalues, A, are A = [0.1522, 1.2346, 2.7654, 3.8478]. The natural frequencies can be recovered 
from the eigenvalues since A = Irco/c and c = -jE/p is determined by the material properties of the bar. 

6.4.2 Beam 

A second example of finite difference approximation is given by looking at a centered difference 
approximation to compute the transverse vibration of a uniform beam. We will consider a special case of 
the Euler equation for the beam. The following fourth-order equation results when the flexural rigidity, 
(El), is constant: 

d 4 W/dx 4 - p 4 W = 0 

where /3 contains all of the material properties of the beam (i.e., /3 4 = pAco 2 /EI). 

The centered difference formula for the fourth derivative is given by 

r = Vh 4 (f i+2 - 4 f m + 6 f - 4/ H1 +f- 2 ) 

In order to see that this expansion is in fact second-order, combine the Taylor expansions for f +2 , f +l , 
f, f- l , and/ ; _ 2 , and notice that you obtain an approximation for the fourth derivative which exactly 
matches the combined Taylor approximations up to order /r. Using this approximation, the transverse 
beam equation at the interior mesh point becomes 

W]_|_2 ~ 4Wj +1 + (6 — A)W] - 4Wj_] -T Wj ~ 2 = 0 
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where A = h 4 f3 4 . This equation is valid for i =3 ,n — 2. As before, the boundary conditions have to be 
used in order to have sufficent conditions to determine all n values for the deflection, W. There will be 
two additional constraints placed at each end. In this case, all of the types of boundary condition require 
fictitious points. In other words, they require that the beam be extended beyond the physical boundaries 
to include W- l , W 0 , W n+1 , and W n+2 . Let us consider three types of boundary conditions: fixed end, free 
end, and simply-supported end. For simplicity, we will derive all of the conditions for the right-hand 
endpoint x = L. 

Fixed end: When the end of the beam is fixed, both the deflection W — 0 and dW/dx = 0. As above, 
the centered difference approximation for the first derivative requires the introduction of a fictitious 
point. These conditions translate into 

W n = 0 and dW7dxl„ = l\/r(W„ +1 — W n -i) = 0 
These constraints reduce to the following: 

W»+i = W„_i 

Free end : The bending moment and the shear force are zero at the free end. These are given by a second 
and third derivative, respectively. Assuming the free end is located at N, the two fictitious points 
introduced are at n + 1 and n + 2. The discrete version of the two constraints is: 

d 2 VWdx 2 l„ = l/fc 2 (W„_! - 2 W n + W„ +1 ) = 0 
d 3 W/dx 3 l„ = 1/(2 h\W n+2 - 2W n+l + 2 W„_! - W„_ 2 ) = 0 

Simply-supported end: The boundary conditions of this type require that the deflection and the 
moment are zero. When these are applied to the right-hand endpoint 

W„ = 0 

d 2 W/cbc 2 = l//z 2 (W„ +1 - 2W„ + W n -0 = 0 

Combining these two equations, one sees that the value of W at the fictitious point is equal to the value 
on the beam, i.e., W n+l = W„_ j. 

All three of these boundary condition types allow one to replace the fictitious values in the recurrence 
relations with values on the beam. The procedures followed are very similar to those outlined for the 
longitudinal vibration of a beam. 

6.4.3 Summary of Finite Difference Methods for a Continuous System 

1. Equation of motion for the bar: i) 2 u/dx 2 = l/c 2 d 2 u/dt 2 . 

2. Displacement equation for the bar: d 2 U/dx 2 + a 2 U = 0. 

3. Finite difference approximation: U i+1 — (2 — A)L7 ; + L7;_i = 0. 

4. Equation of motion for the beam: d 4 W/dx 4 — fi 4 W = 0. 

5. Centered difference approximation for the fourth derivative: / lv = l//i 4 (/j +2 — 4 f +l + 6 f — 
4/l—i *T fi—d)' 

6. Finite difference approximation for the beam equation: W ;+2 — 4W ;+1 + (6 — A)W ; — 4W,_ 1 + 
Wi- 2 = 0 . 

6.5 Matrix Methods 



In the preceding section, the equations of motion are solved for the system. Often, one is not interested in 
the complete solution. Rather, one is interested in the natural frequencies and the normal modes. When 
the number of DoF is very high, only the lowest natural frequency needs to be computed. Several 
methods to find some, but not all, of the eigenvalues of the system will be presented. 
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6.5.1 Example: Three-Degree-of-Freedom System 



A three-DoF system will be used as an example. 
The larger DoF systems work exactly in the same 
manner but produce larger calculations. 

Let us consider the following spring -mass 
system in Figure 6.6. 

The equation of motion for this system is 



■2 0 O' 



-1 0 



2K 



2m 



















X, 



X, 



X, 




M 



0 1 0 



*2 



+ K 



-1 2 -1 



*2 



.0 0 1JI_* 3 J 

ron 



.0-11 _||_x 3 _ 



FIGURE 6.6 Three spring-mass system. ( Source : 
Thomson and Dahleh 1998. Theory of Vibration 
Applications, 5th ed. With permission.) 



Assuming a harmonic solution of the form x = Asin(cot) gives the following eigenvalue problem: 
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_ 0 -1 
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-* 3 - 




_ 0 _ 



where A = co 2 m/k. The eigenvalues are found by setting the characteristic equation of the determinant 
equal to zero. This gives the following polynomial: 

A 3 — 4.5A 2 + 5A — 1 = 0 



It is a simple matter to graph this polynomial and see that there are three real roots to this equation. 



6.5.2 Bisection Method 

One method for calculating the roots of a nonlinear function is called the bisection method. This method 
finds the zeros of nonlinear functions by bracketing the zero in an interval [a, b]. The interval is chosen so 
that/(o) and /(b) are of opposite sign. If/ is a continuous function and it is positive at one endpoint, say 
/(a) > 0, and it is negative at the other endpoint, /(b) < 0, then it has had to go through zero at some 
point in the interval. It is possible that it has gone through zero more then once in the interval. From 
Figure 6.7, one can see that one root is between [0, 0.5]; another is between [1, 1.5]; and a third root is in 
[2.5, 3]. In order to find all three roots, the bisection method has to be used three times; one for each 
interval. As an example, the MATLAB code for the first root is given below. 



6.5.2. 1 MATLAB Code for the Bisection Method 

clear 

%set an acceptable tolerance for the root 

tol = lOe — 4 

%endpoints of the interval 

a = 0 

b = 0.5 

for i = 1:20 

c = 0.5 *(a + b) 

if abs(/(c)) < tol, break, end 
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FIGURE 6.7 Graph of the cubic polynomial A 3 — 4.5A 2 + 5A — 1 = 0. ( Source : Thomson and Dahleh 1998. Theory 
of Vibration Applications , 5th ed. With permission.) 

if f(a)*f(c) < 0 
b = c 
else 
a = c 
end 
end 

The root 0.2554 is found after ten iterations. As long as the initial interval is chosen so that the 
function has different signs at the endpoints, this method will always converge. There are nonlinear root 
finding methods, such as Newton’s method, which when they converge do so more quickly. However, 
they may or may not converge. 

6. 5. 2. 2 MATLAB Function for Finding the Roots of a Polynomial 

MATLAB has a built in root-finding method which requires the creation of a vector c that contains the 
coefficients of the polynomial in descending order. The MATLAB command roots (c), produces the roots 
of the polynomial. For our example, c= [1, — 4.5, 5, — 1], The roots of this equation are given by 
A = 2.8892, 1.3554, 0.2554. 

6.5.2.3 Mode Shapes 

The mode shapes are determined by substituting each eigenvalue into the matrix problem and 
computing the corresponding eigenvector. As an example of how to compute the eigenvector for a given 
eigenvalue, we will compute the eigenvector associated with A = 2.8892. The first step is to substitute this 
value of A into the eigenvalue equation. This gives the following problem: 



"2.489 -1 0 " 




- *r 




"0" 


-1 1.745 -1 




*2 


= 


0 


0 -1 0.744. 




-* 3 - 




.0. 



The solution vector found by Gaussian elimination is given by 

x = (x,,x 2 ,x 3 ) t = (0.2992, 0.7446, 1.0)* 
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6.5.3 Directly Calculating the Eigenvalues and Eigenvectors from the Matrix 
Equation 

Ideally one would like to use a computer program such as MATLAB to compute both the eigenvalues and 
the eigenvectors directly from the matrix equation. In order to do this, the matrix equation needs to be 
rewritten slightly. In general, the matrix equation for the normal mode vibration is given by 

[-AM + K|x = 0 

where M and K are the mass and stiffness matrices, respectively, both are square symmetric matrices, and 
A is the eigenvalue related to the natural frequency by A = nco 2 . Premultiplying the preceding equation by 
M -1 , we have another form of the equation: 

[~M + A]x = 0 

where A = M 'K and A is called the dynamic matrix. In general, A is not symmetric. In order to use 
MATLAB to compute the eigenvectors and eigenvalues, the matrix must be symmetric. There is a 
standard transformation of coordinates that converts the matrix problem into a standard eigenvalue 
problem which can be solved by a computer. Assume that we have a transformation of coordinates which 
has the following form: 

x=U~ l 

When this transformation is substituted into the equation, we get 

[-AMI/ -1 + KI/ -1 ]y = 0 
Premultiplying the equation by U -( gives 

[— At/ -f MI/ -1 + I/ -f KI/ -1 ]y = 0 

From this equation, one can see that if either M or K equals U f U, then the preceding equation is reduced 
to standard form, at which time it is possible to compute both the eigenvalues and eigenvectors directly. 
To see how this works, let us assume that M = U f U. The equation becomes 

[-A/ + U -f KU -1 ]y = 0 

where A = a ) 2 . This equation is in standard form since U f KU 1 is symmetric. 

6.5.3. 1 Example 

To illustrate the use of the dynamic matrix and the standard computer form, we can use MATLAB to 
calculate the eigenvalues and eigenvectors for Example 6.5.1. The first step is to convert the problem into 
standard form. For this example, the dynamic matrix is given by 

" 1.5 -0.5 0 

A= -1.0 2.0 -1.0 

0 -1.0 1.0 

We can compute both the eigenvalues and the eigenvectors in MATLAB using the command 
[[/, D] = eig(A). The result of this command is two matrices, U and D. Matrix U contains the 
eigenvectors as column vectors and D is a diagonal matrix which has the eigenvalues on the diagonal. 
Continuing with our example, we get the following two matrices: 

" 0.7569 0.3031 0.2333 

U = 0.2189 -0.8422 0.5808 

.-0.6158 0.4458 0.7799 
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and 



’1.3554 0 0 ' 

D = | 0 2.8892 0 

0 0 0.2544 



In order to use this transformation then, one has to be able to write M or K as U'U. This is known 
as the Cholesky decomposition. In MATLAB, if one has a positive definite matrix M, the matrix can 
be Cholesky-decomposed with the built in function chol. The command U = chol(M) produces an 
upper triangular matrix U such that U f U = M. 

Cholesky decomposition is a special case of LU factorization where L is a lower triangular matrix and U 
is an upper triangular matrix. The computational procedure begins by writing the algebraic equations 
that result from the following calculation: 
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If the matrix M is positive definite, then the above matrix multiplication results in six linearly 
independent equations. 



6.5.4 Summary of Matrix Methods 

1 . Bisection method for the roots of a polynomial. 

2. MATLAB command roots for finding the roots of a polynomial. 

3. Cholesky decomposition. 

6.6 Approximation Methods for the Fundamental Frequency 

The smallest natural frequency, known as the fundamental frequency, of a multi-DoF system is often of 
greater interest than the high natural frequencies because its forced response in many cases is the largest. 
One approach to this problem is to extend the Rayleigh method to matrix problems. We will see that the 
Rayleigh frequency approaches the fundamental frequency from the high side. 



6.6.1 Rayleigh Method 

Let M and K be the mass and stiffness matrices, respectively, and x is the assumed displacement vector for 
the amplitude of vibration. For harmonic motion, the maximum kinetic energy is 

Tmax = l/2eox f Mx 

and the maximum potential energy is 

Umax = l/2xKx 

Since the maximum kinetic energy equals the maximum potential energy, these two quantities are 
equal. Equating these two and solving for or gives the Rayleigh quotient: 

2 x'Kx 

to = — 

x'Mx 

It can be shown (Thomson and Dahleh, 1998) that this quotient approaches the lowest natural frequency 
from above and it is somewhat insensitive to the choice of amplitudes. 
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6.6.2 Dunkerley's Formula 

Dunkerley’s formula produces a lower bound for the fundamental frequency and can be used in 
conjunction with the Rayleigh method to get a good approximation for the fundamental frequency. 
Dunkerley’s formula is based on the characteristic equation for the flexibility coefficients. The flexibility 
influence coefficient, a iiy is defined as the displacement at i due to a unit force applied at j with all other 
forces equal to zero. This concept is most easily understood through an example. 

6.6.2. 1 Computation of the Flexibility Matrix 

The procedure for computing the flexibility matrix and in particular, the computation of the flexibility 
matrix for the three spring-mass matrix systems shown in Figure 6.6, are discussed. 



Example 

First, one applies a unit force to mass 1 with no other forces present, i.e., /i = 1, f 2 = = 0. The 

displacements are located in the first column of the flexibility matrix. 

This gives 
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In this case, springs k 2 and k } are not stretched and are displaced equally with mass 1. Now, a unit force is 
applied to mass 2 and there are no other forces. This allows us to write the second column of the matrix to 
get 
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This time, the unit force is transmitted through /q and k 2 . The spring fc 3 is not stretched. Finally, the force 
is applied to mass 3 and there are no other forces present. This gives the third column of the matrix: 
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Since the flexibility matrix is the sum of the three previous matrices, it is given by 
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An interesting feature of the flexibility matrix is that it is symmetric about the diagonal. For simplicity of 
notation, let the ij element of the flexibility matrix be given by a^mj. Dunkerley’s formula is obtained 
from the characteristic equation of the flexibility matrix, which is obtained by computing 
the determinant of the following matrix: 



a n m l — 1/&T 

a 2l 

a i\ 



a n 

a 22 m 2 — 1/&) 2 



#32 



a 13 

#23 

#33 w) 3 — l/w 2 



= 0 
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A third-degree equation in 1/co 2 is obtained by expanding the determinant. One obtains the following 
cubic equation: 

(1/&T) 3 — (a u m l + a 22 m 2 + a 33 m 3 )(l/ co 2 ) 2 + • • • = 0 

A cubic equation has three roots that are denoted by (1/co 2 ) for i = 1,2, 3. This allows the cubic equation 
to be factored: 

(1/co 2 - llco\)(llco 2 - l/w|)(l/w 2 - 1 /co 2 3 ) = 0 
The highest two powers of this equation are given by 

(1/ £t>~) 3 — (1 / CO[ + 1/ C0 2 "F 1/ Cchd/H co~) 2 + • • * = 0 

The coefficient of the second highest power is equal to the sum of the roots of the characteristic equation, 
which is also equal to the sum of the diagonal elements of the matrix A^ 1 . This relationship is not just 
true for n = 3 but is more generally true for n greater than or equal to 3. For the general n-DoF system 

1 lco\ + l/ru 2 + • • T / co~ n — -F a 22 m 2 -F ■ ■ • -F a nn ui n 

The fundamental frequency is the smallest natural frequency. Since co 2 , co 3 , ... are larger than co ] , the 
reciprocal of these frequencies is smaller then the reciprocal of the fundamental frequency. An estimate 
for the fundamental frequency is obtained by neglecting all of the higher modes in the left-hand side of 
the above equation. This estimate gives a value for co 1 that is smaller then the true value of the 
fundamental frequency. Dunkerley’s formula is a lower bound for the fundamental frequency and it is 
given by 

l/co\ < a n m l + a 22 m 2 H F a nn m n 



6.6.3 Summary of Approximations for the Fundamental Frequency 



1. Rayleigh method 



2 xKx 

CO = — 

x'Mx 



2. Dunkerley’s formula l/co\ < a n m l + a 22 m 2 + F a nn m„. 

6.7 Finite Element Method 



In the finite element method, complex structures are replaced by assemblages of simple structural 
elements known as finite elements. The elements are connected by joints or nodes. The force and 
moments at the ends of the elements are known from structural theory, the joints between the elements 
are matched for compatibility of displacement, and the force and moment at the joints are established by 
imposing the condition of equilibrium. 

The accuracy obtainable from the finite element method depends on being able to duplicate the 
vibration mode shapes. Using only one finite element between structure joints or corners gives good 
results for the first lowest mode, because the static deflection curve is a good approximation to the lowest 
dynamic mode shape. For higher modes, several elements are necessary between structural joints. This 
leads to large matrices. The eigenvalues and eigenvectors need to be computed numerically. 

This section introduces the basic idea of the finite element method as it applies to the simple vibration 
problem. 

The basic idea behind the finite element method is to break up the structure into simple component 
structures. The structural elements for the bar and the beam are discussed here. 
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6.7.1 Bar Element 



The force -displacement relationship for a uni- 
form rod is 

F = (EA/L)U 

where E is the young’s modulus, A is the cross 
sectional area, L is the length of the element and 
U is the displacement. Figure 6.8 shows this 
one-dimensional element. The two endpoints are 
the nodes. 

For simplicity, assume the axial displacement at 
any point g = x!L is linear: 

U(x, t ) = a{t) + b(t)x 



and U^t) = U(0,t), U 2 (t ) = U(L,t)- These two 
conditions uniquely determine the coefficients 
a(t) and b(t). They are given by the following: 

a(t) = U, {t) 



and 



b( t ) = (u 2 (t) - umn 

Using the linear element, the displacement 
anywhere along the beam is given by 

U(x, t ) = (1 - x/L)Ui(t ) + x/LU 2 (t) 

= ifiUiit) + tp 2 U 2 (t) 

where 




FIGURE 6.8 One dimensional element. 




L 

FIGURE 6.9 Linear mode shapes. 



U, 




u 2 






<Pl ~ 1 X !L and cp 2 — x/L FIGURE 6.10 Superposition of the linear mode shapes. 

cpj and <p 2 are known as the mode shape, which can 
be seen in Figure 6.9. 

These two mode shapes can be superimposed to create a linear function. An example of such a 
function is given in Figure 6.10. 

The kinetic energy of the bar is given by 

T = .5 J u 2 mdx = ,5m J ((1 — g)iq(t) + gu 2 (t)) 2 ldg = . 5m/(l/3w \ + H3u ] ii 2 + 1/3m|) 

6.7. 1.1 Mass Matrix 

The generalized mass matrix is derived from the Lagrange equations using the following: 

D 9T 
Df cltt. 

Given the kinetic energy for the bar, the Lagrange equations become 

D dT 

— — = mLilftui + l/6u 2 ) 

Df r)U ] 



= mL(H3u , + 1/6 u 2 ) 

Df dii 2 
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The mass matrix for an axial element with a uniform mass distribution per unit length is given by 



mL 

IT 






2 

1 



6.7. 1.2 Stiffness Matrix 

The force- displacement relationship for a uniform bar is given by 



' Fi 1 _ ea \ 1 -i ir “i " 

_ F 2 _ L ~ — 1 1 



6.7. 1.3 Variable Properties 

A simple approach to problems with variable properties is to use a large number of elements of short 
length. The variation of mass or stiffness over each element is small and can be neglected. In this model, 
the mass and stiffness for each element is constant and can be placed outside the integral. If a large 
number of elements are needed to capture the behavior, this will lead to a large matrix problem. 



Example 

A tapered rod is modeled as two uniform sections where EA r = 2 EA 2 and wq = 2 m 2 , k 2 = 2EA 2 /L. The 
displacement equation for this system is given by 

-co 2 m 2 \ 2 ( 2 + 1 ) 1 ] 2EAJ2+1 -1T«i1 [01 

— L , 2 J + — L, ,JLHoJ 

This can be written as a standard eigenvalue problem where A = co 2 m 2 L/12EA 2 . 

The eigenvalue problem is the following 



3 - 6A 
-(1 + A) 



— (1 + A) 
(1 - 2A) 



= 0 



The solution of the determinant requires computing the roots of a quadratic equation. The two roots are 
A = [0.6140, 1.1088]. The two natural frequencies can be computed from A. They are 

co l = 1. 4029 V((£A 2 )/(M 2 I)) 

(°2 ~ 3.6477 V((£A 2 )/(M 2 I)) 

The modes shapes are calculated by solving the eigenvalue problem. The two eigenvectors are 

x, = [0.5773, l] f 



and 



x 2 = [-5258, l] f 



6.7.2 Beam 

When the ends of the element are rigidly connected to the adjoining structure, the elements act like a 
beam with the moments and lateral forces acting at the joints. Generally, the axial displacement u 2 — tq is 
small compared to the lateral displacement V of the beam. 

The local coordinates of the beam element are lateral displacements, V, and rotation, 6, at the two 
ends. This results in four coordinates V, , 6^ V, d 2 . Four constraints uniquely determine a cubic 
polynomial. Therefore, the lateral displacement of a beam is assumed to be described by a cubic 
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polynomial 

V(x) = pi + p 2 s + p 3 <r + p 4 ? 4 

where 5 = x/L and p h the coefficients of the polynomials, are related to the lateral displacement and 
the rotation. The lateral displacement at the left-hand side determines Vp 

V(0,t)=v l (t) = p l 

The rotation at the left-hand end determines the second coefficient, dp. 

dV 

— (0,f) = 0i =p 2 

The remaining two coefficients are combinations of the variables and they are given by the 
following two constraints: 

V(L,t)=V 2 (t) and ^(L,t)=6 2 
dx 

Applying these two conditions, one obtains 

?3 = 1/L 2 (-3V!(0 - 20 1 (f)L + 3v 2 (0 - e 2 (t)L) 

P 4 = 1/L 3 (2v 1 (f) + — 2v 2 (f) + 9 2 (t)L) 

These coefficients can be represented by the following matrix equation: 



~p 1 " 




1 — 

0 

0 

0 

1 




" Vi ' 


pi 




0 10 0 




L0 2 


Pi 




-3-2 3 1 




1 >i 


.Pi. 




.2 1 —2 1 _ 




. Ld . 



The shape functions for the beam elements are determined by equating a single displacement to 
one, and all other displacement to zero. The first shape function is derived by letting V 2 = 1 and the 
remaining three variables zero; i.e., V 2 = d 2 = 0 2 = 0. This gives 

Pi = 1 Pi = 0 p 3 = -3 pi = 2 

The first shape function becomes 

q>! = 1 - 3? 2 + 2? 3 

A similar calculation for 6i = 1 and V 2 = V t = 0 2 = 0 yields 

Pi = 0 Pi = l Pi = -21 p 4 = l 

and the shape function becomes 

ip 2 = Is — 2/s 2 + /s 3 

The remaining two shape functions are determined similarly. The four shape functions for the 
beam are 

tpi = 1 — 3s 2 + 2s 3 

(p 2 = h— 2/s 2 + /s 3 

t 2 ,3 

tpi = 3s - 2s 

q Pi = -/s 2 + /s 3 
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6. 7. 2.1 Mass Matrix 

Just as in the case of the bar, the generalized mass m y is given by 

Mjj = J ipjtpjmdx 

Substitution of the above shape functions and integration yields the following mass matrix for the 
uniform beam element in terms of the end displacements: 





156 


22 L 


54 


— 13 L 


mL 


22 L 


2 L 2 


13L 


—3 L 2 


420 


54 


13 L 


156 


-22 L 




— 13 L 


-3 L 2 


-22 L 


4 L 2 



6.7.3 Summary of Finite Element Method 

1. Linear finite element for a bar <p x = 1 — x/L and <p 2 = x/L 

2. Mass matrix for the bar 



:ii;] 

2? 3 

cp 2 = k — 2k 1 + Is 

•2 2 ,3 

ip 3 = 3s — 2s 
<p 4 = —Is 2 + k 



ML I" 2 1 

6 [ 1 2 

3. Stiffness matrix for the bar 




4. Cubic finite elements for the beam 



Appendix 6A 

Introduction to MATLAB ~ 



MATLAB is a software package for numerical computation, visualization, and symbolic manipulation 
(also see Appendix 32A). It is an interactive environment with hundreds of built-in functions, which are 
in essence subroutines. These functions range from plotting commands, to those for finding the 
eigenvalues and eigenvectors of a matrix, to those for solving an ordinary differential equation, and much 
more. In addition to the built-in functions, MATLAB contains a programming language, which allows 
the user to write their own functions. The name MATLAB is an abbreviation of matrix laboratory. The 
original versions of MATLAB concentrated on numerical analysis of linear systems of equation. MATLAB 
is available from the Mathworks (www.mathworks.com). 

The best way to learn MATLAB is by playing around with the different functions (Pratap, 2001). 
The first thing to note when you launch MATLAB is that it is a window-based environment. There are 
three windows: the command window, the graphics window, and the edit window. The command 
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window is the main window and it is the one in which you run all functions (built-in or user created). 
This is the window which appears when the program is launched, and it has the symbol as a prompt. 
The graphics window is where all of the graphics are displayed, and the edit window is where users create 
and save all of their own programs, known as m files. 

MATLAB provides routines for all of the basic areas of numerical analysis (numerical linear algebra, data 
analysis, Fourier transform, and interpolation), curve fitting, root-finding, numerical solution of ordinary 
differential equations, integration, and graphics. There are specialized tool boxes for signal processes and 
control systems to name two. With these hundreds of functions, it is imperative to have a good help facility. 
In the command window, the command help functionname provides online help. For example, type help 
help to get more information about help. There are three other commands for information: lookfor, 
helpwin, and helpdesk. Lookfor gives a list offunctions with the keyword in their description. Helpwin gives a 
help window. Helpdesk is a web browser-based help. 

Given the early history of MATLAB as a matrix laboratory, it should not be surprising that one of its 
strengths is its ability to manipulate vectors and matrices very well. A row vector is created by typing in 
the command window the following: 

»x = [2, 3, 6, 4] 



This command will produce 



x = 2 3 6 4 



A common vector is created by entering the following 

»x= [2; 1; 3; 4] 



This produces x = 

2 

1 

3 

4 

The elements of a vector or matrix are separated by commas or by spaces, and the rows are separated by 
semicolons. Printing is suppressed by ending the line with a semicolon. The following command will 
produce a 2 X 2 matrix but it will not print it: 




Providing that the operations make sense, it is easy to do operations on vectors and matrices in 
MATLAB. For example, if A and B are two matrices of the same size, the command A + B adds the 
matrices. 

There are several MATLAB commands given throughout the text of this chapter. Several books are 
available to get you started with MATLAB; for example, Hanselman and Littlefield (2001), Palm (2001), 
Pratap (2001), and Recktenwald (2000). The best way to learn more about these commands is to type 
help and the command name. This way, you get the most up-to-date information concerning the 
function. 
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Summary 

In this chapter, several aspects of vibration modeling are addressed. They include the formulation of the 
equations of motion both in differential form and integral form, the Rayleigh-Ritz method and the finite 
element methods, and model reduction. Natural vibration analysis and response analysis are discussed in detail. 
Several commercial finite element analysis (TEA) software tools are listed and their capabilities for vibration 
analysis are introduced. The basic procedure in using the commercial FEA software packages for vibration 
analysis is outlined (also see Chapter 6 and Chapter 9). The vibration analysis of a gearbox housing is 
presented to illustrate the procedure. 



7.1 Introduction 



Vibration phenomenon, common in mechanical devices and structures [2,9], is undesirable in many 
cases, such as machine tools. But this phenomenon is not always unwanted; for example, vibration is 
needed in the operation of vibration screens. Thus, reducing or utilizing vibration is among the 
challenging tasks that mechanical or structural engineers have to face. Vibration modeling has been used 
extensively for a better understanding of vibration phenomena. The vibration modeling here implies a 
process of converting an engineering vibration problem into a mathematical model, whereby the major 
vibration characteristics of the original problem can be accurately predicted. The mathematical model of 
vibration in its general sense consists of four components: a mass (inertia) term; a stiffness term; an 

7-1 
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excitation force term; and a boundary condition term. These four terms are represented in differential 
equations of motion for discrete (or, lumped-parameter) systems, or boundary value problems for 
continuous systems. A damping term is included if damping effects are of concern. Depending on the 
nature of the vibration problem, the complexity of the mathematical model varies from simple spring- 
mass systems (see Chapter 1) to multi-degree-of-freedom (DoF) systems (see Chapter 3); from a 
continuous system (see Chapter 4) for a single structural member (beam, rod, plate, or shell) to a 
combined system for a built-up structure; from a linear system to a nonlinear system. The success of the 
mathematical model heavily depends on whether or not the four terms mentioned before can represent 
the actual vibration problem. In addition, the mathematical model must be sufficiently simplified in 
order to produce an acceptable computational cost. The construction of such a representative and simple 
mathematical model requires an in-depth understanding of vibration principles and techniques, 
extensive experience in vibration modeling, and ingenuity in using vibration software tools. 
Furthermore, it also requires sufficient knowledge of the vibration problem itself in terms of working 
conditions and specifications. 

Except for few special cases that promise exact and explicit analytical solutions, vibration models have 
to be studied by means of approximate numerical methods such as the finite element method. The finite 
element method has been very successfully used for vibration modeling for the past two decades. Its 
success is attributed to the development of sophisticated software packages and the rapid growth of 
computer technology. 

In this chapter, several aspects of the construction of mathematical models of linear vibration 
problems without damping will be addressed. The capabilities of the available software packages for 
vibration analysis are listed and the basic procedure for vibration analysis is summarized. As an 
illustration, an engineering example is given. 



7.2 Formulation 



7.2.1 Differential Formulation 

In a majority of engineering vibration problems, 
the amplitude of vibrations is very small, so that 
the following assumptions hold: (1) a linear form 
of strain -displacement relationships, and (2) a 
linear form of stress-strain relationships (Hooke’s 
Law). If the energy losses are negligible, it is 
straightforward to apply Newton’s (second) law 
and Hooke’s Law to derive the equations of 
motion, which appear as differential equations. 
Consider a single-DoF spring-mass system, as 
shown in Figure 7.1. The two laws are given by 




FIGURE 7.1 Single-DoF spring-mass system. 



f mu(t) = —f, Newton’s law 
If = ku(t ), Hooke’s Law 



The first equation describes the inertia force, and the second equation describes the elastic force. These 
two forces are essential for mechanical vibration to exist (see Chapter 1). 

In a similar way, the differential equations are given directly when Newton’s law plus Hooke’s Law is 
applied to a multiple-DoF spring-mass system, shown in Figure 7.2 



f Mii(t) = — F, Newton’s law 
( F = Ku(f), Hooke’s Law 



(7.2) 



where M is the (diagonal) mass matrix, and K is the stiffness matrix. 
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FIGURE 7.2 Multiple-DoF spring-mass system. 



In the case of continua, the differential equations of motion can be derived by means of Newton’s law 
and Hooke’s Law in the same way as above. But in this case the boundary conditions have to be specified 
in order to make the problem statement complete (see Chapter 4). For example, as a direct consequence 
of Newton’s law and Hooke’s Law, the differential equation of bending vibration of a clamped -clamped 
Euler beam may be given as (Chapter 4) 



d 2 u(x, t) 

P ^~ = ~ f ’ 
d 4 u{x, t ) 

f = m -S?-' 



li(0, t) = U(l, t ) = 



0u(O, t) 
dx 



Newton’s law 



Hooke’s Law 



9 u(l, t) 
dx 



Boundary conditions 



(7.3) 



where p represents the mass per unit length, l the beam length, and El the bending stiffness (flexural 
rigidity). 



7.2.2 Integral Formulation and Rayleigh-Ritz Discretization 

Besides the approach in which Newton’s law and Hooke’s Law are directly used to establish equations of 
motion, there are alternatives: Hamilton’s principle, the minimum potential energy principle, and the 
virtual work principle; all of which appear in integral form. From a mathematical standpoint, the 
differential equations and the integral equations are equivalent in that one can be derived from another. 
However, they are very different in that the integral equations facilitate the application of the discretization 
schemes such as the finite element method, an element-wise application of Rayleigh-Ritz method. 
Therefore, Hamilton’s principle, as one of the integral formulations, and its Rayleigh-Ritz discretization 
are briefly introduced here in order to provide a better understanding of the finite element method. 

Denote T as the system kinetic energy, V the system potential energy, and 8 W the virtual work done by 
nonconservative forces. Hamilton’s principle [11] states that the variation of the Lagrangian (T — V ) 
Standard terminology plus the line integral of the virtual work done by the nonconservative forces 
during any time interval must be equal to zero. If the time interval is denoted by [q, t 2 1, then Hamilton’s 
principle can be expressed as 

8 f ‘ (T - V)dt + f 2 BW df = 0 (7.4) 

J h J h 

In the case of a continuum, we look for an approximate solution u(x, y, z, t) in the form of 

n 

u(x,y, z, f) = X < Pi(.x,y,z)q i (t ) (7.5) 

1=1 

where <pj(x,y, z) is called a Rayleigh-Ritz shape function and q^t) is called a generalized coordinate. 
In this way, the system kinetic energy and the system potential energy can be, respectively, expressed 
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as follows: 



T = ~ X X m iMi ~ ~u T (t)Mu(f) (7.6) 

i=l j=l 

and 

v = J X X k mj = ^u T (f)Ku(f) (7.7) 

*=i i =1 

where u T (f) = [<? l5 q 2 , M = K = |fc i; |. 

The virtual work done by the generalized forces is 

n 

5W = = F T Su(0 (7.8) 

i=l 

where F T = [f(t),f 2 (t), and f(t) is the generalized force corresponding to the nonconservative 

force fix, y, z, t) 

fit) = | c pfx, y, z)f(x, y, z, t)dv (7.9) 



Substituting Equation 7.6, Equation 7.7 and Equation 7.8 into Hamilton’s principle (Equation 7.4) and 
conducting a routine variation operation, one has 

rt 2 

J (u T M 8u - u T K Su + F T 8u)df = 0 (7.10) 

Applying the separation integration to the first term of the above equation and noting that the variations 
of the generalized coordinate Su at times f, and t 2 equal zero, Equation 7.10 is rewritten as 

| 2 (-Mii(f) - Ku(f) + F)Su dt = 0 (7.11) 

Because Su, the variation of the generalized coordinate vector, is arbitrary and independent, from the 
above equation one obtains 

Mii(f) + Ku = F (7.12) 

which is the vibration equation resulting from a Rayleigh-Ritz discretization. 



7.2.3 Finite Element Method 

In the finite element method (FEM) [7,10,12], a continuum is divided into a number of relatively small 
regions called elements that are interconnected at selected nodes. This procedure is called discretization. 
The deformation within each element is expressed by interpolating polynomials. The coefficients of 
these polynomials are defined in terms of the element nodal DoF that describe the displacements and 
slopes of selected nodes on the element. By using the connectivity between elements, the assumed 
displacement field can then be written in terms of the nodal DoF by means of the element shape 
function. Using the assumed displacement field, the kinetic energy and the strain energy of each 
element are expressed in the form of the element mass and stiffness matrices. The energy expressions 
for the entire continua can be obtained by adding the energy expressions of its elements. This leads to 
the assembled mass matrix and the assembled stiffness matrix, and finally to the finite element 
vibration equation. 

The displacement in the interior of an element e is determined by a polynomial 

u{x,y,z, t) = Nu c (7.13) 



© 2005 by Taylor & Francis Group, LLC 




Vibration Modeling and Software Tools 



7-5 



where the matrix N is called the shape function matrix of the element e, and iff the vector of the 
nodal DoF. 

Based on the element displacement expression Equation 7.13, one can obtain the strain and the stress 
in the element e and finally the strain energy. 

The strain and the stress in the element e are 



and 



e = du(x,y,z,t) = SNu' = BiT 



(7.14) 



a = De = DBu e = Siff 



(7.15) 



respectively, where d is the differential operator matrix, B = 3N is the element strain matrix, D is the 
elastic matrix, and S = DB is called the element stress matrix. 

The strain energy in the element e is given by the element strain e and stress tr as 

V e = ^ J E T a dv = ^(ufK'u' (7.16) 

where 



K e = 



B t DB dv 



(7.17) 



is called the element stiffness matrix. 

The velocity at a point (x,y, z) in the element e can be obtained from Equation 7.13 as 

ii(x,y, z, t) = Niff (7.18) 

So the kinetic energy of the element e is 

T e = i | pu T u dv = (iff) T M e iff (7.19) 

where 



M 1 ' = 



pN T N dv 



(7.20) 



is called the element mass matrix. 

The equivalent nodal force F c corresponding to the force f e applied onto the element e is determined 
by equaling the work done by F e to the work done force by f e along any virtual displacement. This leads to 
the following: 

(8u e )V = J 5u T f dv = (Siff) T ^J N T f c dv ) (7.21) 

Note that as the variation of the nodal displacement is arbitrary, one can obtain the expression of the 
equivalent nodal force F e from Equation 7.21 as 

F c = f N T f e dv (7.22) 



Now we have the kinetic energy, the strain energy, and the equivalent nodal force of the element e. But 
these quantities are expressed in the local coordinate system (X e , Y e , Z e ) of the element e, not in the global 
coordinate system ( X , Y, Z). In order to calculate the corresponding counterparts for the whole structure, 
it is necessary to transform the expressions of the kinetic energy, the strain energy, and the equivalent 
nodal force of the element e from the local coordinate system into the global one. 

Let L be the transformation matrix from the global coordinate system to the local coordinate system. 
Then the nodal displacement vector iff in the local coordinate system is related to the nodal displacement 
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vector u e in the global coordinate system by the following: 

u e = Lu e (7.23) 

Similarly, the equivalent nodal force vector F e in the local coordinate system is related to the equivalent 
nodal force vector F c in the global coordinate system by 

F e = LF e (7.24) 

Substituting Equation 7.23 into Equation 7.16 and Equation 7.19, and noting that L is a normal matrix 
(L t = L _1 ), the element stiffness and mass matrices in the global coordinate system can be, respectively, 
expressed as 

K e = L T KL (7.25) 

and 

M f = L t M‘'L (7.26) 

The equivalent nodal force vector in the global coordinate system is solved from Equation 7.24 

F e = L t F c (7.27) 

In this way, we can obtain the total strain energy of the structure as 

V = ^V e = - £ (u e ) T K e u e = ^u t Ku (7.28) 

e e 

where the matrix 

K = £ K c (7.29) 

e 

is called the global stiffness matrix of the structure. The vector u is the global nodal displacement vector 
of the structure. 

Similarly, the total kinetic energy of all of the elements can be written as 

T = £ T e = - £ (fl e ) T M £ u e = ^u t Mu (7.30) 

e e 

where the matrix 

M = ^ M £ (7.31) 



is called the global mass matrix. The vector u is the global nodal velocity vector. 

The total virtual work done by the external forces is 

8W = £ 8 Vf e = £ (8u‘’) t F £> = (8u) t F (7.32) 

e e 

where the vector 

F = ^F e (7.33) 



is a global generalized force vector. 
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Substituting Equation 7.28, Equation 7.30, and Equation 7.32 into Hamilton’s principle (Equation 7.4) 
and conducting the routine variation operation, one has 

Mu + Ku = F (7.34) 

which is the vibration equation resulting from the finite element discretization. 

7.2.4 Lumped Mass Matrix 

The element mass matrix given by Equation 7.20 is normally a full symmetric matrix, because the 
element shape functions are not orthogonal with each other. It is desirable to reduce this full matrix into a 
diagonal matrix. In practice, this is achieved by lumping the element mass at its nodes. For example, the 
consistent element mass matrix of a beam element is 

156 22 1 54 -13/ 

22/ 4 1 2 13/ —3 1 2 

54 13/ 156 -22/ 

13/ —3 1 2 -22/ 4 1 2 

When the inertia effect associated with the rotational DoF is negligible, the element lumped mass matrix 
can be obtained by lumping one half of the total beam element mass at each of the two nodes along the 
translation DoF: 

10 0 0 
0 0 0 0 

0 0 10 

0 0 0 0 

When the inertia effect associated with the rotational DoF is not negligible, the mass moment of inertia of 
one half of the beam element about each node can be computed and included at the diagonal locations 
corresponding to the rotational DoF: 

10 0 0 
0 l 2 / 12 0 0 

0 0 10 
0 0 0 l 2 / 12 



7.2.5 Model Reduction 

The finite element discretization of an engineering vibration problem usually generates a very large 
number of DoF. In particular, when automatic meshing schemes are not properly applied, or three- 
dimensional elements must be used, the number of elements created could become too great to be cost- 
effectively handled with limited computer capabilities. To solve this problem, modelers have to pay 
close attention to how the meshing is done in commercial software packages. Very often, simplification 
and idealization based on the nature of the problem of concern can tremendously reduce the number 
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of elements. For example, there could be two ways of generating the finite elements of a clamped-free 
steel beam with a metal block attached to its free end. One way is to mesh both the beam and the block 
using three-dimensional elements; the other way is to mesh the beam with one-dimensional beam 
elements and treat the block as a lumped mass, zero-dimensional element. It is obvious that the first 
approach will result in many more elements than the second approach. However, both approaches will 
give very similar results for the first several natural frequencies and the associated mode shapes. Another 
technique for reducing the number of elements comes from deleting the detailed features. The detailed 
features here imply those geometrical details, such as filets, chamfers, small holes, and so on, which do 
not have significant contributions to the vibration behavior of the entire structure, but increase the 
number of elements. Generally these detailed features can be deleted without any visible effect on the 
results, if the global behavior of the vibration problem is of concern. Note that such detailed features may 
have to be kept if the localized behavior such as fatigue (stress) induced by vibration is to be evaluated. 

When further model reduction is necessary, Guyan reduction [3] is considered. It was proposed two 
decades ago when computer capabilities were much more limited than today. In fact, Guyan reduction is 
still in use today and has been cast into many commercial software packages. In Guyan reduction, the 
model scale is reduced by removing those DoF (called slave DoF ) that can be approximately expressed by 
the rest of the DoF (called master DoF) through a static relation. The DoF associated with zero mass or 
relatively small mass are likely candidates for slave DoF. 

By rearranging the DoF u so that those to be removed, denoted by u 2 , appear last in the vector, and 
partitioning the mass and the stiffness matrices accordingly, one obtains 



M 21 



m 12 

m 22 



fii 1 ) rK n Ktjjfu 1 ) JFj 

jii 2 } |_K 21 K 22 J1u 2 J {oj 



(7.38) 



If we assume M 22 = 0, and M 21 = 0, then the second equation in Equation 7.38 can be written as 



u 2 = — Kd’KhU 1 



Define the transformation 



u= Qu 1 



where the transformation matrix Q is 



Q = 



-K 



I 

> 2^-21 . 



(7.39) 



(7.40) 



(7.41) 



and I is the unit (identity) matrix. 

Substituting Equation 7.40 into Equation 7.38 and premultiplying the resulting equation by Q T , one 
obtains a new reduced-order model 



Q T MQii 1 + Q t KQu 1 = F (7.42) 

where 

Q t MQ = M n - M i 2 K h ' K 2i + K 2I (7.43) 

and 



Q t KQ = K„ - K 12 K 22 'K 21 



(7.44) 
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Newton’s law 



Mii(f) = -F 



Hooke’s Law 



F = Ku(f) 



Hamilton’s principle 



5 J 2 (T - V)dt + J 2 8 W At = 0 



Finite element equation without damping 

Mii + Ku = F 

M = £ L t M c L, K=X L t K e L, 

e e 



F = £ L T F e 

e 



Guyan reduction scheme 



Q t MQu 1 + Q t KQu i = F 




7.3 Vibration Analysis 

According to the vibration characteristics to be extracted, vibration analysis can be categorized into the 
following two types: natural vibration analysis, including modal analysis (see Chapter 1 and Chapter 3), 
and (forced) response analysis (see Chapter 2). Natural vibration analysis can extract natural vibration 
frequencies and the associated mode shapes, which is a matrix eigenvalue problem ( see Chapter 3 ) , and can 
result from a finite element discretization. The response analysis refers to the calculation of the response, 
which can be displacements, strain, or stress, when the system is subjected to time-varying excitation forces. 
The response analysis can be further divided into any one a combination of harmonic response analysis, 
transient response analysis, and response spectrum analysis, depending on the nature of excitation forces. 

7.3.1 Natural Vibration 

As noted in previous chapters, the natural vibration frequencies (or simply natural frequencies) and the 
associated mode shapes of a vibrating system are independent of excitation forces. In other words, they are 
intrinsic characteristics of the vibration problem. Therefore, they constitute an important part of vibration 
theory and vibration engineering. When vibration engineers specify design requirements in terms of 
vibration, they normally do so by restricting natural frequencies, and sometimes restricting mode shapes 
as well. For instance, in order to enhance the passenger comfort, vehicle designers have to ensure that the 
first few natural frequencies of the vehicle are not within a certain range; in order to avoid vibration 
resonance, the natural frequencies of a transmission shaft should be designed not to be identical or even 
close to the rotating speeds of the shaft; in order to effectively control vibration, vibration sensors and 
actuators have to be located at those places where the dominant mode shapes have large displacements. 
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From a mathematical standpoint, the natural vibration analysis of a multi-DoF system requires the 
solution of a matrix eigenvalue problem. According to the theory of second-order ordinary differential 
equations, the solution of Equation 7.34, when F = 0, can be expressed as u = v e'" f . By substituting 
u = v e lwf into Equation 7.34 and letting F = 0, one can obtain 

&> 2 Mv = Kv (7.45) 



Equation 7.45 represents a generalized matrix eigenvalue problem. For an N-dimensional matrix pair 
(M, K), there exist N pairs of solutions (co n v ; ), <w 2 Mv = Kv, (i = 1,2,..., N), where coj and v, are called 
the ith natural frequency and the associated ith mode shape, respectively. 

The numerical methods for solving the matrix eigenvalue problem given by Equation 7.45 have been 
well developed with the symmetric and sparse features of (M, K) being fully considered. Those that have 
been used by commercial finite element software packages include the power method, the subspace 
iteration method, the LR method, the QR method, the Givens method, the Householder method, and the 
Lanczos method. 

When conducting vibration modeling, modelers need to understand how idealization and 
simplification will affect the resulting natural frequencies and the associated mode shapes. Idealization 
and simplification cause a difference between the actual mass matrix M and the resulting mass matrix M r 
(M = M r 4- AM), and a difference between the actual stiffness matrix K and the resulting stiffness matrix 
K r (K = K r + AK). Rayleigh’s quotient [9,11] can be used to determine the effect of AK and AM on a 
particular natural frequency. Rayleigh’s quotient is defined as 



R(x) 



x T Kx 

x t Mx 



(7.46) 



Note that Rayleigh’s quotient R(x) becomes the square of the ith natural vibration frequency, R(x) = coj, 
when x = v ; . Thus, Rayleigh’s quotient can be expressed as 



2 A 2 = (yj + Av/XK r + AK)(v,- + Av ; ) 

(yj + A vj )(M r + AM)(v ; + Av ; ) 



(7.47) 



where A coj and Av,- are the increase of the ith natural frequency and the variation of the ith mode shape, 
respectively, induced by AK and AM. Because of the fact that R(x) reaches the stationary value when x is 
equal to the eigenvector v ; , Equation 7.47 can be simplified as [1,4] 

A coj = vj (AK - AM)v; (7.48) 



Equation 7.48 indicates that an increase in stiffness leads to a rise in a natural frequency, but an increase 
in mass causes a decrease in a natural frequency, as is intuitively clear. 



7.3.2 Harmonic Response 

Harmonic response analysis determines the response of a vibration system (model) to harmonic 
excitation forces. A typical output is a plot showing response (usually displacement of a certain DoF) 
versus frequency. This plot indicates how the response at a certain DoF, as a function of excitation 
frequency, changes with excitation frequency. The harmonic response can also be used to calculate the 
response to a general periodic excitation force, if it can be satisfactorily approximated by a summation of 
its major harmonic components. 

Consider a harmonic excitation force, F(f) = F 0 e 1 "'. Substituting it into Equation 7.34, we have 

Mii(f) + Ku(f) = e i<uf F 0 (7.49) 

According to the theory of differential equations, its steady solution can be written as u (t) = e“ ot U. After 
substitution of u(f) = e 1Mf U into Equation 7.49, one obtains 

(-w 2 M + K)U=F 0 (7.50) 
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Harmonic response analysis will solve Equation 7.50 for U against co. There are many numerical methods 
available for solving Equation 7.50. The most efficient one is the modal superposition method. 

In the modal superposition method, the response is expressed as a linear combination given by 



u(t) = ^v,u,(f) = «I»u(t) (7.51) 

;= i 



where 4> = [v l5 v 2 , ...,Vy| is a modal matrix that contains the dominant mode shapes, 
and u T (t) = [u 1 (t),u 2 (t)> are called modal coordinates. Substituting Equation 7.51 into 

Equation 7.49 and premultiplying the result by < 1 > T , we obtain 



u (t) + Au(f) = 0> T e i<uf F 0 



(7.52) 



Note that the modal matrix 3> has already been normalized against the mass matrix (<i> T M<I> = I), 
and that A = diagf to, , co 2 , ..., coj). 

Equation 7.52 represents a set of decoupled modal equations with a much smaller dimension 
than Equation 7.49. After solving Equation 7.52 for u(f) and transforming u(f) back to u(f) through 
Equation 7.51, we obtain u(f). 



7.3.3 Transient Response 



Transient response analysis (sometimes called time-history analysis) determines the dynamic response of 
a structure under the action of time-varying excitation. Excitation forces are explicitly defined in the time 
domain. The computed response usually includes the time-varying displacements, accelerations, strains, 
and stresses. Consider Equation 7.34 in its general form 



f Mii(f) + Ku(f) = F(t) 
i u(0) = u 0 ; u(0) = u 0 



(7.53) 



where F(f) is the excitation force, u 0 is the initial displacement, and u 0 is the initial velocity. As in the 
harmonic response analysis, Equation 7.53 can be solved by the modal superposition method. 

Substituting Equation 7.51 into Equation 7.53, premultiplying the result of the first equation by <P T , 
and premultiplying the result of the initial condition by 4> T M, we obtain 



f u (t) + Au(t) = <& T F(f) 

1 u(0) = <& t Mu 0 ; u (0) = 4> T Mu 0 



Equation 7.54 represents a set of decoupled modal equations, which can be solved by means of numerical 
integration techniques. After solving Equation 7.54 for u(f) and transforming u(f) back to u(f) through 
Equation 7.51, we can obtain u(f). 

To implement the numerical integration techniques, the overall time period being studied has to be 
divided into a number of smaller time steps. If the time step is too large, portions of the response (such as 
spikes) could be missed or truncated. On the other hand, if the time step is too small, the analysis will 
take an excessively long time or even a prohibitive amount of time. 



7.3.4 Response Spectrum 

The excitation forces, resulting from earthquakes, winds, ocean waves, jet engine thrust, uneven roads, 
and so on, do not have repeated patterns, for a variety of reasons, and thus it is difficult to describe them 
using a deterministic time history. Such excitations are normally treated as random excitations. The 
assumption that such excitation forces are random is recognition of our lack of knowledge of the detailed 
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characteristics of the excitation forces. Some excitation forces, like those resulting from an uneven road, 
could be measured to any desired accuracy, and thus they would become deterministic rather than 
random. But it is not cost-effective and not convenient to do so. Therefore, engineers prefer to 
characterize these excitation forces by a statistical description that can be easily measured on any 
particular representative length of time history. Of the statistical descriptions, the autocorrelation 
function and the power spectral density function are the most important. Denote /(f) as a stationary 
random excitation force, and Rf(T) as its autocorrelation function and Sf(co) as its power spectral density 
function. Their relations [6] are 



R f (T) = lim — 



+ r)dt 



(7.55) 



Sf(co) = 



R f {T)e 



dr 



(7.56) 



The response spectrum analysis here calculates the power spectral density function of the response of 
a vibration model to a random excitation force, described by its power spectral density function 
(see Chapter 5). For the single DoF system given in Figure 7.1 



mu(t) + ku(t ) = /(f) 



(7.57) 



The power spectral density function of the response u(t) is given by 

S u (co) = \H(co)\ 2 S f ((o) 

where 

H(a>) = ( — ma> 2 + k) 1 



(7.58) 



(7.59) 



is the frequency response function representing the natural vibration characteristic of the system. 

In the case of the multiple-DoF system given by Equation 7.34, the random excitation force F(f) is a 
column vector. For the sake of simplicity, we assume all of the components in the vector F(f) are 
stationary and statistically independent. Accordingly, all of the components in the vector of the response 
u(f) are stationary. Under this assumption, the power spectral density function of the response u(f) is 
determined by 



S„(w) = H(w)S f (w)H T (w) (7.60) 

where Sf(to) is a diagonal matrix with its zth element as the power spectral density function of the 
zth element in F(t), and H(w) is the frequency response function matrix defined by 

H(w) = (— Mgj 2 + K) _1 (7.61) 

From Equation 7.60 and Equation 7.61 one can see that the power spectral density function matrix of the 
response is correlated to the power spectral density function matrix of the excitation force by means of 
the frequency response matrix of the system H(w). In commercial finite element software packages, H(w) 
is often calculated by the truncated modal method in which H(w) is approximately expressed by the 
dominant natural frequencies and the associated mode shapes, neglecting the contributions of the other 
mode shapes to H(ru), as given below. 



H(o») « X 



(7.62) 
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Natural vibration analysis (generalized eigenvalue problem) 




&rMv = Kv 


Rayleigh’s quotient 


x'Kx 

R(x) = 

x*Mx 


Harmonic response 


(— &rM + K)U= F 0 




j 

U(t) = £ V;U;(f) = <I>U(f) 
1=1 




t(f) + Au(f) = <t> T e iwt F 0 


Transient response 


f Mii(f) + Ku(f) = F(t) 




1 u(0) = u 0 ; u(0) = u 0 




f t(f) + Au(f) = 4> T F(f) 
(. u(0) = <t> T Mu 0 ; u(0) = 


Response spectrum analysis 


S„(w) = H( W )S / (w)H t (w) 
H(w) = (-Mw+K)" 1 


7.4 Commercial Software Packages 



There are many commercial finite element analysis (FEA) software packages available for vibration 
analysis, and they have been so well developed that they have an extensive range of vibration analysis 
capabilities. Some software packages are intended for generic engineering structures, for example, 
ABAQUS, ADINA, ALGOR, ANSYS, COSMOSWorks, MSC/NASTRAN, DYNA3D, and LS-DYNA. The 
others are designed for the vibration analysis of specific vibration problems. For example, the software 
package Bridge and the software package LUSAS Bridge are for the vibration analysis of bridges. 

Normally, FEA modeling software has the following three major components: a preprocessor, a solver, 
and a postprocessor. The preprocessor is responsible for building up geometries, meshing, specification 
of element types, material properties, and boundary conditions; the solver solves the matrix equations; 
the postprocessor provides visualization of results and outputs the results in different formats. Because of 
the fact that those CAD/CAE systems such as CATIA, Unigraphics, Pro/E, and Solidworks have powerful 
capabilities for building up geometries, vibration modelers often import geometries from such systems 
rather than building them up using the FEA modeling software packages themselves. 

In this section, we will select the software packages ABAQUS, ADINA, ALGOR, ANSYS, 
COSMOSWorks, MSC/NASTRAN, ABAQUS/Explicit, DYNA3D, and LS-DYNA, and will briefly 
introduce their major capabilities for vibration analysis. In fact, the vibration analysis capability is only a 
small portion of their total capabilities. All of these packages can perform basic vibration analysis 
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including: (1) determination of natural mode shapes and frequencies, (2) transient response, (3) steady- 
state response resulting from harmonic loading, and (4) response spectrum analysis. In addition, each of 
them has its own strengths in some specific areas. These special capabilities are listed below. 



7.4.1 ABAQUS 

The ABAQUS software is for linear and nonlinear engineering analyses. Due to its wide range of 
functionality, ABAQUS usage spans many industries, including automotive, aerospace and defense, 
consumer electronics, manufacturing, medical, and rubber sealing. 

Some special capabilities include 

• Analysis of the coupled phenomena: thermo-mechanical, thermo-electrical, piezoelectric, pore 
fluid flow-mechanical, stress-mass diffusion, and shock and acoustic-structural 

• Substructures and submodeling 

• Material removal and addition 

• Fracture mechanics design evaluation 

• Parameterization and parametric studies 

• User subroutines 



7.4.2 ADINA 

The ADINA system offers comprehensive finite element analyses of structures, fluids, and fluid flows with 
structural interactions. It is widely used in many fields, including the automotive, aerospace, 
manufacturing, nuclear, and biomedical industries, and in civil engineering and research. 

Some special dynamic capabilities include 

• Contact problems in statics and dynamics 

• Substructuring in statics and dynamics 

• Wave propagation and shock wave analysis 



7.4.3 ALGOR 

ALGOR’s Professional Multiphysics includes capabilities for static structural analysis and Mechanical 
Event Simulation with linear and nonlinear material models, steady state and transient thermal analysis, 
electrostatic analysis, linear dynamics, and steady and unsteady fluid flow analysis. It is used in aerospace 
and space exploration; the automotive, transportation, consumer products, electronics, entertainment, 
manufacturing, chemical processing and medical industries; in the defense, power, and utility sectors; in 
civil engineering and scientific research; and in recreation and sports. 

Some special features include 

• Rigid-body motion 

• Hertzian contact 

• Submodeling 

• Earthquake simulation 

• Fluid -solid interaction 

• The EAGLE programming language 



7.4.4 ANSYS 

ANSYS Software Suite offers capabilities for determining the structural, thermal, acoustic, electrostatic, 
magnetostatic, electromagnetic, and fluid-flow behavior of three-dimensional product designs, including 
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the effects of multiphysics. The software simulates complex thermal/mechanical, fluid/structural and 
electrostatic/structural interactions. It is widely used in the aerospace, automotive, biomedical 
engineering, chemical engineering, civil engineering, communications, consumer products, defense, 
electronic packaging, industrial and scientific equipment production, and micro-electromechanical 
systems (MEMS) industries. 

Some special dynamic capabilities include 

• Modal analysis of prestressed structures 

• Dynamic Topological design optimization 

• Substructuring and submodeling 

• Coupled field analysis of thermal-structural, fluid-structural, electrostatic-structural, magneto- 
structural, acoustic-structural, thermal-electric, thermal-electromagnetic, fluid-thermal, piezo- 
electric fields, and an electromechanical circuit simulator 

• A parametric design language 



7.4.5 COSMOSWorks 

COSMOSWorks offers a wide spectrum of specialized analysis tools to virtually test and analyze 
complicated parts and assemblies, and is seamlessly integrated with Solidworks. COSMOSWorks is used 
for linear stress, strain, displacement, thermal analysis, design, optimization, and nonlinear analysis. 
Combined with ASTAR (Post Dynamics), COSMOSWorks is capable of more advanced dynamic 
analysis. It is used in a wide range of industries, including aerospace and defense, automotive and 
transportation, civil engineering, consumer products, electrical and electronics, heavy equipment, 
marine, medical and power. 

The special dynamic features of the ASTAR module are 

• Support of uniform and multi-base motion systems; the multi-base motion capability allows 
engineers to model structures with nonuniform support excitations. 

• Support of the gap-friction element, which lets engineers model drop-test and other dynamic 
contact problems. 

• The provision for several damper options such as Rayleigh damping, modal damping, 
concentrated damping, and composite modal damping. 



7.4.6 MSC.Nastran 

In 1965, MSC participated in a NASA-sponsored project to develop a unified approach to computerized 
structural analysis. The program became known as NASTRAN (NASA Structural Analysis Program); one 
of the first efforts to consolidate structural mechanics into a single computer program. The suite of 
MSC. Software is used in the space, aircraft, and automotive industries; in rail vehicle development; in 
general machinery; and in medical and electromechanical devices. Its capabilities include stress, 
vibration, heat transfer, acoustics, aeroelasticity, and coupled system analysis. 

MSC.NASTRAN’s special dynamic capabilities include 

• Damping 

• Direct matrix input 

• Dynamic equations of motion 

• Residual vector methods 

• Enforced motion 

• Complex eigenvalue analysis 

• Normal mode of preloaded structures 

• Dynamic design optimization 

• Test-analysis correlation 
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7.4.7 ABAQUS/Explicit 

ABAQUS/Explicit uses explicit time integration for time stepping and addresses the following special 
types of analysis: 

• Explicit dynamic response with or without adiabatic heating effects 

• Fully coupled transient dynamic temperature -displacement procedure; explicit algorithms are 
used for both the mechanical and thermal response 

• Annealing for multistep forming simulations 

• Acoustic and coupled acoustic-structural analysis 

• Automatic adaptive meshing, which allows robust solutions of highly nonlinear problems 



7.4.8 DYNA3D 

DYNA3D is an explicit finite element program for structural and continuum mechanics problems. Due 
to its explicit nature, DYNA3D uses small time steps to integrate the equations of motion and is especially 
efficient at solving transient dynamic problems. 

The specific analysis capabilities of DYNA3D include 

• Static analysis using dynamic relaxation 

• Dynamic analysis with static initialization from a NIKE3D implicit analysis 

• Various contact slideline options for different contact situations between two bodies 



7.4.9 LS-DYNA 

LS-DYNA is a general-purpose transient dynamic finite element program, and is suited for complex 
dynamics, vibration, and wave propagation problems. Its explicit algorithm can be used for high-speed 
impact, shock, and vibration problems. Falling impact, rubber elasticity, and impact on sports goods 
(rackets, bats, and helmets) are typical examples of problems that can be handled by LS-DYNA. It is 
widely used in earthquake engineering; crashworthiness and occupant safety analysis; metal forming; 
biomedical engineering; train crashworthiness testing; sports, airbag, and seat-belt deployment; and in 
military, manufacturing, metal cutting, and bird strike applications. 

The special capabilities of LS-DYNA include 

• FEM-rigid multi-body dynamics coupling 

• Underwater shock analysis 

• Failure analysis 

• Crack propagation analysis 

• Real-time acoustics 

• Design optimization 

• Implicit springback analysis 

• Multi-physics coupling 

• Adaptive re-meshing 

• Smooth particle hydrodynamics 

• The element-free meshless method 



7.5 The Basic Procedure of Vibration Analysis 

In this section, a typical procedure in using commercial software packages to conduct vibration analysis 
is outlined. 
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7.5.1 Planning 

This is a very important part of the entire analysis process, as it helps to ensure the success of the 
modeling. The quality of the results is strongly dependent on how accurately the model represents the 
actual problem being investigated. In order to generate a representative finite element model, all 
influencing factors must be scrutinized to determine whether their effects are considerable or negligible 
in the final result. The aspects listed below should be given consideration in the planning stage. 

• Modeling objectives. Why is the vibration analysis required? What is the major concern of designers? 
What are the working conditions? Does the FEA model have to be used for static stress analysis 
as well as vibration analysis? These considerations affect how the FEA model is to be built up. 

• Modeling considerations. Which type of analysis is required: natural vibration analysis or response 
analysis? What types of elements should be used? Where are loads and constraints applied? Can the 
model reduction/simplification resulting from symmetrical geometries and loading conditions be 
applied? There are no universal guidelines for these, but the aspects below can help you to make 
decision: 

0 If the stress varies linearly through the thickness of thin-walled regions, shell elements can be 
used. If it varies parabolically, then at least three solid, second-order elements are required 
through the thickness in order to resolve a representative state of stress. 

0 If a frequency or buckling analysis is being conducted, a full three-dimensional analysis may be 
needed to identify non-symmetric mode shapes. 

0 If the region of interest is local, then a submodel may be appropriate, as it will save considerable 
time achieving a solution. 

0 Large gradients in stress levels will require a high mesh density to capture the behavior 
appropriately. 

0 The effects of simplifications on boundary conditions should be well predicted, for example: 
some over-constrained boundary conditions may result in higher natural frequencies of the finite 
element model. 

The degree of accuracy of a model is very much dependant on the level of planning that has been 
carried out. Careful planning is the key to a successful analysis. 

7.5.2 Preprocessing 

The preprocessor stage in a general FEA package involves the following: 

• Defining the element type as planned before the analysis. This may be one-, two-, or three- 
dimensional. 

• Creating the geometry. The geometry is drawn in one-, two-, or three-dimensional space according 
to what kind of elements are going to be used. The model may be created in the preprocessor, or it 
can be imported from other CAD or CAE systems via a neutral file format (IGES, STEP, ACIS, 
Parasolid, DXF, etc.). The same units should be applied in all models, otherwise the results will be 
difficult to interpret or, in extreme cases, the results will not show up mistakes made during the 
loading and restraining of the model. 

• Applying a mesh. Mesh generation is the process of dividing the continuum into a number of 
discrete parts or finite elements. The finer the mesh, the more accurate the result, but the longer 
the processing time. Therefore, a compromise between accuracy and solution speed is usually 
made. The mesh may be created manually or generated automatically, or, as in most cases, in a 
combined manner. 

Manual meshing is a long and tedious process for models with a fair degree of geometric 
complication, but with useful tools emerging in preprocessors, the task is becoming easier. 
Automatic mesh generators are very useful and popular. The mesh is created automatically by a 
mesh engine; the only requirement is to define the mesh density along the model’s edges. 
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Automatic meshing has limitations as regards mesh quality and solution accuracy. Automatic 
brick element meshers are limited in function, but are steadily improving. Any mesh is usually 
applied to the model by simply selecting the mesh command on the preprocessor list of the user 
interface. 

Usually a complex geometry needs to be decomposed into many smaller components in order 
to use the automatic meshing tool. 

• Assigning properties. Material properties (Young’s modulus; Poisson’s ratio; the density; and if 
applicable, the coefficients of expansion, friction, thermal conductivity, damping effect, specific 
heat, etc.) will have to be defined. In addition element properties may need to be set. If two- 
dimensional elements are being used, the thickness property is required. One-dimensional beam 
elements require area, I xx , I yy , I zz , J, and the direction of the beam axis in three-dimensional space. 
Shell elements, which are two-dimensional elements in three-dimensional space, require 
orientation and neutral surface offset parameters to be defined. Special elements such as mass, 
contact, spring, gap, coupling, damper, and so on require properties (specific to the element type) 
to be defined for their use. 

• Applying loads. In the case of transient response analysis, some type of load is usually applied to 
the analysis model. The loading may be in the form of a point force, a pressure or a displacement, 
or a temperature or heat flux in a thermal analysis. The loads may be applied to a point, an edge, a 
surface, or even a complete body. The loads should be in the same unit system as the model 
geometry and material properties specified. In the case of modal analyses, a load does not have to 
be specified for the analysis to run. 

• Applying boundary conditions. Structural boundary conditions are usually in the form of zero 
displacements; thermal boundary conditions are usually specified temperatures. A boundary 
condition may be specified to act in all directions (x,y, z ), or in certain directions only. Boundary 
conditions can be placed on nodes, key points, lines, or areas. The boundary conditions applied on 
lines or areas can be of a symmetric or antisymmetric type, one allowing inplane rotations and out 
of plane translations, the other allowing in plane translations and out of plane rotations for a given 
line or area. The application of correct boundary conditions is critical to the accurate solution of 
the design problem. 



7.5.3 Solution 

The FEA solver can be logically divided into three main parts: the presolver, the mathematical-engine, 
and the postsolver. The presolver reads in the model created by the preprocessor and formulates the 
mathematical representation of the model. All the parameters defined during the preprocessing stage are 
used to do this, so if something has been omitted the presolver is very likely to stop the call to the 
mathematical-engine. If the model is correct, the solver proceeds to form the element stiffness matrix and 
the element mass matrix for the problem and calls the mathematical-engine, which calculates the result. 
The results are returned to the solver and the postsolver is used to calculate strains, stresses, velocities, 
response, and so on for each node within the component or continuum. All these results are sent to a 
result file that may be read by the postprocessor. 



7.5.4 Postprocessing 

Here the results of the analysis are read and interpreted. They can be presented in the form of a table, a 
contour plot, a deformed shape of the component, or the mode shapes and natural frequencies if 
frequency analysis is involved. Most postprocessors provide animation tools. 

Contour plots are usually the most effective way of viewing results for structural type problems. Slices 
can be made through three-dimensional models to facilitate the viewing of internal stress and 
deformation patterns. 
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All postprocessors now include the calculation of stresses and strains in any of the x, y, or z directions; 
or indeed in a direction at an angle to the coordinate axes. The principal stresses and strains may also be 
plotted, or if required, the yield stresses and strains according to the main theories of failure (Von Mises, 
St Venant, Tresca, etc.). 

7.5.5 Engineering Judgment 

For many reasons, the vibration analysis results may not represent the actual vibration problem very well. 
Software packages will not reveal anything about this, and so it is the responsibility of modelers to make 
judgments. 

Sound judgment comes from a thorough understanding of the actual vibration problem; indepth 
knowledge of vibration theory, FEA, and the software package used; and also rich experience in 
modeling. When you are not confident of your vibration analysis results you should check the following: 

1. What units have been used, SI units or Imperial units? Are the units used consistent and 
compatible with the software package you are using? 

2. What are the material’s properties? 

3. Is the boundary free or partially constrained, or flexibly connected to other parts? 

4. How are the interconnections between different parts modeled (e.g., the interconnection between 
a two-dimensional plate and a three-dimensional block)? 

Sometimes, a judgment is made by comparing your model’s results and the results of different models 
that are similar in some sense to the one of concern, but which have been validated. A judgment can also 
be made by vibration measurements or testing under laboratory conditions or in real-life situations (see 
Chapter 17 and Chapter 18). By properly exploiting the combined test and analysis data, modelers can 
effectively and reliably identify otherwise only approximately known structural properties (e.g., joint 
stiffness), material properties, and loading; validate and refine the FEA model (simplification validation, 
model updating, etc.) by using test results as reference data; identify unknown or badly known physical 
properties; and better assess uncertainties in the FEA model. 



7.6 An Engineering Case Study 

In this section, we illustrate the procedure for the vibration analysis of a gearbox housing, shown in 
Figure 7.3. The vibration analysis was performed using ANSYS [5], 



7.6.1 Objectives 

The chief aim of the vibration analysis is to ensure that the gearbox housing is not subject to a dangerous 
resonant condition during the full range of operation. Specifically, the natural vibration frequencies of 
the gearbox housing have to be widely separated from the rotating speeds of the shafts. Hence, natural 
vibration analysis is required for this purpose. Furthermore, there are concerns about the strength of the 
gearbox, and so a static stress analysis is also required. 



7.6.2 Modeling Strategy 

The gearbox housing shown in Figure 7.3 contains the following three subparts: the vertical cylinder, 
the front housing, and the rear housing, which are welded together. Because the FEA model has to be 
built up with the considerations of both vibration analysis and static stress analysis, some detailed 
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FIGURE 7.3 Finite element model of the gearbox housing. (Courtesy of Pacific Rim Engineered Products, Surrey, 
British Columbia.) 



geometries such as filets are not deleted but modeled with fine meshes. In addition, a sufficient level of 
attention is paid to the interconnections between different sections. To achieve a balance between the 
accuracy of the results and the size of finite element model, quadratic elements (midsize nodes) are 
used for both shell elements and solid elements. These usually yield better results at less expense than 
linear elements. 

Three types of finite elements are used to model the different parts: 

1. The front cylinder plate, side plates and bottom plate: shell elements with variable thickness; 

8 nodes, 6 DoF per node. 

2. The ribs and fringes: solid elements; 20 nodes, 3 DoF per node. 

3. The gears, shafts, clutch, and bearings: lumped mass elements; 1 node, 6 DoF per node. 

Because of the discrepancy in the DoF between the shell elements and the solid elements, the nodal 
rotating freedoms around the edges that connect shell elements and solid elements together are not 
constrained, and consequently each rotating freedom needs to be constrained by two nodal translation 
freedoms on solid elements near the edge, but not on the edge. 

The total numbers of nodes, shell elements, and solid elements are given in Table 7.1, and the complete 
finite element model is shown in Figure 7.3. 



TABLE 7.1 Total Size of the Finite Element Model of the Gearbox Housing 

Nodes 36,523 

Shell elements 4,060 

Solid elements 3,760 
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TABLE 7.2 Material Properties 



Density 


7800 kg/m 3 


Young’s modulus 


2.1 X 10 11 Pa 


Poisson coefficient 


0.29 



TABLE 7.3 The First 10 Natural Frequencies 


No. 


Frequency (Hz) 


1 


46.46 


2 


67.73 


3 


81.57 


4 


105.5 


5 


166.2 


6 


204.6 


7 


205.1 


8 


212.0 


9 


213.4 


10 


222.8 



7.6.3 Boundary Conditions 

The four mountings on each side are constrained completely and the front edge of the cylinder is also 
completely constrained. 



7.6.4 Material 

The mechanical properties of the material are given in Table 7.2. 



7.6.5 Results 

The first 10 natural frequencies and the associated mode shapes are calculated with a Lanczos algorithm. 
They are listed in Table 7.3. 

The first and the fifth mode shapes are shown in Figure 7.4 and Figure 7.5, respectively. 



7.7 Comments 



Vibration modeling using the finite element method is extremely powerful. However, with comforting 
contour plots, one can be easily deceived into thinking that a superior result has been achieved. 
Nevertheless, the quality of the result directly depends upon how accurately the model represents the 
actual physical problem being investigated. This involves three things: sufficient understanding of the 
actual vibration problem, sufficient knowledge of vibration theory including FEA, and hands-on 
experience in running an FEA software package. In particular, modelers have to understand the 
limitations of the theories applied and the numerical methods used. For example, the FEA can predict 
global characteristics such as natural frequencies of vibration and mode shapes more accurately than 
localized features such as stresses. This is an intrinsic nature of finite element methods. Without knowing 
this, modelers might incorrectly use an unnecessarily fine mesh for mode shape analysis while applying 
coarse meshes to evaluate stress. 
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FIGURE 7.4 The first mode shape (46.5 Hz) of the gearbox housing. (Courtesy of Pacific Rim Engineered Products, 
Surrey, British Columbia.) 




FIGURE 7.5 The fifth mode shape (166.2 Hz) of the gearbox housing. (Courtesy of Pacific Rim Engineered 
Products, Surrey, British Columbia.) 
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Summary 

This chapter presents the Eider-Newton formulation of oscillatory behavior of a multibody system interconnected 
by discrete stiffness elements. Bodies are interconnected by springs, and/or dashpots (dampers). Connections are 
described in terms of end coordinates of springs relative to the coordinate system of the body to which it is attached. 
Stiffness characteristics are described along the three principal axes of springs. Orientation of springs and masses are 
described by using appropriate Euler angles. The model developed is linear, and gyroscopic influences are ignored. 
The chapter gives a detailed treatment of rigid bodies in three dimensional space using vector-matrix formulation. 
Complete formulation and assembly issues relating to programming aspects are presented. A software suite called 
VIBRATIO, based on the present formulation, is described. The capabilities of VIBRATIO are indicated and 
illustrative examples are given in both frequency and time domains. A student version of VIBRATIO is available at 
no cost to the users of this handbook at www.signal-research.com. 

8.1 Introduction 



There are many commercial software packages for analysis of kinematics and dynamics of multibody 
linkage systems. There are fewer software tools for analysis of vibration of multiple rigid-body systems 

8-1 
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in 3-D space, even though some finite element 
analysis (FEA) packages offer rigid-body capa- 
bility. Common FEA software packages treat rigid 
bodies using point masses or point inertias. 

Although this is not a serious restriction, when 
it comes to attaching discrete stiffness elements to 
a body away from its center of gravity (COG), the 
attachment is achieved by introducing “lever 
arms” with a very high Young’s modulus. One 
may argue that the error introduced in doing so is 
acceptable but how true this argument is depends on the problem, and there is no escape from the fact 
that this approach can create ill-conditioned stiffness matrices. The correct way, however, is to 
incorporate the created kinematic constraints into rigid-body geometries. This is the approach 
presented in this chapter. A typical rigid multibody system supported or interconnected by discrete 
spring elements, as considered here, is shown in Figure 8.1. The chapter presents a 
complete formulation of a multibody system flexibly supported by linear mountings. The formulat- 
ions and methods proposed in this chapter are used in the VIBRATIO suite of vibration analysis 
software. 




FIGURE 8.1 Schematic representation of a multibody 
system. 



8.2 Theory 

8.2.1 Definitions and Assumptions 

• Springs have zero length. 

• The stiffness parameters of the springs in their principal axes of deflection remain uncoupled. 

• The amplitude of oscillation is small. No geometrical nonlinearity is involved. In other words, the 
orientation of both mountings and bodies remains unaffected by oscillations. 

• The time-dependent effects of polymeric material are excluded. 

• Gyroscopic effects are negligible. 

These assumptions are acceptable for most engineering vibration problems with small amplitude 
vibration. 

8.2.2 Equations of Motion for the Linear Model 

To set up equations of motion for a dynamic system, the following steps are required: 

(i) Generation of the equations of internal reactions and external forces. The internal reactions due 
to damping and stiffness elements have to be expressed in a unified and structured fashion for 
formulation of the stiffness matrix. (The damping matrix structure is identical to the stiffness 
matrix structure, except that stiffness coefficients need to be replaced by damping coefficients.) 

(ii) Generation of the equations of linear momentum (force-acceleration equations). 

(iii) Generation of the equations of angular momentum (turning moment equations). 

8.2.3 Linear Momentum-Lorce Systems 

8.2.3. 1 Stiffness and Damping Systems 

The formulations applied in this chapter to obtain the stiffness matrix apply equally to the damping 
matrix by replacing stiffness parameters with their corresponding damping parameters. 

Let us assume that spring stiffness parameters are described in a local three-dimensional (3-D) 
Cartesian coordinate frame, the axes of which coincide with the principal axes of the springs. The force 
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vector f acting on the springs may be expressed as 

f = kx (8.1) 

where k is the stiffness matrix (diagonal with principal stiffness values) and x is the displacement vector 
(expressing the spring extension). 

In general, it is convenient to describe the behavior of a system in the global coordinate frame, OXYZ. 
This is not a prerequisite for the formulation. It is equally possible to obtain equations of motion for each 
body in its own frame. In this chapter, all spring stiffness matrices will be expressed in a common global 
coordinate frame. The individual spring matrices will be transformed accordingly. Since the principal 
axes of the springs and the global coordinates are all orthogonal, an orthogonal transformation exists 
between the two frames. A vector, x, in the local coordinates could be expressed as a vector, X, in the 
global coordinate system. Using, T, a transformation matrix 

X = Tx (8.2) 

If we premultiply Equation 8.1 by T, then we have Tf = Tkx. But Tf = F. 

Therefore, force vector, F, in the global coordinate frame, may be written as 

F = Tkx (8.3) 

For consistency, x needs to be replaced by X. To replace x by X, Equation 8.2 may be used, giving 
x = T t X. This is true since T^ 1 = T t for orthogonal transformation matrices. Therefore, 

F = TkT T X (8.4) 

Then introduce a new matrix K, where 

K = TkT T 

Now TkT x is the stiffness matrix of the spring in the global coordinate system. The transformation 
matrix T may be described in three Euler angles of rotation. 



8. 2. 3. 2 Generalization of the Equation of Linear Momentum 

If the mass/inertia matrix in the Euler-Newton formulation is obtained relative to the axes passing 
through the center of mass, then the submatrix of the mass matrix corresponding to linear momentum is 
a diagonal matrix containing the mass elements; thus, 

h, = m,v (8.5) 



Here, h ; is linear momentum, m, is a diagonal matrix, and v is the velocity vector of the center of mass 
(casually known as COG) of the body. 

The usual transformation to the global coordinate frame, H| = TmT r v, leaves the mass matrix, m, 
unchanged. Therefore, the force acting on a body, i (i.e., the rate of change of linear momentum), may be 
expressed simply as 



Force = H 



OH | 

”aT 



ma 



( 8 . 6 ) 



where a is the acceleration vector of the COG. 



8.2.4 Generalization of the Equations of Moment of Momentum 

The equations of moment of momentum may be expressed as 

h a = jw (8.7) 

where h a is the angular momentum vector, j is the moments of inertia matrix and to is the angular 
velocity of the coordinate frame. (In this case, the frame is attached to the body.) 
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Here, j may or may not be a diagonal matrix. However, it is always symmetric. Equation 8.7 is 
described in the local coordinate system of the rigid body and it has to be expressed in the global 
coordinate system for the final matrix assembly. As presented for the stiffness elements, 
transformation follows exactly the same steps as before. In this case, T refers to the transformation 
matrix of mass relative to the global coordinate system. Transforming Equation 8.7 to the global 
coordinates, we get 

H a = TjT T H (8.8) 



Introduce a new matrix notation 



J = TjT x (8.9) 

The vector differentiation of H a gives the moment vector in the global coordinates 

9H a 

M = H a = - + to X H a (8.10) 

dt 

where to is the angular velocity of the body (or the coordinate frame, as the body is fixed to the 
frame). 

Note that to X H a contains the product of angular velocity terms and this, for small and geometrically 
linear vibration problems, is small and may be ignored. 



8.2.5 Assembly of Equations 



To assemble the equations of motion, the internal 
forces acting on individual bodies due to their 
motion relative to each other are required. In 
Figure 8.2, two bodies (i and j) in motion are 
shown, connected by spring K p . 

Motion of the origin of vector i (which 
coincides with the COG of body i) is given by 
x ; = (Xj,yj,Zj), and the angular rotation of the 
coordinates is given by cq = ( a /3 ; , yf). 
Similarly, the motion of body j is described by 

x i = and a j = (“)’ Pp yj)- 

For small motions, displacements of the 
end points of the springs on each body, des- 
cribed in the coordinate frame of each body, are 
given by 



d ; = X; + a; X r p ; (8.11) 

dj = Xj + OLj X tpj (8.12) 




FIGURE 8.2 Two bodies connected by springs. 



where r p; and r p j are the coordinates of the spring attachment relative to the bodies i and j in their 
respective coordinate frames, given as r pi = (x pi , y pi , z pi ) and r p j = (x pr y p j, z p j). 

Cross-product terms in Equation 8.11 and Equation 8.12 can be converted into matrix form as 





~ 0 


Zpi 


-y P r 






«; x r pi = 


Zpi 


0 


x P i 


- 


Pi 




- y P i 


Xpi 


0 




. Vi. 



(8.13) 
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0 


z pj 


-ypj 


~ z pi 


0 


Xpj 


y P j 


-Xpj 


0 



Let us choose the matrix notation R„, as 



and Rpj as 



Therefore, 



■ 0 


z pi 


~y P i 


z pi 


0 


Xpi 


. y P i 


~Xpi 


0 


■ 0 


z pj 


—ypj 


— Zpj 


0 


Xpj 


■ y P j 


-Xpj 


0 


= X, 


+ «; X rp; 


0 


Zpi 


-ypy 


Zpi 


0 


Xpi 


ypi 


Xpi 


0 



d, = X; + Rp,Oi, 



d j = Xj + OLj X r pj 



0 z pj -y P i 1 f a j 



Using the new notation, we have 
Now dj is given by 
and can be written as 



j y.i j + 1 z pj 0 x pj I j A r 

UJ L -Xpj 0 J { Vj J 

and therefore in matrix notation, we have 

dj = Xj + RpjOLj ( 8 . 20 ) 

To calculate the reactions acting on each body, the relative displacements between the connecting 
points (stretch) should be calculated. 

The relative displacements are given by 

d = d ; — d ; (8.21) 



The reaction forces due to the relative displacements on each body are given by 

Fs, = Kpd 

For equal but opposite directions, we have 



Fs, = -Kpd 
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Moments for spring forces acting at points r ; and r, on bodies i and j , respectively, are given by 



On body j, we have 
The cross-products may be expressed in matrix form as 



M, = i -j X Fs, 



M, = tj X Fs, = 



Equation 8.15 and Equation 8.16 



R p; = 



Ki = 



- 0 


Zpi 


y P i 


Zpi 


0 


- x p 


--y pi 


Xpi 


0 


- 0 


-Zpj 


y P j 


z P j 


0 


~ x p 


-~ypj 


Xpj 


0 


Equation 8.27 


are 


0 


Zpi 


y P i 


Zpi 


0 


Xpi 


-y P i 


Xpi 


0 


0 


— Zpj 


ypj ' 


Zpj 


0 


~ x Pi 


-y Pi 


x pj 


0 



Fs* 

Fs Vl 



Fs., 



Fs • 

1 °XJ 

Fs • 
Fs.: 



(8.24) 



(8.25) 



(8.26) 



(8.27) 



Now the equations of motion can be compiled for the translation of body i 

m,x, + K p d ; - K ( ,d, = F, 



(8.28) 



(8.29) 



(8.30) 



In this case, F, is the vector of external forces acting on body i. Substituting d, and d j into Equation 8.30, 
from Equation 8.18 and Equation 8.20 we have 

m,x, + K p(x ; + R pi OL ;) - K p(Xj + RpjOLj) = F; (8.31) 

Expanding this, we get 

m ; x ; + K ( ,x, + K ( ,R ( „qi, - K p Xj - K ( ,R (); 0 ! ( = F, (8.32) 

Similarly, for body j , substituting the expressions for d, and dj, we get 

aijXj + K p d, - K„d, = F, (8.33) 

Again, F, in this case is the vector of external forces acting on body j. 

m jXj + K p (x; + RpjOi;) - K p (Xj + R pj ct .j) = Fj (8.34) 

m jXj + K p x; + KpRpiOjj - K p x ; - K p Rp ; -a ( - = F ; - (8.35) 

With Equation 8.32 and Equation 8.35, the force -acceleration equations are complete. 



Moment Equations 

The moment equation may be written for body i as shown in Equation 8.36, where M ; is the external 
moment acting on body i. 

I,o, + r, X (Kpd, - Kpd ; ) = M, (8.36) 
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Substituting expressions for d, and dj and converting the cross-product to the matrix form, we get 

J.d'i + Rj;(K p (Xj + RpjOLj) - K p (Xj + RpjOtj)) = M, (8.37) 

Expanding this, we get 

J + Rp;KpX; + Rp I KpR ( „a ! - Rp,KpX; - R,',, KpRp, a, = M, (8.38) 

The moment equation may be written for body; as given in Equation 8.39, where M; is the external 
moment acting on body j. Thus, 

Jjdj - r, X (Kpd ; - Kpd ; ) = M ( (8.39) 

Substituting d ; and dj and converting the cross-product to the matrix form, we get 

Jjdj - Rp/Kplx, + Rp,a ; ) - K p (Xj + R pj a -)) = M, (8.40) 

Expanding this, we get 

Jjdj - RpjK p Xj - RjjKpRpjUj + RpjKpXj + Rp,KpR pj O! ( = M, (8.41) 

If we then collect Equation 8.32 and Equation 8.38 for body 1, then Equation 8.32 becomes 



irijXj + KpX; + K p Rp,a, - K p x ; - - KpR p/ a ; - = F, (8.42) 

and Equation 8.38 becomes 

Jjdj + RpjK p Xj + RpjKpRpjUj - rJ ; K p x ; - - R,!,KpR (); o( ( = M, (8.43) 

Expressing Equation 8.42 and Equation 8.43 in matrix form, we have 

r m ; 0-fxM I" Kp KpRp; f x, | I" K p K p Rp, f Xj 1 _ f F, | ^ ^ 

l 0 J, Jl a, J [ R b K P R b K P R P i JUj L R /" K /- R Pi K P R Pi t M - J 

Similarly, if we collect Equation 8.34 and Equation 8.41 for body j, then Equation 8.34 becomes 

m jXj - KpX; - KpRp;«; + KpX; + K p R pj OLj = F ; - (8.45) 

and Equation 8.41 becomes 

Jjdj - RpjKpXj - RpjKpRpjOLj + RpjKpXj + R^KpRpjaj = M, (8.46) 



Expressing Equation 8.45 and Equation 8.46 in the matrix form, we have 



m , 0 If Xj | Kp 

0 Jj J ( dj j |_R ( !,Kp 



KpRp, CxA Kp 

Rp/KpRp, 1 «, J Rp/Kp 



K P R PJ lf x t) = f F t 

Rpj'KpRpj J 1 a ; J I M , 



(8.47) 



Overall, the equations of motion are now complete. Equation 8.44 and Equation 8.47 provide all that is 
needed to complete the final equations of motion. It is worth restating that the stiffness and damping 
matrices are identical in their structure. To obtain a damping matrix, all one needs to do is to replace the 
stiffness coefficients with the corresponding damping coefficients. 



8.3 A Numerical Example 

In order to illustrate the use of the equations given before, let us consider a rigid body flexibly supported 
by a number of springs. For this, the simplest starting point would be Equation 8.44 

r- °m + r ^ih -f*' kr I; ;. ;■ |. (8.48) 

L o j, J U J L r p‘ k p R pi K P R p> JUJ L R /" K /' r p. k p r pi J l “i J (. m, J 
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Since body j does not exist, all the terms relevant to body j will disappear. Furthermore, since we are 
dealing with a single mass, the suffix i is not needed either. However, for n number of springs, the stiffness 
matrices need to be summed-up. Summation has to be carried out for each stiffness p attached at 
a position on the body. We then have 




P 

p= i 

I R /' K A 

p= i 




(8.49) 



For a situation where the axes of the springs are parallel to the global coordinate system, no 
transformation of the stiffness matrix is needed. Hence, k p = K p . To obtain the submatrices of the 
stiffness matrix given in Equation 8.49, start with the stiffness matrix for spring p. Specifically, 



Now, KpRp is given by 



K p = 



r k px o on 

o k py o 



o o k, 



■pz. 





1 

O 

0 

X 

1 




1 

o 

bn 

1 

1 


K p Rp = 


o 

o 




0 

1 




J 1 

o 

o 




O 

I 



(8.50) 



(8.51) 



Expanding this, we get 



For RpKp, we have 



KpRp = 



kpxVj> 



kpxYp 

py X p 

L k pz y p k pz Xp 0 _| 



kpyZp 0 kpyXp 





- 0 


-z p 


y P ' 




r 1c 

^px 


0 


0 - 


ll 


z p 


0 


-x p 




0 


b 

K py 


0 




-~y P 


Xp 


0 




_ 0 


0 


kpz - 



(8.52) 



(8.53) 



Expanding this, we get 



r 0 kpyZp kp z yp 



RpK p = 



kpx z p 



0 kp z Xp 



L ~kp x y p k py Xp 0 J 



Finally, RpK p R p is given by 





- 0 


kpyZp 


kpzYp 




- 0 


Zp 


~y P ~ 


RpKpRp = 


kpx^p 


0 


kpzXp 




~ z p 


0 


Xp 




_ -k px y p 


kpyXp 


0 




- y? 


-x p 


0 



(8.54) 



(8.55) 
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R'K„R„ = 



kp Z yp T - kpyZp 
~k pz x p y p 

hpyXpZp 



-k P zX p y p 



k p zX p 4~ k px z p 



-kyX p z p 

kpxYpzp 



L kpyXpzp kpxYpZp kpyXp + kp x y v _ 

The overall stiffness matrix from Equation (8.48) for a single spring is given by 



k 

*-px 


0 


0 


0 


kpxZp 


-kpxYp 


0 


kpy 


0 


kpyZp 


0 


kpyXp 


0 


0 


k P z 


kpzYp 


-kp z x p 


0 


0 


kpyZp 


kpzYp 


kpzYp “I - kpyZp 


kpz x pYp 


kpy X pZp 


kpx^p 


0 


k pz x p 


~ kp z Xpyp 


k r 2 k 7 2 

^pz-^p 1 ^px^p 


kpxYpZp 


kpxYp 


kpy X p 


0 


kpyXpZp 


kpxYp z p 


kpyXp kpxYp 



The mass matrix is diagonal and, for the inertia matrix, it is assumed that the principal axes of the body 
coincide with the global coordinate system. Specifically, 

“ m 0 0 “ 

m = 0 m 0 (8.58) 

_ 0 0 m _ 

~lxx 0 0 

J = 0 lyy 0 (8.59) 

0 0 Izz _ 

Now, the overall equations of motion may be assembled for n springs. 



'm 0 0 0 0 



0 m 0 0 

0 0 m 0 



0 0 
0 0 



0 0 0 Ixx 0 0 

0 0 0 0 lyy 0 



. 0 0 0 



0 Izz. 



kpyZp 



kpxYp kpyX p 



kpyZp 



k pz k pz y p 

kpzYp k pz y p T k p yZ p 
k pz xp k pz x p y p 



kpyXpZp 



kp z x p 



-k pz x p y p 

l x 1 4- k 7 2 

^pz-^p ' ^px^p 
kpxYpzp 



kpyXpZp 

kpxYpzp 

kpyXp + k px y p 
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8.3.1 A Uniform Rectangular Prism 

A rectangular prism is supported by four springs as 
shown in Figure 8.3. Springs have stiffness values 
in all three directions ( k px , k py , k pz , where p is the 
spring number). The axes of each spring in which 
the stiffness values are measured are parallel to the 
principal axes of the springs, which in turn are 
parallel to the global coordinate system of the 
rectangular prism. Thus, no transformation is 
needed. The end of spring p is located at (x p , y p , 
z p ), measured relative to the COG of the body. The 
mass of the prism is m and the principal moments 
of inertia are Ixx , Iyy, and Izz. A simplified 
equation of motion of the system in 3-D space may FIGURE 8.3 A rectangular prism supported on springs, 
be obtained from Equation 8.59. If one attempts to 

carry this out, one will realize that some terms will disappear because the z components of the positions 
are all zero and some will disappear because of the symmetry of points. 

The body shown in Figure 8.3 corresponds to m = 1000 kg, moments of inertia Ixx = 10 kg m 2 , 
Iyy = 20 kg m 2 , and Izz = 30 kg m 2 , supported by four identical (thus, point suffix p is dropped) springs 
with stiffness values (foe = 10,000 N/m, ky = 20,000 N/m, kz = 30,000 N/m). The positions of the 
springs are given as follows: 

Pl(l, 2, 0) 

P2(l, -2,0) 




P3(- 1,2,0) 
P4( — 1, -2,0) 



The coordinates imply that the COG is on the bottom plane of the prism. The system has six degrees of 
freedom and all six natural frequencies will be calculated. 

Since stiffness parameters are on the Oxy plane, no coupling will occur between (x and /3) and 
(y and a). Similarly, the vertical motion is also uncoupled from the others due to symmetry. Thus, 
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1 



I 

p= i 



x 2 k 

•^p^pz 



4 X l 2 X 30,000 



20 



= 77.45 rad/sec = 12.32 Hz 



1 



^ ( X pkpy + ypkpx ) 

P=1 



4(1 2 X 20,000 + 2 2 X 10,000) 



30 



= 89.44 rad/sec = 14.23 Hz 



8.3.2 VIBRATIO Output 

For the numerical problem given above, the output obtained from the software package VIBRATIO (see 
Appendix 8A for the full listing) is tabulated below. 



Dominant Oscillation 
Direction 


Frequencies 


Frequency in X 


1.01 Hz (60 CPM) 


Frequency in Y 


1.42 Hz (85 CPM) 


Frequency in Z 


1.74 Hz (105 CPM) 


Frequency in alpha 


34.87 Hz (2092 CPM) 


Frequency in beta 


12.33 Hz (740 CPM) 


Frequency in gamma 


14.24 Hz (854 CPM) 



8.4 An Industrial Vibration Design Problem 

In the analysis of vibration characteristics of an engine or an engine-generator set, flexibly supported 
rigid-body representations are commonly used. In the case study given here, an engine assembly 
system is considered. In designing an engine mounting system, engineers consider a number of 
issues. Particularly useful are: static deflection; natural frequencies and spread of these frequencies 
relative to the engine speed range; time response under shock or other transient loads; and 
frequency response of the system, especially when subjected to unbalanced engine-generated 
excitations. 

8.4.1 Static Deflection 

This problem involves the selection of mounting geometry and mount stiffness parameters. Here, the 
design engineer seeks to achieve a pure deflection with as little tilt as possible. In principle, there is 
nothing wrong with some mounts deflecting more than the others, but an excessive tilt normally 
indicates other problems such as a high degree of coupling between the modes of motion. However, 
achieving a pure vertical deflection, at least mathematically, is relatively easy and involves the selection of 
spring positions/stiffness values to satisfy the following conditions: 

tt-spring 

Z yp k p* = 0 

P = i 



and 



n-spring 

Z X pkpz 



p= 1 



= o. 
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Here, x p and y p are spring mount positions and k pz is the spring stiffness in the z direction. In addition, 
the designer needs to ensure that the static deflection is well within the allowable deflection range, 
especially since it needs to account for any additional deflection due to vibration. 

8.4.2 Natural Frequencies 

Normally, design application demands that the natural frequencies are kept away from the running 
speed of an engine. Such a requirement is easy to satisfy for single-DoF systems. However, in real-life 
situations, the number of DoF(s) is six just for a single rigid body. Any change to the mounting 
configuration or stiffness parameters (or mass distribution) will affect all six natural frequencies. In 
order to be able to modify a natural frequency corresponding to a particular mode shape (e.g., 
resonance in the vertical direction), a vibration design engineer will attempt to decouple various modes 
of oscillation. Such a design requirement, however, is unrealistic for many engineering problems, even 
for a single rigid body, due to space considerations and is practically impossible for multiple rigid body 
systems. However, it is possible to achieve partial decoupling. For example, the condition given above 
for pure vertical deflection will also provide decoupling between the rocking motion about two- 
coordinate systems (about Ox and Oy) in the horizontal plane and vertical motion. 

8.4.3 Transient Response Analysis 

Static deflection analysis and modal analysis are normally essential (see Chapter 3). However, there are 
two more problem-specific analyses that a design engineer may need to perform depending on the 
problem. For example, in many engineering applications, the response of a flexibly supported system to a 
shock loading is very important. In this case, coupling among modes as well as stiffness of the system play 
an important role in determining the levels of shock transmission to the engine system. As a rule of 
thumb, the softer the spring the smaller the shock transferred to the flexibly mounted structure. Making 
mounting stiffness elements softer may not be a realistic option (see Chapter 32) as this can result in 
unacceptable static deflections and may even be in conflict with the requirements discussed above in 
relation to the positioning of a natural frequency relative to the operating speed of the engine and the 
static deflection. 

8.4.4 Frequency Analysis 

Frequency analysis is probably one of the most useful among the various types of analysis listed above. If 
the vibration problem is not transient, then it is a problem involving a steady-state vibration. The analysis 
of a steady-state vibration problem under sinusoidal excitation is normally referred to as frequency 
analysis (see Chapter 2). In mathematical terms, this is the particular solution of the differential equation 
of motion. Under a sinusoidal excitation, a vibrating system reaches a steady-state vibration and 
frequency analysis provides information of the amplitude of vibration as a function of excitation 
frequency. If there is more than one excitation force, then the resulting motion will be a combination of 
the results due to each excitation. Multiexcitation force analysis is sometimes referred to as harmonics 
analysis (see Chapter 2). Here, the designer needs to ensure that the highest amplitude of oscillation 
under harmonic excitation does not exceed the safe limits for the system and, in particular, for the 
mounts. 

Although design considerations linked to static deflection, positioning of natural frequencies, 
decoupling of modes, and response to shock represent a large proportion of vibration design problems, 
there are other and more complex design specifications. For example, minimizing vibration at a point on 
a flexibly supported body may be considered a design objective. Such a requirement may then cause 
problems where the engineer intends to place a drive shaft coupling or an additional mounting at this 
position. Because the vibration (or deflection) is at its minimum at the assembly point, a coupling or 
additional mount will add a minimum constraint to the system. 
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Obviously, all the design objectives discussed above have to be satisfied within the physical constraints 
relating to the problem at hand. In general, these constraints are associated with space and the stiffness 
range of industrially available mountings. 

8.4.5 A Flexibly Supported Engine — A Numerical Problem 

The example considered here involves a study of an engine-mounting configuration. Mounting 
configurations are restricted by the geometry and little flexibility exists in modifying these positions. 
They are located by the engine manufacturer. To perform vibration analysis, the mass/moments of 
inertia values of the system, the coordinates of the mounting positions relative to the COG, and the 
forces acting on the system are needed. Although the mass is normally given or easy to obtain, 
moments of inertia and the COG are not always supplied by engine manufacturers. Even though it is 
possible to build a solid model of an engine in order to calculate moments of inertia, this is a rather 
tedious and costly task. The alternative is to define engine moments of inertia in an approximate 
manner. This can be done by assuming that the main assemblies of the engine are made of regular 
geometrical primitives representing approximate shapes without going into exact geometrical models. 
Such an approach works reasonably well, especially since the mass values of these primitives can be 
obtained in an exact manner. When calculating the moments of inertia and the overall mass of the 
assembly, its COG can also be calculated. Once these are obtained, the mount positions can be 
calculated relative to the COG. Having obtained the mass, the moments of inertia, the COG, and the 
mount position coordinates relative to the COG, the main step of analysis may be started. This involves 
selecting the mount stiffness parameters in such a way that the various conditions and objectives 
described above are met. The vibration design, like all engineering problems, involves reconciling many 
conflicting requirements. 

Engine mass and moments of inertia (symmetry of mass distribution is assumed) 

m = 250 kg and moments of inertia Ixx = 45 kg m 2 , Iyy = 80 kg m 2 , and Izz = 110 kg m 2 . 

Mounts stiffness values: 

ikx = 150,000 N/m, ky = 150,000 N/m, kz = 300,000 N/m). 

Mount positions (all in mm): 



1 0.000 100.000 - 75.000 

2 250.000 0.000 -75.000 

3 0.000 -100.000 -75.000 

4 - 170.000 0.000 -75.000 



8.4.5. 1 Satisfying Static Deflection 

On running a static analysis under a vertical load of 2500 N (weight), the following results are obtained: 
(displacements are in mm and angles are in rad) 



X 


Y 


z 


Alpha 


Beta 


Gamma 


XC 


yc 


zc 


0.1392 


0.0000 


2.1205 


0.0000 


0.0019 


0.0000 


1142.5000 


0.0000 


- 75.0000 



In relation to the static deflection, there are two considerations: (i) overall deflection should not be 
more than what is allowed by the deflection range of the springs selected for the design, and (ii) the static 
position and orientation of the engine should not be outside what is allowed by spatial and other 
constraints; i.e., it should not tilt to one side excessively. In either case, stiffer springs will tend to solve 
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the problem. However, such a choice may not be the best for transients, shocks, and vibration 
transmission from the supporting frame. “Tilt” level calculated above is assumed to be small 
(0.0019 rad). 

The results from the program also list the deflection at the mount positions (in mm) as: mass no. = 1 



Mount no. 




Position 






Deflection 




X 


Y 


z 


X 


y 


Z 


i 


0.000 


100.000 


- 75.000 


0.000 


0.000 


2.120 


2 


250.000 


0.000 


-75.000 


0.000 


0.000 


1.656 


3 


0.000 


- 100.000 


-75.000 


0.000 


0.000 


2.120 


4 


- 170.000 


0.000 


- 75.000 


0.000 


0.000 


2.436 



The maximum deflection is at the fourth mount position and is 2.436 mm. The mount selected should 
give a deflection range that would extend well beyond this to ensure that any additional deflection due to 
vibration could be accommodated. 

The coordinates xc, yc, zc give the instantaneous center of rotation for this particular static deflection 
result. This point (as discussed above) may be used in some design applications as it remains stationary 
during the deflection. 



8.4. 5. 2 Eigenvalue Analysis 

The eigenvalue analysis (see Chapter 3 and Appendix 3A) will help ensure that the natural frequencies are 
not in the vicinity of the idling speed of the engine. It may also help to minimize the number of natural 
frequencies in the speed range of the engine. 

Since the spring positions and their locations are already specified to satisfy the considerations for 
static deflection, it becomes difficult to modify them to satisfy the “natural frequency” requirements as 
well. However, all stiffness values could be increased together in the same proportion. This ensures that 
the “no tilt” condition is maintained. Of course, stiffening now reduces the static deflection and is likely 
to increase the vibration transmission to the frame. 

The eigenvalue analysis results are listed below. Here, the natural frequencies spread from 1.98 to 
12.09 Hz. The widest gap between these frequencies is between 3.17 and 8.69 Hz. It would be desirable to 
have the idling speed in the middle of this range. It is equally important that the cruising speed does not 
coincide with the two higher frequencies. 



X 


Y 


Z 


Alpha 


Beta 


Gamma 


1.0000 


0.0000 


Frequency in X = 
-0.0111 


8.63 Hz (518 CPM) 
0.0000 


-0.2709 


0.0000 


0.0000 


1.0000 


Frequency in Y = 
0.0000 


8.69 Hz (521 CPM) 
0.4403 


0.0000 


0.0484 


-0.0051 


0.0000 


Frequency in Z = 
- 1.0000 


12.09 Hz (725 CPM) 
0.0000 


0.0685 


0.0000 


0.0000 


0.0797 


Frequency in alpha 
0.0000 


= 1.98 Hz (119 CPM) 
- 1.0000 


0.0000 


- 0.0226 


0.0869 


0.0000 


Frequency in beta = 
0.0215 


= 3.17 Hz (190 CPM) 
0.0000 


1.0000 


0.0000 


0.0000 


-0.0163 


Frequency in gamma = 2.13 Hz (128 CPM) 
0.0000 - 0.0625 


0.0000 


1.0000 



In order to achieve decoupling between different motions, one practical technique is to minimize 
the distance between the COG and the “center of stiffness.” Center of stiffness is a crude term 
used in industry to ensure that the coupling between different motions of body is minimized. 
The definition of center of stiffness is similar to that of the COG. The Ox axis is located in such a 
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way that = 0 holds. Then this axis will pass through the center of stiffness. Similarly, 

Xpk pz = 0 will hold for the Oy axis passing through the center of stiffness. If the center of 
stiffness coincides with the COG and the axes defined by the first moment of stiffness coincide with 
the principal axis of mass, then full decoupling can be achieved. As far as the horizontal plane is 
concerned, this also ensures that the assembly is leveled. Note that the relationships are the same as 
the “no tilt” condition described above for static deflection. Normally, it may not be possible to 
achieve this in all three planes and the designer may choose to achieve this in one plane where the 
excitation forces are the greatest. However, it is common among designers to focus on the 
horizontal plane alone, purely due to deflection under gravity considerations. 



8.4.5.3 Time Domain Analysis — Analysis of the System under a Shock Loading 

Suppose that a 10 g, 10 msec, half sine shock is applied in the vertical, z, direction. The shock response in 
the z direction is shown in Figure 8.4. The shock response in the y direction is shown in Figure 8.5. 

The results show that, in addition to static deflection, if the mounts were to withstand the applied 
shock, they should be able to deflect 9 mm in shear and more than 6 mm in the vertical directions. 

8.4.5.4 Frequency Analysis 

The frequency analysis specifications are given below. 

The engine is subjected to an unbalanced force which is known to be proportional to the square of 
the engine running speed. In other words, this is given as Aw 2 . It is measured that when the engine 
speed is 300 rpm the unbalanced force is 250 N. A simple calculation shows that A = 1.013. The force 
menu option 20 in VIBRATIO provides the required excitation, which increases with the square of 
the running speed. The option 20 allows the A value to be linearly increased between the start and 
end frequencies during which the excitation is active. In our case, this is to be taken to be the same 
(frequency is independent of the A value). The vertical amplitude vs. frequency results are given in 
Figure 8.6. The amplitudes in other directions are much smaller and are not shown here. The analysis 
is not carried out beyond 15 Hz as we know already that the maximum resonance is at 12.09 Hz. 
According to the result, the selected mount should allow a 16 mm deflection on top of static 
deflection. Now, the designer should be in a position to make a decision on whether the selected 




FIGURE 8.4 Shock response in the z direction. 
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Oisp vs tune 





FIGURE 8.5 Shock response in the y direction. 

spring type is acceptable or not. If the answer is no, then the whole analysis process has to be 
repeated to find an acceptable solution. 



8.5 Programming Considerations 



Equations developed in this chapter are formulated and structured in such a way that they can be used for 
developing general vibration analysis software. As the equations given above refer to bodies i and j, they 
can be placed in the global coordinates accordingly. Four submatrices (6 X 6) will be placed as follows: 






K r 

R'k, 



K,R P , 

R P /K,.R ( ,, 



will be placed, starting from position (6(i 



1) + l,6(i 



1 ) + 1 ) 




FIGURE 8.6 Frequency response in the z direction for unbalanced engine excitation. 
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K, K,R p; 

Rp;K,- Rp/K.R,,, 
K, K r R p; 

_Rp ; K r R^K r R p; 



K r K,.R p) 
Rf'./Kr R/l/K.R/,, 



will be placed, starting from position (6 (i — 1) 4- 1 , 6(j — 1 ) + 1) 
will be placed, starting from position (6 (j — 1) + 1, 6(i — 1) + 1) 

will be placed, starting from position (6 (j — 1) + 1, 6 (j — 1) + 1) 



Entry to the global stiffness matrix must be additive (a new entry is added to the previously entered values 
to account for any contribution coming from other springs). In programming terms, the global stiffness 
matrix is constructed based on the spring count loop. Therefore, the data structure for a spring must be 
such that the end of the spring refers to the mass number. Hence, for a spring stiffness, submatrices could 
be located in the global matrix according to the mass numbers to which the ends of that spring 
are attached. 

To start assembling the equations, the first step is to express the stiffness matrices in global coordinates. 
Here, it is assumed that the stiffness values are given in three orthogonal axes. These axes will be assumed 
to be the principal axes of the springs (in practice, this is not strictly correct and the assumption holds 
only for small deflections). The orientation of the principal axes relative to the global coordinates can be 
described in terms of Euler angles (or using direction cosines). Once the transformation matrix is 
obtained, then the stiffness can be expressed in the global coordinate system Equation 8.4. In developing 
one’s own software, it is important to bear in mind the way the transformation matrix is constructed. 
Euler angles have to be applied one by one and the order in which they are processed is important. For 
example, to orient a given body, one may assume that, initially, its local coordinates are parallel to the 
principal coordinate frame. From here, the first Euler angle will rotate the body to a new orientation. 
Relative to this position, the next rotation will be applied, resulting in yet another orientation. Lastly, the 
third rotation will be applied relative to this orientation, giving the final position of the body under 
consideration. Assuming that these rotations are a fi y in the given order, the transformation matrix is 
built as 



T = T(a)T(l3)T(y) 

In other words, any vector in the local coordinates will be transformed to the global coordinates in 
reverse order. To explain further, any vector in the local coordinates is first transformed by T(y), then 
the resulting vector is transformed by T(/3), and finally the resulting vector is transformed by T(a). 
The expression X = Tx processes these matrices in that order. 

Transformation will apply to spring stiffness matrices and inertia matrices. Therefore, the input to the 
vibration program has to account for Euler angles for each body and spring, and the order in which these 
rotations are performed. 

Once the transformation is completed, all that remains is to perform the appropriate matrix algebra in 
order to construct the stiffness matrix for each spring and its location in the global stiffness matrix. The 
inertia matrix for each mass, after expressing it in the global coordinate frame by performing matrix 
transformation, will need to be placed in the appropriate location in the global inertia matrix. 



8.6 VIBRATIO 

8.6.1 Capabilities 

VIBRATIO is a vibration analysis program designed to model flexibly supported multibody systems. 
An educational version is made available free of charge by the author of this chapter for the readers of 
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this handbook. The executable file could be downloaded from the website, www.signal-research.com. 
The educational version will allow analysis of a flexibly supported system not exceeding more than 10 
masses (60 dof). For the purpose of supporting the theory presented in this handbook, four types of 
analysis are activated: static; eigenvalue (both damped and undamped); frequency domain; and time 
domain. Standard excitations for time and frequency domains will be based on the excitation 
functions available in the menu. Numerically defined excitations, and all the other modules, such as 
signal processing, finite-element shaft analysis, fatigue analysis, mass design, etc. are not available in 
this version. 

8.6.2 Modeling on VIBRATIO 

Click vibratio2002 from start/programs/vibratio2002 menu. The VIBRATIO screen shown in Figure 8.7 
will be displayed. The top part of the frame gives inputs for application details. The date/time box can be 
double-clicked to produce current date and time. File options are listed in the file box. Only files with a 
VIB extension are filtered for the listing. You may also use the file menu to load VIBRATIO files. If you 
use any other extension to save your data, you will have to use the file menu to open it. VIB files are text 
files and can be read by any text editor. It is not advisable, however, to create these manually by using any 
editor other than VIBRATIO. 

8.6.2. 1 Entering Spring Data 

The second section on this screen, titled “Spring Type Description,” is for entering spring stiffnesses. 
Here, the types of springs are defined, not the definition of individual springs. 
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FIGURE 8.7 VIBRATIO main window. 
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Order should always be set to 1. In general, it is assumed that the spring deflections can be described as 
polynomials, and “order” refers to order of the polynomial. Only linear capability is offered in the present 
version; thus, order must always be set to 1. 

8. 6. 2. 2 Entering Mass Data 

When VIBRATIO runs, it automatically loads default mass data. To create a two-mass system, change 
“total mass” to 2. This is shown in Figure 8.8. 

Normally, if these two masses are not the same then you will need to modify accordingly. Also, you may 
copy mass data from one previously defined mass to another by clicking the “copy from” button. CogX, 
CogY, CogZ are the centers of mass of the current mass relative to the COG of mass 1 . It means that 
the program will not allow you to change the COG coordinates of mass 1. “Frame” shows that you 
have massX, massY, massZ values. For normal applications, mass does not have a directional property 
and values in each direction will be the same. There are applications where directional “effective mass” 
may be appropriate, such as modeling the ground mass for earthquake analysis. 

Moment of inertia elements are calculated relative to the COG of current mass and about coordinates 
that are parallel to the coordinates of the global frame. The center of the global coordinate system 
coincides with the center of mass 1. If the principal coordinate system of the current body is not parallel 
to the global coordinate system, then cross-inertias Ixy, Ixz , lyz need to be calculated. The full version of 
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FIGURE 8.8 Mass data entry. 
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Click “display springs/buffers (on/off)’’ attachments is to use “Spring 

button: Spring Connections table will appeal'. Attachment Designer". 



Click "Spring Attachment 
Designer": the frame shown in 
Figure 8. 10 will appear in the 
middle of the screen. 

FIGURE 8.9 Entering spring data. 

VIBRATIO offers a mass calculator that, among other things, can calculate the necessary transformation 
for given sets of Euler angles. 

Control points : Here, you may enter the coordinates of points at which the linear deflection module will 
calculate the displacements. For time and frequency domain analyses this module is not used. Graphics 
programs come with options to create point tables for analyzing motions at those points. 
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Initial conditions: For each mass, initial conditions may be assigned (displacements and velocities) for 
time-domain analysis. 

Now you have a two-mass system where both masses are identical. 

8. 6.2.3 Entering Spring Attachment Data 

The process of entering spring data is illustrated in Figure 8.9 to Figure 8.11. The first step is to decide 
how these bodies are connected to the ground and to each other. Connection can be by a spring or a 
buffer. Buffers are not covered in this chapter. One needs to make sure that the spring option button is 
selected (spring option is selected as the default). Consider the option buttons. The “text box” refers to 
the total number of connections to be entered in this frame. Do not modify this one for now. What you 
enter in this box will depend on how you create these connections. The next very important action is to 
select “connected to” combo box. This refers to the mass number to which the current mass is 
connected. If the connection is to the ground, then “0” should be selected. Ground is called mass 0. 
Once you select a connection mass, “+” will appear in front of the mass number. This makes it easy to 
identify the masses to which a connection is made. If a “+” character had not been added, then the 
user would have to search all the mass numbers one by one to view the data. Even in a 10-mass system, 
this could involve checking 55 possible connections. Note that “connected to” lists mass numbers that 
are less than the current mass. For example, if the current mass number is 5, then the “connected to” 
list will have 4, 3, 2, 1, 0. 




Enter I in "create double symmetry" in 
sub-frame and click “about Oxz/yz” option. 



FIGURE 8.11 Spring data entry. 
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FIGURE 8.12 Four spring attachments generated by “spring attachment designer.’ 



To start entering connections, make sure that the current mass is 1, the “spring” rather than the 
“buffer” option is selected, and, in this case, “connected to” would be 0 (the only option). Also, make sure 
that you have pressed the “display springs/buffers” (on/off) button. Now you have three options: 

1 . Enter the total number of spring connections and start entering the data one by one, but make 
sure that you enter no more than the total connections you had specified. (This is rather tedious 
and most of the spring attachments will have identical angle values.) 

2. Once you have selected the total number of springs, click the “initialize” button. This will fill all 
the cells with default numbers and you can simply modify these to create your own data. 

3. An even easier approach is to follow the steps given below. 

Enter values as shown in Figure 8.11. Point number is used as a reference in this frame only. 
Coordinates X, Y, Z are in mm and are relative to the body displayed currently and connecting to the 
“connected to” mass. If you want to attach springs to the next mass, you must display the mass in your 
main window (attachment is to the current mass). “Type” is the spring type. Spring type numbers were 
previously described. 

Double symmetry means the point (point number 1, referring to the point above) will be duplicated by 
its symmetry about the Oxz plane. Then these two points will be doubled (four altogether) by taking their 
symmetry about Oyz. Click “ok” (for double symmetry) to complete the operation. The points shown in 
Figure 8.12 are now generated. Note that all the points have the same spring attachments (the same type). 
Remember that these four springs are between mass 1 and mass 0 (ground) and the coordinates are 
relative to mass 1. 

To enter spring attachments between the second mass and the first mass, you need to click “+” to 
increase the Current Mass No. to 2. Having done that, you need to select the “connected to” combo 
box. When you click “2”, option 1 will appear: 0 and 1, see Figure 8.13. This figure shows how to 
choose mass number 1 to start creating a new set of spring attachment (between mass 2 and mass 1). 
As explained previously, mass 2 can connect to mass 1 and mass 0. If we are connecting mass 2 to 
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FIGURE 8.13 Selecting mass 2 and clicking the “connected to” combo box. 
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FIGURE 8.14 Use of “spring attachment designer” to create four attachments by double symmetry. 

mass 1, then select 1. You may again click the “spring attachment designer” button to create 
attachment information. 

The spring attachment frame will appear with exactly the last set of information (assuming that you 
have not cleared the text boxes before exiting the frame). 

Figure 8.14 shows how to use “spring attachment designer” to create four attachments by double 
symmetry. Here, click the “ok” button on the “create double symmetry” subframe. Spring attachment 
information is now generated, between mass 2 and mass 1. Again, coordinates are relative to the current 
mass 2. 

8. 6. 2.4 Entering Force Data 

Make sure that your current mass is 1. When you run VIBRATIO, it assigns a single force of type 1 on 
mass 1. To see the force data, click “display forces” (on/off). You will see that the “Total Force No.” is 1, 
“current force” is 1, and “type” is also selected to be 1, as shown in Figure 8.15. In this case, “force” is a 
term that has a wider meaning. Specifically, “flags” on top of “force” magnitudes identify what is meant 
by “force.” Note that “flags” can take values between (and including) 0 and 4. Here, 0 means force does 
not exist; 1 means ordinary force, measured in N; 2 means prescribed displacement, measured in m; 3 
means prescribed velocity, measured in m/sec; and 4 means prescribed acceleration, measured in m/sec 2 . 




FIGURE 8.15 Default force vector. 
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FIGURE 8.16 Analysis options and analysis control parameters. 

Note that time 1 and time 2 describe the period in which this force is active. Also, x, y, z, and (a) alpha, 
(|3) beta, ( 7 ) gamma are “force” magnitudes. 

Now we have created a two-mass system. Mass 1 is connected to the ground with four springs and mass 
2 is connected to mass 1 with four springs. Springs attached to each mass are located at the four corners 
of the respective masses. There is a constant force acting on mass 1 for 2 sec (although this will be 
modified according to analysis). Now we are ready to perform analysis. 



8.7 Analysis 

8.7.1 Analysis Options 

To see the analysis frame click the “display analysis 
options” button. 

The analysis option frame as shown in Figure 

8.16 will appear. Analysis options offered here are 

those relevant to the theory presented in this 

chapter and elsewhere in the handbook (see 

Chapters 1 to 3). The theory concerns rigid bodies FIGURE 8.17 Analysis options available for the 

. , . v .v , n -I, • / j provided version of software, 

connected to each other by flexible springs (and r 

dampers). Since flexible shafting analysis is not 

available in the version provided to the reader, the 

“rigid” option has to be selected. The frame also contains a number of analysis parameters. Only some of 
the parameters are needed for a given analysis. For example, for deflection, eigenvalue, and eigenvalue 
(with damping), no parameters are needed. Once you select your analysis, parameters relevant to the 
analysis will remain visible and anything else will disappear. 

Among analysis options, those shown in Figure 8.17 will be functional in your copy of the software. 
Starting from the left, the first button is for linear deflection, the third button is for eigenvalue analysis 
(ignores damping) ,the fourth button is for eigenvalue analysis (damping included), the fifth button is 
for frequency analysis, and the sixth and final button is for time-domain analysis. When you place your 
cursor on a button, the information box will identify its use. 

8.7.2 Eigenvalue Analysis 

It is recommended that the first analysis you do is eigenvalue analysis. This will reveal whether you have 
any inconsistency/error in your data entry and if the created system is physically viable or not. 

To perform eigenvalue analysis, click the third button as shown in Figure 8.18. All the analysis 
parameter data boxes will disappear. The color of the selected button will change to red. This 
allows the user to enter any appropriate analysis parameter (in this case no parameter is needed). 
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FIGURE 8.18 Eigenvalue analysis button. 
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FIGURE 8.19 Postprocessing options. 

When the button is clicked a second time, the analysis will be performed. To perform eigenvalue 
analysis for damped system, the procedure is the same but click the fourth button for this analysis. 

To see results, you need to click the “display postprocessing options” (on/off) button. The 
postprocessing options will appear as shown in Figure 8.19. VIBRATIO has a basic text editor that may be 
used to display textual results. Click the “DISP TEXT” button to view eigenvalue results. 



8.7.2. 1 Eigenvalue/Vector Analysis Results 

The editor window will open, and from the file menu you can then open “eigftext.txt.” You should obtain 
the results given below 

X Y Z Alpha Beta Gamma 



Frequency in X = 

Relative eigenvector values for mass = 1 
1.0000 0.0000 0.0000 
Relative eigenvector values for mass = 2 
- 0.6180 0.0000 0.0000 

Frequency in X = 

Relative eigenvector values for mass = 1 
0.6180 0.0000 0.0000 

Relative eigenvector values for mass = 2 
1.0000 0.0000 0.0000 

Frequency in Y = 

Relative eigenvector values for mass = 1 

0.0000 - 0.6180 0.0000 

Relative eigenvector values for mass = 2 

0.0000 - 1.0000 0.0000 

Frequency in Y = 

Relative eigenvector values for mass = 1 

0.0000 - 1.0000 0.0000 

Relative eigenvector values for mass = 2 

0.0000 0.6180 0.0000 



1.26 Hz (76 CPM) 

0.0000 0.5025 0.0000 

0.0000 -0.3106 0.0000 

0.48 Hz (29 CPM) 

0.0000 0.3106 0.0000 

0.0000 0.5025 0.0000 

0.48 Hz (29 CPM) 

0.3098 0.0000 0.0000 

0.5012 0.0000 0.0000 

1.26 Hz (76 CPM) 

0.5012 0.0000 0.0000 

- 0.3098 0.0000 0.0000 



( continued on next page) 
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X 


Y 




z 


Alpha 


Beta 


Gamma 








Frequency in Z = 


1.78 Hz (107 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0000 


0.0000 




1.0000 


0.0000 


0.0000 


0.0000 


Relative eigenvector 


values for mass 


= 


2 








0.0000 


0.0000 




-0.6180 


0.0000 


0.0000 


0.0000 








Frequency in Z = 


0.68 Hz (41 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0000 


0.0000 




0.6180 


0.0000 


0.0000 


0.0000 


Relative eigenvector 


values for mass 


= 


2 








0.0000 


0.0000 




1.0000 


0.0000 


0.0000 


0.0000 








Frequency in alpha = 


25.26 Hz (1516 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0000 


- 0.0050 




0.0000 


- 1.0000 


0.0000 


0.0000 


Relative eigenvector 


values for mass 


= 


2 








0.0000 


0.0031 




0.0000 


0.6180 


0.0000 


0.0000 








Frequency in alpha = 


= 9.65 Hz (579 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0000 


-0.0031 




0.0000 


-0.6180 


0.0000 


0.0000 


Relative eigenvector 


values for mass 


= 


2 








0.0000 


- 0.0050 




0.0000 


- 1.0000 


0.0000 


0.0000 








Frequency in beta = 


17.89 Hz (1073 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0100 


0.0000 




0.0000 


0.0000 


- 1.0000 


0.0000 


Relative eigenvector 


values for mass 


= 


2 








- 0.0062 


0.0000 




0.0000 


0.0000 


0.6180 


0.0000 








Frequency in beta = 


= 6.83 Hz (410 CPM) 






Relative eigenvector 


values for mass 


= 


1 








- 0.0062 


0.0000 




0.0000 


0.0000 


0.6180 


0.0000 


Relative eigenvector 


values for mass 


= 


2 








-0.0100 


0.0000 




0.0000 


0.0000 


1.0000 


0.0000 








Frequency in gamma 


= 14.57 Hz (874 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0000 


0.0000 




0.0000 


0.0000 


0.0000 


-1.0000 


Relative eigenvector 


values for mass 


= 


2 








0.0000 


0.0000 




0.0000 


0.0000 


0.0000 


0.6180 








Frequency in gamma 


= 5.56 Hz (334 CPM) 






Relative eigenvector 


values for mass 


= 


1 








0.0000 


0.0000 




0.0000 


0.0000 


0.0000 


0.6180 


Relative eigenvector 


values for mass 


= 


2 








0.0000 


0.0000 




0.0000 


0.0000 


0.0000 


1.0000 



This is the result file created as a result of executing eigenvalue analysis (if you had performed 
eigenvalue analysis with damping you need to open the “eigdtext.txt” file). A successful eigenvalue 
analysis normally implies physically feasible data (of course, not always). 

Now we are ready to perform other analysis options. 



8.7.3 Linear Deflection Analysis 

The linear deflection equations may be obtained from vibration equations by simply removing 
the acceleration and velocity terms. If the excitation (force) vector is made of constant values, then the 
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FIGURE 8.20 Linear deflection analysis; no control parameter is needed. 

problem is a static deflection problem. By clicking the linear deflection button, you will see that 
no analysis parameters are needed. Next, click the red button. This will perform a static deflection 
analysis, as indicated in Figure 8.20. 

Numerical results can be displayed using the “DISP TEXT” button from postprocessing options. 
The deflection results are saved in the “distext.txt” file. This file holds the results given in the next 
section. Note that, since force is acting on mass 1, mass 2 does not deflect relative to mass 1. 



8.7.3. 1 Linear Deflection Analysis Results 



X 


Y 


Z 


Alpha 


Beta 


Gamma 


0.0000 


0.0000 


Deflections of mass no. = 
25.0000 


i 

0.0000 


0.0000 


0.0000 


64,000.0000 


64,000.0000 


Center of rotation of mass no. = 1 
64,000.0000 






0.0000 


0.0000 


Deflections of mass no. = 
25.0000 


2 

0.0000 


0.0000 


0.0000 


64,000.0000 


64,000.0000 


Center of rotation of mass no. = 2 
64,000.0000 






Deflection at control points (mm) 


Mass no. = 1 




Position 




Deflection 




Point no. 
Mass no. = 2 


X 


Y Z 

Position 


X 


y 

Deflection 


z 


Point no. 


X 


Y Z 


X 


y 


Z 



Deflections at coupling/mount positions 



Mount no. 




Position 






Deflection 






X 


Y 


z 


X 


y 


z 


Mass no. = 1 
1 


1000.000 


1000.000 


- 1000.000 


0.000 


0.000 


25.000 


2 


- 1000.000 


1000.000 


- 1000.000 


0.000 


0.000 


25.000 


3 


- 1000.000 


- 1000.000 


- 1000.000 


0.000 


0.000 


25.000 


4 


1000.000 


- 1000.000 


- 1000.000 


0.000 


0.000 


25.000 



( continued on next page) 
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Mount no. 




Position 






Deflection 






X 


Y 


z 


X 


y 


z 


Mass no. = 2 
5 


1000.000 


1000.000 


- 1000.000 


0.000 


0.000 


25.000 


6 


- 1000.000 


1000.000 


- 1000.000 


0.000 


0.000 


25.000 


7 


- 1000.000 


- 1000.000 


- 1000.000 


0.000 


0.000 


25.000 


8 


1000.000 


- 1000.000 


- 1000.000 


0.000 


0.000 


25.000 



Global and Local Deflections of Couplings/Mounts 



Coordinates mount no. 




Global Deflection 






Local Deflection 






xp 


yp 


zp 


X 


Y 


z 


Mass no. = 1 


1 


0.00 


0.00 


25.00 


0.00 


0.00 


25.00 


2 


0.00 


0.00 


25.00 


0.00 


0.00 


25.00 


3 


0.00 


0.00 


25.00 


0.00 


0.00 


25.00 


4 


0.00 


0.00 


25.00 


0.00 


0.00 


25.00 


Mass no = 2 


5 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 


6 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 


7 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 


8 


0.00 


0.00 


0.00 


0.00 


0.00 


0.00 



8.7.4 Frequency Analysis 

In order to perform a frequency analysis, the force selection must be relevant to the frequency analysis. 
Force options between 16 and 21 are for frequency analysis. Option 16 (A Sin Wt) is chosen to 
demonstrate the frequency analysis, as shown in Figure 8.21. 

Here, default excitation is in the z direction. Flag = 1 means this is an ordinary sinusoidal force with 
1000 N excitation amplitude. It exists in the frequency range from 0 to 2 Hz (freq 1 and freq 2) acting in 
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FIGURE 8.21 Frequency analysis options 16 to 21. 




FIGURE 8.22 Constant force amplitude between 0 and 2 Hz. 
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FIGURE 8.23 Frequency analysis parameters. 

the z direction, as shown in Figure 8.22. You may have more than one force, with different amplitudes 
and different frequency ranges. Sweep time, in seconds (any number other than zero), refers to the time 
taken to sweep from freq 1 to freq 2 (see Chapter 17). If the sweep time is infinitely slow, then a zero entry 
signifies this (exactly the opposite meaning!). There are two amplitudes for each direction, the top entry 
refers to the amplitude at freq 1 and the bottom one refers to the amplitude at freq 2. Amplitudes between 
these frequencies vary linearly. 

To execute a frequency analysis, select analysis options and click the button shown in Figure 8.23. 
Frequency analysis parameters: start frequency, end frequency, and frequency steps are shown in this 
figure. 

Specifically, the options Freq 1 and Freq 2 will appear here. These relate to the frequency range to 
be analyzed. Del_freq is the frequency step. Your choice of frequency range should not be arbitrary. 
Either the problem dictates the range or you may be interested in amplitudes of the system at 
resonant frequencies. In the latter case, you may look at the eigenvalue results to identify which 
resonant frequencies will be exhibited in the selected range. For the example considered, the 
excitation force is in the z direction. Therefore, one needs to find out the resonant frequencies in 
the z direction (or coupled modes which include the z direction). If the eigenvalue results are 
studied, one can see that the resonant frequencies in the z direction are given as: 0.68 and 1.78 Hz. 
Therefore, analysis beyond 2 Hz in the z direction will not reveal any other resonances. Clicking the 
red button a second time will execute the analysis. To see the results you need to click the “display 
postprocessing” button, and from the postprocessing frame click the “plot freq” button. The 
frequency-plotting window will appear. The frequency motion in six directions will be plotted for 
mass 1. “+” can be used to move to the next mass. You may also display motion curves of all 
bodies together by choosing the “plot all” option. You will end up with the results shown in 
Figure 8.24. 



8.7.5 Time-Domain Analysis 

Forces 1 to 14 are for the time domain, although 13 and 14 are not available in this version of VIBRATIO. 
When option 1 is selected in the force “type” option, the default force would be 1000 N in the z direction, 
remaining active between 0 and 2 sec. Modify Time 2 to 0.01 sec (10 msec). You can use option 1 for a 
rectangular shock but there are also other shock options. Figure 8.25 shows a constant force, magnitude 
10,000 N acting in the z direction between 0 and 0.1 sec. 

To perform a time domain analysis, the button shown in Figure 8.26 needs to be clicked. Relevant 
analysis parameters will appear as shown in this figure. Time 1 and Time 2 give the range of the 
time domain analysis. If Time 1 is chosen not to start from 0, even though the resulting data will 
not be collected until Time 1 reaches, still the solution will be executed starting from start time = 0. 
In other words, if Time 1 is not zero then this will be the time when data recording starts. Analysis 
itself, irrespective of Time 1, always starts from 0 sec. del_t0 is the initial step length for integration 
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FIGURE 8.24 Frequency analysis results. 

(The time-domain analysis uses variable step length Runge-Kutta and the time integration step 
where an algorithm automatically modifies the integration step to achieve the required accuracy). 
Acer is the accuracy of integration and del_t is the time step at which data is sampled. To execute, 
click the button again. 

8. 7. 5.1 Time-Domain Results 

Time domain results will be displayed by clicking the plot-time button on the postprocessing frame. 
The results shown in Figure 8.27 will be obtained, again from the “options” menu, when “plot all” is 
selected. 




FIGURE 8.25 Constant force representation. 
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FIGURE 8.26 Time-domain analysis button and analysis control parameters 
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FIGURE 8.27 Time-domain results window. 



8.8 Comments 



This chapter presented a method of analyzing general multiple rigid-body systems interconnected by 
linear springs and linear dampers. The mathematical modeling was presented for small vibrations 
where nonlinear geometry effects and gyroscopic couplings were negligible and the deflection 
characteristics of the mountings were linear. There is a shortage of published material on general 
mathematical modeling of flexibly supported rigid multibody systems for vibration analysis. Detailed 
mathematics of time domain, frequency domain and eigenvalue/eigenvector analyses can be found in 
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standard vibration textbooks. Some are listed in the references section, but this list is not exhaustive. 
This chapter also gives a precise and clear formulation suitable for computational implementation. 
The formulation presented in this chapter forms the core of the vibration analysis suite “VIBRATIO”, 
a version of which is made available to the users of this handbook, at www.signal-research.com, as 
indicated in the text. 
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Appendix 8A 

VIBRATIO Output for Numerical Example in Section 8.3 



X 



Y 



Z 



Alpha 



Frequency in X = 1.01 Hz (60 CPM) 

Relative eigenvector values for mass = 1 
1.0000 0.0000 0.0000 0.0000 

Frequency in Y = 1.42 Hz (85 CPM) 

Relative eigenvector values for mass = 1 

0.0000 1.0000 0.0000 0.0000 

Frequency in Z = 1.74 Hz (105 CPM) 

Relative eigenvector values for mass = 1 

0.0000 0.0000 1.0000 0.0000 

Frequency in alpha = 34.87 Hz (2092 CPM) 
Relative eigenvector values for mass = 1 
0.0000 0.0000 0.0000 1.0000 



Frequency in beta = 12.33 Hz (740 CPM) 

Relative eigenvector values for mass = 1 

0.0000 0.0000 0.0000 0.0000 

Frequency in gamma = 14.24 Hz (854 CPM) 
Relative eigenvector values for mass = 1 
0.0000 0.0000 0.0000 0.0000 



Beta 



0.0000 



0.0000 



0.0000 



0.0000 



1.0000 



0.0000 



Gamma 



0.0000 



0.0000 



0.0000 



0.0000 



0.0000 



1.0000 
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Summary 

This chapter discusses the use of the finite element (FE) method in problems of vibrations and structural dynamics. 
The first three sections outline the main steps in modeling a physical problem for a specific dynamic analysis. 
Section 9.1 concentrates on the finite element aspect of the modeling process. The basis for geometric modeling is 
outlined and an overview of commonly used types of elements in typical commercial programs is presented. 
A summary of element capabilities is given at the end of the section (Table 9.1). Section 9.2 discusses the basis for 
classifying and choosing a particular type of dynamic analysis, including modal, harmonic or frequency response, 
transient and shock, and random analysis. Section 9.3 discusses some special aspects in modeling that are pertinent 
to dynamic system analysis; namely, choice of master and slave degrees of freedom (DoF), lumped vs. consistent 
mass modeling, and use of symmetry in dynamic analysis. 

The second part of the chapter discusses solution methods and damping considerations, and outlines basic 
steps for performing various dynamic analyses. Section 9.4 briefly presents the theory and equations for various 
dynamic analyses. The analysis types included in the discussion are direct integration and modal superposition. 
In the direct integration analysis, both implicit and explicit schemes are discussed and an example of each is 
presented. Most of the theory and equations are presented in a summarized form without rigorous mathematical 
proofs. Section 9.5 describes details of various dynamic analyses and provides a brief discussion of the choice of 
the solution method for each analysis. Emphasis is placed on the basic steps required to perform a particular 
analysis type. Modal analysis, transient analysis (direct integration and mode superposition approaches). 
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frequency response harmonic analysis, and random response analysis are presented. The various methods of 
combination of modal responses are also discussed. Finally, Section 9.6 provides some general guidelines for a 
typical dynamic analysis using the FE method. 



9.1 Problem and Element Classification 



The first step in any finite element (FE) analysis is to build a model of the physical structure to be 
analyzed. This is an important step and normally requires extensive time and interaction with the analyst. 
The adequacy of the model, assumptions involved, and types of elements used for a specific structure and 
analysis type establish the accuracy level of the FE analysis. Much research effort is being devoted to 
automating this process by providing options for automatic mesh generation, automatic mesh 
refinement, error estimation, and error bounds. Such research has resulted in a significant reduction in 
the time needed for this step but the role of the analyst is still dominant and vital in obtaining a good 
mesh and model for the problem. 

The modeling process can be divided into steps as follows: 

• Build a geometric database for the structure. This includes description of the characteristic 
geometric features of the structure, such as boundaries, holes, intersections, curvatures, etc., in the 
finite element program database. The level of geometric detail has an important effect on the 
accuracy and the size of the model. 

• Build a FE model for the geometric model. This may include important aspects such as: 

° Establishing the type of analysis to be performed, 

0 Choosing the appropriate element or elements for building the model, 

° Considering aspects of symmetry in the structure, and 
0 Establishing critical areas for increasing mesh density. 

• Apply constraints and loading boundary conditions. 

• Establish the material model(s) to be used in the analysis. 

• Perform various options of model checks. 

• Solve sample load cases and compare the results with hand calculations or experimental results in 
order to check the behavior and response of the model. 

• Fine tune the model based on the results obtained from sample load cases. 

Most of the time, the above steps are rather linked together, and an overall knowledge of the problem is 
required to perform a specific step. An important decision that should be made at the beginning of the 
analysis is to identify the category of the problem. This will have an impact on the first three steps 
mentioned above. In the first part of the present section, we provide a brief discussion on the geometric 
modeling aspects of the problem. The rest of the section then provides general guidelines on classifying 
the problem into one of the main categories available in typical commercial finite element programs; 
namely, truss, beam, two-dimensional, shell, or three-dimensional problems. We also provide simple 
examples for each type of problem. The concepts of element choice and problem classification are 
summarized in a table at the end of the section. 

9.1.1 Geometric Modeling 

Geometric modeling simply means transforming a physical problem into a geometric database in a FE 
program. The process is very similar to creating an engineering drawing or a model in a CAD program. 
Most FE programs have built-in preprocessors that are dedicated to generating the geometry database. 
Generally, FE preprocessors have similar capabilities to those available in CAD programs. In many cases 
an existing geometric database may be available for the structure in a CAD program and may be 
imported into the FE program database. However, there can be translation problems between the two 
databases, especially in three-dimensional and shell structures. In most cases, it is faster to regenerate the 
geometric database for the problem directly using the FE program. 
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Volume or 
Hyperpatch 



FIGURE 9.1 Geometric modeling entities. 

Finite element programs use specific building blocks or entities to build the geometry of a structure 
(Kamel, 1991; NISA User’s Manual, 1992; ANSYS User’s Manual, 2003). The theory on which geometry 
generation is based is quite simple and basically relies on parametric cubic modeling of curves and 
surfaces in space. Figure 9. 1 shows the basic entities used by most programs for building a geometric 
model. We define these basic geometric entities and briefly discuss their use in practical modeling of 
structures. 

9. 1.1.1 Key Point 

A key point is a coordinate location in space. In two-dimensional space, a key point is uniquely defined 
by two coordinates (e.g., x, y; r, ff). In three-dimensional space, a key point is uniquely defined by three 
coordinates (e.g., x, y, z; r, d, z). Key points are normally the starting building blocks in the geometry. 
Connection between key points will generate lines, surfaces, or volumes. On the other hand, most 
programs will be capable of extracting key points from the end points or corners of lines, surfaces, and 
volumes. Key points should not be confused with nodes, and should be considered only as spatial 
locations in space. One may place a node at the same location as a key point or leave the location without 
node generation. 

9. 1.1.2 Line or Line Segment 

A line or line segment is a portion of a cubic spline curve bounded on both ends by a key point. A line 
may be straight or curved. The curvature of a line is limited only by its parametric cubic equation in the 
program. If a physical curve in the structure is presented by up to and including a third-order parametric 
cubic equation, it may be modeled exactly by a single line. In many practical situations, however, this is 
not the case. As an example, the parametric equation of a circle is not cubic and the recommended way to 
model a circle accurately is to break it into at least four lines. Breaking a space curve into many lines will 
always increase the accuracy of the geometric modeling but entails increasing the complexity of the 
model. The analyst should be careful in situations where the order of the line to be modeled is not known. 
A common case is the generation of the line of intersection between two surfaces. In such situations, it is 
important to break the intersection line into a few separate lines. 

Most programs provide extensive methods for line generation. These may include generation by 
joining two grid points, cubic spline fitting of four grid points, best fitting a curve between several grid 
points, extracting the edges of a surface or a volume, intersection of surfaces, and mirroring and copying 
other lines. 

9. 1.1.3 Area or Patch 

An area or a patch is a portion of a bi-cubic surface completely bounded by three line segments (for 
triangular areas) or four line segments (for quadrilateral areas). The same limitations discussed above for 
using line segments may be extended here by realizing that the area is modeled by parametric cubic 
equations in two directions representing the two edges of the area. 

Most programs provide extensive methods for generating areas or patches. These include generation 
by sweeping the space between two lines, filling in the area between four edge lines, rotating a line about 
an axis, extracting the boundary surfaces of a volume, and intersection between volumes. 
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9. 1.1.4 Volume or Hyperpatch 

A volume or a hyperpatch is a portion of tri-cubic solid completely bounded by four areas (for 
tetrahedron volumes) or six areas (for brick volumes). The equations used to model the edge lines of a 
volume are still parametric cubic equations and the same restrictions discussed for lines can be extended 
to a volume in the three directions of the volume. 

As for line and area generation, most programs provide a wide variety of methods for generating 
volumes. These may include generation by sweeping the volume between two surfaces, filling the volume 
between bounding surfaces, rotating an area about an axis, and copying and mirror imaging the existing 
volume. 

An important addition in the generation of volumes is the ability of many programs to use solid 
primitives as building blocks (Kamel, 1991; ANSYS User’s Manual, 2003). These solid primitives may 
include tetrahedrons, cubes, cylinders, conical volumes, spheres, torus elements, and other standard 
volumes. These may be used as building blocks that may be combined, subtracted, or intersected with 
each other. Many programs provide simple Boolean operations to use for such processes. 



Remarks 



• In most modeling cases, it is faster to regenerate the geometric database of the problem 
directly using the FE program, especially in complicated and three-dimensional models. 

• The basic building blocks in geometric modeling are key points, lines, areas, and volumes. 

• Many programs provide the ability to create solid primitives as building blocks. These solid 
primitives may include tetrahedrons, cubes, cylinders, conical volumes, spheres, toruses, 
and other standard volumes. 

• Boolean operations are normally used to combine, subtract, or intersect various geometric 
entities. 



9.1.2 Discrete Element Types in FE Programs 

Most commercial FE programs have extensive element libraries that may be used in static and dynamic 
analyses. For dynamic analysis, it may be convenient to classify elements into discrete and continuum 
types. Discrete types include concentrated (lumped) mass and inertia, spring, and damper elements, 
whereas continuum (distributed) types include all other one-dimensional (1-D), two-dimensional 
(2-D), and three-dimensional (3-D) deformable elements. In this section, we briefly discuss the discrete 
type of elements whereas the continuum type will be discussed in detail in subsequent sections. 

9. 1.2.1 Concentrated Mass/Inertia Element 

A concentrated mass/inertia element represents a structural mass and moment of inertia concentrated at 
one point and has six DoF: three translational and three rotational. The mass and rotary (moment of) 
inertia maybe assigned different values in the three coordinate directions (see Figure 9.2), even though, 
typically, the mass is the same in all three directions (see Chapter 8). The element is rigid with no 
geometrical properties and it only contributes to the global mass matrix of the structure. In building up a 
model, the element may be attached to a structural node of other deformable or elastic elements or be 
positioned in space and attached to structure nodes through rigid elements or elastic spring and/or 
damper elements. Most FE programs provide rotary inertia quantities for various components of the 
geometric model as part of the standard preprocessing data. These can be used to model parts of the 
structure as lumped mass and inertia that may be connected to the structure through elastic elements. 
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An example of the use of a concentrated mass 
and inertia element is the modeling of a heavy, 
rigid machine mounted on an elastic support. 
The mass and inertia effects of the machine may 
be represented by a concentrated or lumped 
mass/inertia element at the center of the machine. 
Care must be taken in connecting this element 
to the deformable elements of the structure or 
the support. In general, a rigid link may be used 
to connect the mass/inertia element to the 
nearest node of a deformable element rather than 
placing the mass/inertia element directly on that 
node (Cook et al., 1989). This will generally 
account for proper interaction between transla- 
tional and rotational DoF of the mass and the 
structure. 

It should be noted that some computational 
algorithms might have problems with zero diagonal 
values of the mass matrix. This happens if the 
inertia terms of the mass/inertia element are 
assigned as zero. This can be avoided by always 
assigning an arbitrary and small value to the rotary 
inertia terms. 




FIGURE 9.2 Three-dimensional mass/inertia element. 




FIGURE 9.3 One-dimensional spring/damper 
element. 



9. 1.2. 2 Spring and Damper Elements 

Most programs provide 1-D spring and damper elements that can be used to model hydraulic cylinders, 
discrete dampers, and shock absorbers. The element normally has one spring constant and one damping 
coefficient (along the element axis defined by the nodes I and / as shown in Figure 9.3). It is easy to model 
3-D stiffness and damping characteristics by replicating the element in the required directions. A mass 
may be attached to one or two nodes of the element. The force transmitted through the element nodes is 
the sum of the spring and the damping forces along the element axis. 



Remarks 



A concentrated mass/inertia element may be used to model lumped mass/inertia at specific 
points in the structure. Likewise, spring or damper elements may be used to model stiffness 
and damping characteristics between two points in the structure. 

A concentrated mass/inertia element represents a structural mass and inertia at a point and 
has six DoF: three translational and three rotational. Different mass and inertia values may 
be assigned in different directions. 

Three-dimensional stiffness and damping characteristics between two nodes may be 
modeled by replicating 1-D spring or damper elements in the required directions. 



9.1.3 Truss and Beam Problems 

Three-dimensional truss and beam elements are shown in Figure 9.4. The main difference between the 
two elements is the fact that beams may support bending moments and have rotations as extra DoF at 
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FIGURE 9.4 Three-dimensional truss and beam elements. (Nodal rotations for the beam element are only shown 
for node-j.) 

each node. This means that a beam element may have loads along the beam axis and not necessary only at 
the end points. 

The following conditions should be satisfied for a structure to be classified as a truss or a beam: 

• Geometry. 

0 Thin, slender, straight bars or rods with pin joints at both ends. Depending on the application, 
the element may be considered as a truss, a link, a cable, a spring, etc. 

If the joints are fixed or the bar is curved, the problem will be classified as a beam type. Fixed 
joints may be created by completely fixing the beam ends to a wall or support, or to another 
member. This is normally realized if the joint is built-in, welded, or fully bolted to the support 
or to other members. 

0 Geometry may be 1-D, 2-D, or 3-D. 

• Loading: 

0 For truss problems, loading may only be by tension or compression of the members. This may 
be achieved by having only concentrated loading at the joints (no bending moment) and no 
loadings along the member. 

For beam problems, loading may be in any direction and may be applied along the member 
axis. This will generally create a bending moment and the member should have rotations as DoF. 

0 Thermal loading may also be applied to the member. 

0 Body or inertia forces will generally create a bending moment and violate the truss condition and 
so may be applied only to beam problems. Such loads may be applied, however, to truss elements 
under the simplification of assuming the inertia effects to be applied only at the nodes or the 
joints and ignoring the bending moment that will be created on the member. 

Degrees of freedom: For 3-D truss elements, the DoF per node are the displacement in the three 
coordinate directions: u x , u y , and u z . Two-dimensional truss members only have u x and u y as DoF. Three- 
dimensional beam elements have all six DoF: three translational, u x , u y , and u z , as well as three rotational, 
d x , 6 y , and 0 Z . Two-dimensional beam elements have u x , u y , and 6 Z as DoF. 

Element shapes: Various element shapes commonly available in commercial finite element programs 
are shown in Figure 9.5. The cross section of the element may be a solid or hollow prismatic section, e.g., 
a rectangular, circular, trapezoidal, or thin-walled section or a channel, thin-walled tubular, I-section, etc. 



c o 

2-node (linear) 
Truss and beam 




3-node (quadratic) 
Beam only 




4-node (cubic) 
Beam only 



FIGURE 9.5 Various element shapes for truss and beam elements. 
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Truss structure Cable: tension-only truss elements 

Heavy I-beam: beam elements 




Springs may be modeled as truss 
members. The cross member 
should be modeled as beam. 





Beam with fixed ends Beam with moment load Thin arches (beam model) 



FIGURE 9.6 Typical applications for truss and beam elements. 

The analyst will generally be required to identify the orientation of the beam cross section by 
specifying local axes or identifying key points for the program to locate the local axes. Most programs are 
capable of modeling variable cross section beam elements to avoid excessive subdivision of the beam into 
smaller elements. 

Example applications: Figure 9.6 shows sample applications for the use of truss and beam elements. 



Remarks 

• Truss elements have translational DoF whereas beam elements have both translational and 
rotational DoF at the nodes. Three-dimensional truss elements have 3 DoF/node (u x , u y , 
and u z ), whereas 3-D beam elements have 6 DoF/node ( u x , u y , u z , 6 X , 0 y , and 6 Z ). 

• Truss structures may only carry loads at the end of each truss whereas beam structures may 
also carry loads along the beam length. 

• Curved members should be modeled with beam elements. 

• Problems with body and inertia forces should generally be modeled as beam elements. If 
lumping of the body forces is assumed and the effect of the bending moment created by 
body forces is neglected, the effect may be modeled with truss elements. 
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9.1.4 Two-Dimensional Problems 

9. 1.4.1 Two-Dimensional Plane Stress Problems 

Figure 9.7 shows a typical structure, which may be considered as a 2-D plane stress problem. 

The following geometry and load conditions should be satisfied for a structure to be categorized as a 
2-D plane stress structure (Boresi and Chong, 2000). 

Conditions: 

• Geometry: 

0 A flat, thin surface in one plane (e.g., xy-plane), simply connected or multiply connected with a 
small thickness in the third direction (e.g., z-direction). 

: The boundary of the structure in the xy-plane may be straight or curved. 

• Loading: 

° Loading is restricted to the plane of the structure (e.g., ry-plane). 

° Thermal loading may also be applied to the plane (i.e., T = T(x,y)). 

° Body or inertia forces may be due to linear or angular acceleration in the plane of the structure. 

Degrees of freedom: For 2-D elements, the DoF per node are the displacements in the two coordinate 
directions, u x and u y . 

Typical element shapes (see Figure 9.8): Elements may be triangular or quadrilateral. Most programs 
provide the option of having 3, 6, or 9 nodes for triangular elements and 4, 8, or 12 nodes for 
quadrilateral elements. Increasing the number of nodes will increase the element accuracy at the expense 
of having more DoF and requiring more CPU time to solve the problem. This is normally called a 
“p-conversion” approach in finite elements. The same goal may be achieved by increasing the number of 
elements while fixing the number of nodes per element, which is usually called “h-conversion” (Zeng 
et al., 1992; Babuska and Guo, 1996). The choice of method to obtain greater accuracy is rather arbitrary 
and mostly depends on the availability of the option in the program. Only a limited number of programs 
provide extensive “p-conversion” options. 

Example applications: Figure 9.9 shows some typical examples that maybe modeled using a plane stress 
assumption. It should be noted such models cannot capture any out-of-plane modes of vibration. If such 
vibration modes are of concern, the model should be capable of capturing lateral displacement DoF and 
out-of-plane rotations. This may be realized by using shell or 3-D solid elements as will be discussed in 
the following sections. 




FIGURE 9.7 A general 2-D plane stress structure. 
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3 or 4-node (linear) 6 or 8-node (quadratic) 9 or 12-node (cubic) 
FIGURE 9.8 Typical plane stress elements. 




Thin arch 



Through thickness crack in a plate 



FIGURE 9.9 Typical plane stress examples. 

9. 1.4. 2 Two-Dimensional Plane Strain Problems 

Figure 9.10 shows a typical structure that may be considered as a 2-D plane strain. 

The following geometry and load conditions should be satisfied for a structure to be categorized as a 
plane strain structure (Boresi and Chong, 2000). 

Conditions: 

• Geometry: 

° A flat surface in a plane (e.g., xy-plane), simply or multiply connected with large thickness in the 
third or z-direction (with much larger dimensions than in the xy-plane). 

0 The boundary of the structure in the ry-plane may be straight or curved. 

• Loading: 

° Loading is restricted to the plane of the structure (e.g., ry-plane) with possible uniform loading 
or constraint in the z-direction. The loading in the z-direction will remain only as a function of 
the x and y coordinates; i.e., P z = P z (x,y). 

° Thermal loading may also be applied to the plane (i.e., T = T(x,y)). 

° Body or inertia forces may be applied to the plane. 

Degrees of freedom: For 2-D plane strain elements, the DoF per node are the displacement in the two 
coordinate directions u x and u y . The plane strain assumption means that the strain in z-direction will be 
zero and that the stress will be nonzero, e z = 0 and cr z A 0. 
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Pi 




FIGURE 9.10 A general 2-D plane stress structure. 

Typical element shapes: The same element shapes as in the case of plane stress are available in most 
commercial FE programs (see Figure 9.8). The comment above on p-conversion and h-conversion 
also applies here. 

Example applications: Figure 9.11 shows some typical examples that may be modeled using a plane 
strain assumption. Once again, it should be noted that such a model cannot caputre any out-of-plane 
modes of vibration. If such vibration modes are of concern, the model should be capable of capturing 
lateral displacement DoF and out-of-plane rotations. This may be realized by using shell or 3-D solid 
elements as will be discussed in the following sections. 

9. 1.4.3 Two-Dimensional Axisymmetric Problems 

Axisymmetric problems are characterized by having an axis of symmetry or axis of revolution for 
geometry and loading. Referring to Figure 9.12, any arbitrary plane that passes by the axis of symmetry 
will be a plane of symmetry. Symmetry means that the two halves of the structure on each side of the 
plane of symmetry are mirror images of each other. Symmetry must be satisfied for all aspects affecting 
the response of the structure including geometry, load, constraint, and material properties. 

The following conditions summarize the requirements for categorizing a problem as axisymmetric 
(Boresi and Chong, 2000). 

Conditions: 

• Geometry: 

° A solid of revolution formed by rotating a flat area (e.g., in the rz-plane) around an axis of 
symmetry (e.g., the z-axis). 

° The boundary of the flat area in the rz-plane may be straight or curved and the area may be 
simply or multiply connected. 

• Loading: 

° Loading is restricted to the rz-plane with no variation of loading in the ^-direction. No loading 
in the 0-direction. 

° Thermal loading may be applied in the rz-plane (i.e., T = T(r,z)). 

° Body or inertia forces may be applied in the rz-plane. 

Degrees of freedom: For 2-D-axisymmetric elements, the DoF per node are the displacements in the two 
coordinate directions u r and « z . Some programs use x and y coordinates to replace the r and z axes, 
respectively. 
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Very thick arch 



Thick cantilever or bracket support 





Retaining wall 



Impermeable earth dam and its base 




enforcement 
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Sheet metal rolline 



Subway tunnel 



FIGURE 9.11 Typical plane strain examples. 
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FIGURE 9.12 Axial symmetry conditions. 
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o 



3 or 4-node 
(linear) 




6 or 8-node 9 or 1 2-node 
(quadratic) (cubic) 



FIGURE 9.13 Typical axisymmetric elements. 




Cylinder under axisymmetric 
loading 




Pressure vessel 




FIGURE 9.14 Typical axisymmetric examples. 



Typical element shapes : Figure 9.13 shows typical axisymmetric element shapes that are commonly 
available in commercial FE programs. The elements are shaped as a torus with various cross sections as 
shown in the figure. 

Application examples: Figure 9.14 shows typical axisymmetric examples. 



9.1.5 Shell and Plate Problems 

Shell and plate problems are quite similar to plane stress problems (see Figure 9.15). We first recall the 
conditions for a plane stress problem: ( 1 ) that the geometry has to be flat in one plane with a small 
thickness, and (2) that the load has to be in the same plane. If either of these two conditions is violated, 
the problem becomes a shell problem. For example, if the load is a moment about any direction other 
than the z-direction then it has an out-of-plane component, or if the geometry is not flat then the 
problem ceases to be a plane stress problem and should be modeled as a shell problem. Normally, shell 
structures would still maintain a small thickness in the direction normal to the surface of the shell. This 
maintains the condition that the stress normal to the shell surface will be zero, although there may still be 
a pressure applied to the surface of the shell. 

The following summarizes the conditions for a shell structure. 



• Geometry: 

° Thin surfaces or plates that have a thickness in the direction normal to the surface. The 
midsurface or midplane of the structure may be flat or curved. 

° The boundary or edges of the structure may be straight or curved. 

• Loading: 

° Both in-plane and out-of-plane loadings are permitted. 

° Thermal loading may also be applied in all %-, y-, and z-directions. 

° Body or inertia forces may be due to linear or angular acceleration in all three directions. 

Degrees of freedom: Three-dimensional shell elements have six DoF: three translational, u x , u y , and u z , 
and three global rotational, 6 X , 9 y , and 9 Z . 
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Remarks 



Structures with a flat planar surface of a small thickness and with loading only in the plane 
(e.g., xy) of the structure (no out-of-plane loading or constraints) are categorized as plane 
stress structures. Such structures will have three nonzero stress components: cr^, cr^,, and t xy . 
Structures with a flat planar surface (e.g., xy) but a very large dimension in the third direction 
and with loading only in the plane of the structure (with possible uniform loading or 
constraints in the third direction) are categorized as plane strain structures. Such structures 
will have four nonzero stress components: cr yy , cr zz , and t xy . 

Axisymmetric problems are characterized by having an axis of symmetry or axis of revolution 
(e.g., z-axis) for geometry and loading. Such structures will have four nonzero stress 
components: <x rr , cr ge , cr zz , and t rz . 

Two-dimensional problems may be modeled by elements having two translational DoF per 
node. The elements may be triangular with 3, 6, or 9 nodes or quadrilateral with 4, 8, or 12 
nodes. Axisymmetric elements are shaped as a torus with triangular or quadrilateral cross- 
sections. 

Increasing the number of elements while fixing the nodes per element is called 
“h-conversion,” whereas increasing the number of nodes per element while fixing the 
number of elements is called “p-conversion.” 

Two-dimensional models cannot capture out-of-plane vibration modes. If such vibration 
modes are of concern, the model should be capable of capturing lateral displacement DoF 
and out-of-plane rotations. 



Element shapes : Figure 9.16 shows some typical shell elements available in most commercial FE 
programs. To properly model a curved shell with linear elements that are flat requires using a large 
number of elements to capture the curvature. Quadratic and cubic elements, on the other hand, may have 
curvature in two directions and a much reduced number of elements will be needed to model a curved 
shell. Most programs are capable of modeling variable thickness shell and plate elements. 




FIGURE 9.15 Shell and plate structures. 
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Some programs offer shell elements that only have 
membrane capabilities and others that have both 
membrane and bending capabilities. 

In shell and plate analyses, it is important to 
note that linear elements, i.e., three-node triangles 
and four-node quadrilaterals, may behave in an 
unrealistically stiff manner in shear deformation 
when the element thickness to size ratio is very 
small. This phenomenon is normally called “shear 
locking” (Bathe and Dvorkin, 1985; Bathe, 1996; 

Luo, 1998; Cesar de Sa et ah, 2002). The problem 
occurs when in-plane displacements are coupled 
with section rotations in the governing equation of 
the element and when low-order interpolations (linear elements) are adopted. The same phenomenon is 
also evident in beam elements. Similarly, when in-plane displacements are coupled with section rotations 
in the governing equations and low-order interpolations are used, “membrane locking” will be evident. 

Most programs provide various remedies for shear- and membrane-locking problems. These include 
selective/reduced integration, enhanced assumed strain method, mixed field method, etc. Depending on 
the availability of a particular method in the program, the user should initiate the remedy. The problem 
may also be alleviated by switching to higher order elements, such as quadratic or cubic elements. 

Example applications: Figure 9.17 shows typical examples of applications for shell problems. 




Lineal' Quadratic Cubic 

FIGURE 9.16 Typical shell elements. 



Remarks 



• Shell structures are general 3-D surfaces of small thickness. Loading can be in plane and out 
of plane. All stress components except those normal to the surface will be nonzero. 

• The shell element may be triangular with 3, 6, or 9 nodes or quadrilateral with 4, 8, or 12 
nodes. 

• Commercial programs offer shell elements with variable thickness and with membrane 
and/or bending capabilities. 

• Linear elements may experience "shear locking”: nonphysical, high stiffness in shear. 
Various remedies are available in most programs. 



9.1.6 Three-Dimensional Solid Problems 

By default, if the problem is not one of those discussed in Section 9.1.3 to Section 9.1.5 then it will be 
classified as a 3-D problem. Three-dimensional problems are easily identified by their 3-D geometry and 
loading, as shown in Figure 9.18. Any of the categories of problems discussed above may be solved by 
using 3-D elements. The critical drawback is the substantial increase in analyst time for modeling and in 
CPU time in processing the solution (the time needed may be one order of magnitude larger than for a 
corresponding 2-D problem). 

The following summarizes the conditions for a 3-D problem. 



• Geometry: 

° A 3-D object with no apparant thickness or uniformity in any direction. 
0 The boundary of the object may be straight or curved. 
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Thin-walled cylinder with 3D loading 




Cantliver under in-plane and out-of-plane loading 
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FIGURE 9.17 Typical shell and plate examples. 

• Loading: 

° Three-dimensional loading. An import- 
ant note should be added here: 3-D 
elements normally have three displace- 
ment DoF and no rotational DoF. This 
means that moments cannot be directly 
applied to such elements and the moment 
effect should be simulated via concen- 
trated forces or couples. 

0 Other loading, including thermal loading 
and body or inertia forces, may be applied 
in any direction. 

Degrees of freedom: Three-dimensional solid 
elements have three translational DoF: u x , u y , and u z . As mentioned above, concentrated moments 
should be modeled by an equivalent system of concentrated forces or couples. 

Element shapes: Figure 9.19 shows some typical 3-D element shapes available in most commercial FE 
programs. 

Example applications: Figure 9.20 shows some typical examples of 3-D structures requiring 3-D solid 
modeling and elements. It should be noted that if out-of-plane vibration modes of a 2-D structure are of 
concern, then a 3-D solid or shell model should be used even if the loading is in one plane. 



Remarks 



Structures that are not classified as truss, beam, 2-D, or shell may be modeled with 3-D solid 
elements. 

Three-dimensional elements have three translational DoF per node ( u x , u y , and u z ) and may 
have 4-32 nodes per element. 




z / 

FIGURE 9.18 Three-dimensional problems. 
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4-node tetrahedron, 
6-node wedge and 
8-node cube (linear) 




10-node tetrahedron 
15-node wedge and 
20-node cube (quadratic) 




32-node cube (cubic) 



FIGURE 9.19 Typical 3-D solid element shapes. 




Shaft with torque, bending 
moment and shear forces 






Welded joint with three 
dimensional loading 




FIGURE 9.20 Typical 3-D examples. 

9.1.7 Synopsis of Problem Classification and Element Choice 

Table 9.1 summarizes the concepts discussed above (Section 9.1.2 to Section 9.1.6) for element choice 
and problem classification. The table also shows displacement and stress variations within each element 
as well as standard element output quantities. The displacement variation within the element represents 
the basic element assumption in FE analysis and is called the “shape function” or the “approximation 
function” assumption. The strain variation within the element follows by differentiating the displacement 
variation according to the strain -displacement relations. The number of nodes per element is linked to 
the shape function assumption. For example, in 2-D elements three-node triangles have linear shape 
functions and in 3-D elements eight-node bricks have linear shape functions. Elements with linear shape 
function are sometimes called low-order or linear elements. Such elements may be used quite efficiently 
in both linear and nonlinear analyses. 
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TABLE 9.1 Summary of Problem Classification and Corresponding Element Characteristics 
Characteristics Element 



Truss 



Beam 



Two-Dimensional Plane Elements 




Dimension 


1-, 2-, or 3-D 


Applications 


Trusses — only axial stiffness 
(acts as a spring between 
two nodes) 


Degree of freedom 


UX, UY, UZ 


Geometry 


Linear 


Displacement 


Linear 


Stress/strain 


Constant 


Loading 


Only at end nodes 
(also possible mass) 
No distributed load 
Constant thermal 


Stress output 


Axial force or stress 



2- or 3-D 

Frames with axial and 
bending stiffness 

UX, UY, UZ, ROTX, ROTY, ROTZ 
Linear (principal axes found 
from third node) 

Axial: linear 
Bending: cubic 
Axial: constant 
Bending: linear 
Line load 
Self-weight 
Centrifugal force 
Thermal 
Axial force 

Bending moment 

Shear in two perpendicular 
axes or alternatively outer 
fiber stresses 



2-D 

2-D plane stress 

or plane strain problems 

UX, UY 
Linear 

Linear 

Constant (triangular) 
Linear/constant (Quad) 
Edge pressure 
Self-weight 
Thermal 
Centrifugal force 
2-D stresses: cr**, & r xy , 
cr zz (plane strain) 

Stress intensities and 
principal stresses 



2-D 

2-D plane stress or plane 
strain problems 

UX, UY 
Quadratic 

Quadratic 

Linear (triangular) 

Quadratic/linear (Quad) 

Edge pressure 

Self-weight 

Thermal 

Centrifugal force 

2-D stresses: a xx , 

T xy , a zz (plane strain) 
Stress intensities and 
principal stresses 



( continued on next page) 
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TABLE 9.1 ( continued ) 
Characteristics 



Dimension 

Applications 

Degree of freedom 
Geometry 
Displacement 
Stress/strain 

Distributed loads 



Stress output 



Element 



Axisymmetric Solid 



Three-Dimensional Solids 




2-D 

Axisymmetric structures 
with possible 
nonaxisymmetric loads 
UR, UZ 
Linear 
Linear 

Constant (triangular) 
Linear-constant (quad) 

Pressure 
Self-weight 
Thermal 
Centrifugal force 
Axisymmetric stresses: 

(7rr, (J zz , (Tee, T rz 

Stress intensities and 
principal stresses 




2-D 

Axisymmetric structures with 
possible nonaxisymmetric loads 





3-D solids 

with general loading 




3-D 

3-D solids 

with general loading 



UR, UZ 

Quadratic 

Quadratic 

Linear (triangular) 

Quadratic/linear (quad) 

Pressure 
Self-weight 
Thermal 
Centrifugal force 
Axisymmetric stresses: 

(Tzz, T rz 

Stress intensities and 
principal stresses 



UX, UY, UZ 

Linear 

Linear 

Constant (tetrahedron) 
Linear/constant 
(hexahedron) 
Pressure 
Self-weight 
Thermal 
Centrifugal force 
3-D stresses: 

(T (T (T T T 

'-'xxf ^yy ^zzi l xy> ‘yzi 

Stress intensities and 
principal stresses 



UX, UY, UZ 

Quadratic 

Quadratic 

Linear (tetrahedron) 
Quadratic/linear 
(hexahedron) 
Pressure 
Self-weight 
Thermal 
Centrifugal force 
3-D stresses: a^, cr^, 

(T T T T 

'-'zzi ‘xyi ‘ yzi ‘ zx 

Stress intensities and 
principal stresses 
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TABLE 9.1 ( continued ) 

Characteristics Element 



Three-Dimensional Shell Structures 




Dimension 
Applications 
Degree of freedom 
Geometry 
Displacement 

Stress/strain 



Distributed loads 



Stress output 



3-D 

3-D shell structures with general loading 
UX, UY, UZ, ROTX, ROTY, ROTZ 
Linear 

In shell local coordinates: linear on midsurface 
and linear through the thickness 
On the midsurface and in shell local coordinates: 
Triangle: constant 

Quad: linear/constant (linear through thickness) 

Surface and edge pressure 

Self-weight 

Thermal 

Centrifugal force 

3-D stresses cr^, CTyy, a zz , r xy , T yz , (global) 
Local stresses 

Stress intensities and principal stresses 



3-D 

3-D shell structures with general loading 
UX, UY, UZ, ROTX, ROTY, ROTZ 
Quadratic 

In shell local coordinates: quadratic on midsurface and linear 
through the thickness 

On the midsurface and in shell local coordinates: 

Triangle: linear 

Quad: quadratic/linear (linear through thickness) 

Surface and edge pressure 

Self-weight 

Thermal 

Centrifugal force 

3-D stresses cr^, cr yy , cr zz , r xy , r yz , (global) 

Local stresses 

Stress intensities and principal stresses 
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9.2 Types of Analysis 

If the applied loading on the structure is to change with time, the designer should make a decision on 
whether or not a dynamic analysis is required. To be able to make this decision, information about the 
loading and the natural frequencies of the structure are required. From the loading point of view, we 
classify a general loading on a structure into one of four categories: steady, cyclic, transient, and random. 

Figure 9.21 shows a schematic presentation of the four loading categories. Figure 9.21b shows two 
types of cyclic loading, one is a simple harmonic loading with amplitude of oscillation F 0 , period 
T = 277, and frequency/ = 1/T. The second is a periodic loading with a period T. Using Fourier analysis, 
any periodic function with a period, T, may be decomposed into a series of harmonic sines and cosines 
with frequencies /j = 1/T, 2/, 3/, ..., «/. Figure 9.21c shows a transient load with a duration T. 

Some forcing functions do not lend themselves to simple frequency or time specifications. Figure 9.21d 
shows a typical time history of a forcing function of such a category that may be considered as random 
excitation. Transient and cyclic forcing functions are normally specified as force vs. time or frequency, 
respectively. On the other hand, random forcing functions are commonly specified as the magnitude of 
the input acceleration squared vs. frequency. This input data is normally called a power spectral density 
(PSD) input curve. Time history input may be used in the analysis of random excitation and the random 
input may be treated as transient. This would normally require extensive computer resources and CPU 
time due to the very large number of time steps that would be required to capture the peak response. 
Random excitation may occur from random sources such as road undulation on vehicles, noise, 
earthquakes, and seismic events on buildings, and wind and turbulent loading on airplanes. For practical 
purposes, PSD curves have been compiled for various random events and are normally available in most 
FE commercial, programs. 

In addition to the load specification, the second factor affecting the decision on the type of analysis is 
the natural frequency of the structure. Structures with mass and stiffness characteristics are capable of free 
vibrations after removing the initial excitation on the structure. Depending on the initial conditions of 
excitation, the structure may vibrate in one natural frequency or in a combination of more than one 



Force 



Time 
(a) Steady 






FIGURE 9.21 Various loading types. 



© 2005 by Taylor & Francis Group, LLC 




Finite Element Applications in Dynamics 



9-21 



natural frequency. In the latter case, the vibration will result in a complex periodic motion that may be 
decomposed into a series of harmonic motions vibrating at the first natural frequency (fundamental one) 
and its multiples. As indicated, these frequencies are called the natural or resonant frequencies of the 
system and they depend on the mass and elastic or stiffness characteristics of the system. In other words, 
the natural frequencies of a system are those frequencies that the system tends to vibrate under conditions 
of free vibration. Theoretically, a continuous system or structure has infinite DoF and infinite natural 
frequencies. From a practical modeling point of view, the structure will have a number of natural 
frequencies equal to the number of DoF used to model the structure. The mode shapes give the relative 
displacements of each point in the structure when it vibrates in one of the natural frequencies. Each 
natural frequency has a corresponding mode shape. The first mode shape corresponding to the first 
natural frequency of a structure represents the most flexible way in which the structure may deform or 
vibrate and corresponds to the least strain energy level in all modes. It is important to note that, a 
symmetric structure will have symmetric and antisymmetric mode shapes. This may be realized by 
considering the mode shapes of a simple beam as shown in Figure 9.22 where all odd number modes are 
symmetric and all even number modes are antisymmetric. 

The information provided by the natural frequencies and mode shapes of a structure is vital in 
understanding the behavior of the structure under general excitation. If a structure is excited in one of its 
natural frequencies, then theoretical analysis of the structure response as an undamped system shows that 
the amplitude of the resulting vibration response reaches infinity. In practice, all structures possess a 
certain amount of damping that will limit the amplitude of vibration. 

Determining the type of analysis required for a structure depends on the nature of the applied load and 
the magnitude of the first natural frequency or the fundamental frequency of the structure. The two main 
categories of analysis types are static and dynamic analyses. A steady load, i.e., a load that does not change 
with time (Figure 9.21a), would require simple static analysis. If the load varies with time, it does not 
necessarily mean that dynamic analysis needs to be performed. For example, if the loading is harmonic 
with a frequency less than approximately one third of the first natural frequency of the structure then 
static analysis will provide an accurate solution and we only need to solve the static problem for the peak 
load values. (For this frequency range, static analysis may provide a maximum difference of 12.5% in the 
response for undamped structures and for a forcing frequency less than one fourth of the natural 
frequency, the difference is only 6.7%.) In this case, the load is normally called “quasi-static.” We may 
apply the same rule to periodic loading after decomposing it into its harmonic components. In transient 
loading, we should consider the time of application of the load or the “rise time.” If the longest natural 
period corresponding to the first natural frequency of the structure is more than about twice the rise 
time, the loading should be classified as shock or impact loading and transient dynamic analysis would be 
required. If the longest natural period of a system is less than about one third of the rise time, it would be 
sufficient to perform static analysis and consider the loading to be quasi-static. If the longest natural 
period falls between the quasi-static and shock conditions then a transient dynamic analysis would be 
required and the load would be classified as transient loading. If the loading cannot be categorized as 
frequency dependent or time dependent, as for example the one shown schematically in Figure 9.21d, 
then it should be considered random. 









Simple Beam 




Mode-2 




Mode-3 




Mode-4 



FIGURE 9.22 First four mode shapes of a simple beam. 
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From the above discussion, the following categories of dynamic analysis maybe classified (Mirovitch, 
1980): 

Modal and natural frequency analysis : This is normally performed before any other type of dynamic 
analysis and will produce the natural frequencies and mode shapes of the structure. This information 
is vital for understanding the dynamic behavior of the structure and provides data for decoupling the 
dynamic equations in other analyses. One objective of this analysis is to make sure that the structure 
is not operating at a frequency close to one of its natural frequencies. A comfortable range for an 
operating frequency is three times higher than the nearest natural frequency from the lower side and 
three times smaller than the nearest natural frequency from the higher side. If the operating 
frequency is higher than the first natural frequency, then large vibration amplitudes or “shudder” will 
be evident upon passing the natural frequency and certain startup procedures may have to be 
devised. 

Frequency response analysis: This type of analysis is performed if the loading on the structure is 
harmonic or periodic. In periodic loading, the loading function is first decomposed into its sine and 
cosine components using Fourier analysis. In this analysis, the response will be harmonic with the same 
loading frequency and with a possible phase shift. The output of such analysis would be displacements, 
velocities, and accelerations that may be used to calculate forces and stresses in the structure. The 
displacement output of this analysis defines the deformed shape of the structure, which, in general, is 
different from the structural mode shapes and may be used to calculate stresses and strains in the 
structure. Assuming linear conditions, the response to multiple frequency inputs may be simply summed 
up using the superposition technique. 

Transient response analysis: This type of analysis is performed if the loading on the structure is classified 
as transient or shock. There are two general approaches to solving the equation of motion in transient 
analysis. One is the “direct integration approach” and the other is the “modal superposition approach.” 
In the direct integration approach, the system equations of motion are integrated directly in the time 
domain. The required number of time steps depends on the period and the assumptions specified for 
displacement, velocities, and accelerations within the time step. This number may be quite large and the 
solution to large size problems may become a computationally difficult task. 

In the second method, the modal superposition approach, the equations of motion are first 
transformed to modal generalized displacements. In order to perform this transformation, the mode 
shapes of the structure should first be determined through a modal analysis. The transformation yields a 
set of decoupled second-order differential equations for the system that are easier to solve. The basic 
assumption in this approach is that the superposition of the structural response due to the first few lower 
mode shapes adequately represents the dynamic response of the structure under general transient 
loading. In practice, this means that only a fraction of the mode shapes of the structure are needed to 
accurately represent the dynamic behavior. This approach will be generally less accurate than the direct 
integration approach but will provide substantial savings in computation time for large size problems. 

The output of transient analysis is time histories of displacements, velocities, and accelerations of the 
system that may be used to calculate forces and stresses. 

Random response analysis: If the loading on the structure cannot be classified as frequency or time 
dependent, it is considered random. Problems with random loading may be solved using a “time history 
approach” or a “power spectral density (PSD) approach.” The time history approach treats the random 
input as a transient one and performs a step-by-step integration over the excitation period. This is 
normally very costly and requires intensive use of computational resources. If the structure has multiple 
random inputs in more than one direction, then the transient time history approach is more accurate and 
may be the preferred approach to solve the problem. Structures with random inputs in more than one 
direction may be analyzed by a modal superposition approach with special procedures to combine the 
modal responses (see Section 9.5.4 for details). In the PSD approach, the input will be acceleration as a 
function of frequency. This is normally specified as a discrete or continuous spectrum by providing values 
of the (G 2 //) vs. /, where G is the input acceleration and / is the frequency. This approach is most 
appropriate for a single input in one direction. 
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As mentioned above, most programs will have standard time history inputs or PSD inputs to simulate 
commonly used random excitations such as vibrations due to road irregularities, earthquakes and seismic 
inputs, vibration due to wind loads for aerospace parts, and wind loads for wind tunnel tests. 



Remarks 



Structural loading maybe classified into four categories: steady (constant with time), cyclic 
(harmonic with period T = 2tt and frequency / = 1/T or general periodic that may be 
decomposed into harmonics by Fourier analysis), transient with a duration T, and random. 
Random forcing functions are commonly specified as the magnitude of the input 
acceleration squared vs. frequency (PSD). Typical PSD curves have been compiled for 
various random events and are normally available in commercial FE programs. 

The natural frequencies of a system are those frequencies that the system tends to vibrate 
under conditions of free vibration. The mode shapes give the relative displacements of each 
point in the structure when it vibrates in one of the natural frequencies. Symmetric 
structures will generally have symmetric and antisymmetric mode shapes. 

If the loading is harmonic with a frequency of less than approximately one third of the first 
natural frequency of the structure, static analysis for the peak load levels suffices. In 
transient loading, if the longest natural period of a system is less than about one third of the 
rise time, loading is quasi-static and static analysis suffices. 

In transient loading, if the longest natural period corresponding to the first natural 
frequency of the structure is more than about twice the rise time of the load, it is necessary 
to classify the loading as shock or impact loading and transient dynamic analysis would be 
required. 

If the longest natural period falls between the quasi-static and shock conditions, a transient 
dynamic analysis would be required. 



9.3 Modeling Aspects for Dynamic Analysis 

Section 9.1 and Section 9.2 provide guidelines for problem and analysis classification. Once a decision 
has been made about the type of problem and the method of analysis to be used, the designer still has to 
finalize many details to create a working model for the structure. This section provides a brief discussion 
of the main aspects required to do this. This includes choice of model size and master DoF, lumped and 
consistent mass modeling, and use of symmetry. Another important aspect of modeling, damping, will 
be dealt with in Section 9.4. 



9.3.1 Model Size and Choice of Master Degrees of Freedom 

Using the same model for both static and dynamic analysis will make the FE solution to the dynamic 
problem more complicated and therefore much more memory and CPU resources will be required. Also, 
the results may not be necessarily more useful or accurate. Therefore, FE models for dynamic analysis 
should, in general, be kept simple. 

Depending on the type of dynamic analysis, it may be possible to construct a much simpler model for 
the dynamic problem, possibly using spring, beam, and mass elements. If we consider modal analysis, for 
example, the objective is to find the mode shapes of the structure and the corresponding natural 
frequencies. In practice, we seldom need more than the very few lower natural frequencies and mode 
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Model for stress analysis Beam model for modal analysis 

FIGURE 9.23 Static and dynamic models for a shaft. 

shapes for a structure. Using a static model that may have thousands of DoF in a modal analysis is very 
time consuming and does not serve the purpose of the mode shape analysis. It may be better and more 
efficient to construct a mass spring/beam model for the modal analysis. Figure 9.23 shows a static analysis 
model for a shaft and a corresponding much simpler mode shape analysis model. In the mass/beam 
model for modal analysis, the beam properties may change to accommodate specific variations in the 
shaft geometry. It is also possible to extract accurate values for the spring and beam stiffnesses in 3-D 
using a detailed static model. 

Most programs provide means for condensing or reducing the DoF in a dynamic analysis. A 
common condensation method used is the “Guyan reduction” (see e.g., Freed and Flanigan, 1991; 
Bouhaddi and Fillod, 1992; Deiters and Smith, 2000). In these condensation methods, the analyst 
specifies certain DoF to be masters and to be retained by the program, while all other DoF would be 
considered slaves and would be eliminated or condensed. The dynamic analysis is then carried out 
using the master DoF. Information pertaining to slave DoF is still available and may be extracted in 
subsequent runs that may involve stress or other detailed analyses or postprocessing. Reduction has the 
same effect as modal superposition in terms of reducing the problem size and the required CPU time. 

Fundamental differences between the two methods may be realized due to the nature of reducing the 
system of equations. In the modal superposition technique, reduction is accomplished by assuming that 
the superposition of the structural response due to the first few lower mode shapes adequately represents 
the response of the structure. In other reduction methods, such as the Guyan reduction technique, we 
assume that the response of the system is accomplished from the response of certain predetermined 
master DoF. In the modal superposition technique, a modal analysis must be performed first and the final 
equations of motion are decoupled, whereas in the other reduction methods no modal analysis is 
necessary and the final equations of motion are generally full and coupled. Reduction of the total DoF to 
a set of master DoF has the effect of imposing displacement constraints on the system that increase the 
stiffness and subsequently overestimate the natural frequencies. The least affected modes are the 
lower ones. Therefore, reduction and modal superposition techniques should not be used, in general, 
for shock and impact loading (the modal superposition technique entirely ignores the response from 
higher modes). 

The choice of master DoF may be performed automatically by the program. There is no assurance, 
however, that this will always produce the best choice of masters. The analyst may like to use the program 
for a first choice of master DoF and then augment the choice manually to improve the accuracy. Simple 
rules may be used to identify the master DoF (see ANSYS User’s Manual, 2003). The general rule is to 
choose DoF with large mass and small stiffness or large mass to stiffness ratios as masters. Master DoF 
should be chosen in the direction of the expected response of the structure, e.g., in a beam or shell model, 
lateral DoF would be more appropriate than axial or membrane DoF, assuming that the load produces 
lateral deflections. Rotational DoF are seldom used as masters. It is also important to spread out and not 
cluster the master DoF so that they will be capable of producing the structural response. Finally, DoF with 
concentrated mass, a specified input force, or displacement should be retained as masters. 
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The question of how many master DoF are adequate is not an easy one to answer. The rule of thumb is 
to have having at least double the number of master DoF compared with the number of modes of 
interest. The other guideline is to use 10 to 50% of the total DoF as masters. In practice, the only sure way 
to test the adequacy of the number of master DoF is to run the analysis with two different choices and 
compare the results to make sure that the modes of interest are not substantially different. 



Remarks 



In general, dynamic analysis models should be simpler and much smaller in terms of the 
number of DoF (than static analysis ones). In modal analysis, it is better and more efficient 
to construct a mass spring/beam model for the structure. 

“Guyan reduction” may be used to reduce the model size by selecting master DoF for the 
analysis and condensing out slave DoF. 

Master DoF may initially be chosen by the program. The analyst should, however, ensure 
that the choice includes nodes with a large mass to stiffness ratio and with DoF in the 
direction of the expected response of the structure. Also, it is important to spread out and 
not cluster the master DoF. 

As a rule of thumb, the number of master DoF should be at least double the number of 
modes of interest or about 10 to 50% of the total DoF. 



9.3.2 Lumped and Consistent Mass Modeling 

The mass characteristic of the structure may be modeled as a lumped or consistent mass matrix. Lumped 
mass simply means dividing the total mass of the element by the number of nodes. This produces a 
diagonal mass matrix and may significantly reduce the numerical effort required to solve the dynamic 
equations. Considering rotational inertia terms in lumped mass assumptions is arbitrary and is normally 
ignored. If the lumped mass matrix has zero diagonal terms, the matrix will be positive semidefinite and 
the natural periods corresponding to the zero diagonal terms will be zero. This will have serious 
implications on the choice of the time step in explicit direct integration solution methods and will be 
discussed in Section 9.4. A lumped mass assumption implies a discontinuous acceleration field in the 
element and it usually gives good accuracy for lower modes and frequencies (Chan et al., 1993; Jensen, 
1996). A consistent mass matrix is derived by introducing inertia forces in the virtual work formulation 
of a dynamic FE problem. This would normally lead to a full mass matrix making contributions to both 
translational and rotational DoF as well as coupling terms. Consistent mass representation usually 
provides better accuracy for higher modes and frequencies (Kim, 1993). 

It may be concluded that, if no reduced integration is used to compute element stiffness, the element is 
compatible, and a consistent mass matrix is used, then the calculated natural frequencies will be an upper 
bound of the model frequencies (Cook et al., 1989). In some applications such as plates, shells, and 3-D 
solid elements, it has been found that the convergence rate of the natural frequency calculations for the 
lumped mass discretization is the same as that for a consistent mass formulation (Chan et al., 1993; 
Jensen, 1996). 

Some FE programs provide a modified lumped mass modeling in which the diagonal translational 
terms are proportional to the diagonal terms of the corresponding consistent mass matrix. This yields 
more accurate results, in general, than the traditional lumped mass assumption. Several studies have been 
published on the merits of combining consistent and lumped mass formulations into some kind of 
modified lumped mass matrix (Chan et al., 1993; Kim, 1993; Jensen, 1996). The modified lumped mass 
matrix is generally a linear combination of the lumped and the consistent mass matrices. For an 
improved accuracy, the consistent mass should be weighted more than the lumped mass. 
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In building a lumped mass model for the structure, the analyst should realize that one of the objectives 
is to capture the few lower natural frequencies and mode shapes of the structure. To achieve this, the 
model should minimize the strain energy and maximize the kinetic energy of the structure. Minimizing 
the strain energy of the structure may be realized by accurately modeling the soft links in the load path. 
Structural supports are particularly difficult in this regard. Changing the support model from completely 
rigid to slightly flexible may shift the first natural frequency by as much as 40% (although it will not have 
much impact on the mode shape). Maximizing the kinetic energy is simply realized by accurate modeling 
of the system mass, especially in areas where the mass is large and the stiffness is small. 

Care should be exercised when modeling masses attached to the system, e.g., a large “nonstructural” 
mass on top of a building (e.g., a mass of a machine, reservoir, etc.) or the mass of an engine in a car 
model. If the stiffness characteristic of the nonstructural mass is not important, it maybe simply modeled 
as a rigid lumped mass with an offset mass center from the nearest node. Most programs have a rigid link 
capability to connect this mass to the structure. This kind of model is transformed internally to a 
nondiagonal mass matrix and may only be used with a consistent mass formulation for the structural 
mass. If the structural mass is modeled as lumped, the nonstructural mass will simply be added to the 
nearest node, which may not be an accurate representation of the physical model. 



Remarks 



• A lumped mass matrix is a diagonal mass matrix that may be obtained by simply dividing 
the total mass by the number of DoF or alternatively by certain combinations of lumped 
and consistent mass terms. A consistent mass matrix is derived from FE virtual work 
equations and is normally a full mass matrix having translational, rotational, and coupling 
terms. 

• Lumped mass may significantly reduce the numerical effort required to solve the dynamic 
equations without impacting the accuracy. 

• Zero diagonal terms in the mass matrix should be avoided as much as possible. 

• A lumped mass assumption usually gives good accuracy for lower modes and frequencies, 
whereas consistent mass representation usually gives better accuracy for higher modes and 
frequencies. 



9.3.3 Use of Symmetry 

Use of symmetry to reduce the analysis cost and computer time is rather tricky in modal analysis. As 
shown in Table 9.2, symmetric structures have both symmetric and nonsymmetrical mode shapes. If 
we only use a symmetric model with symmetric boundary conditions, all nonsymmetrical modes will 
be undetected. This will change the interpretation of the results and will have an impact on 
subsequent analyses using the modal data. If the objective is to perform only a modal analysis, it may 
be advisable to have a less detailed full model rather than a detailed half or quarter model. Also, if the 



TABLE 9.2 Symmetric and Antisymmetric Boundary Conditions 



Plane of symmetry 




Symmetric Boundary Conditions 




Antisymmetric Boundary Conditions 


U x 


Uy 


u z 


e x 


0y 


e z 


u x 


Uy 


u z 


e x 


6y d Z 


XY 


— 


— 


0 


0 


0 


— 


0 


0 


— 


— 


— 0 


XZ 


— 


0 


— 


0 


— 


0 


0 


— 


0 


— 


0 — 


YZ 


0 


— 


— 


— 


0 


0 


— 


0 


0 


0 


— — 
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objective is to perform frequency response or transient analysis using the modal data, it may be 
advisable to rely on a full model. Experienced analysts may use symmetric models and run the modal 
analysis with symmetric and antisymmetric boundary conditions to capture the response of all 
modes. Table 9.2 summarizes symmetric and antisymmetric boundary conditions for translational 
and rotational DoF. 



9.4 Equations of Motion and Solution Methods 

In this section, an overview of the equation of motion and the various solution methods available are 
provided. In most cases, detailed derivation of the equations is not given. The intention is to highlight 
various solution schemes and the practical aspects of choosing a particular one for a given system or a 
given dynamic analysis. A consideration of damping and its idealization are also discussed in this section. 



9.4.1 Equation of Motion 



The equations of motion describing the dynamic behavior of a structural system may be obtained from 
the extended Hamilton’s principle for elastodynamics: 



where 



5 J " (L7 — T)dt - | f SWdf = 0 



( 9 . 1 ) 



8: first variation 

t a , tf : two arbitrary time points at which the first variation vanishes 
U: strain energy of the system 
T: kinetic energy of the system 

5 W: virtual work of the external forces acting on the system during virtual displacements 

The external forces may be conservative or nonconservative. Nonconcentrative forces, e.g., damping 
and follower forces, are deformation dependent, i.e., their magnitudes and/or directions depend on the 
deformations. Introducing the finite element discretization assumption and substituting expressions for 
the virtual work and the kinetic and strain energy terms into the above equation, we obtain the Lagrange 
equation which finally leads to the equations of motion of the system that may be written in the following 
form: 

Mu + Cu + Ku = p(t) (9.2) 



where M, C, and K are, respectively, the global mass, global damping, and global stiffness matrices (made 
up by proper assembly of the element matrices); p(f) is the time-dependent applied force vector; and ii, li, 
and u are the nodal acceleration, nodal velocity, and nodal displacement vectors, respectively. 

The global mass and damping matrices are assembled from the element matrices that are given by 
(Cook et al„ 1989; Bathe, 1996): 



M (e) = 
C (e) = 



Jv 

1 , 



p (e) N T N dV 



4 e) N T N dV 



(9.3) 

(9.4) 



where p (e) and 4 e) are the mass density and the viscous damping coefficient for an element e, and N is the 
matrix of the element shape functions. 

As indicated above, there are two general approaches to solving Equation 9.1. One is the direct 
integration approach and the other is the modal superposition approach. With the direct integration 
approach, the equations of motion are integrated directly in the time domain. In the second approach, 
the modal superposition method, the equations of motion are first transformed to modal generalized 
displacements through the use of the mode shapes of the structure. The transformation yields a set of 
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decoupled second-order differential equations for the system that are easier to solve. In the remaining 
part of this section, we describe the two solution approaches in more detail. 



Remarks 



• Equation 9.2 is the general equation of motion for a dynamic system. Two solution methods 
are available: the direct integration approach and the modal superposition approach. 



9.4.2 Direct Integration Method 

With this method, the coupled equations of motion are integrated directly without special 
transformation. Direct integration schemes seek to satisfy the equilibrium equations of motion at 
discrete time points, 0, At, 2 At , . . . , t, t + At, . . . etc. This requires assumptions for the variation of ii, u, 
and u within the time step. These assumptions will determine the accuracy and convergence 
characteristics of a particular time integration scheme. They also govern the variation of these quantities 
with time and are different from the shape function assumptions for the element, which govern the 
displacement variation within the element, i.e., with spatial coordinates. Direct integration schemes may 
be categorized as “explicit” and “implicit” schemes. In explicit schemes, the equilibrium equations at 
time t are used to solve the unknowns at time t + At. These schemes are usually fast and efficient and 
require no factorization of the effective stiffness matrix provided that the mass and damping matrices can 
be formulated as diagonal matrices. The main drawback of these schemes is the requirement that the time 
step for the analysis has to be smaller than a critical value. On the other hand, in implicit schemes, the 
equilibrium equations at time t + At are used to solve unknowns at time t + At. These schemes require 
factorization of the effective stiffness matrix of the structure at each time step but do not require the 
condition of a critical time step. In implicit schemes, the number of operations at each time step is 
proportional to the matrix order times half of the band width, m = anb, where m is the number of 
operations, n is the number of equations, a is a constant > 2, and b is half the band width. 

Many integration schemes are available in commercial FE programs. These include Euler forward, 
Euler backward, central difference, Houbolt, Wilson- 6, and Newmark schemes (Belytschko and Hughes, 
1983; Zeng et al., 1992). In the following, one example of an explicit scheme and one example of an 
implicit scheme are discussed. 

9.4.2. 1 The Central Difference Method 

This is an explicit scheme in which the velocity and acceleration assumptions are given by 



2At 



( ,+At u - t_Af u) 



' u - A( ,+a ' u - 2 ' u+, " a ' u ) 



(9-5) 



Using Equation 9.5 in the equilibrium equation at time (f) to obtain a solution at time (f + At) gives 



1 , M + 1 cl f+Af u = f p - 


r 2 I , 

K - , M u — 


r i 

, M - 


1 "1 
C 


_ (Af) 2 2(Af) J V 


(Af) 2 


L (Af) 2 


2(Af) J 



f-Af 



u (9.6) 



If the mass and damping matrices are diagonal, Equation 9.6 requires no assembly and no factorization of 
the effective stiffness matrix of the structure is required. The scheme is, however, conditionally stable and 
requires a time step smaller than a critical value given by 

Af cr < TJtt (9.7) 
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where T n is the smallest period in the FE assembly with n DoF. This is an important condition and should 
be examined carefully. If the mass matrix has a zero diagonal value, the corresponding period will be zero 
and Equation 9.7 cannot be satisfied. Introducing very small diagonal values may not provide a practical 
solution since the time step will be very small and the number of steps will be excessive. The scheme is 
generally applied when a lumped mass assumption with no zero diagonal terms and velocity-dependent 
damping are assumed. The initial conditions required for this scheme are the displacements, velocities, 
and accelerations at time t = 0. 



9.4. 2. 2 The Newmark Method 

This is a commonly used implicit scheme with the following assumptions: 



f+Af u = f u + [(1 - a/U + a ,+At ii]Af 
f+Af u = f u + f u At + [ Q - pj f ii + /S f+Ai u J(Af) 2 



where a and B are user input parameters. Equation 9.8 and Equation 9.9 are solved for f+Af u and 
then substituted into the equilibrium equations at time (t + Af) to obtain: 

1 



K + 



£Af C+ /3(A0 : 



M 



f+At 



f+Af- 



(9.8) 

(9.9) 
,+At u, 

(9.10) 



where the right-hand side is a function of the parameters a, /3, At, K, M, C, f u, f u, and f ii. Equation 9.10 
indicates that the scheme requires assembly and factorization of the effective stiffness matrix of the 
structure. The choice of parameters a and f3 will determine the stability of the scheme and may reduce 
the scheme to be equivalent to other known ones as follows: 



• For 2 /3 > a > 1/2, the scheme is unconditionally stable. This does not guarantee accuracy and 
only ensures that the results will not grow out of bounds (Belytschko and Hughes, 1983). 

• A slightly more stringent criterion for unconditional stability that provides artificial damping in 
higher modes is given by using (Belytschko and Hughes, 1983): 

1 , „ 1 / 1 

a > — and B > — a H — 

2 H 4\ 2 

• A commonly used option gives a = 1/2 and B = 1/4 which corresponds to a trapezoidal rule with 

constant average acceleration. 

• Another option that corresponds to a linear acceleration assumption is given by a = 1/6 and 
B = 1/2. This method is very good for small Dt but tends to be unstable for large Dt. 

Table 9.3 summarizes the above choices for a and B- 



TABLE 9.3 Typical Choices of a and /3 Parameters for the Newmark Scheme 



a Value 


jS Value 


Comments 


2|3>a> 1/2 


2/3 > a > 1/2 


No guarantee of accuracy 


1 

a > - 
2 




Improved accuracy 

Provides artificial damping in higher modes 


1 

a > - 
2 


^4<“ + 2> 2 


Improved accuracy 

Corresponds to a trapezoidal rule with constant average acceleration 


1 

a > - 
2 


^4 


Improved accuracy 

Provides artificial damping in higher modes 
Good for small Dt 


a — 1/6 


/3= 1/2 


Improved accuracy 
Corresponds to a linear acceleration 

Very good for small Dt but tends to be unstable for large Dt 
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Remarks 



• In the direct integration approach, the equations of motion are integrated directly without 
special transformation. Such schemes may be categorized as explicit and implicit schemes. 

• Explicit schemes are usually fast, efficient, and require no factorization of the effective 
stiffness matrix provided that the mass and damping are diagonal (refer to Equation 9.6 for 
an example). However, explicit schemes require the time step to be smaller than a critical 
value (Equation 9.7) that normally leads to very large number of steps. 

• Implicit schemes require factorization of the effective stiffness matrix of the structure at 
each time step (refer to Equation 9.10 for an example) but do not require the condition of a 
critical time step. 

• Although implicit schemes are unconditionally stable, accuracy is not always guaranteed 
without careful consideration of the step size (refer to Table 9.3). 



9.4.3 Modal Superposition Method 

In this method, the nodal displacement response is expressed in terms of the normal modes that may be 
found in an eigenvalue analysis. The coupled equations of motion, Equation 9.2, are first transformed 
into a set of independent or decoupled differential equations cast in modal generalized coordinates 
(Mirovitch, 1980). The dynamic response of the original system is then obtained by superimposing the 
responses of the uncoupled modal equations. The generalized coordinates (modal coordinates) are 
introduced by the following coordinate transformation 

m 

u = 4>q and u ; = ^ <p^qj (9. 1 1) 

M 

where <t> is an n X m matrix called the eigenvector or mode shape matrix, m is the number of eigenvectors 
(m < n), n is the number of DoF of the system, and q is a vector of size m X 1 representing the number of 
mode-amplitude generalized or normal coordinates. The transformation given by Equation 9.11 
represents a change of basis from nodal displacements (u) to modal generalized coordinates (q). In order 
for the equations to be decoupled in the modal generalized coordinate system, the triple product <t> T C4> 
has to be a diagonal matrix and the following orthogonality property is assumed for damping: 

4> T C<i> = diag(2 £w,) (9.12) 

where is the damping ratio for mode i and diag(2f ; w ; ) indicates a diagonal matrix with the /th diagonal 
component of 2£ ; <u ; . This form has been assumed by generalization of damping for a single DoF system. 
It is practically more convenient to define the damping by the damping ratios of each mode than it is to 
evaluate the damping matrix explicitly. Introducing Equation 9.11 and Equation 9.12 into the equation 
of motion, the following decoupled equations of motion are obtained: 

q + diag(2£<U;)q + diag(o)' )q = 4> T p(f) (9.13) 

If the components of the applied force vector have the same time function, so that p(f) can be expressed as 

P (t) = pg(t) (9.14) 

where p is a constant vector and g(t) is a function giving the time change of the load vector, then the 
modal load can be written as 

fr(t) = (<fy p)g(f) = l\g(t) (9.15) 
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where tp J is a row modal vector corresponding to mode r. The quantity _T r is referred to as the modal 
participation factor ( N1SA User’s Manual, 1992). A particular use of this quantity is in ground motion 
types of excitation. 

Once the generalized coordinates, q, are evaluated, the physical response of the original system in 
terms of nodal displacements, velocities, accelerations, and stresses are recovered from Equation 9. 1 1. For 
the stress recovery, it is noted that ( NISA User’s Manual, 1992; Kim et al., 1994): 

m 

cr(f) = DBu (e) (f) = DB 4> (e) q = [DB 4> (e) ] q = Aq or a,(t) = A ir q r (9.16) 

r— 1 

where <r,(f) represents a stress component in an element (i.e., er^., cr )T , cr xy , etc.), A ir lists the stress 
components corresponding to the rth mode at a typical point. That is, A in r= 1,2, ...,m are modal 
stresses which should be interpreted as stress shapes rather than absolute values of stress and the matrix D 
is the material stress -strain matrix. 

The above derivation of the mode superposition method shows the decoupling advantage of the 
normal coordinates, whereby the change of basis from nodal displacements to normal modes yields a set 
of uncoupled modal equations, with each equation cast in the form of a single DoF oscillator. As 
indicated above, another major advantage of the normal mode method is that a good approximation to 
the response maybe obtained using a drastically reduced number of coordinates (m <C n). For most types 
of loading, with the exclusion of shock and impact loading, the contributions of the lowest few modes are 
generally more pronounced than the higher modes. Furthermore, practical finite element idealization 
approximates the lower modes better and tends to be less reliable for higher modes of vibration. 



Remarks 



In the modal superposition approach, the equations of motion are first transformed into a 
set of decoupled equations cast in modal generalized coordinates. The response of the 
system is then obtained by superimposing the solutions of the decoupled modal equations 
(Equation 9.13 and Equation 9.16). 

The modal superposition approach may only be achieved for linear systems with 
proportional or directly assumed modal damping (refer to Section 9.4.4). 

In the modal superposition approach, a good approximation to the response may be 
obtained using a drastically reduced number of modes. For most types of loading, with the 
exclusion of shock and impact loading, the contributions of the lowest few modes are 
generally more pronounced than the higher modes. 

Practical FE idealization approximates the lower modes better and tends to be less reliable 
for higher modes of vibration. 



9.4.4 Damping Formulation 

Damping is a source of energy dissipation in the structure and it leads to decay of the free vibration 
amplitude with time. Damping sources in a structure include internal friction in the material, Coulomb 
friction in sliding and pin joints, and other viscous friction forces due to fluid friction (Beards, 1982; 
Fretzen, 1986). The overall damping of a system is normally quite difficult to obtain and, in general, must 
be determined experimentally (Kareem and Gurley, 1996). In free vibrations and modal analysis, the 
damping may be neglected or an overall small value for the system may be assumed. This is a reasonable 
assumption since in practice damping is small enough and can usually be assumed to be viscous. In 
forced vibrations, however, and when the forcing frequency is close to one of the system’s natural 
frequencies, the response of the system is dominated by the specified damping values. 
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Commonly, damping is described in viscous or structural form. Both descriptions are used for their 
mathematical convenience but may not truly represent the actual damping behavior and mechanism. For 
viscous damping, the damping force is proportional to and opposes the velocity. With structural 
damping, the damping force is proportional in magnitude to the internal elastic force (i.e., to the 
displacement) and is in the opposite direction to the velocity. In practical FE analysis, most programs 
provide the following damping representation that may be used for dynamic analysis: 

1. Discrete viscous damper elements (dashpots). As discussed in Section 9.1.2, these elements are 
damping counterparts of the spring elements and are discrete idealization of viscous damping in the 
structure. The damping matrix resulting from these elements, in general, cannot be decoupled as in 
Equation 9.12. Hence, these elements may be used only with direct integration solution methods. 

2. Proportional viscous damping (Rayleigh damping). In this type, the following arbitrary form for 
the damping matrix is assumed: 

C=qK + qM (9.17) 



where q and c 2 are constants to be determined and supplied by the user. A commonly used method in 
determining the constants q and c 2 is to define two damping rations and f 2 corresponding to two 
unequal natural frequencies cq and a> 2 , respectively. Since C is proportional to K and/or M, it satisfies the 
orthogonality property and we have 

qrq + c 2 — 2 £j(Oj (9.18) 

which leads to 



6 = 



qw; _q_ 

2 2 ( 0 : 



(9.19) 



Equation 9.19 is then used to calculate the coefficient q and c 2 from the knowledge of the specified 
damping rations and £ 2 and their corresponding natural frequencies to, and co 2 . For the case when C is 
only proportional to K (c 2 = 0), the damping ratio is proportional to the natural frequency, and thus the 
higher modes will be damped more than the lower modes. Similarly, if C is only proportional to M 
(q = 0), the damping ratio is inversely proportional to the natural frequency and the higher modes will 
have less damping than the lower modes. The relationship of Equation 9.19 is diagrammatically 
illustrated in Figure 9.24. 

The above method for calculating the coefficients q and q should not restrict the use of proportional 
damping to only modal analysis. Proportional damping may be used in harmonic, modal, and transient 
analyses, as well as substructure and reduced types of analyses. 

For direct transient dynamic analysis, different sets of constants q and q may be assigned to different 
parts of the model. This may result in a nonorthogonal global damping matrix. The damping 
orthogonality condition, however, is not required in direct transient dynamic analysis since the governing 
equations are directly integrated. 




FIGURE 9.24 Proportional damping. 
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TABLE 9.4 Typical Damping Ratios for Various Systems and Materials 



System/Material 


Damping Ratio 


Various metals in elastic range 


<0.01 


Small diameter piping systems 


0.01-0.02 


Large building during earthquake 


0.01-0.05 


Large diameter piping systems 


0.02-0.03 


Welded joints and rigid metal structures 


0.02-0.04 


Prestressed concrete structures 


0.02-0.05 


Metal structures with joints 


0.03-0.07 


Transmission lines (aluminum or steel) 


0.04 


Reinforced concrete structures 


0.04-0.07 


Rubber 


0.05 


Bolted joints 


0.07 


Shock absorbers 


0.30 



3. Modal viscous damping, in which the damping ratios are directly specified for the 
participating modes. This type of damping can be used in modal dynamic analyses and usually 
provides good results for systems with small damping. In this type, the damping matrix is assumed 
to be diagonal with values of where i is the z'th diagonal and is the damping ratio for 

mode i with frequency oj ; . 

Typical values of overall damping ratios for various systems are given in Table 9.4 (Adams and 
Askenazi, 1999). 



Remarks 



Damping is a source of energy dissipation in the structure and is generally difficult to 
quantify. Damping sources in a structure include internal, Coulomb, and viscous friction. 
The most common forms of damping provided by FE programs are discrete, proportional, 
and modal viscous damping. 

Discrete damping is modeled by special spring and damping elements in FE applications. 
The damping matrix resulting from these elements cannot, in general, be decoupled as in 
Equation 9.12. Hence, these elements may be used only with direct integration solution 
methods. 

Proportional viscous or Rayleigh damping (Equation 9.17) leads to a decoupled damping 
matrix and may be used in both direct integration as well as modal superposition 
approaches. 

A commonly used method to determine the coefficient of proportionality is through 
defining two modal damping ratios (Equation 9.19). 

In modal viscous damping, the damping ratios are directly specified for the participating 
modes and the damping matrix is assumed to be diagonal. 



9.5 Various Dynamic Analyses 

9.5.1 Modal Analysis 

This is normally the first, and in certain cases the only, type of analysis required for a structure. It is 
used to obtain the dynamic characteristics of a system in terms of its natural frequencies or eigenvalues 
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and associated undamped free vibration natural modes or eigenvectors. These eigenmodes may then be 
used to decouple the general equations of motion in other types of dynamic analyses. Modal analysis is 
the first step required before performing mode superposition harmonic or transient analysis as well as 
spectrum analysis. The natural frequencies of the system may be obtained by solving the eigenvalue 
problem: 



(K - co 2 M)(p = 0 



(9.20) 



For a nontrivial solution, the coefficient matrix (K — &rM) is singular and its determinant is equal to 
zero, which yields the values of the natural frequencies. For each eigenvalue, a> n ., a corresponding mode 
shape, (pi, can be obtained from Equation 9.20. If the mass matrix has some zero diagonal values, the 
number of eigenpairs will be less than the total number of DoF by the number of zero entries on the 
diagonal of the mass matrix. For properly constrained structures, K is positive definite and all natural 
frequencies are positive. If the structure is unconstrained or partially constrained, however, K is positive 
semidefinite and the eigenvalues will contain zero frequencies representing the rigid-body modes. The 
calculated mode shapes from Equation 9.20 are normalized and they satisfy the orthogonality 
properties: cpjMcpj = 0 and <pfKipj = 0 for i ¥= j and (pjMtpi = 1.0 and ipjKtpi = coj, where <j>; = 
and m i = <pj M^ ; . 

Several eigenvalue extraction methods are available. Among the most commonly used are the block 
Lanczos, Subspace Iteration, Power Dynamics, and Reduced Householder methods (Mirovitch, 1980; 
Belytschko and Hughes, 1983; Bathe, 1996). The Lanczos method is recommended for large models with 
many modes to be extracted (about 50 or more). It is also better suited for models containing different 
types of elements such as solid, shell, and beam elements with the possibility that some elements are 
distorted. The method is fast and efficient but requires more memory than the Subspace Iteration 
method. In contrast, the Subspace Iteration method is well suited for extracting lower numbers of modes 
(less than 50) in models with well-shaped elements and it requires less memory than the Lanczos method. 
The Power Dynamics method is used for very large models, with more than 100,000 DoF, and is especially 
useful for obtaining a solution for the first several modes of the model. The Reduced Householder 
method is recommended for finding all the modes in small to medium models of less than 10,000 DoF 
(. ANSYS Users Manual, 2003). 

The information obtained from an eigenvalue or modal analysis is vital in the analysis of dynamic 
systems. The designer’s goal is to ensure that the loading frequency is not close to any natural 
frequency of the system and that the mode shapes do not produce excessive deformation in weak 
sections of the structure. With respect to the mode shapes, it is desirable to avoid mode shapes that 
are similar to deformation patterns obtained from the static loading on the structure. As stated 
previously, the comfortable range for an operating frequency is three times higher than the nearest 
natural frequency from the lower side and three times smaller than the nearest natural frequency 
from the higher side. The natural frequencies may be altered by changing the mass distribution or 
adjusting the geometry of the system. If the loading frequency is higher than one or more of the first 
natural frequencies then large vibrations or “shudder” may occur during startup and in certain cases 
special startup procedures may have to be devised. If the loading frequency is close to one of the 
natural frequencies, a large factor of safety should be used. For example, an operating frequency 20% 
away from a natural frequency may call for doubling the nominal loads applied on a shaft. In some 
very special applications, it may be desirable actually to operate the system at one of its natural 
frequencies and utilize the amplification in the response, e.g., ultrasonic welding equipment and 
certain nanoscale measuring instruments. 

Modal analysis requires no special boundary conditions and the structure may be completely free or 
partially constrained. Special attention should be given to the application of constraints, since 
overconstraining a system will result in overprediction of the first modes, which are generally 
nonconservative in a modal analysis. 
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Remarks 



Modal dynamic analysis is used to obtain the dynamic characteristics of a system in terms of 
its natural frequencies (eigenvalues) and natural modes (eigenvectors). It is normally the 
first (and maybe the only) dynamic analysis to be performed and its results are required to 
decouple the equations of motion for other analyses. 

Common eigenvalue extraction methods include: Lanczos (recommended for large models 
with many modes to be extracted; about 50 or more); Subspace Iteration (recommended for 
extracting lower number of modes, less than 50); Power Dynamics (recommended for very 
large models of more than 100,000 DoF); and Householder (recommended to find all 
modes in small to medium sized models of less than 10,000 DoF). 

Modal analysis requires no special boundary conditions and the structure may be 
completely free. 



9.5.2 Transient Dynamic Analysis 

9.5.2. 1 Direct Integration Method 

As indicated above, with the direct integration method, the general equation of motion is integrated 
directly without transformation. The input loads are specified as a function of time and the response is 
calculated in the time domain. Transient analysis could be viewed as solving an equivalent static analysis 
problem for each time step in the domain. The response quantities may include the time history of 
displacements, velocities, and accelerations at each point in the structure. Most programs will also 
provide a stress history output that is calculated in a postprocessing phase. The output results are 
straightforward and easy to interpret. As in static analysis, structures undergoing transient analysis 
should be fully constrained and all rigid-body motion should be eliminated. Initial conditions of 
displacement and velocity are also required to perform the analysis. 

As discussed in Section 9.4.2, direct integration may be performed through explicit or implicit 
schemes. It should be noted that while implicit schemes do not require a critical time step, the size of the 
time step will affect the accuracy of the solution. Most programs are capable of automatic time stepping, 
which should be seriously considered. If automatic time stepping is not available in the program, the rule 
of thumb is to use a time step that is at least one tenth of the load period. Smaller time steps may be 
required to capture peak response and sharp changes in the input load. 

The equations of motion (Equation 9.2) may first be reduced in size before the start of the integration 
process by choosing certain master DoF as discussed above. The reduced equations are then solved by one 
of the direct integration schemes and the results may then be expanded to the full set of DoF. 

The following steps may be used as general guidelines in performing direct integration transient 
dynamic analysis: 

• Build the FE model: This will include identifying the problem type and the type(s) of elements to be 
used in the model. The mesh should be fine enough to capture the highest mode required for the 
analysis. If stresses are required, the intensity of the mesh should be adequate for stress calculations. 

• Apply the loads and boundary conditions: All rigid-body modes should be constrained and the model 
should be fully constrained. Time-dependent loads are normally specified in a table format. 

• Specify initial conditions: Initial conditions of displacement and velocity are required for 
transient analysis. Most programs assume zero initial conditions for acceleration. If initial 
accelerations are not zero, the analyst may apply appropriate acceleration loads over a small time 
interval. It should be noted that initial conditions are required for all unconstrained DoF. 
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• Set solution control parameters, start solution and review results: This includes mass and damping 
formulation, damping parameters, time integration, and time stepping parameters as well as 
parameters to control output and postprocessing options. 

9. 5. 2. 2 Mode Superposition Method 

In this method, the uncoupled modal equation 9.13, repeated here for convenience, 

q + diag(2£w r )q + diag(«;)q = \f r (t)\ = <& T p(f) (9.21) 

consist of m independent second- order differential equations with constant coefficients, where m is the 
number of the participating modes used in the mode superposition process. 

At time t = 0, each modal equation is subject to the initial conditions q,( 0) = ip^Mug and q r (0) = 
tpj Mu 0 . For the underdamped case (ip, < 1), the solution to a typical modal equation (excluding rigid- 
body modes) is 

q r (t) = e - ^“ rf [a r sin a>,t + fi, cos td,t] + J f,(T)h,(t — r)dr (9.22) 

where h,(t — r) is the unit-impulse response function, defined by 

h,(t — t) = — e & ,<0 ' ^ t) sin <jo,(t — r) (9.23) 

to. 

The first term in Equation 9.23 represents the free vibration response (homogenous solution) and the 
second term represents the particular solution (Duhamel integral), a, and (3, are constants evaluated 
from the initial conditions and to, is the damped natural frequency given by 

to, = to,,] 1 - e (9.24) 

The integral in Equation 9.22 may be evaluated in closed form if the applied loading p(f), and 
consequently / r (f), is a step input, ramp input, piecewise linear function of time, or harmonic input; 
otherwise, numerical integration is utilized to obtain the response. 

The general steps of a typical modal transient analysis include building the model, extracting the 
required modes for the analysis, obtaining the modal transient analysis and, finally, expanding the modal 
superposition solution. It should be noted that most programs do not allow change of displacement 
constraints after the mode extraction step is performed; i.e., all displacement constraints should be 
specified before performing the modal analysis to extract the required modes. Some programs may 
require the full loading conditions to be specified in the modal extraction step. Initial conditions should 
be specified before performing the modal transient solution. This may include initial displacement 
and velocities. 



Remarks 



• In transient analysis, the input loads are specified as a function of time and the response 
(displacement, velocity, acceleration, and stress) is calculated in the time domain. The 
structure should be fully constrained and initial conditions are required. 

• Direct integration transient analysis may be performed with explicit (conditionally stable) 
or implicit (unconditionally stable) schemes. 

• Prior to performing integration, the size of the equations may be reduced by choosing 
master DoF and condensing out slave DoF. 

• Transient analysis with mode superposition requires an initial modal analysis run followed 
by the superposition of modal responses (Equation 9.22) obtained from the solution of the 
decoupled equations. The integral in Equation 9.22 maybe evaluated in closed form for step, 
ramp, piecewise linear, and harmonic inputs; otherwise, numerical integration is utilized. 
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9.5.3 Harmonic Response Analysis 

9.5.3. 1 Direct Integration Method 

Harmonic response analysis involves computing the steady-state response of a structure to a set of 
harmonic concentrated loads, pressure loads, and harmonic ground motion. The harmonic loads may be 
defined in terms of different amplitude and phase spectra. In general, the load vector may be represented 
in the form: 



Pi(t) = p,(/2)sin[/2f + %(fl)] (9.25) 

where p t (t) is a component of the forcing function having a magnitude, p,(/2), phase shift, i pi(fl), and 
forcing frequency, fl. 

Substituting Equation 9.25 into Equation 9.2, we obtain: 

Mu + Cu + Ku = p(t) = p(fl)sin[flt + 'P{fl)] (9.26) 

Using direct integration schemes to solve Equation 9.26 is theoretically viable but not recommended 
practically for a few reasons. A large number of time steps would be normally required to obtain a 
meaningful response to a harmonic excitation and the equations have to be resolved for each forcing 
frequency. Also, if the damping is zero and a particular forcing frequency coincides with one of the 
natural frequencies, the matrix becomes singular and the solution process fails. If the forcing frequency is 
close to one of the natural frequencies, the matrix becomes ill conditioned and poses solution problems 
even if the damping is not zero. For these reasons, it is recommended to perform harmonic response 
analyses using the mode superposition method. 

9.5. 3. 2 Mode Superposition Method 

In the mode superposition method, Equation 9.26 is transformed into generalized modal coordinates 
and decoupled. For the rth mode, the equation takes the form: 

q r + 2| r o) r q r + co 2 r q r = f r e' n ‘ (9.27) 

where f r is the amplitude of modal load given by/ r = (pjp. The steady-state modal response is given by 

q r (t) = q r e int (9.28) 

which when substituted into Equation 9.27 gives 

AAO-) = Hpnyfpn) ( 9 . 29 ) 



and 



H r (fl) 




(9.30) 



Equation 9.29 in the frequency domain is equivalent to Equation 9.22 in the time domain and H r {fl) is 
the Fourier transform of the unit-impulse response function h r (t). 

The physical response is recovered from the generalized modal response through the transformation 
u = d>q. The velocity and acceleration components are obtained from the corresponding displacement 
component through multiplication by fl and fl 2 , respectively. Finally, the stress components are 
obtained by the use of modal stresses (Equation 9.16). Most programs provide the option that the user 
can obtain the responses in either an amplitude -phase format or real -imaginary format and the actual 
value of all responses can also be obtained for a given value of fit. 
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The input to harmonic analysis constitutes the forcing frequency and the magnitude of the load vector 
at various points of load applications. For each loading case, all forces should have the same frequency. A 
change in the forcing frequency gives rise to a new load case. In harmonic analysis, as is the case in 
transient and static analyses, the structure should be fully constrained and all rigid-body motions should 
be eliminated. If the structure has rigid-body modes in one of the DoF, the analyst may use soft springs to 
ground the structure or utilize symmetry to provide constraints. 

The general steps of a typical modal harmonic analysis are quite similar to those for the modal 
transient analysis, i.e., they include building the model, extracting the required modes for the analysis, 
obtaining the modal harmonic analysis and, finally, expanding the modal superposition solution. It 
should also be noted that most programs do not allow changes in displacement constraints after the 
mode extraction step, i.e., all displacement constraints should be specified before performing the modal 
analysis to extract the required modes. Some programs may require the full loading conditions to be 
specified in the modal extraction step. 



Remarks 



• Harmonic response analysis involves computing the steady-state response of a structure to a 
set of harmonic loads and ground motion (Equation 9.26). 

• Using direct integration schemes in harmonic analysis is theoretically viable but not 
recommended or used practically. 

• Harmonic analysis with mode superposition requires an initial modal analysis run followed 
by the superposition of modal responses (Equation 9.28) obtained from the solution of the 
decoupled equations. 

• The input to harmonic analysis constitutes the frequency and the magnitude of the load 
vector at all points of load applications. For each load case, all forces should have the same 
frequency. The structure should be fully constrained. 



9.5.4 Response Spectrum Analysis 

This analysis is an efficient alternative to transient dynamic analysis for estimating the maximum 
response under support excitations without regard to the time at which the maximum occurs. If the 
input loading is classified as a shock or impulse, this analysis is termed “shock spectrum analysis.” In 
theory, one may use a direct integration scheme to find the response as a function of time and then use 
the maximum value of the response. This may be prohibitive because of the very large number of time 
steps that will be required to capture the peak response. As a more efficient alternative, a modal analysis 
should be performed first and then a sufficient number of modes should be retained for the response 
spectrum analysis. Then the solution of the individual decoupled modal equation (Equation 9.13) for a 
viscous underdamped system under ground motion w(t) is 

1 f 1 

q r (t ) = — w(r)e ^'" rf!_Tj sin| <D r (t ~ T)]dr (9.31) 

co r Jo 

The response function in Equation 9.31 is scanned over time to find the maximum scalar value (q r ) max . 
Then the physical value of the response of the ith DoF due to (q r ) max may be given by 

M,v = &ir(qr) max (9-32) 

in which 4>, r is the component of the modal vector, r, in direction i. Equation 9.32 is different from 
Equation 9.1 1 in which all the components of the modal vector, 4> , and the generalized response, q„ are 
used and, therefore, actual and accurate physical displacements are obtained. 



© 2005 by Taylor & Francis Group, LLC 






Finite Element Applications in Dynamics 



9-39 



It can be readily seen that the quantities ( q r ) max , and hence u ir , are only functions of the natural 
frequency and damping (in addition to the ground excitation). A shock (or response) spectrum curve for 
a certain value of damping may be defined as the maximum responses of all such single DoF systems with 
a given damping and plotted as a function of natural frequency. Similarly, the maximum acceleration and 
maximum velocity may also be determined and are termed as spectral acceleration and spectral velocity, 
respectively. 

The mass matrix in response spectrum analysis may be lumped or modified lumped based on the 
consistent mass matrix. Response spectrum analysis using consistent mass generally lowers the resulting 
internal forces and moments in the structure and therefore produces less stresses and may be considered 
generally nonconservative (Gregory, 1990). 

Unlike transient dynamic analysis, the contributions of the physical responses for each of the modes 
cannot be directly summed to obtain the total response. This is because the maxima for each mode occur 
at different times and the information on the time of maxima is not available in the shock spectra. 
Reasonable, but arbitrary, estimates of the maxima may be obtained by using one of the following 
commonly used modal combination methods (Wilson et al., 1981; NISA User’s Manual, 1992; Roussel, 
1994; Joshi and Gupta, 1998): 

1. The sum of absolute magnitudes (ABS or PEAK): The absolute sum of the modal responses is 
given by 

m 

Rtot = X lR - 1 (9.33) 



in which R r is the physical response (displacement, velocity, or acceleration) due to mode r and m is 
the number of modes considered. This method is conservative and is used if the natural frequencies 
are closely spaced (within 10% of each other) and/or when damping is large. It is also shown that the 
method may lead to unrealistically high calculated responses, e.g., in the coupled analysis of light 
secondary systems attached to heavy primary structures or in the decoupled analysis of systems when 
the centers of mass and stiffness do not coincide (Mertens, 1994). 

2. The square root of the sum of the squares (SRSS or RMS): The square root of the sum of the squares of 
the modal response is given by 



R 



tot 




(9.34) 



This method is applicable if the modes are statistically independent, which is the case when the natural 
frequencies are far apart and/or when damping is small. The SRSS method is commonly used in a wide 
range of applications. Some studies indicate, however, that the method may underestimate the response 
of structures with high-frequency modes, e.g., long-span bridges exposed to high wind velocities (foshi 
and Gupta, 1998). 

3. The complete quadratic combination (CQC): The complete quadratic combination is given by the 
following formula (Wilson et al., 1981; Der Kiureghian and Nakamura, 1993): 



Al 



X X R r'RJ J rs 



(9.35) 



in which 

p = 8v^(g r + yQy yi 

rs (1 - y 2 ) + 4&&(1 + y 2 ) + 4y\g + g) 



(9.36) 



where and f are modal damping ratios and y = cofco,.. This method encompasses the SRSS and ABS 
procedures for = £ s . If y = 0, the CQC method reduces to the former, and if y = 1, it reduces to the 
latter. Certain modifications of the CQC method exist, aimed at improving response estimates for 
structures with high frequency modes (Der Kiureghian and Nakamura, 1993). 
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TABLE 9.5 Common Methods of Combining Modal Responses 



Combinational Method 


Comments 


Sum of absolute magnitudes (ABS or PEAK) 


Generally gives conservative results 
Used if the natural frequencies are closely spaced 
(within 10% of each other) and/or when 
damping is large 


Square root of the sum of 


Use when natural frequencies are far apart and/or 


the squares (SRSS or RMS) 


when damping is small 

May underestimate the response of structures with high 
frequency modes 


Complete quadratic combination (CQC) 


Combination of the SRSS and the ABS methods 
Certain modifications exist to correct the response of 
structures with high frequency modes 


Combination of ABS and SRSS 


Another form of combination of the SRSS and the 
ABS methods employed by simply adding 
the response of the two methods 



4. Combination ofABS and SRSS: The absolute maxima of the modal responses is added to the square 
root of the sum of the squares of the remaining modal responses as follows ( NISA User’s Manual, 1992): 



where 



^max — l-Rjl + ^ 



I Rr 

r=l,r#/ 



Rj = max for all r lR r l 



(9.37) 



(9.38) 



The above superposition rules are employed to get the response maxima due to ground excitation in one 
direction. Similarly, the maximum responses due to ground motions in other directions are computed 
separately. These maxima are then superimposed by using the SRSS or ABS procedures to get the total 
response. 

A final note is given here on the use of spectrum analysis in earthquake-resistant design. Most building 
codes require the designer to consider the response of the structure due to simultaneous action of three 
translational components of ground motion: two in the horizontal plane and one in the vertical 
direction. Standard design practice is to calculate the peak responses of these inputs independently and 
then combine these peak responses according to rules similar to those discussed above (Menun and Der 
Kiureghian, 1998; Lopez et al, 2001). 

Table 9.5 summarizes the above modal combination methods, their use and merits. 



Remarks 



• Response spectrum and shock analysis are efficient alternatives to transient dynamic 
analysis for estimating the maximum response under support excitations without regard to 
the time at which the maximum occurs. 

• In response spectrum analysis, the solution of the individual decoupled modal equation 
(Equation 9.13) for ground motion, w(t), is obtained (Equation 9.31) and the maximum 
value of the response is recorded (with no reference to the time it occurs). 

• Reasonable, but arbitrary, estimates of the maxima for the overall structure may be obtained 
by using various methods of combining the modal maximums (Table 9.5). 
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9.6 Checklist for Dynamic FE Analysis 



1 . Study the physical system and decide on the type of problem, i.e., beam, 2-D, shell, or 3-D, and the 

type of elements to be used. Typical questions to be addressed are: 

• Can the geometry be idealized as 2-D or shell or do we have to use 3-D analysis? (Section 9.1.2 to 
Section 9.1.6). 

• Can the loading and constraints be idealized as 2-D? 

• Are we concerned about responses that are not compatible with the loading type? 

• Are we interested in displacements, stresses, or natural frequencies? 

• Can we have a simple spring/mass model? 

• What type of element might be used in the analysis, i.e., linear, quadratic, or cubic (Section 
9.1.7)? Generally, linear and quadratic elements are used for the majority of analyses. The choice 
between linear and quadratic elements is rather arbitrary and may depend on certain advanced 
analysis aspects. For linear analysis, there is little difference between the response of the two 
elements if the overall model has the same or similar total DoF. 

2. Study all types of loading to identify the required analysis type. Important questions to be 

addressed are: 

• Is the load steady, cyclic, transient, or random (Section 9.2)? 

• What is the frequency content of the load? A simple Fourier analysis may be required to define 
the main harmonics of a transient load input. 

• What are the first few natural frequencies of the structure? This question will be answered in 
detail by performing a modal analysis. It is important, however, to have an approximate idea of 
the range of frequencies of the structure and to compare this to the loading frequency in order to 
identify the proper type of analysis (Section 9.2). In order to answer this question adequately, a 
very simplified mass/spring model and quick hand calculations may be considered. 

• What kind of data is required from the analysis? Data required may be in terms of 
displacements, velocities, accelerations, stresses, strains, etc. Also, identify if peak values or time 
histories are required. This decision may have an impact on what analysis type is required. 

• What is the type of analysis required (Section 9.2)? 

3. Identify other data required to perform the analysis. This may include: 

• Material properties. 

• Damping consideration, modeling, and values (Section 9.4.4). 

• Identifying all load cases and all constraints of the system. Special attention must be paid to the 
modeling of constraints and nonstructural masses (Section 9.3). 

• If modal superposition is going to be used, how many modes are required for the analysis? 

4. Start the actual modeling process, testing and verification of the model. Important issues to be 

considered may include: 

• A decision should be made of whether or not a simple or coarse model is required. In general, 
dynamic analysis of large models is quite costly. Dynamic analysis results (such as natural 
frequencies, mode shapes, and to some extent displacements, velocities, and accelerations) may 
be accurately obtained from a coarse model or even a mass/spring model. The main concern 
would be in obtaining stress and strain responses. In many cases, it may be advisable to have two 
different models — one for dynamic analysis and the other for stress analysis. The output from 
the dynamic model may be used as input to the stress model. In any case, if the model is large, it is 
advisable to have a coarser model for testing and basic understanding of the behavior of the 
structure (Section 9.3). 

• Choose a program to perform the analysis. The key issue in choosing a program would be the 
availability of the required analysis type. Other issues that may be considered include ease of 
model generation, ease of postprocessing, and cost effectiveness. It is always advisable to have the 
same program for all phases of the analysis, i.e., modeling, solution, and postprocessing. 
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• Build the model geometry (Section 9.1.1). In 2-D problems, the model geometry may be 
imported from a CAD program. In 3-D and shell problems, however, this process entails many 
problems and it may be faster for the analyst to build the model directly in a FE database. 

• Build the finite element model and apply load cases and constraints (Section 9.2). 

• Test the model. Most FE programs provide extensive testing capabilities that may be invoked to 
test the quality of the mesh and the continuity of the model. It is important to note that 
additional testing is required. The response of the system to simple load cases should be 
considered. Testing should involve load cases that may be easily verified. This may include 
computing structure response due to unit impulse, step input, or sudden release of an initial 
displacement. Also, simple static analysis runs can be very useful in this regard and may provide 
initial conditions for the final dynamic run. 

5. Analyze the model for the actual load cases. The following important issues should be considered: 

• Identify solution parameters. This includes mass and damping formulation, damping 
parameters (Section 9.4.4), time integration, and time stepping parameters, as well as 
parameters to control output and postprocessing options. If modal analysis is considered, 
identify the modal extraction method (Section 9.5). 

• Check and apply restart capabilities in the program. Large size dynamic analyses should, in 
general, be done in steps and the restart option should be invoked. 

• If modal analysis is performed, a careful check of mode shapes will provide important 
information about the validity of the model and the appropriateness of solution steps to follow. 

• Identify solution control parameters that invoke the storage of specific data required for 
postprocessing. 

6. Postprocess the results. This is the final stage of the analysis and may involve: 

• Graphical and contour plots of various response quantities. This may be done in the form of time 
history plots, envelopes of maximum responses, or contour plots of stress maxima. The amount 
of output data associated with large dynamic analysis runs is vast and such graphical display of 
results is essential. 

• Most programs have extensive capabilities in results animation, search facilities, preparing 
output summaries, and some can also assist in report writing. Such capabilities may become 
important in processing the results of large problems. 
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Summary 

This chapter considers the nature and analysis of vibration signals. Both time-domain techniques and frequency- 
domain techniques are investigated , which are related through Fourier transform. Topics covered include signal 
types, signal sampling, aliasing error, truncation error, window functions, spectral analysis, bandwidth issues, and 
order analysis. Several applications of signal analysis in mechanical vibration are discussed. 



10.1 Introduction 



Numerous examples can be drawn from engineering applications for vibrating (dynamic) systems. 
A steam generator of a nuclear power plant that undergoes flow-induced vibration; a high-rise building 
subjected to seismic motions at its foundation; an incinerator tower subjected to aerodynamic 
disturbances; an airplane excited by atmospheric turbulence; a gate valve under manual operation; and a 
heating, ventilating, and air conditioning (HVAC) control panel stressed due to vibrations in its support 
structure are such examples. 



10-1 
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FIGURE 10.1 In-flight excitations and responses of an aircraft. 



Consider an aircraft in flight, as schematically shown in Figure 10. 1. There are many excitations on this 
dynamic system. For example, jet engine forces and control surface movements are intentional 
excitations, whereas aerodynamic disturbances are unintentional (and unwanted) excitations. 
The primary response of the aircraft to these excitations will be the motions in various degrees of 
freedom (DoF), including rigid-body and flexible (vibratory) mode motions. 

Even though the inputs and outputs (excitations and responses) are functions of time, they can also be 
represented as functions of frequency, through Fourier transformation. The resulting Fourier spectrum of a 
signal can be interpreted as the set of frequency components which the original signal contains. This 
frequency- domain representation of a signal can highlight many salient characteristics of the signal and 
also those of the corresponding system. For this reason, frequency-domain methods, particularly Fourier 
analysis, are used in a wide variety of applications such as data acquisition and interpretation, 
experimental modeling and modal analysis, diagnostic techniques, signal/image processing and pattern 
recognition, acoustics and speech research, signal detection, telecommunications, and dynamic testing 
for design development, quality control, and qualification of products. Many such applications involve 
the study of mechanical vibrations. 



10.2 Frequency Spectrum 

Excitations (inputs) to a dynamic system progress 
with time, thereby producing responses (outputs) 
which themselves vary with time. These are signals 
that can be recorded or measured. A measured 
signal is a time history. Note that in this case the 
independent variable is time and the signal is 
represented in the time domain. A limited 
amount of information can be extracted by 
examining a time history. As an example, consider 
the time-history record shown in Figure 10.2. 

It can be characterized by parameters such as the 
following: 

a p = peak amplitude 

T p = period in the neighborhood of the peak = 2 X interval between successive zero crossings near 
the peak 

T e = duration of the record 

T s = duration of strong response (i.e., the time interval beyond which no peaks occur that are larger 
than «p/2) 

N z = number of zero crossings within T s (N, = 14 in Figure 10.2) 

It is obviously cumbersome to keep track of so many parameters and, furthermore, not all of them are 
equally significant in a given application. Note, however, that all the parameters listed above are directly 




FIGURE 10.2 A time-history record. 
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FIGURE 10.3 Time-domain representation of a periodic signal. 

or indirectly related to either the amplitude or the frequency of zero crossings within a given time interval. 
This signifies the importance of a frequency variable in representing a time signal. This is probably the 
fundamental motivation for using frequency-domain representations. In this context, however, more 
rigorous definitions are needed for the parameters: amplitude and frequency. A third parameter, known 
as phase angle, is also needed for unique representation of a signal in the frequency domain. 



10.2.1 Frequency 

Let us further examine the basis of frequency- domain analysis. Consider the periodic signal of period T 
that is formed by combining two harmonic (or sinusoidal) components of periods T and 77 2 and 
amplitudes cq and a 2 as shown in Figure 10.3. The cyclic frequency (cycles/sec, or hertz, or Hz) of the two 
components are/) = 1/T and/ 2 = 2 IT. Note that in order to obtain the angular frequency (radians/sec), 
the cyclic frequency has to multiplied by 2 t t. 



10.2.2 Amplitude Spectrum 

An alternative graphical representation of the periodic signal shown in Figure 10.3 is given in Figure 10.4. 
In this representation, the amplitude of each harmonic component of the signal is plotted against the 
corresponding frequency. This is known as the amplitude spectrum of the signal, and it forms the basis of 
the frequency-domain representation. Note that this representation is often more compact, and can be 
far more useful than the time-domain representation. Note further that in the frequency-domain 
representation, the independent variable is frequency. 



10.2.3 Phase Angle 



In its present form, Figure 10.4 does not contain all 
the information of Figure 10.3. For instance, if the 
high-frequency component in Figure 10.3 is 
shifted through half its period (TV 4), the resulting 
signal is shown in Figure 10.5. This signal is quite 
different from that in Figure 10.3 but since the 
amplitudes and the frequencies of the two 
harmonic components are identical for both 
signals, they possess the same amplitude spectrum. 
So, what is lacking in Figure 10.3 in order to make 



/l = UT f 2 = 2/T Frequency f 

FIGURE 10.4 The amplitude spectrum of a periodic 
signal. 
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FIGURE 10.5 A periodic signal with an identical amplitude spectrum as for Figure 10.2. 

it a unique representation of a signal, is the information concerning the exact location of the harmonic 
components with respect to the time reference or origin (t = 0). This is known as the phase information. 
For example, the distance of the first positive peak of each harmonic component from the time origin can 
be expressed as an angle (in radians) by multiplying it by 2tt/T. This is termed the phase angle of the 
particular component. In both signals (shown in Figure 10.3 and Figure 10.5) the phase angle of the first 
harmonic component is the same and equals tt/2 according to the present convention. The phase angle of 
the second harmonic component is tt/2 in Figure 10.3 and zero in Figure 10.5. 

10.2.4 Phasor Representation of Harmonic Signals 

A convenient geometric representation of a harmonic signal of the form 

y(f) = a cos(«f + <Jj) (10.1) 

is possible by means of a phasor. This representation is illustrated in Figure 10.6. Specifically, consider a 
rotating arm of radius a, rotating in the counter-clockwise (ccw) direction at an angular speed of a> 
rad/sec. Suppose that the arm starts (i.e., at t = 0) at an angular position <f> with respect to the y-axis 
(vertical axis) in the ccw sense. Then, it is clear from Figure 10.6(a) that the projection of the rotating arm 
on the y-axis gives the time signal y(f). This is the phasor representation, where we have 

Signal amplitude = length of the phasor 
Signal frequency = angular speed of the phasor 

Signal phase angle = initial position of the phasor with respect to the y-axis 

It should be clear that a phase angle makes practical sense only when two or more signals are 
compared. This is so because for a given harmonic signal we can pick any point as the time reference 
( t = 0). However, when two harmonic signals are compared, as in Figure 10.6(b), we may consider one 
of those signals that starts (at t = 0) at its position peak as the reference signal. This will correspond to 
a phasor whose initial configuration coincides with the positive y-axis. As is clear from Figure 10.6(b), 
for this reference signal we have, cf> = 0. Then the phase angle (f> of any other harmonic signal would 
correspond to the angular position of its phasor with respect to the reference phasor. Note that, in 
this example, the time shift between the two signals is <fi/a>, which is also a direct representation of the 
phase. It should be clear, then, that the phase difference between two signals is also a representation of 
the time lead or time lag (delay) of one signal with respect to the other. Specifically, the phase that is 
ahead of the reference phasor is considered to “lead” the reference signal. In other words, the 
signal a cos(wf + cf>) has a phase lead of (f> or a time lead of 4>/eo with respect to the signal of a cos cot. 
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a cos cot 

(b) a cos (a)l+<p) 



FIGURE 10.6 Phasor representation of a harmonic signal, (a) A phasor and the corresponding signal; 
(b) representation of a phase angle (phase lead) cf- 



Another important observation may be made with regard to the phasor representation of a harmonic 
signal. A phasor may be expressed as the complex quantity 

y(t) — a e X“*+<W = a cos (cot + <f>) + ja sin(wf + </>) (10.2) 

whose real part is a cos (cot + cf>), which is in fact the signal of interest. It is clear from Figure 10.6 that, if 
we take the y-axis to be real and the x-axis to be imaginary, the complex representation 10.2 is indeed a 
complete representation of a phasor. By using the complex representation 10.2 for a harmonic signal, 
significant benefits of mathematical convenience could be derived in vibration analysis. It suffices to 
remember that practical vibrations are “real” signals, and regardless of the type of mathematical analysis 
that is used, only the real part of a complex signal of the form 10.2 will make physical sense. 



10.2.5 RMS Amplitude Spectrum 

If a harmonic signal y(t) is averaged over one period T, the negative portion cancels out the positive 
portion, giving zero. Consider a harmonic signal of angular frequency co (or cyclic frequency/), phase 
angle <f>, and amplitude a, as given by 

y(t) = a cos (cot + <f>) = a cos{2vft + <f>) (10.3) 

Its average (mean) value is 




(10.4) 
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which can be verified by direct integration, while 
noting that 

T=\/f = 2 77/(0 (10.5) 

For this reason, mean value is not a measure of the 
“strength” of a signal in general. Now let us define 
the root mean square (RMS) value of a signal. This 
is the square root of the mean value of the square 
of the signal. By direct integration, it can be shown 
that for a sinusoidal (or harmonic) signal; the 
RMS value is given by 




2 



/i = VT 



| Frequency/ 

h = 2 ' T 



FIGURE 10.7 The RMS amplitude spectrum of a 
periodic signal. 



Frms — 




a 

72 



( 10 . 6 ) 



It follows that the RMS amplitude spectrum is obtained by dividing the amplitude spectrum by \fl. For 
example, for the periodic signal formed by combining two harmonic components as in Figure 10.3, the 
RMS amplitude spectrum is shown in Figure 10.7. This again is a frequency-domain representation of a 
signal, and the independent variable is frequency. 



10.2.6 One-Sided and Two-Sided Spectra 

Mean squared amplitude spectrum of a signal (sometimes called power spectrum because the square of a 
variable such as voltage and velocity is a measure of quantities such as power and energy, even though it is 
not strictly the spectrum of power in the conventional sense) is obtained by plotting the mean squared 
amplitude of the signal against frequency. Note that these are one-sided spectra because only the positive 
frequency band is considered. This is a realistic representation because one cannot talk about 
negative frequencies for a real system. But, from a mathematical point of view, we may consider negative 
frequencies as well. In a spectral representation it is at times convenient to consider the entire frequency 
band (consisting of both negative and positive values of frequency). It then becomes a two-sided spectrum. 
In this case the spectral component at each frequency value should be equally divided between the 
positive and the negative frequency values (hence, the spectrum is symmetric), such that the overall mean 
squared amplitude (or power or energy) remains the same. 

We have seen that for a harmonic signal component of amplitude a and frequency / (e.g., 
a cosilirf + 4>)) the RMS amplitude is a 1 / 2 at frequency/, whereas the two-side spectrum has a 
magnitude of a 2 /4 at both the frequency values — / and +/. 

Note that, even though it is possible to interpret the meaning of a negative time (which represents the 
past, previous to the starting point), it is not possible to give a realistic meaning to a negative frequency. 
This concept is introduced primarily for analytical convenience. 



10.2.7 Complex Spectrum 

We have shown that for unique representation of a signal in the frequency domain, both amplitude and 
phase information should be provided for each frequency component. Alternatively, the spectrum can be 
expressed as a complex function of frequency, having a real part and an imaginary part. For instance, for a 
harmonic component given by a cos(2tt f + <f>) the two-sided complex spectrum can be expressed as 

Y(f) = y (cos 0; + ) sin </>,) = ye )0 ' 

and, 

Y(~f) = y (cos 4>i - j sin />;) = y e _) * (10.7) 

in which j is the imaginary unity as given by ) = *J— I. Note that the spectral component at the negative 
frequency is the complex conjugate of that at the positive frequency. This concept of complex spectrum is 
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the basis of (complex) Fourier series expansion (FSE), which we shall consider in detail in a later section. 
It should be clear that the complex conjugate of a spectrum is obtained by changing either j to — j or 
a> to — co (or / to — /). 

10.3 Signal Types 

Signals can be classified into different types 
depending on their characteristics. Note that the 
signal itself is a time function, but its frequency- 
domain representation can bring up some of its 
salient features. Signals particularly important to us 
here are the excitations and responses of vibrating 
systems. These can be divided into two broad 
classes: deterministic signals and random signals 
depending on whether we are dealing with 
deterministic vibrations or random vibrations. 

Consider a damped cantilever beam that is 
subjected to a sinusoidal base excitation of 
frequency co and amplitude u 0 in the lateral 
direction (Figure 10.8). In the steady state, the tip 
of the beam will also oscillate at the same frequency, 
but with a different amplitude y 0 and, furthermore, there will be a phase shift by an angle (f>. For a given 
frequency and known beam properties, the quantities y 0 and 4> can be completely determined. Under these 
conditions the tip response of the cantilever is a deterministic signal in the sense that when the experiment 
is repeated, the same response is obtained. Furthermore, the response can be expressed as a mathematical 
relationship in terms of parameters whose values are determined with 100% certainty, and probabilities are 
not associated with these parameters (such parameters are termed deterministic parameters). Random 
signals are nondeterministic (or stochastic) signals. Their mathematical representation requires probability 
considerations. Furthermore, if the process were to be repeated there would always be some uncertainty as 
to whether an identical response signal could be obtained again. 

Deterministic signals can be classified as periodic, quasi-periodic, and transient. Periodic signals repeat 
exactly at equal time periods. The frequency (Fourier) spectrum of a periodic signal constitutes a series of 
equally spaced impulses. Furthermore, a periodic signal will have a Fourier series representation. This 
implies that a periodic signal can be expressed as the sum of sinusoidal components whose frequency 
ratios are rational numbers (not necessarily integers). Quasi-periodic (or almost periodic) signals also 
have discrete Fourier spectra, but the spectral lines are not equally spaced. Typically, a quasi-periodic 
signal can be generated by combining two or more sinusoidal components, provided that at least two of 
the components have as their frequency ratio an irrational number. Transient signals have continuous 
Fourier spectra. These types of signals cannot be expressed as a sum of sinusoidal components (or a 
Fourier series). All signals that are not periodic or quasi-periodic can be classified as transient. Most 
often, highly damped (overdamped) signals with exponentially decaying characteristics are termed 
transient, even though various other forms of signals such as exponentially increasing (unstable) 
responses, sinusoidal decays (underdamped responses), and sinesweeps (sinewaves with variable 
frequency) also fall into this category. Table 10.1 gives examples for these three types of deterministic 
signals. The corresponding amplitude spectra are sketched in Figure 10.9. A general classification of 
signals, with some examples is given in Box 10.1. 

10.4 Fourier Analysis 

Fourier analysis is the key to frequency analysis of vibration signals. The frequency-domain 
representation of a time signal is obtained through the Fourier transform. One immediate advantage 



y 0 sin (®T+0) 



'/////////////////A 



_> Uq sin cot 



FIGURE 10.8 Response to base excitations of a tall 
structure (cantilever). 
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TABLE 10.1 Deterministic Signals 



Primary Classification 


Nature of the Fourier Spectrum 


Example 


Periodic 


Discrete and equally spaced 


• 5 

y 0 sin cot + y 1 sin -cot + cp 


Quasi-periodic 


Discrete and irregularly spaced 


y 0 sin cot + y 1 sin(y/2 cot + cp) 


Transient 


Continuous 


y 0 exp(— Xt)sin(cot + cp) 






FIGURE 10.9 Magnitude spectra for three types of deterministic signals, (a) Periodic; (b) quasi-periodic; 
(c) transient. 

of the Fourier transform is that, through its use, differential operations (differentiation and integration) 
in the time domain are converted into simpler algebraic operations (multiplication and division). 
Transform techniques are quite useful in mathematical applications. For example, a simple, yet versatile 
transformation from products into sums is accomplished through the use of the logarithm. Three versions 
of Fourier transform are important to us. The Fourier integral transform (FIT) can be applied to any 
general signal, whereas the FSE is applicable only to periodic signals, and the discrete Fourier 



© 2005 by Taylor & Francis Group, LLC 






Vibration Signal Analysis 



10-9 



Box 10.1 

Signal Classification 



Signal Types 



Deterministic 



Random 



(Future not precisely known through 
finite observations or analysis) 



Periodic 



Transient 



E-g- 

* Blade-passing signal 
of a turbine at constant 
speed 

* Counter-rotating-mass 
shaker signal at constant 
speed 

* Step response of an 
undamped oscillator 

* Steady-state response of 
a damped system to a 
sine excitation 



E-g- 

* Shock wave generated 
from an impact test with 
known impulse 

* Step response of a 
damped oscillator 

* Response of a 
variable-speed rotor 

* Excitation of a variable- 
frequency shaker 



E-g-, 

* Machine tool vibration 

* Jet engine noise 

* Aerodynamic gusts 

* Road irregularity disturbances 

* Atmospheric temperature 

* Earthquake motions 

* Electrical line noise 



transform (DFT) is used for discrete signals. As we shall see, all three versions of transform are 
interrelated. In particular, we have to use the DFT in digital computation of both FIT and FSE. 

10.4.1 Fourier Integral Transform 

The Fourier spectrum X(f) of a time signal x(t) is given by the forward transform relation 

r oo 

X(f) = x(f)exp(-j27r/f)df (10.8) 

J -oo 

with ) = \f — I and /the cyclic frequency variable. When Equation 10.8 is multiplied by exp( )2tt/t) and 
integrated with respect to / using the orthogonality property (which can be considered as a definition of 
the Dirac delta function S) 



r oo 

exp[)2Tr/(t — T)]df = S(t — t) 



(10.9) 
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we get the inverse transform relation 

r oo 

x(t) = I X(/)exp(2j7r/t)d/ (10.10) 

J -00 

The forward transform is denoted by the operator $ and the inverse transform by 1 . Hence, the 
Fourier transform pair is given by 

X(f) = fsxit) and x(t) = g _1 X(/) (10.11) 

Note that for real systems, x(t) is a real function but X(f) is a complex function in general. Hence, the 
Fourier spectrum of a signal can be represented by the magnitude \X(f)\ and the phase angle AX(f) of the 
(complex) Fourier spectrum X(f). Alternatively, the real part Re X(f) and the imaginary part Im X(f) 
together can be used to represent the Fourier spectrum. 

According to the present definition, the Fourier spectrum is defined for negative frequency values as 
well as positive frequencies (i.e., a two-sided spectrum). The complex conjugate of a complex value is 
obtained by simply reversing the sign of the imaginary part; in other words, replacing j with — j. 
By noting that replacing j with — j in the forward transform relation is identical to replacing / with — /, 
it should be clear that the Fourier spectrum (of real signals) for negative frequencies is given by the 
complex conjugate X*( f) of the Fourier spectrum for positive frequencies. As a result, only the positive- 
frequency spectrum needs to be specified and the negative-frequency spectrum can be conveniently 
derived from it, through complex conjugation. 

The Laplace transform is similar to the FIT. Laplace transform is defined by the forward and inverse 
relations 



X(s) = J x(t) exp(— sf)df (10.12) 

and 

J rtr+joo 

x(t) = 7 X(s) exp(sf)ds (10.13) 

2-7TJ J a- joo 

Since the signal itself is zero for t < 0, it is seen that for all practical purposes, Fourier transform results 
can be deduced from the Laplace transform analysis, simply by substituting s = jlirf = jco and a = 0. 



10.4.2 Fourier Series Expansion 

For a periodic signal x(t) of period T, the FSE is given by 

OO 

x(t) = AF ^ A n exp( jlimtlT) (10.14) 

n =— oo 



with A F = l/T. Strictly speaking (see FIT relations) this is the inverse transform relation. The scaling 
factor A F is not essential but is introduced so that the Fourier coefficients A n will have the same units as 
the Fourier spectrum. The Fourier coefficients are obtained by multiplying the inverse transform relation 
by exp(— )2mntlT) and integrating with respect to t from 0 to T using the orthogonality condition 



1 C T 

— exp[]277(M 

I Jo 



m)t/T]dt = S mn 



Note that the Kronecker delta S mn is defined as 



f 1 for m = n 
( 0 for m ¥= n 



(10.15) 



(10.16) 
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for integer values of m and n. The forward 
transform that results is given by 

A n = f x(f)exp(— }2imt/T)dt (10.17) 

Note that A n are complex quantities in general. 

It can be shown that for periodic signals, FSE is a 
special case of FIT, as expected. Consider a Fourier 
spectrum consisting of a sum of equidistant 
impulses separated by the frequency interval 
A F = 1 IT-. 

00 

X(f) = AF £ A n 8(f - n-AF) (10.18) 

n=—co 




FIGURE 10.10 Fourier spectrum of a periodic signal 
and its relation to Fourier series. 



This is shown in Figure 10.10 (only the magnitudes \A n \ can be plotted in this figure because A„ is 
complex in general). If we substitute this spectrum into the inverse FIT relation given earlier, we get the 
inverse FSE relation 10.14. Furthermore, this shows that the Fourier spectrum of a periodic signal is a 
series of equidistant impulses. 



10.4.3 Discrete Fourier Transform 



The DFT relates an JV-element sequence of sampled ( discrete ) data signal 



{x m } = [x 0 ,X 1 ,...,X N -i] 


(10.19) 


to an N-element sequence of spectral results 




tx B } = [x 0 ,x 1 > ...,x N _ 1 ] 


(10.20) 


through the forward transform relation 




N-l 




X n = AT ^ x m exp(— j2 irmn/N) 


(10.21) 



m— 0 



with n — 0,1, , N 1 . The values X n are called the spectral lines. It can be shown that these quantities 

approximate the values of the Fourier spectrum (continuous) at the corresponding discrete frequencies. 
Let us identify AT as the sampling period (i.e., the time step between two adjacent points of sampled data). 

The inverse transform relation is obtained by multiplying the forward transform relation by 
exp(j27rnr/N) and summing over n = 0 to N — 1, using the orthogonality property 

1 N-l 

— £ exp[j27m(r - m)/N] = 8 rm (10.22) 

W n= 0 

Note that this orthogonality relation can be considered as a definition of Kronecker delta. The inverse 
transform is 



N-l 

x m = A F Y X„ exp(j27 nnn/N) 

n = o 



(10.23) 



The data record length is given by 

T = N ■ AT = l/AF (10.24) 

The DFT is a transform in its own right, independent of the FIT. It is possible, however, to interpret this 
transformation as the trapezoidal integration approximation of FIT. We have deliberately chosen 
appropriate scaling factors AT and AF in order to maintain this equivalence, and it is very useful in 
computing the Fourier spectrum of a general signal or the Fourier coefficients of a periodic signal using a 
digital computer. Proper interpretation of the digital results is crucial, however, in using DFT to compute 
(an approximate) Fourier spectrum of a (continuous) signal. In particular, two types of error: aliasing 
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TABLE 10.2 Unified Definitions for Three Fourier Transform Types 



Relation Name 


Fourier Integral Transform 


Discrete Fourier Transform (DFT) 


Fourier Series Expansion (FSE) 


Forward 

transform 


X(f) = J!! 00 x(f)exp(— )2Tvft)dt 


X n = ATXm=o x m exp(-j2 mim/N), 
n = 0, 1, ...,N - 1 


A n = Jo x(t) exp(— )27mt/T)dt 
n = 0,1,... 


Inverse 

transform 


X(t) = J -ex, X(f) exp( )2irft)df 


x m = AF^n=o l X n exp( }27mm/N), 
m = 0, 1, ...,N — 1 


x(t) = APX“=-ooA b 
X exp( j27rut/T) 


Orthogonality 


J-oo exp[ )2irf(r — t)]df 
= S(t — t ) 


2 X"=o exp[j2m!(r - m)/N] = 8 rm 


Y Jo ex Pl )2n(r - n)t/T]dt = 8 m 


Notes 


T = NAT 


AF = 1/T 


X(f) = AFY.n=-ooA n S(f - n/T) 



TABLE 10.3 Important Properties of the Fourier Transform 



Function of Time 


Fourier Spectrum 


x(t) 


X(f) 


kiXi(t) + k 2 x 2 (t) 


KXi (f) + k 2 x 2 (f) 


x(t) exp(— j 2 7r fa) 


X(f + a) 


x(t + r) 


X(f)exp()2TrfT) 


d n x(t) 
d t n 


()2n fY'X(f) 


JLqo x(t)dt 


X(f) 
) 2 rrf 



and leakage (or truncation error) should be considered. This subject will be addressed later. The three 
transform relations, corresponding inverse transforms, and the orthogonality relations are summarized 
in Table 10.2. 

The link between the time-domain signals and models and the corresponding frequency-domain 
equivalents is the FIT. Table 10.3 provides some important properties of the FIT and the corresponding 
time-domain relations that are useful in the analysis of signals and system models. These properties may 
be easily derived from the basic FIT relations (Equation 10.8 through Equation 10.10). It should be noted 
that, inherent in the definition of the DFT given in Table 10.2 is the N-point periodicity of the two 
sequences; that is, X n = X n+iN and x m = x m+iN , for i = ± 1, ±2, 

The definitions given in Table 10.2 may differ from the versions available in the literature by a 
multiplicative constant. However, it is observed that according to the present definitions, the DFT may be 
interpreted as the trapezoidal integration of the FIT. The close similarity between the definitions of 
the FSE and the DFT is also noteworthy. Furthermore, according to the last row in Table 10.2, the FSE 
can be expressed as a special FIT consisting of an equidistant set of impulses of magnitude A n /T located 
at / = n/T. 

10.4.4 Aliasing Distortion 

Recalling that the primary task of digital Fourier analysis is to obtain a discrete approximation to the FIT 
of a piecewise continuous function, it is advantageous to interpret the DFT as a discrete (digital 
computer) version of the FIT rather than an independent discrete transform. Accordingly, the results 
from a DFT must be consistent with the exact results obtained if the FIT were used. The definitions given 
in Table 10.2 are consistent in this respect because the DFT is given as the trapezoidal integration of the 
FIT. However, it should be clear that if X(f) is the FIT of x(t), then the sequence of sampled values 
\X(n • AF)} is not exactly the DFT of the sampled data sequence {x(m-AT)}. Only an approximate 
relationship exists. 

A further advantage of the definitions given in Table 10.2 is apparent when dealing with the FSE. As we 
have noted, the FIT of a periodic function is a set of impulses. We can avoid dealing with impulses by 
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relating the complex Fourier coefficients to the DFT sequence of sampled data from the periodic function 
via the present definitions. 

Aliasing distortion is an important consideration when dealing with sampled data from a continuous 
signal. This error may enter into computation in both the time domain and the frequency domain, 
depending on the domain in which the results are presented. We will address this issue next. 

10.4.4.1 Sampling Theorem 

The basic relationships between the FIT, the DFT, and the FSE are summarized in Table 10.4. By means of 
straightforward mathematical procedures, the relationship between the FIT and the DFT can be 
established. Even though { X(n - A E)} is not the DFT of {x(m - AT)}, the results in Table 10.4 show that 
jX(n-AE)} is the DFT of {X(m-AT)} where the periodic functions X(f) and x(t) are as defined as in 
Table 10.4. This situation is illustrated in Figure 10.11. It should be recalled that X(f ) is a complex 
function in general, and as such it cannot be displayed as a single curve in a two-dimensional coordinate 
system. Both the magnitude and the phase angle variations with respect to frequency / are needed. For 
brevity, only the magnitude IX(/)I is shown in Figure 10.11(a). Nevertheless, the argument presented 
applies to the phase angle AX(f) as well. 

It is obvious that in the time interval [0, T ], x(t) = x(t ) and x m = x m . However, X(n-AE) is only 
approximately equal to X{n ■ A E) in the frequency interval [0, E], This is known as the aliasing distortion 
in the frequency domain. As A T decreases (i.e., as F increases) X(f) will become closer to X(f) in the 
frequency interval [0,172], as is clear from Figure 10.11(c). Furthermore, due to the E-periodicity of 
X(f), its value in the frequency range [E/2, E] will approximate X(f ) in the frequency range [—E/2, 0], 

It is clear from the preceding discussion that if a time signal x{t) is sampled at equal steps of AT, no 
information regarding its frequency spectrum X(f) is obtained for frequencies higher than/ c = 1/(2A T). 
This fact is known as Shannon’s sampling theorem, and the limiting (cut-off) frequency is called the 
Nyquist frequency. In vibration signal analysis, a sufficiently small sample step A T should be chosen in 
order to reduce aliasing distortion in the frequency domain, depending on the highest frequency of 
interest in the analyzed signal. This however, increases the signal processing time and the computer 
storage requirements, which is undesirable, particularly in real-time analysis. It can also result in stability 
problems in numerical computations. The Nyquist sampling criterion requires that the sampling rate 
(1/AT) for a signal should be at least twice the highest frequency of interest. Instead of making the 
sampling rate very high, a moderate value that satisfies the Nyquist sampling criterion is used in practice, 
together with an antialiasing filter to remove the distorted frequency components. It should be noted that 
the DFT results in the frequency interval [/ c , 2/J are redundant because they merely approximate the 
frequency spectrum in the negative frequency interval [— / c , 0] which is known for real signals. This fact is 
known as the Hermitian property. 

The last column of Table 10.4 presents the relationship between the FSE and the DFT. It is noted that 
the sequence [A„[ rather than the sequence of complex Fourier series coefficients [A„[ represents the DFT 



TABLE 10.4 Unified Fourier Transform Relationships 



Description 


Relationship 






DFT and FIT 


DFT and FSE 


Given 


FIT 


FSF 

x(0-{A„} 


Form 


X(t) = Z”=-ooX(f + kT) 


A n = ir=-oo A-n+kN 


Then 


X(D = I^-«,X(f + kF) 
{~x m } D ™{X„} 


{xj {A n } 


Where 


x m = x(m ■ AT), X„ = X(n ■ A F) 


x m = x(m ■ AT) 




F = 1/AT, T = 1/AT 


N = Ft AT 
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FIGURE 10.11 Relationship between FIT and DFT, with an illustration of aliasing error, (a) Fourier integral 
transformation (FIT) of a signal; (b) periodicity arranged time signal; (c) periodicity of the frequency spectrum; 
(d) sampled time signal; (e) sampled frequency spectrum (with aliasing error); (f) sampled original spectrum 
(no aliasing error). 



of the sampled data sequence {x(m ■ AT)}. In practice, however, A„ — * 0 as m — * oo. Consequently, A„ is a 
good approximator to A n in the range [— N/2 < n < N/2] for sufficiently large N. This basic result is 
useful in determining the Fourier coefficients of a periodic signal using discrete data that are sampled at 
time steps of AT = 1 IF, in which F is the fundamental frequency of the periodic signal. Again the aliasing 
error ( A n — A„) may be reduced by increasing the sampling rate (i.e., by decreasing A T or increasing N). 
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10.4.4.2 Aliasing Distortion in the Time Domain 

In vibration applications it is sometimes required to reconstruct the signal from its Fourier spectrum. 
Inverse DFT is used for this purpose and is particularly applicable in digital equalizers in vibration 
testing. Due to sampling in the frequency domain, the signal becomes distorted. The aliasing error 
(x m — x(mAT)) is reduced by decreasing the sample period A F. It should be noted that no information 
regarding the signal for times greater than T = 1/A F is obtained from the analysis. 

By comparing Figure 10.11(a) with (c), or (e) with ( f), it should be clear that the aliasing error in X 
in comparison with the original spectrum X is caused by “folding” of the high-frequency segment 
of X beyond the Nyquist frequency into the low-frequency segment of X. This is illustrated in 
Figure 10.12. 

10.4.4.3 Antialiasing Filter 

It should be clear from Figure 10.12 that, if the original signal is low-pass filtered at a cut-off frequency 
equal to the Nyquist frequency, then the aliasing distortion would not occur due to sampling. A filter of 
this type is called an antialiasing filter. In practice, it is not possible to achieve perfect filtering. Hence, 
some aliasing could remain even after using an antialiasing filter. Such residual errors may be reduced by 
using a filter cut-off frequency that is slightly less than the Nyquist frequency. The resulting spectrum 
would then only be valid up to this filter cut-off frequency (and not up to the theoretical limit of Nyquist 
frequency). 

Example 10.1 

Consider 1024 data points from a signal, sampled at 1 msec intervals. 

Sample rate/ s = 1/0.001 samples/sec = 1000 Hz = 1 kHz 
Nyquist frequency = 1000/2 Hz = 500 Hz 

Due to aliasing, approximately 20% of the spectrum (i.e., spectrum beyond 400 Hz) will be distorted. 
Here we may use an antialiasing filter. 




(b) 



Spectral 

Magnitude 



0 



f = Nyquist frequency 




f c Frequency/ 



FIGURE 10.12 Aliasing distortion of frequency spectrum, (a) Original spectrum; (b) distorted spectrum due to 
aliasing. 
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Box 10.2 

Signal Sampling Considerations 

The maximum useful frequency in digital Fourier results is half the sampling rate. 

Nyquist frequency or cut-off frequency or computational bandwidth: 

f c = — X sampling rate 

Aliasing distortion: 

High-frequency spectrum beyond Nyquist frequency folds on to the useful spectrum, thereby 

distorting it. 

Summary: 

1. Pick a sufficiently small sample step AT in the time domain, to reduce the aliasing distortion 
in the frequency domain. 

2. The highest frequency for which the Fourier transform (frequency-spectrum) information 
would be valid, is the Nyquist frequency f c = 1/(2A T). 

3. DFT results that are computed for the frequency range [/ c , 2/J merely approximate the 
frequency spectrum in the negative frequency range [— f c , 0]. 



Suppose that a digital Fourier transform computation provides 1024 frequency points of data up to 
1000 Hz. Half of this number is beyond the Nyquist frequency and will not give any new information 
about the signal. 



Spectral line separation = 1000/1024 Hz = 1 Hz (approximately) 

Keep only the first 400 spectral lines as the useful spectrum. 

Note: Almost 500 spectral lines may be retained if an accurate antialiasing filter is used. 

Some useful information on signal sampling is summarized in Box 10.2. 

10.4.5 Another Illustration of Aliasing 

A simple illustration of aliasing is given in Figure 10.13. Here, two sinusoidal signals of frequency, 
= 0.2 Hz and/ 2 = 0.8 Hz, are shown (Figure 10.13(a)). Suppose that the two signals are sampled at the 
rate of/ s = 1 sample/sec. The corresponding Nyquist frequency is / c = 0.5 Hz. It is seen that, at this 
sampling rate, the data samples from the two signals are identical. In other words, the high-frequency 
signal cannot be distinguished from the low-frequency signal. Hence, a high-frequency signal component 
offrequency 0.8 Hz will appear as a low-frequency signal component of frequency 0.2 Hz. This is aliasing, 
as is clear from the signal spectrum shown in Figure 10.13. Specifically, the spectral segment of the signal 
beyond the Nyquist frequency (/ c ) cannot be recovered. 

It is apparent from Figure 10.11(e) that the aliasing error becomes increasingly prominent for 
frequencies of the spectrum closer to the Nyquist frequency. With reference to the expression for X(f) in 
Table 10.4, it should be clear that when the true Fourier spectrum X(f) has a steep roll-off prior to F/2 
(= / c ), the influence of the X(f — nF) segments for n > 2 and n < — 1 is negligible in the discrete 
spectrum in the frequency range [0,F/2]. Hence the aliasing distortion in the frequency band [0, F/2] 
comes primarily from X(f — F), which is the true spectrum shifted to the right through F. Therefore, 
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/[ = 0.2 Hz 

fl = 0.8 Hz 




Sampling rate / s = 1 sample/s 
(a) Nyquist frequency f c = 0.5 Hz 




FIGURE 10.13 A simple illustration of aliasing, (a) Two harmonic signals with identical sampled data; 
(b) Frequency spectra of the two harmonic signals. 

a reasonably accurate expression for the aliasing error is 

e n = X(-(F - n ■ A F)) = X(n - A F - F) = X_ (N _ n) = X n . N n = 0, 1, 2, N/2 (10.25) 

Note from Equation 10.8 that the spectral value obtained when/in the complex exponential is replaced 
by — /is the same as the spectral value obtained when ;is replaced by — j. Since the signal x(t) is real, it 
follows that the Fourier spectrum for the negative frequencies is simply the complex conjugate of the 
Fourier spectrum for the positive frequencies; thus 

X(~f) = X*(f) (10.26) 

or, in the discrete case 

%-n-N = Xn-h (10.27) 

It follows from Equation 10.25 that the aliasing distortion is given by 

e n = X* N _ n for n = 0,1,2,..., N/2 (10.28) 

This result confirms that aliasing can be interpreted as folding of the complex conjugate of the true 
spectrum beyond the Nyquist frequency f c (= FIT) over to the original spectrum. In other words, due to 
aliasing, frequency components higher than the Nyquist frequency appear as lower frequency 
components (due to folding). These aliasing components enter into the digital Fourier results in the 
useful frequency range [0,/J. 

Aliasing reduces the valid frequency range in digital Fourier results. Typically, the useful frequency 
limit is/ c /l.28 so that the last 20% of the spectral points near the Nyquist frequency should be neglected. 
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It should be clear that if a low-pass filter with its cut-off frequency set at/ c is used on the time signal prior 
to sampling and digital Fourier analysis, the aliasing distortion can be virtually eliminated. Analog 
hardware filters may be used for this purpose. They are the antialiasing filters. Note that sometimes 
f c / 1.28(= 0.8 f.) is used as the filter cut-off frequency. In this case, the computed spectrum is accurate up 
to 0.8 f c and not up to f c . 

The buffer memory of a typical commercial Fourier analyzer can store N = 2 10 = 1024 samples of 
data from the time signal. This is the size of the data block analyzed in each digital Fourier 
transform calculation. This will result in N/2 = 512 spectral points (spectral lines) in the frequency 
range [0,/J. Out of this only the first 400 spectral lines (approximately 80%) are considered free of 
aliasing distortion. 

Example 10.2 

Suppose that the frequency range of interest in a particular vibration signal is 0-200 Hz. We are 
interested in determining the sampling rate (digitization speed) and the cut-off frequency for the 
antialiasing (low-pass) filter. 

The Nyquist frequency f c is given by/ c /l.28 = 200 

Hence, f c = 256 Hz 

The sampling rate (or digitization speed) for the time signal that is needed to achieve this range of 
analysis is F = 2 f c = 512 Hz. With this sampling frequency, the cut-off frequency for the antialiasing 
filter could be set at a value between 200 and 256 Hz. 



10.5 Analysis of Random Signals 

Random (stochastic) signals are generated by some random mechanism. Each time the mechanism is 
operated a new time history (sample function) is generated. The chance of any two sample functions 
becoming identical is governed by some probabilistic law. If all sample functions are identical (with unity 
probability), then the corresponding signal is a deterministic signal. A random process is denoted by X(t), 
while any sample function of it is denoted by xft). No numerical computations can be performed on X(t) 
because it is not known for certain. Its Fourier transform, for instance, can be written down as an 
analytical expression, but cannot be numerically computed. However, once the signal is generated, 
numerical computations can be performed on that sample function x(t) because it is a completely known 
function of time. 



10.5.1 Ergodic Random Signals 

At any given time t, , X(tf) is a random variable which has a certain probability distribution. Consider a 
well-behaved function f{X(t)} of this random variable (which is also a random variable). Its expected 
value (statistical mean) is E[f{X(t)}]. This is also known as the ensemble average because it is equivalent 
to the average value at t of a collection (ensemble) of a large number of sample functions x(t). 

Consider the function f{x(t)} of one sample function xft). Its temporal (time) mean is expressed by 

r m Tr f 

T-> oo 21 J -T 

Now, if 

E[f{X(t i)}] = lim 2- f f{x(t)}dt (10.29) 

T — ►«> 21 J -T 
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then the random signal is said to be ergodic. It should be noted that the right-hand side of Equation 10.29 
does not depend on time. Consequently, the left-hand side should also be independent of the time 
point f, . 

For analytical convenience, random vibration signals are usually assumed to be ergodic (the ergodic 
hypothesis). Using this hypothesis, the properties of a random signal could be determined by performing 
computations on a sufficiently long record (sample function) of the signal. Since the ergodic hypothesis is 
not exactly satisfied for vibration signals, and since it is impossible to analyze infinitely long data records, 
the accuracy of the numerical results depends on various factors such as the record length, sampling rate, 
frequency range of interest, and the statistical nature of the random signal (e.g., closeness to a 
deterministic signal, frequency content, periodicity, damping characteristics). Accuracy can be improved 
in general, by averaging the results for more than one data record. 

10.5.2 Correlation and Spectral Density 

If for a random signal X(t), the joint statistical properties ofX(f!) and X(t 2 ) depend on the time difference 
(t 2 — t ] ) and not on itself, then the signal is said to be stationary. Consequently, the statistical 
properties of a stationary X(t) will be independent of t. It is noted from Equation 10.29 that ergodic 
random signals are necessarily stationary. However, in general the converse is not true. 

The cross-correlation function of two random signals X(t) and Y(t) is given by E[X(t)Y(t + t)]. If the 
signals are stationary, this expected value is a function of r (not f) and is denoted by </> x/ (t). In view of the 
ergodic hypothesis, the cross-correlation function may be expressed as 

<M t ) = [ y Jo x(t ^ y(t + T)df ] (10.30) 

The FIT of 4> xy (T) is the cross-spectral density function which is denoted by <f xy (/ ). When the two signals 
are identical, we have the autocorrelation function ^(r) in the time domain and the power spectral 
density (PSD) l & xx (f) in the frequency domain. The continuous and the discrete versions of the 
correlation theorem are given in the first row of Table 10.5. It follows that the cross-spectral density may 
be estimated using the DFT (FFT) of the two signals, as [X n ]*Y n /T in which T is the record length and 
[X,,]* is the complex conjugate of [X„], 

Parseval’s theorem (second row of Table 10.5) follows directly from the correlation theorem. 
Consequently, the mean square value of a random signal may be obtained from the area under the PSD 
curve. This suggests a hardware-based method of estimating the PSD as illustrated by the functional 
diagram in Figure 10.14(a). Alternatively, a software-based digital Fourier analysis could be used 
(Figure 10.14(b)). A single sample function would not give the required accuracy, and averaging is 
usually needed. In real-time digital analysis, the running average as well as the current estimate is usually 
computed. In the running average, it is desirable to give a higher weighting to the more recent estimates. 
The fluctuations in the PSD estimate about the local average could be reduced by selecting a large filter 



TABLE 10.5 Some Useful Fourier Transform Results 



Description 


Continuous 


Discrete 


Correlation theorem 


If z(r) ^J^oo x(t)y(t + r)dt 


= ATX”l) 1 x r y r+m 




Then Z(f) = mf)TY(f) 


Z n = [X„YY„ 


Parseval’s theorem 


FIT 

If y(t)^Y(f) 


DFT 

{yJ™{Y n } 




Then = J 00 ^ \ Y(f)\ 2 df 


atz~;>^ = afx« =0 1 It„I 2 


Convolution theorem 


If y(t) = J 00 ^ h(r)u(t — r)dr = h(t — t)u(t) dr 


y m = AT^S) 1 Ku m - r = ATXS. 1 K-rU r 




Then Y(f) = H(f)U(f ) 


y T_T TT 

1 n 



© 2005 by Taylor & Francis Group, LLC 



10-20 



Vibration and Shock Handbook 



(a) 



(b) 




FIGURE 10.14 Power spectral density computation, (a) Narrow-band filtering method; (b) correlation and Fourier 
transformation method. 



bandwidth A/ and a large record length T. A measure of these fluctuations is given by 

1 

b ~7Wt 



(10.31) 



It should be noted that a large A f results in reduction of the precision of the estimates while improving 
the appearance. To offset this, T has to be increased further. 



10.5.3 Frequency Response Using Digital Fourier Transform 

Vibration test programs usually require a resonance search type pretesting. In order to minimize the 
damage potential, it is carried out at a much lower intensity than the main test. The objective of such 
exploratory tests is to determine the significant frequency-response functions of the test specimen. These 
provide the natural frequencies, damping ratios, and mode shapes of the test specimen. Such frequency- 
response data are useful in planning and conducting the main test. For example, more attention is 
required when testing in the vicinity of the resonance points (slower sweep rates, larger dwell periods, 
etc.). Also, the frequency-response data are useful in determining the most desirable test input directions 
and intensities. The degree of nonlinearity and time variance of the test object can be determined by 
conducting more than one frequency-response test at different input intensities. If the deviation of the 
frequency-response function is sufficiently small, then linear, time-invariant analysis is considered to be 
satisfactory. Often, frequency-response tests are conducted at full test intensity. In such cases, it is 
considered as a part of the main test rather than a prescreening test. Other uses of the frequency-response 
function include the following: it can be employed as a system model (experimental model) for further 
analysis of the test specimen (experimental modal analysis). Most desirable frequency range and sweep 
rates for vibration testing can be estimated by examining frequency-response functions. 

The time response h(t ) to a unit impulse is known as the impulse-response function. For each pair of 
input and output locations (A,B) of the test specimen, a corresponding single response function would be 
obtained (assuming linearity and time-invariance). Entire collection of these responses would determine 
the response of the test specimen to an arbitrary input signal. The response y(t) at B to an arbitrary input 
u(t) applied at A, is given by 

roo roo 

y(t) = h{T)u(t — T)dr = h(t — t)u(t)<1t (10.32) 

J -00 J -oo 

The right-hand side of Equation 10.32 is the convolution integral of h(t) and u(t) and is denoted by 
h{t) * u(t). By substituting the inverse FIT relations (Table 10.2) in Equation 10.32, the frequency- 
response function (frequency-transfer function) H(f) is obtained as the ratio of the (complex) FITs of 
the output and the input. It exists for physically realizable (casual) systems even when the individual FITs 
of the input and output signals do not converge. The continuous convolution theorem and the discrete 
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counterpart are given in the last row of Table 10.5. The discrete convolution can be interpreted as the 
trapezoidal integration of Equation 10.32. Frequency- response function is a valid representation (model) 
for linear, time-invariant systems. It is related to the system transfer function G(s) (ratio of the Laplace 
transforms of output and input with zero initial conditions) through 

H(f) = = G{ 2tt#) (10.33) 

But for notational convenience, the frequency-response function corresponding to G(s) may be denoted 
by either G(/) or G(to), where co is the angular frequency and /is the cyclic frequency. 

Using Fourier transform theory, three methods of determining H(f) can be established. First, using 
any transient excitation signal to a system at rest and the corresponding output, H(f) is determined from 
their FITs (Table 10.5). Second, if the input is sinusoidal, the signal amplification of the steady-state 
output is the magnitude lH(/)l at the input frequency, and the phase lead of the steady-state output is the 
corresponding phase angle AH{f). Third, using a random input signal and the corresponding input and 
output spectral density functions, H{f ) is determined as the ratio 

H(f) = 4> U y(f)l ( Ku(f) (10.34) 

10.5.4 Leakage (Truncation Error) 

In digital processing of vibration signals (e.g., accelerometer signals), sampled data are truncated to 
eliminate less significant parts. This is of course essential in real-time processing because, in that case, 
only sufficiently short segments of continuously acquisitioned data are processed at a time. The computer 
memory (and buffer) limitations, the speed and cost of processing, the frequency range of importance, 
the sampling rate, and the nature of the signal (level of randomness, periodicity, decay rate, etc.) should 
be taken into consideration in selecting the truncation point of data. 

The effect of direct truncation of a signal x(t) on its Fourier spectrum is shown in Figure 10.15. In the 
time domain, truncation is accomplished by multiplying x{t) by the box-car function b{t). This is 
equivalent to a convolution ( X(f ) * B(/)) in the frequency domain. This procedure introduces ripples 
(side lobes) into the true spectrum. The resulting error (X(f) — X(f) * B(f)) is known as leakage or 
truncation error. Similar leakage effects arise in the time domain, as a result of truncation of the 
frequency spectrum. The truncation error may be reduced by suppressing the side lobes, which requires 
modification of the truncation function (window) from the box-car shape b(t ) to a more desirable shape. 
Commonly used windows are the Hanning, Hamming, Parzen, and Gaussian windows. 

10.5.5 Coherence 

Random vibration signals X(t ) and Y(t) are said to be statistically independent if their joint probability 
distribution is given by the product of the individual distributions. A special case of this is the 
uncorrelated signals which satisfy 

E|XG,)TG 2 )I = EIXG/IEIKg)! (10.35) 

In the stationary case, the means /jl x = E[X(t)] and fi y = £[?(f)] are time independent. The 
autocovariance functions are given by 

i I>xx(t) = E[{X(t ) - /zJ{X(f + r) - /z x }] = /.^(t) - £ (10.36) 

I jjyy(r) = E[{Y(t) - iL y }{Y(t+ t) - /z x }] = cf) y y(T) - /x ] (10.37) 

and the cross-covariance function is given by 

*M/) = E[{X(t) - fr x }{Y(t + t)~ H y }] = (t) xy (T) - LL x n y (10.38) 
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RESULT 



(c) 




FIGURE 10.15 Illustration of truncation error, (a) Signal and its frequency spectrum; (b) a rectangular (box-car) 
window and its frequency spectrum; (c) truncated signal and its frequency spectrum. 



For uncorrelated signals <f> xy (T) = p x p. y and (/^(r) = 0. The correlation function coefficient is defined by 



( _ 'l'xy(T) 

1xy(T ~ v^x(°)‘M o) 



(10.39) 



which satisfies — 1 < p xy (T) < 1. 

For uncorrelated signals we have p xy (r) = 0. This function measures the degree of correlation of the 
two signals. In the frequency domain, the correlation is determined by its (ordinary) coherence function 



Yxyif) = 



I<V/)I 2 

( K(f)%y(f) 



(10.40) 



which satisfies the condition 0 < Y y (f) — 1- In this definition, the signals are assumed to have zero 
means. Alternatively, the FIT of the covariance functions may be used. If the signals are uncorrelated (or 
better, independent) the coherence function vanishes. On the other hand, if Y(t) is the response of a 
linear, time-invariant system to an input X(t), then 



( hy(f) = 



(10.41) 



®yy(f) = <Pxx(f)\H(ff 



(10.42) 



Consequently, the coherence function becomes unity for this ideal case. In practice, however, the 
coherence function of an excitation and the corresponding response is usually less than unity. This is due 
to deviations such as measurement noise, system nonlinearities, and time-variant effects. Consequently, 
the coherence function is commonly used as a measure of the accuracy of frequency-response estimates. 
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10.5.6 Parseval's Theorem 



For a pair of rapidly decaying (aperiodic) deterministic signals x(t) and y(t), the cross-correlation 
function is given by 



<M T ) = 



roo 

x(t)y(t + r)dt 



(10.43) 



This is equivalent to Equation 10.30, for a pair of ergodic, random (stochastic) signals x(t) and y(t). By 
using the definition of the inverse FIT (see Table 10.2) in Equation 10.43, and by following 
straightforward mathematical manipulation, it may be shown that 

%(f)= [X(f)]*Y(f) (10.44) 

in which the cross-spectral density < & x/ (/) is the FIT of 4> xy (T), as given by 

roo 

®xy(f)=\ 4> xy (r) exp(—j2 rrf r)dr (10.45) 

J -00 

and [ ]* denotes the complex conjugation operation. This result, which is known as the correlation 
theorem (see Table 10.5) has applications in the evaluation of the correlation functions and PSD 
functions of finite-record-length data. 

The inverse FIT relation corresponding to Equation 10.45 is 



4>xy(T)=\ <P xy (f)exp()2TTfT)df 



From Equation 10.44, we have 



4>x y (T) = IX(f)] Y(f) exp( j2 TlfT)df 



If we set r = 0 and x = y in Equation 10.47, we get 



4>xy( 0 ) 



roo 

J -00 



df 



Similarly, from Equation 10.43, we get 



r oo 

4>xy( 0) = y 2 (t)dt 
J -oo 

By comparing Equation 10.48 and Equation 10.49, we obtain Parseval’s theorem and thus 



roo roo 

y\t)dt=\ \Y(f)\ 2 df 

J -OO J -00 



(10.46) 



(10.47) 



(10.48) 



(10.49) 



(10.50) 



By using the discrete correlation theorem is an analogous manner, we can establish the discrete version of 
Equation 10.50: 

N— 1 N - 1 

Ar£)£ = AF£ \Y n \ 2 (10.51) 

m = 0 n = 0 

These results are listed in the second row of Table 10.5. 



10.5.7 Window Functions 

Consider the unit box-car function w(t'), defined as 

f 1 for - 0 < t < T 

w(t) = A (10.52) 

( 0 otherwise 
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TABLE 10.6 Some Common Window Functions 



Function Name 



Time-Domain Representation [w(t)] 



Frequency-Domain Representation [W(f)] 



Box- car 



Hanning 



Parzen 



for 0 < t < T 
otherwise 

1 'ii l ~ i I 

H — cos — for Id < T 

2 T 

otherwise 
r t i2 r Ifln3 



6 m + 6 i rJ 



I 2 1 - 



Iths 



for 111 < 



for - < Itl £ T 
2 

otherwise 



)2 nf 



[1 — cos 2irfT + j sin 27 r/T] 



T sin 27 r/T 
2ir/T[l - (2 fT) 2 ] 



sin 77/ 772 

— 77 fT 
L 2 J 



Bartlett 



for Itl < T 



otherwise 






This is shown in Figure 10.15(b). The FIT of w(t) is 



W(f) = [1 — cos 2 ir/T + j sin 2'7 t/T] 

) 2 V 



(10.53) 



(a) 



Clearly, this (rectangular) window function produces side lobes (leakage) in the frequency domain. 

In spectral analysis of vibration signals, it is often required to segment the time history into several parts, 
and then perform spectral analysis on the individual results to observe the time development of 
the spectrum. If segmenting is done by simple 
truncation (multiplication by the box-car win- 
dow), the process would introduce rapidly fluctu- 
ating side lobes into spectral results. Window 
functions, or smoothing functions other than the 
box-car function, are widely used to suppress the 
side lobes (leakage error). Some common smooth- 
ing functions are defined in Table 10.6. 

A graphical comparison of these four window 
types is given in Figure 10.16. Hanning windows are 
very popular in practical applications. A related 
window is the Hamming window, which is simply a 
Hanning window with rectangular cut-offs at the 
two ends. A Hamming window will have charac- 
teristics similar to those of a Hanning window, 
except that the side lobe fall-off rate at higher 
frequencies is less in the Hamming window. 

From Figure 10.16(b), we observe that the 
frequency-domain weight of each window varies 
with the frequency range of interest. Obviously, 
the box-car window is the worst. In practical 
applications, the performance of any window 
could be improved by simply increasing the 
window length T. In addition, a window in the 
shape of a Gaussian function may be used when a FIGURE 10.16 Some common window functions, 

rapid roll-off without side lobes is desired. (a) Time-domain function; (b) frequency spectrum. 




(b) 
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TABLE 10.7 Signal Types and Appropriate Windows 



Signal Type 


Window 


Periodic with period = T 


Rectangular 


Rapid transients within [0, T] 


Gaussian 


Periodic with period T 


Flat-top cosine 


Quasi-periodic 


Hamming 


Slow transients beyond [0, T] 


Hanning 


Nonstationary random 


Gaussian 


Beat-like signals with period ~ T 


Bartlett (triangular) 


Narrow-band random 


Rectangular 


Stationary random 


Hamming 


Important low-level components mixed with 


Parzen 


widely spaced high-level spectral components 
Broad-band random (white noise, pink noise, etc.) 


Gaussian 



Characteristics of the signal that is being analyzed and also the nature of the system that generates the 
signal should be considered in choosing an appropriate truncation window. In particular, the Hanning 
window is recommended for signals generated by heavily damped systems and the Hamming window is 
recommended for use with lightly damped systems. Table 10.7 lists some useful signal types and 
appropriate window functions. 



10.5.8 Spectral Approach to Process Monitoring 

In mechanical systems, component degradation 
may be caused by vibrating excitations, which can 
result in malfunction or failure. In this 
sense, continuous monitoring during testing of 
mechanical deterioration in various critical com- 
ponents of a vibratory system is of prime 
importance. This usually cannot be done by simple 
visual observation, unless malfunction is detected 
by operability monitoring of the system. However, 
since mechanical degradation is always associated 
with a change in vibration level, by continuously 
monitoring the development of Fourier spectra in 
time (during system operation) at various critical 
locations of the system, it is possible to con- 
veniently detect any mechanical deterioration and 
impending failure. In this respect, real-time Fourier analysis is very useful in process monitoring and 
failure detection and prediction. Special-purpose real-time analyzers with the capability of spectrum 
comparison (often done by an external command) are available for this purpose. 

Various mechanical deteriorations manifest themselves at specific frequency values. A change in 
spectrum level at a particular frequency (and its multiples) would indicate a specific type of mechanical 
degradation or component failure. An example is given in Figure 10.17, which compares the Fourier 
spectrum at a monitoring location of a vibratory system at the start of test with the Fourier spectrum 
after some mechanical degradation has taken place. To facilitate spectrum comparison within a narrow- 
frequency band, it is customary to plot such Fourier spectra on a linear frequency axis. It is seen that the 
overall spectrum levels have increased as a result of mechanical degradation. Also, a significant change 
has occurred near 30 Hz. This information is useful in diagnosing the cause of degradation or 
malfunction. Figure 10.17 might indicate, for example, impending failure of a component having 
resonant frequency close to 30 Hz. 




Frequency (Hz) 



FIGURE 10.17 Effect of mechanical degradation on a 
monitored Fourier spectrum. 
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10.5.9 Cepstrum 

A function known as the cepstrum is sometimes used to facilitate the analysis of Fourier spectrum in 
detecting mechanical degradation. The cepstrum (complex) C(r) of a Fourier spectrum Y(f) is defined 

by 

C(t) = S" 1 log Y(f) (10.54) 

The independent variable t is known as quefrency, and it has the units of time. 

An immediate advantage of cepstrum arises from the fact that the logarithm of the Fourier spectrum is 
taken. From Equation 10.33 it is clear that, for a system having frequency-transfer function H(f), and 
excited by a signal having Fourier spectrum U(f), the response Fourier spectrum Y(f) could be expressed 
in the logarithmic form: 

log 7(7) = log H(f) + log U(f) (10.55) 

Since the right-hand side terms are added rather than multiplied, any variation in H(f ) at a particular 
frequency will be less affected by a possible low-spectrum level in the excitation U(f) at that frequency, 
when considering log Y(f) rather than Y(f). Consequently, any degradation will be more conspicuous in 
the cepstrum than in the Fourier spectrum. Another advantage of cepstrum is that it is better capable of 
detecting variation in phenomena that manifest themselves as periodic components in the Fourier spec- 
trum ( for example, harmonics and sidebands). Such phenomena, which appear as repeated peaks in the 
Fourier spectrum, occur as a single peak in the cepstrum, and so any variations can be detected more easily. 



10.6 Other Topics of Signal Analysis 

In this section, we will briefly address some other important topics of signal analysis. We will start by 
discussing bandwidth in different contexts then we will present several practically useful analysis 
procedures and results on vibration signals. 

10.6.1 Bandwidth 

Bandwidth has different meanings depending on the particular context and application. For example, 
when studying the response of a dynamic system, the bandwidth relates to the fundamental resonant 
frequency, and correspondingly to the speed of response for a given excitation. In band-pass filters, the 
bandwidth refers to the frequency band within which the frequency components of the signal are allowed 
through the filter, the frequency components outside the band being rejected by it. With respect to 
measuring instruments, bandwidth refers to the range frequencies within which the instrument measures 
a signal accurately. Note that these various interpretations of bandwidth are somewhat related. For 
example, if a signal passes through a band-pass filter, then we know that its frequency content is within 
the bandwidth of the filter; but we cannot determine the actual frequency content of the signal through 





FIGURE 10.18 Characteristics of (a) an ideal band-pass filter; (b) a practical band-pass filter. 
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such an observation. In this context, the bandwidth appears to represent a frequency uncertainty in the 
observation (i.e., the larger the bandwidth of the filter, the less certain the actual frequency content of a 
signal that is allowed through the filter). 

10.6.2 Transmission Level of a Band-Pass Filter 

Practical filters can be interpreted as dynamic systems. In fact all physical, dynamic systems (e.g., 
mechanical structures) are analog filters. It follows that the filter characteristic can be represented by the 
frequency- transfer function G(/) of the filter. A magnitude squared plot of such a filter transfer function 
is shown in Figure 10.18. In a logarithmic plot the magnitude-squared curve is obtained by simply 
doubling the corresponding magnitude (Bode plot) curve. Note that the actual filter transfer function 
(Figure 10.18(b)) is not flat like the ideal filter shown in Figure 10.18(a). The reference level G r is the 
average value of the transfer function magnitude in the neighborhood of its peak. 

10.6.3 Effective Noise Bandwidth 

Effective noise bandwidth of a filter is equal to the bandwidth of an ideal filter that has the same reference 
level and that transmits the same amount of power from a white noise source. Note that white noise has a 
constant (flat) PSD. Hence, for a noise source of unity PSD, the power transmitted by the practical filter is 
given by 

r oo 

J o lG(/)l 2 d/ 

which, by definition, is equal to the power G 2 B e transmitted by the equivalent ideal filter. Hence, the 
effective noise bandwidth B s is given by 

r oo 

B e = lG(/)l 2 d//G? (10.56) 



10.6.4 Half-Power (or 3 dB) Bandwidth 

Half of the power from a unity-PSD noise source, 
as transmitted by an ideal filter, is G 2 B r / 2. Hence, 
is referred to as the half-power level. This is 
also known as a 3 dB level because 20 log 10 X 
i/2 = 10 log 10 2 = 3 dB. (Note: 3 dB refers to a 
power ratio of 2 or an amplitude ratio of \fl. 
Furthermore, 20 dB corresponds to an amplitude 
ratio of 10 or a power ratio of 100). The 3 dB (or 
half-power) bandwidth corresponds to the width 
of the filter transfer function at the half-power 
level. This is denoted by B p in Figure 10.18(b). 
Note that B e and B p are different in general. 
However, in an ideal case where the magnitude- 
squared filter characteristic has linear rise and fall- 
off segments, these two bandwidths are equal (see 
Figure 10.19). 




10.6.5 Fourier Analysis Bandwidth 

In Fourier analysis, bandwidth is interpreted, again, as the frequency uncertainty in the spectral results. In 
analytical FIT results, which assume that the entire signal is available for analysis, the spectrum is 
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continuously defined over the entire frequency range [— 00 , 00 ] and the frequency increment d If is 
infinitesimally small (d/ — > 0). There is no frequency uncertainty in this case, and the analysis bandwidth 
is infinitesimally narrow. 

In digital Fourier transform, the discrete spectral lines are generated at frequency intervals of A F. This 
finite frequency increment AT, which is the frequency uncertainty, is therefore the analysis bandwidth B 
for this analysis. Note that A F = 1/T, where T is the record length (or window length for a rectangular 
window). It follows also that the minimum frequency that has a meaningful accuracy is the bandwidth. 
This interpretation for analysis bandwidth is confirmed by noting the fact that harmonic components of 
frequency less than A F (or period greater than T) cannot be studied by observing a signal record of length 
less than T. Analysis bandwidth carries information regarding distinguishable minimum frequency 
separation in computed results. In this sense bandwidth is directly related to the frequency resolution of 
analyzed results. The accuracy of analysis increases by increasing the record length T (or decreasing the 
analysis bandwidth B). 

When a time window other than the rectangular window is used to truncate a measured vibration 
signal, then reshaping of data occurs according to the shape of the window. This reshaping reduces leakage 
due to suppression of side lobes of the Fourier spectrum of the window. At the same time, however, an 
error is introduced due to the information lost through data reshaping. This error is proportional to the 
bandwidth of the window itself. The effective noise bandwidth of a rectangular window is only slightly less 
than 1/T, because the main lobe of its Fourier spectrum is nearly rectangular. Hence, for all practical 
purposes, the effective noise bandwidth can be taken as the analysis bandwidth. Note that data truncation 
(multiplication in the time domain) is equivalent to convolution of the Fourier spectrum (in the 
frequency domain). The main lobe of the spectrum uniformly affects all spectral lines in the discrete 
spectrum of the data signal. It follows that a window main lobe having a broader bandwidth (effective 
noise bandwidth) introduces a larger error into the spectral results. Hence, in digital Fourier analysis, 
bandwidth is taken as the effective noise bandwidth of the time window that is employed. 

10.6.6 Resolution in Digital Fourier Results 

Resolution is the frequency separation between spectral lines in digital Fourier-analysis results. For a data 
record of length T, the resolution is AT = 1/T irrespective of the type of window used. There is a 
noteworthy distinction between analysis bandwidth and resolution. Suppose that we have a data record 
of length T. If we double the length by augmenting it with trailing zeros, digital Fourier analysis of the 
resulting record of length 2 T will yield a spectral line separation of 1/(2T). Thus, the resolution is halved. 
But, unless the true signal value is also zero in the second time interval t[T, 2 T], no new information is 
presented in the augmented record of duration [0, 2T] in comparison to the original record of duration 
[0, T]. So, the analysis bandwidth (a measure of accuracy) will remain unchanged. If, on the other hand, 
the signal itself was sampled over [0, 2T] and the resulting 2 N data points were used in digital Fourier 
analysis, the bandwidth as well as the resolution would be halved. 

Some relations that are useful in the digital computation of spectral results for signals are summarized 
in Box 10.3. 



10.7 Overlapped Processing 

Digital Fourier analysis is performed on blocks of sampled data (e.g., 2 10 = 1024 samples at a time). In 
overlapped processing, each data block is made to include part of the previous data block that was 
analyzed. After completing a computation, the overlapped data at the end of the computed block is 
moved to the beginning of the block, and the leading vacancy is filled with new data so that the end data 
in one block is identical to the beginning data in the next block, in the overlapped region. In other words, 
the overlapped portions of each data block (the two end portions) are processed twice. It follows that if 
there is 50% (or more) overlapping then the entire data block is processed twice. Three main reasons can 
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Box 10.3 

Useful Relations for Digital Spectral 
Computations 

~ DFT 

U*(/)7(/) 

Power spectrum 

Energy spectrum 

Energy spectral density 

RMS spectra 

(always shown for 
+ ve frequencies only) 

Note: 

T = Record length 

B = Bandwidth of digital analysis (minimum frequency for which meaningful results are obtained) — ► includes 
window effect 

Periodic or stationary signals Use power spectra 

(infinite energy) 

Transient signals (finite energy) Energy spectra can be used 

One-sided spectrum = 2 X (+ve frequency part of two-sided spectrum) 

Coherent output power = coherence y^ y X output power <— could be power spectrum (spectrum or spectral density) 
or PSD of the output 



be given for using overlapped processing in digital Fourier analysis: 

1 . It is an effective means of averaging spectral results. 

2. It reduces the waiting time for assembling the data buffer. 

3. It reduces the error caused by the end shaping effect of time windows (when a window other than 
the rectangle window is used). 

From reasons 1 and 2, it is clear that, due to overlapping, the statistical error of computations is 
reduced for the same speed of computation, and the computing power is more efficiently used. To explain 
reason 3, let us examine Figure 10.20. This example shows a 50% overlap in data. It is seen that the 
window function can be assumed to be relatively flat, at least over 50% of the window length (record 
length). Then the entire data block will correspond to the flat part of the window in three successive 
analyses. Consequently, the shaping error (or the error due to increased analysis bandwidth) that is 
caused by a nonrectangular time window is virtually eliminated by overlapped processing. The flatness of 
a time window is determined by its effective noise bandwidth B e . The effective record length T e is 
defined as 

T e = 4- (10.57) 



Fourier spectrum 

= Power spectral density (PSD) 

= B X Power spectral density 

= T X Power spectrum 

= — X Energy spectrum 
B 

= H ! f f +B \Y(f)\ 2 df] m 






= BY*(f)Y(f ) 

= Y*(f)Y(f) 

* one sided 

* like \Y(f)\ but smoother 

* no phase information 

* increase B —> high 
bandwidth 
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FIGURE 10.20 Overlapped processing of windowed signals. 



which provides a measure for the flat segment of the window. The percentage effective record length is 
given by T e as a percentage of the actual record length T. The degree of overlapping is chosen using the 
relation 



%overlap =100 




(10.58) 



Example 10.3 

For a Hamming window, B e = 1.4/T. Hence, a typical value for the percentage overlap is 

100^1 - ^ \ = 29% 

We might want to use a conservative overlap and even go up to 50% in this case because the window is 
not quite flat. 



10.7.1 Order Analysis 

Speed related vibrations in rotation machinery may be analyzed through order analysis. Machinery 
vibrations under start-up (accelerating) and shut-down (decelerating) conditions are analyzed in this 
manner. Orders represent the rotating-speed-related frequency components in a response signal. The 
ratio of the response frequency to the rotating speed is termed “order.” 

Order analysis is done essentially through digital Fourier analysis of a rotating-speed-related response 
signal. Practically, this may be accomplished in many ways. The format in which the spectral results are 
presented will depend on the procedure used in order analysis. Some of the typical formats of data 
presentation are given below. 

10.7.1.1 Speed-Spectral Map 

As the rotating speed of a machine is changing in a given range, the Fourier spectrum of the response 
signal is determined for equal increments of speed. The results are presented as a speed spectral map 
which is a three-dimensional cascade diagram (or waterfall display). The two base axes of the plot are 
spectral frequency and rotating speed. The third axis gives the spectral magnitude (see Figure 10.21). 
These types of plots are useful in identifying order-related components during start-up or coast-down 
conditions. Note that for each speed the frequency band of digital Fourier analysis is kept the same (i.e., 
fixed sampling rate). Each distinct crest trace denotes an order-related resonance. The fact that these 
traces are almost straight lines indicates the significance of order (the ratio, frequency/rotating speed) in 
exciting these resonances. 



© 2005 by Taylor & Francis Group, LLC 



Vibration Signal Analysis 



10-31 




FIGURE 10.21 A speed-spectral map obtained from order analysis. 



10.7.1.2 Time-Spectral Map 

Under variable speed conditions (not necessarily accelerating or decelerating) the response signal is 
Fourier analyzed at equal increments of time. The results are plotted in a cascade diagram , with frequency 
and time as the base axes. The third axis again represents the magnitude of the Fourier spectrum (see 
Figure 10.22). In this case, the crest traces are not necessarily straight, and can change their orientation 
arbitrarily. This variation in crest orientation is determined by the degree of speed variation. 




FIGURE 10.22 A time-spectral map obtained from order analysis. 
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10.7.1.3 Order Tracking 

In order tracking, a “tracking frequency multiplier” monitors the rotating speed of the machine (as for a 
speed-spectral map). But, in the present case, the sampling rate of the response signal (for Fourier 
analysis) is changed in proportion to the rotating speed. Note that, in this manner, the maximum useful 
frequency (approximately 400/512 X Nyquist Frequency) is increased as the rotating speed increases, so 
that the aliasing effects are reduced. If the same sampling rate is used for high speeds (as in the Speed- 
Spectral Map discussed above), aliasing error can be significant at high rotating speeds. 

In presenting order tracking spectral results, the frequency axis is typically calibrated in orders. Both 
speed-spectral maps and time-spectral maps may be presented in this manner. Other types of data 
presentation may be used as well in order analysis. For example, instead of the Fourier spectrum of the 
response signal, power spectrum or composite power spectrum (in which the total signal power is 
computed in specified frequency bands and presented as a function of the rotating speed) may be used in 
the schemes described in this section. 

Order analysis provides information on most severe operating speeds with respect to vibration (and 
dynamic stress). For example, suppose that, for a given speed of operation, two major resonances occur, 
one at 10 Hz and the other at 80 Hz. Then, the structure of the system (rotating machine and its support 
fixtures) should be modified to change and preferably damp out these resonances. Furthermore, the most 
desirable operating speed can be chosen in terms of the lowest resonant peaks by observing a speed- 
spectral map. 
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Summary 

Section 11.1 provides a brief introduction to wavelet concepts in vibration-related applications. Aspects of time- 
frequency analysis are discussed in Section 11.2. Specifically, the Gabor and wavelet transforms are outlined. 
Further, several wavelet families commonly used in vibration-related applications are presented. Estimation of 
time- dependent spectra of stochastic processes is considered in Section 11.3. Section 11.4 to Section 11.7 discuss 
applications of wavelet analysis in vibration-related applications. In particular, applications in random field 
simulation, system identification, damage detection, and material characterization are examined. Section 11.8 
provides an overview and concluding remarks on the applicability and usefidness of the wavelet analysis in 
vibration theory. To enhance the usefulness of this chapter, a list of readily available references in the form of books 
and archival articles is provided. 



11.1 Introduction 



Wavelets-based representations offer an important option for capturing localized effects in many signals. 
This is achieved by employing representations via double integrals (continuous transforms), or via 
double series (discrete transforms). Seminal to these representations are the processes of scaling and 
shifting of a generating ( mother ) function. Over a period of several decades, wavelet analysis has been set 
on a rigorous mathematical framework and has been applied to quite diverse fields. Wavelet families 
associated with specific mother functions have proven quite appropriate for a variety of problems. In this 
context, fast decomposition and reconstruction algorithms ensure computational efficiency, and rival 
classical spectral analysis algorithms such as the fast Fourier transform (FFT). The field of vibration 
analysis has benefited from this remarkable mathematical development in conjunction with vibration 
monitoring, system identification, damage detection, and several other tasks. There is a voluminous body 

11-1 
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of literature focusing on wavelet analysis. However, this chapter has the restricted objective of, on one 
hand, discussing concepts closely related to vibration analysis, and on the other hand, citing sources that 
can be readily available to a potential reader. In view of this latter objective, almost exclusively books and 
archival articles are included in the list of references. First, theoretical concepts are briefly presented; for 
more mathematical details, the reader may consult references [1-23]. Next, the theoretical concepts are 
supplemented by vibration-analysis-related sections on time-varying spectra estimation, random field 
synthesis, structural identification, damage detection, and material characterization. It is noted that most 
of the mathematical developments pertain to the interval [0,1] relating to dimensionless independent 
variables derived by normalization with respect to the spatial or temporal “lengths” of the entire signals. 



11.2 Time -Frequency Analysis 

A convenient way to introduce the wavelet transform is through the concept of time -frequency 
representation of signals. In the classical Fourier theory, a signal can be represented either in the time or 
in the frequency domain, and the Fourier coefficients define the average spectral content over the entire 
duration of the signal. The Fourier representation is appropriate for signals that are stationary, in terms 
of parameters which are deemed important for the problem in hand, but becomes inadequate for 
nonstationary signals, in which important parameters may evolve rapidly in time. 

The need for a time- frequency representation is obvious in a broad range of physical problems, such as 
acoustics, image processing, earthquake and wind engineering, and a plethora of others. Among the time- 
frequency representations available to date, the wavelet transform has unique features in terms of efficacy 
and versatility. In mathematical terms, it involves the concept of scale as a counterpart to the concept of 
frequency in the Fourier theory. Thus, it is also referred to as time-scale representation. Its formulation 
stems from a generalization of a previous time -frequency representation, known as the Gabor transform. 
For completeness, and to underscore the significant advantages achieved by the development of the wavelet 
transform, the Gabor transform is briefly discussed in Section 11.2.1. Section 11.2.2 is entirely devoted to 
the wavelet transform, and the most commonly used wavelet families are described in Section 11.2.3. 



11.2.1 Gabor Transform 



The first steps in time-frequency analysis trace back to the work of Gabor [24], who applied in signal 
analysis fundamental concepts developed in quantum mechanics by Wigner a decade earlier [25]. Given 
a function /(f) belonging to the space of finite-energy one-dimensional functions, denoted by L 2 (IR), 
Gabor introduced the transform 



Gf(a>, f 0 ) 



r oo 

f(t)g(t - to) e _i “ (t_fo) 

J-00 



d t 



(11.1) 



whereg(f) is a window and the bar (“) denotes complex conjugation. This transform, generally referred to as 
the continuous Gabor transform (CGT) or the short-time Fourier transform of /(f), is a complete 
representation of/(f). That is, the original function /(f) can be reconstructed as 

2 r oo r oo 

/(*)= — n~Tl2 G { ((o,t 0 )g(t - t 0 )e Mt ~ to) dcodt 0 (11.2) 

27r||g|| 

where||g|| 2 = \g(t)\ 2 df.TheGabortransform(Equationll.l)maybeseenastheprojectionof/(f)onto 

the family {g( m>fo )(f); u>, t 0 E R] of shifted and modulated copies (atoms) ofg(f) expressed in the form 

IW o) (0 = - fo) (11.3) 



These time -frequency atoms, also referred to as Gabor functions, are shown in Figure 11.1 for three 
different values of w. Clearly, if g( f) is an appropriate window function, then Equation 11.1 may be regarded 
as the standard Fourier transform of the function /(f), localized at the time f 0 . In this context, f 0 is the 
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FIGURE 11.1 Plots of Gabor function g(co, t 0 ) versus the independent variable x for three values of the frequency co; 
the effective support is the same for the three values of the frequency. 



time parameter which gives the center of the window, and co is the frequency parameter which is used to 
compute the Fourier transform of the windowed signal. 

As intuition suggests, the accuracy of the CGT representation (Equation 11.2) of/(f) depends on the 
window function g(t), which must exhibit good localization properties both in the time and the 
frequency domains. As discussed in Ref. [6] , a measure of the localization properties may be obtained by 
the average and the standard deviation of the density \g(t)\ 2 in the time domain. That is, 

r oo 

<f>= t\g(t)\ 2 dt (11.4a) 

J- oo 

r oo 

(t ~ (t)) 2 \g(t)\ 2 dt (11.4b) 

J - 00 

The counterparts of Equation 11.4a and Equation 11.4b in the frequency domain are 

r oo 

{(o) = co\G(co)\ 2 d(o (11.5a) 

J-00 

r oo 

ai= \ (w - (w)) 2 |G(w)| 2 dm (11.5b) 

J- 00 

where G(co) denotes the Fourier transform of g(t) given by the equation 

« 1 f 00 

G(m) = —f== g(Oe -1 “ f dt (11.6) 

V2 IT J- 00 

The well-known Heisenberg uncertainty principle is in actuality a mathematically proven property and 
states that the values cr t and cr c0 cannot be independently small [6]. Specifically, for an arbitrary 
window normalized so that ||g||‘ = 1, it can be shown that 

a 1 (11-7) 

Thus, high resolution in the time domain (small value of a , ) may be generally achieved only at the 
expense of a poor resolution (bigger than a minimum value cr w ) in the frequency domain and vice versa. 
Note that the optimal time -frequency resolution, that is cr t cr w = 1/2, maybe attained when the Gaussian 
window 



g(t) = 




( 11 . 8 ) 



is selected. 

Clearly, as a time- frequency representation, the Gabor transform exhibits considerable limitations. 
The time support, governed by the window function g(t), is equal for all of the Gabor functions 
(Equation 11.3) for all frequencies (see Figure 11.1). In order to achieve good localization of high- 
frequency components, narrow windows are required; as a result of that, low-frequency components are 
poorly represented. Thus, a more flexible representation with nonconstant windowing is quite desirable, 
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to enhance the time resolution for short-lived high-frequency phenomena and frequency resolution for 
long-lasting low-frequency phenomena. 

11.2.2 Wavelet Transform 

The preceding shortcomings of the Gabor transform have been overcome with significant effectiveness 
and efficiency by wavelets-based signal representation. Its two formulations, continuous and discrete, are 
described in the ensuing sections. Because of the numerous applications of wavelets beyond time- 
frequency analysis, the f-time domain will be replaced by a generic x-space domain. For succinctness, the 
formulation will be developed for scalar functions only, but generalization for multidimensional spaces is 
well established in the literature [1-22]. 

11.2.2.1 Continuous Wavelet Transform 

The concept of wavelet transform was introduced first by Goupillaud et al. for seismic records analysis 
[26,27]. In analogy to the Gabor transform, the idea consists of decomposing a function fix) into a two- 
parameter family of elementary functions, each derived from a basic or mother wavelet , i/ffx). The first 
parameter, a, corresponds to a dilation or compression of the mother wavelet that is generally referred to 
as scale. The second parameter, b, determines a shift of the mother wavelet along the x-domain. In 
mathematical terms 



1 f 00 / x — b\ 

Wf(a, b) = —= f{x) M Id* (11.9) 

•fa J-oo \ a ) 

where a G R + , b G R. In the literature, Equation 11.9 is generally referred to as continuous wavelet 
transform (CWT). Note that the factor a ~ 1/2 is a normalization factor, included to insure that the mother 
wavelet and any dilated wavelet a~ m ip{xla) have the same total energy [26]. Clearly, alternative 
normalizations may also be chosen [ 1 ] . 

An example of wavelet functions is shown in Figure 11.2 for different values of the scale parameter a. 
As a result of scaling, all the wavelet functions exhibit the same number of cycles within the x-support of 
the mother wavelet. Obviously, the spatial and frequency localization properties of the wavelet transform 
depend on the value of the parameter a. As a approaches zero, the dilated wavelet a~ m if(x/a) is highly 
concentrated at the point x = 0; the wavelet transform, Wfa, b), then gives increasingly sharper spatial 
resolution displaying the small-scale/higher-frequency features of the function fix), at various locations 
b. However, as a approaches +oo, the wavelet transform W(ia,b) gives increasingly coarser spatial 
resolution, displaying the large-scale/low-frequency features of the function fix). 

For the function fix) to be reconstructable from the set of coefficients (Equation 11.9), in the form 

1 f 00 f 00 da 

fix)= W ( (a,b)ili aJ ,(x) 2 db (11.10) 

'7TC t j f Jo J -00 a 




FIGURE 11.2 Plots versus time of wavelet functions corresponding to three different values of a scale a of the same 
mother function; the effective time support increases with the magnitude of the scale. 
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where i/f nf ,(x) = a ll2 if[(x 



b)/a\, the wavelet function i /<•) must satisfy the admissibility condition 



— 




I^M 2 

w 



d at < oo 



(11.11) 



where 'P(a>) denotes the Fourier transform of ip(x). As pointed out in Ref. [26], the condition 11.11 
includes a set of subconditions, such as: 



1. The analyzing wavelet i/X j is absolutely integrable and square integrable. That is, 



r oo 

|i/i(x)| dx < oo 



(11.12a) 




dx < oo 



(11.12b) 



2. The Fourier transform 'P(co) must be sufficiently small at the vicinity of the origin w = 0, or in 
mathematical terms 




\ x hco)\ 

M 



d co < oo 



(11.13) 



Subcondition 2, then, implies that 'P'{0) = 0; that is, J!!^ ip(x)dx = 0. Therefore, for an analyzing 
wavelet to be admissible, its real and imaginary parts must both be symmetric with respect to the x-axis. 
From the reconstruction formula (Equation 11.10), it can be shown that 

i r oo r oo J 

ll/ll 2 =— \W f (a,b)\ 2 ^db (11.14) 

Jo J-oo a 

Based on Equation 11.14, the square modulus of the wavelet transform (Equation 11.9) is often taken as 
an energy density in a spatial-scale domain. Extensive use of this concept has been made for spectra 
estimation purposes, as discussed in Section 11.3. 

Note that the reconstruction wavelet in Equation 11.10 can be different from the analyzing wavelet 
used in Equation 11.9. That is, under some admissibility conditions on y(x) [1], the original function 
fix) may be reconstructed as 

1 f 00 f 00 da 

fix) = — W f (a,b)x a , b (x) — db (11.15) 

c$ x Jo J-oo a 

where Xa.bix) = n _1/2 y[(x — b)/a] and c,j, x is a constant parameter depending on the Fourier transforms 
of both i/<x) and x( x )- This property, referred to as redundancy in mathematical terms, may be 
advantageous in some applications for reducing the error due to noise in signal reconstruction [28,29], 
but highly undesirable for signal coding or compression purposes [1]. Further, under certain conditions 
[ 1 ] , the following simplified reconstruction formula holds 

where k f is a constant parameter given by the equation 

4=727t[ '^ CO) -dco (11.17) 

J o co 

Use of this formula has been made, in a discrete version, in the approximation theory of functional spaces 
[1] and also in structural identification applications, as discussed in Section 11.5. 
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11.2.2.2 Discrete Wavelet Transform 

For numerical applications, where fast decomposition or reconstruction algorithms are generally 
required, a discrete version of the CWT is to prefer. In this sense, a natural way to define a discrete wavelet 
transform (DWT) is 

1 f 00 — 

Wf(j,k)= —== f(x)ilA.a 0 , x — kb 0 )dx, j,k(£Z (11.18) 

Equation 11.18 is derived from a straightforward discretization of the CWT (Equation 11.9) by 
considering the discrete lattice a = a J 0 , a 0 > 1, b = kb 0 a J 0 , b 0 # 0. In developing Equation 11.18, 
however, the main mathematical concern is to ensure that sampling the CWT on a discrete set of points 
does not lead to a loss of information about the wavelet-transformed function fix). Specifically, the 
original function fix) must be fully recoverable from a discrete set of wavelet coefficients. That is, 

fix) = £ W f O', k) f hk (x) (11-19) 

j.kez 

where i fjjfx) = a 0 ' l2 if(a 0 ^x — kb 0 ). Another crucial aspect in Equation 11.18 involves selecting the 
wavelet functions ipjjfx) such that Equation 11.19 may be regarded as the expansion of fix) in a basis , 
thus eliminating the redundancy of the CWT. 

This issues are addressed by using the theory of Elilbert spa ce frames, introduced in 1952 by Duffin and 
Schaeffer in context with non-harmonic Fourier series [30]. In general, if h\ix) E L 2 ( R) and A is a 
countable set, a family of functions {/t A (%); A E A] constitutes a frame, if for any/(x) E i 2 (IR) 

m\ 2 ^ X i<f a>i 2 ^ii/n 2 (ii.20) 

AG/1 

where (/, hf) = J“ 00 /(x)// A (x) dx and A > 0, B < oo, the so-called frame bounds, are independent of fix) 
[ 1 ] . The concept of frame may be interpreted as an extension of the concept of basis, in the sense that the 
reconstruction of the original function is possible via stable numerical expressions in terms of the set 
[fi A (x); A E A}. For instance, if the frame is tight, that is A = B, the simple formula 

fix) = £ </, h)hix) (11-21) 

AGA 

holds [29], 

In contrast to a basis, however, the vectors of a frame may be linearly dependent and, for this, a certain 
degree of redundancy is still retained in the reconstruction formula (Equation 11.21) [29,31]. 

The concept of frame has played a crucial role in the formulation of the DWT. The first wavelet frames 
were constructed by Daubechies et al. [32]. Later, Battle [33] constructed orthonormal bases with an 
exponential decay. The ensemble of these results has demonstrated the advantages of the wavelet 
transform over the Gabor transform. In fact, it has been shown that discrete versions of Gabor transform 
are not capable of generating orthonormal bases [32] due to the so-called Balian-Low phenomenon [ 1 ] . 

Mallat [34] has shown that the orthonormal wavelet bases proposed by Battle can all be derived by a 
multiresolution analysis. The latter involves representing an arbitrary fix) E L 2 (IR) as a limit of successive 
approximations, at different resolutions. That is, if { Vj} ;E j is a sequence of subspaces of L 2 ((R), and f is the 
orthogonal projection of fix) on Vj, in a multiresolution analysis the following conditions hold 

lim f = f (11.22a) 

j — ► — OO J 

lim/j = 0 (11.22b) 

j—*oo J 

Each approximation f, then, represents a smoothed version of fix) and, in the limit, more and more 
localized smoothing functions lead to the function fix). From a mathematical point of view [29,31], a 
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multiresolution analysis requires that 

1 . The subspaces Vj-’s are closed and embedded, that is 

• • • C V 2 C V t C Vq C V-i C V_ 2 C • • • (11.23) 

where V_ m — »I 2 (R) for m—>oo and / G V m <=>/( 2-) G V m _i. 

2. A scaling function <j>(x) G L 2 (R) exists, such that, for each j, the family of functions 

^ k {x) = 2~ in (ti2~ i x-k), fc G Z (11.24) 

spans the subspace Vj and constitutes a Riesz basis for that is, there exists 0 < C' < C < oo 
such that 

2 

r co ^ 

C ' X N* - X d* < C" X ktf (11-25) 

k J ~°° k k 

for all sequences of numbers (c k ) ke z- Equation 11.25 is a more stringent condition of 
Equation 11.20 and includes the latter as a special case. 

The concept of multiresolution analysis offers a straightforward and mathematically coherent 
approach to discrete wavelet analysis. Given a scaling function cf>(x) as in 2, in fact, families of 
orthonormal wavelet bases 

if/ jk (x) = 2~ in ip(2~ i x - k), j,kC Z (11.26) 

can be developed by appropriate algorithms. For this, Mallat has used the frequency response of a high- 
pass filter [35], while Daubechies has devised a systematic approach to build orthonormal wavelet bases 
with compact support in the x-domain [36]. Specifically, for each even integer 2 M, the Daubechies 
scaling function cf>(x) can be computed as 

2M-1 

<Kx) = V2 X h k+1 <K2x - k) (11.27) 

k= 0 



where h k s are 2 M coefficients obtained by imposing M orthogonality conditions and M accuracy 
conditions to enhance the rate of convergence of the approximation to the original function /(x). In turn, 
the mother wavelet is related to the scaling function </>(x) by the equation 

2M— 1 

<A(x) = 72 £ g k+l <K 2x - k) (11.28) 

k = o 

where g k s are the same as h k s but reversed in order and with alternate signs. Numerical values of both 
series h k s and g k s are readily available in the literature [16]. 

Also based on multiresolution analysis concepts, a wavelet decomposition algorithm for image analysis 
has been developed [34,35]. If associated to Daubechies wavelets, the algorithm becomes quite efficient 
from a computational point of view, since no numerical integration is involved to compute wavelet 
and scale coefficients. It relies on the projection of/(x) onto a sufficiently fine scale; of the set 11.24. 
That is, 

f(x) « fj(x) = ^ c k (11.29) 

k 

where, for orthogonal wavelets, 

ro° 

c k=\ (11.30) 



Based on Equation 11.22a and Equation 11.22b, the projection ^-(x) can be rewritten in terms of the 
projection fj +1 (x) onto the coarser scale (j + 1) and the incremental detail ^7+1 (%), that is the pieces of 
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information contained in the subspace V, and lost when “moving” to the subspace Vj +l . Therefore, 

fj(x) = f j+ i(x) + S i+l (x) = f j+ i(x ) + S i+1 (%) H h 5 j+i (x) = S j+1 (x) H f S j+ i(x) (1 1.31) 

As a fundamental result of multiresolution analysis, the details Sj(x) can be decomposed in terms of the 
set of wavelet functions at the same scale. That is, 



§(x) = £ d J k fy k (x) (1 1.32) 

k 

where rf/s are the wavelet coefficients of/ (x). Based on Equation 1 1 .28, both wavelet and scale coefficients 
can be computed recursively by the closed-form expressions 



2M-I 



4 = 


y hl+l c 2k+l-l 
1=0 


(11.33a) 




2M-1 




4 = 




(11.33b) 



1=0 



Similarly, the reconstruction algorithm can be implemented by the formula 

c l 1 = y \-2l+2 c l + gk-21+ldj (11.34) 

l 



The reconstruction algorithm described by Equation 11.34 lends itself to interpretation as a scale 
linear system [37,38]. Based on this concept, applications have also been developed for random field 
simulation [39]. 



11.2.3 Wavelet Families 

A great number of wavelet families with various properties are available. Selecting an optimal family for a 
specific problem is not, in general, an easy task and there are properties that prove more important to 
certain fields of application. For instance, symmetry may be of great help for preventing dephasing in 
image processing, while regularity is critical for building smooth reconstructed signals or accurate 
nonlinear regression estimates. Compactly supported wavelets, either in the time or in the frequency 
domain, may be preferable for enhanced time or frequency resolution. The number of vanishing 
moments, M, that is the highest integer m for which the equation 

x"'4i(x)dx = 0, m = 0, 1,...,M - 1 (11.35) 

holds is important in signal processing for compression, or in damage detection for enhancement of 
singularities in the vibration modes. Also, in some cases, wavelets may be required to be progressive. 
In mathematical terms, this means that their Fourier transform is defined only for positive frequencies. 
That is, 

4\co) = 0, for <w < 0 (11.36) 



The progressive wavelet transform of a real-valued signal /(f) and the associated analytic signal 



z ( (t) = f(t) + iH[f(t)] 



(11.37) 



are related by the equation 

W f (a,b) = ^ W Z[ (a,b ) 



(11.38) 



where H\-\ denotes the Hilbert transform operator [40]. Equation 11.38 is quite useful for structural 
identification. Note also that significant reduction of computational costs is generally achieved if 
orthogonal wavelets in the frequency or in the x-domain are used. 
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A brief description of the most-used families is given below. A distinction is made between real and 
complex wavelets, and the most relevant properties for application purposes are discussed. A more 
exhaustive review may be in found in Ref. [15]. 

11.2.3.1 Real Wavelets 



1 . 



Daubechies orthonormal wavelets — A family of bases, each corresponding to a particular value of 
the parameter M in Equation 1 1.27 and Equation 1 1.28 [36] . Closed-form expressions for <p(x) in 
Equation 11.27 are available only for M = 1 , to which the well-known Haar basis corresponds. In 
this case, the scaling function and the mother wavelet are 



<K*) = 




0 < x < 1, 
elsewhere. 



1, 0 < x < -, 

2 



<K*) 



-i. 



< X < 1, 



0, elsewhere. 



(11.39) 



Various algorithms, however, are available in the literature for determining <£>(x) and 
numerically for M > 1 . 

Daubechies wavelets support both CWT and DWT, although the latter is most generally 
performed due to the fast decomposition and reconstruction algorithm mentioned in 
Section 11.2.2.2. Both <fi(x) and ijA^x) are compactly supported in the x-domain, and the support 
is equal to the segment [0; 2 M — 1], Also, M is equal to the number of vanishing moments of the 
wavelet function. Note that most Daubechies wavelets are not symmetric; regularity and 
harmonic-like shape increases with M. 

2. Meyer wavelets — Families of wavelets [10], each defined for a particular choice of an auxiliary 
function v(w) which appears in the following expression for the Fourier transform of the mother 
wavelet: 




for v(co) to be an admissible auxiliary function it is required that 

f 0, to < 0, 
v(w) = ] 

(.1, W>1, 

v(co) + v(l — co) = 1, 0 < co < 1 
The most common form of v(co) in the literature is 

via) = w 4 (35 - 84<w + 70w 2 - 20w 3 ), 0 < co < 1 



(11.40) 



(11.41a) 

(11.41b) 



(11.42) 



The mother wavelet, for which only numerical expressions are available, is then constructed by 
inverse Fourier-transforming Equation 11.40. 

Meyer wavelets are suitable for both CWT and DWT. Unlike Daubechies wavelets, they are 
compact in the frequency domain but not in the x-domain. Because of their fast decay, however, 
an effective x-support [—8,8] is generally assumed. Appealing features of Meyer wavelets are 
orthogonality, infinite regularity, and symmetry. 

3. Mexican Hat wavelets — A family of wavelets in the x-domain [15] related to a mother function 
that is proportional to the second derivative of the Gaussian probability density function. 
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That is, 

tlKx) = 77 _1/4 (1 - x 2 )e _Jf2/2 (1 1.43) 

v 3 

The Mexican Hat wavelets allow CWT only. Unlike Daubechies or Meyer wavelets, Mexican Hat 
wavelets are not compact both in the frequency and in the x-domain, although an effective 
support [—5,5] may be considered for practical calculations. They are infinitely regular and 
symmetric. 

4. Biorthogonal wavelets — Families of wavelets derived by generalizing the ordinary concept of 
wavelet bases, and creating a pair of dual wavelets , say (</f(x), 0(x)), satisfying the following 
properties [41,42]: 

r oo 

0 j,k(x ) 'h,u (x)dx = Sjf 8 kk , (11 .44) 

J-00 

where the symbol 8 mn denotes the Kronecker delta. One wavelet, say 00c), may be used for 
reconstruction and the dual one, 0(x), for decomposition. Therefore, Equation 11.18 and 
Equation 11.19 can be rewritten as 

r oo 

Wf(j,k) = 2 ~i /2 \ f(x) ~^x — k)dx, j,kE.J. (11.45) 

J -oo 

/(*) = X W f (j,k)^ k (x) (11.46) 

j,k<= z 



Biorthogonal wavelets support both CWT and DWT. The properties of a biorthogonal basis 
are specified in terms of a pair of integers (N d ,N r ). These integers, in analogy with the 
Daubechies wavelets, govern the regularity and the number of vanishing moments N d of 
the decomposition wavelet 0(x), and the regularity and the number of vanishing moments N r of 
the reconstruction wavelet 0(x). Obviously, this feature allows a greater number of choices for 
signal decomposition and reconstruction. Both wavelet functions i/r(x) and 0(x) are symmetric. 

11.2.3.2 Complex Wavelets 



5. 



Harmonic wavelets — A Family of bases defined in the frequency domain by the formula 
[16,43,44]: 



'i'nJM 



1 

, mrr < cq < mr , 

. 2ir{n — m ) 

0, elsewhere. 



(11.47) 



where m and n are positive numbers but not necessarily integers. The pair of values m, n is 
referred to as level m, n and represents, for harmonic wavelets, the scale index j. A harmonic 
wavelet basis thus corresponds to a complete set of adjacent levels m , n, spanning all the 
positive frequency axis. By inverse-Fourier transforming Equation 11.47, the corresponding 
wavelet functions at a generic step k on the x-domain take the complex form: 



<l'm,n,k(x ) 




k \1 \. ( 

- — exp im2rr x 

n — m J J L \ 

7 k \ 

i2tt(h — m)\ x — 

V n — m J 




(11.48) 



A common choice for the pairs m,n is m,n = 0, 1; 2,4; ...; 2 1 , 2 J+1 ; ... . In this case, all the 
wavelets have octave bands, except for the first one. 

Harmonic wavelets have been devised in context with a DWT, for which extremely fast 
decomposition and reconstruction algorithms exist. They exhibit a compact support in the 
frequency domain (see Equation 11.47), while in the x-domain their rate of decay away from 
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the wavelet’s center is relatively low and proportional to x _1 . Further, they satisfy relevant 
orthogonality properties [16]. 

From Equation 1 1 .48, it is seen that the real part of the wavelet is even, while the imaginary part 
is odd. For signal processing, this ensures that harmonic components in a signal can be detected 
regardless of the phase. Note that this feature cannot be achieved by real wavelets such as the Meyer 
wavelets, which are all self-similar, being derived from a unique mother wavelet by scaling and 
shifting. Also, note that orthonormal basis of real wavelets can be generated by considering either 
the real or the imaginary parts only of Equation 11.48. For instance, the well-known Shannon 
wavelets correspond to the imaginary parts of Equation 11.48, for m,n= 1, 2; 2, 4; 4, 8; ... . 
Harmonic wavelets are used in many mechanics applications such as acoustics, vibration 
monitoring, and damage detection [45-49]. 

6. Complex Gaussian wavelets — Families of wavelets, each corresponding to apth order derivative of 
a complex Gaussian function. That is, 

Jp 

*ApW=C p — (e^e-^ 2 ), p= 1,2,... (11.49) 

where C p is a normalization constant such that ||*/>(jc)|| 2 = 1. Complex Gaussian wavelets support 
the CWT only. They have no finite support in the x-domain, although the interval [—5,5] is 
generally taken as effective support. Despite their lack of orthogonality, they are quite popular in 
image-processing applications due to their regularity [ 1 ] . 

7. Complex Morlet wavelets — Families of [ 50] , each obtained as the derivative of the classical Morlet 
wavelet i/j 0 (x) = e~ x 11 e 11 " 0 *. That is, 

^ P (x) = -^(e'^ 2 e‘"° x ), p= 1,2,.... (11.50) 



Except for i// 0 (x), which does not satisfy the admissibility condition (Equation 11.11) in a strict 
sense, all the other members of the family are proper wavelets. For practical purposes, however, 
4>o(x) is generally considered admissible for w 0 > 5. Complex Morlet wavelets support the CWT 
only and are not orthogonal. However, they are all progressive, that is, they satisfy the condition 
posed by Equation 1 1.36. Further, for the Morlet wavelet </f 0 (x), there exists a relation between the 
scale parameter a and the frequency co at which its Fourier transform focuses. That is, 



w 0 

a = — 
co 



(11.51) 



Complex Morlet wavelets are then applied for structural identification purposes, as shown in 
Section 11.5. 



11.3 Time-Dependent Spectra Estimation of Stochastic Processes 

Wavelets-based approaches are significant tools for joint time -frequency analysis of problems related to 
vibrations of mechanical and structural systems. This applies both to the characterization of the system 
excitation, the system identification, and the system response determination. Several examples exist in 
nature of stochastic phenomena with a time-dependent frequency content. The frequency content of 
earthquake records, for instance, evolves in time due to the dispersion of the propagating seismic waves 
[51,52]. Further, sudden changes in the wave frequency at a given location of the sea surface are often 
induced by fast-moving meteorological fronts [53]. Also, a rapid change in the frequency content is 
generally associated with waves at the breaking stage. Similarly, turbulent gusts of time-varying frequency 
content are often embedded in wind fields. 

Appropriate description of such phenomena is obviously crucial for design and reliability assessments. 
In an early attempt, concepts of traditional Fourier spectral theory were generalized to provide spectral 
estimates, such as the Wigner-Ville method [25,54] or the CGT of Equation 11.1. However, it soon 
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became clear that the extension of the traditional concept of a spectrum is not unique, and proposed 
time-varying spectra could have contradictory properties [6,55]. 

Wavelet analysis is readily applicable for estimating time-varying spectral properties, and a significant 
effort has been devoted to formulating “wavelet energy principles” that work as alternatives to classical 
Fourier methods. Measures of a time-varying frequency content were first obtained by “sectioning,” at 
different time instants, the wavelet coefficients mean square map [49,56-58]. Developing consistent 
spectral estimates from such sections, however, is not straightforward. From a theoretical point of view, it 
either requires an appropriate wavelet-based definition of time-varying spectra, or it must relate to well- 
established notions of time-varying spectra. From a numerical point of view, it involves certain 
difficulties in converting the scale axis to a frequency axis, especially when the wavelet functions are not 
orthogonal in the frequency domain; that is, when the frequency content of wavelet functions at adjacent 
scales do overlap. 

Early investigations on wavelet-based spectral estimates may be found in references such as 
[44,59-64], where wavelet analysis was applied in the context of earthquake engineering problems. In a 
particular approach, a modified Littlewood Paley (MLP) wavelet basis can be introduced, whose mother 
wavelet is defined in the frequency domain by the equation 



4\w) = 

In Equation 11.52, the symbol cr denotes a scalar factor, to be adjusted depending on the desired 
frequency resolution. The MLP wavelets are orthogonal in the frequency domain, that is, wavelets at 
adjacent scales span nonoverlapping intervals. The MLP wavelets have been used in conjunction with a 
discretized version of the CWT proposed by Alkemade [65] for a finite-energy process /(f) 

fit) = X — Wf hi) ik a . bi (t) (11.53) 

> 

where = cr J , A b is a time step, and K is a constant parameter depending on cr. 

In many instances, Equation 1 1.53 can be construed as representing realizations of a stochastic process, 
and in this case, the following estimate of its instantaneous mean-square value of f(t) has been 
constructed 



1 



IS 41 S CTTT, 



\/2((T - 1)77 ’ 

0, elsewhere 



(11.52) 



E[f(t)]\ t=bi =K^ 

j 



E[Wf(cij, bj)] 2 



(11.54) 



where £[•] is the mathematical expectation operator over the ensemble of realizations. From Equation 
11.54, and based on the orthogonality properties of the MLP wavelets, the following quantity 



SrMU, = X K 



E[W { (aj , b ,)] 2 



\'U 



dj,b t 



M 2 



(11.55) 



where the symbol 'l r a _ bj (co) denotes the Fourier transform of the wavelet function i/c^ff), can be 
taken as a measure of the time-varying power spectral density (PSD) of the process f(t). Based on 
Equation 11.55, closed-form expressions can be derived between the input and the output PSDs [63]. 
In this context, linear-response statistics, such as the instantaneous rate of crossings of the zero level or 
the instantaneous rate of occurrence of the peaks, have been estimated with considerable accuracy. 
Analysis of nonlinear systems has also been attempted by an equivalent statistical linearization 
procedure [61,66]. 

Wavelet analysis for spectral estimation has also been pursued by Kareem et al., who have used the 
squared wavelet coefficients of a DWT to estimate the PSD of stationary processes [56]. To improve the 
frequency resolution of the DWT, where only adjacent octave bands can be accounted for, a CWT can be 
implemented based on a complex Morlet wavelet basis. The latter is preferable due to the one-to-one 
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correspondence between the scale a and the center frequency (Equation 11.51), which allows minimizing 
the overlap between spectral estimates at adjacent scales. Further, the product of wavelet coefficients can 
be used as a measure of the cross-correlation between two nonstationary signals x(t) and y(t) [56]. 
This concept can be refined by the introduction of a wavelet coherence measure [57,58] expressed by the 
equation 



(c w (a,b)) 2 ~ \ S ™ {a ' b) \ 



S"{a,b)S™{a,b) 



In this equation, the local spectrum i\](a,b) is defined as 



(11.56) 



Sj(a,b) 



W;{a , b)WAa, E)dr 

T 



(11.57) 



where the time integration window T depends on the desired time resolution. The local spectrum 
(Equation 11.57), owing to the time average over T, allows smoothing of potential measurement noise 
effects. Measures of higher-order correlation can also be introduced [56,58], such as the wavelet 
bicoherence 



(b^cy(ai,a 2 ,b )) 2 



Bxxy( a u a 2 , b) 


2 


Jw x (a u T)W x (a 2 , t)\ dT 


\w y (a, t)| dr 



where Ha = \ta x + l/a 2 , and 



Bjcxy( a l > a 2> b) 



W x (a 1 , T)W x (a 2 , r)Wy(a, r)dr 



(11.58) 



(11.59) 



Related remedies can be adopted to suppress spurious correlations induced by statistical noise, based on a 
reference noise map created from artificially simulated signals [58]. 

Signal energy representation concepts have been examined in Ref. [67] by using quasi-orthogonal 
Daubechies wavelets in the frequency domain to simulate earthquake ground motion accelerations. 
Further, Massel has used wavelet analysis to capture time-varying frequency composition of sea-surface 
records due to fast-moving atmospheric fronts in deep water, wave growth, and breaking or 
disintegration of mechanically generated wave trains [68]. In this regard, absolute value wavelet maps 
and a spectral measure called global wavelet energy spectrum, defined by the equation 



E 3 (a) = J Ei(a,b)db 

are used. The symbol E, (r, b) denotes a time-scale energy density 

EMM- |W,( ‘ a>|2 



(11.60) 



(11.61) 



The scale in Equation 11.61 is readily translated into frequency by selecting the Morlet wavelet basis. 

Spanos and Failla [69] have applied wavelet analysis to estimate the evolutionary power spectral 
density (EPSD) of nonstationary oscillatory processes defined as [70] 



/(f) = 



r oo 

A{co , t)e liot dZ(co) 



(11.62) 



The symbol A(co, t) denotes a slowly varying time- and frequency-dependent modulating function, and 
Z(co) is a complex random process with orthogonal increments such that E[|dZ(w)| 2 ] = Sfj 0 (co)da>, 
where Sf 0 f 0 (co ) is the two-sided PSD of the zero-mean stationary process 



-00 

fo(t) = e‘" f d Z(co) 
— 00 



(11.63) 
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The two-sided EPSD of /(f) is then taken as 

Sff(o>,t) = |A(w, f)| S fofo ((o) 



(11.64) 



Due to its localization properties, the wavelet transform of/(t) (Equation 1 1.62) may be approximated as 
an oscillatory stochastic process. That is, 



W f (a, b) 



A(a>, b)e i,ob d Z'(to) 



(11.65) 



where d Z'(co) = \/hmi'P’ (coa)dZ(co). Based on Equation 11.65, the following integral relation is found 
between the mean-squared wavelet coefficients at each scale a and the EPSD of /(f). That is, 



E| W f (a, b) 2 \ = 4tto 



\V( (00 )| Sff(a), b)dco 



( 11 . 66 ) 



A sufficient number of Equations 11.66, one for each scale a, can be solved by a standard solution 
algorithm, applicable for both orthogonal and nonorthogonal bases in the frequency domain. This 
procedure has proved quite accurate using both the Littlewood-Paley and the real Morlet wavelet bases. 



11.4 Random Field Simulation 



The use of wavelets for random field synthesis can be examined within the more general framework of 
scale-type methods. The latter have been developed to improve the computational performances of 
Monte Carlo simulations. Classical methods such as the spectral approach [71] or the autoregressive 
moving average (ARMA) [72] are not readily applicable for this purpose, especially when using 
nonuniform meshes or when enhancement of local resolution is desirable. To address these 
shortcomings, Fournier et al. [73] have proposed a “random midpoint method” to synthesize fractional 
Brownian motion; that is, a scale-type method where values of the random field for points within a 
coarser scale are generated first, and then the generated samples are used to determine values for a finer 
scale. This approach has been extended by Lewis [74] into a “generalized stochastic subdivision method,” 
suitable for a broad class of stationary processes, and by Fenton and Vanmarcke [75] into a “local average 
subdivision method,” which includes a random field smoothing procedure producing averages of the 
field for an increasingly finer scale. 

An interpretation of scale-type approaches in the context of random field synthesis has been given by 
Zeldin and Spanos [39] using compactly supported Daubechies wavelets. Specifically, a synthesis 
algorithm has been developed that includes the previous methods proposed by Lewis [74] and Fenton 
and Vanmarcke [75] as a particular case. To synthesize a sample of a given process, the closed-form 
expressions 



r i r°° r° 

^ = E[d’d\ ] = 

L J J — 00 „ — 



Kf(* 1 ,^)^a(* 1 )'M*2)d* 1 dx i 



(11.67) 



b h ' = 

°k,i 




a 



hi 

k,l 




RfOi , x 2 )(j)j M {x l ) iA; i ,(x 2 )dx 1 dx 2 
Rf (*1 , A>)0;y(*l)<M*2)d*l d*2 



( 11 . 68 ) 

(11.69) 



given in Refs. [21,39] are considered to relate the autocorrelation function R f (x 1 ,x 2 ) of the process to the 
coefficients of its wavelet transform, which in this case are random variables. The synthesis algorithm is 
based on the wavelet reconstruction algorithm developed by Mallat [34,35], which proceeds from coarse 
to fine scales to determine the wavelet coefficients. Some relevant properties of wavelet ensure the 
computational efficiency of the algorithm. Specifically, using the quasi-differential properties of 
wavelets showed by Belkin [76], the coefficients d/s are derived directly from c/s by the approximate 
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linear combination 

4 = 'L a il c i + Pk u k (11-70) 

l 

where u k s are uncorrelated, zero mean, unit variance random variables, statistically independent of c J k ’s. 
For a wide class of stochastic processes, wavelet coefficients prove weakly correlated as the difference k — l 
increases and, for this, the summation in Equation 1 1.70 is generally restricted to adjacent elements only. 
The algorithm is completed by an error-assessment procedure which allows refining of the triggering 
scale j in order to fit the sought target statistical properties of the synthesized field. 

Further studies on the role of wavelet analysis in stochastic mechanics applications may be found in 
Ref. [21], which has showed how wavelet bases can be used in approximate Karhunen-Loeve expansions. 
Any stationary process can then be represented as 

f(t) = ^dl^ k (t) (11.71) 

j.k 

where d k s are uncorrelated random variables and (/^(f) are a nonorthogonal wavelet-like basis. 



11.5 System Identification 

Wavelet analysis lends itself to system-identification applications. For instance, frequency localization 
properties allow detection and decoupling of individual vibration modes of multi-degree-of-freedom 
(multi-DoF) linear systems. The wavelet representation of the system response can be truncated to an 
appropriate scale parameter in order to filter measurement noise. Also, the wavelet transform coefficients 
can be related directly to the system parameters, as long as specific bases are used. 

Early investigations trace back to the work by Robertson et al. [77], who have used the DWT for the 
estimation of the impulse-response function of multi-DoF systems. Compared with alternative time- 
domain techniques, the DWT-based extraction procedure offers significant advantages. It is robust since 
singularities in the procedure-related matrices can generally be avoided by selecting orthonormal wavelet 
functions. Further, the reconstructed impulse-response function captures the low-frequency com- 
ponents, referred to as static modes and mode shape errors, which ordinarily are difficult to estimate. 

An important application of wavelet analysis to structural identification is due to Staszewski [78], who 
has used complex Morlet wavelets for modal damping estimation. Specifically, Staszewski has interpreted 
in terms of the wavelet transform some concepts already used in well-established methods, where the 
Flilbert transform has been applied to a free-vibration linear response [79]. In the case of light damping, 
the free response in each mode Xj(t) may be approximated in the complex plane by an analytical signal, 
given by Equation 11.37. The modulus of the Morlet wavelet transform of Xj(t) can be expressed as 

K («> M ~ A i e-^^|#(±ifl, W;A /l - if)\ (11.72) 

where Aj is the residue magnitude, and coj and are the mode natural frequency and damping ratio, 
respectively. In Equation 1 1.72, the symbol denotes the specific scale value, related to the mode natural 
frequency coj by the closed-form relation 11.51, typical of Morlet wavelets. Assuming that the natural 
frequency u>j has been previously computed, the damping ratio can then be estimated as the slope of a 
straight line, representing the cross section wavelet modulus (Equation 11.72) plotted in a 
semilogarithmic scale. That is, 

ln|(W Xj (a ; , b))\ « - gjWjb + ln(A ; | 'P (±ia ; w,^ 1 - £?)|) (11.73) 

Staszewski has also proposed an alternative damping estimation method based on the ridge and skeletons 
of the wavelet transform. A ridge is a curve of local maxima in the mean-square wavelet map, and the 
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corresponding skeleton is given by the values of the wavelet transform restricted to the ridge. As a result 
of the localization properties of the wavelet transform, the ridges and skeletons of the wavelet transform 
can be detected separately for each mode. Specifically, the real part of the skeleton of the wavelet 
transform gives the impulse-response function for each single mode from which a straightforward 
estimate of the damping ratio is obtained from a logarithmic equation analogous to Equation 11.73. A 
generalization of the method for nonlinear systems can also be formulated [80]. 

Ruzzene et al. [81] have also presented a damping estimation algorithm based on the same concepts 
and leading to analogous results. Certain issues have been addressed in detail concerning the frequency 
resolution of the adopted wavelet basis, crucial for detecting coupled modes, and appropriate algorithms 
for ridges extraction [50]. Lardies and Gouttebroze [82] have estimated modal parameters via ambient 
records without input measurements. To this end, the random decrement method (see Ref. [83] and the 
references therein) has been used to convert ambient vibration response into a free vibration response. 
Also, a modified Morlet wavelet basis has been developed with enhanced properties for modal parameters 
estimation. The method devised by Staszewski and by Ruzzene et al. has also been implemented by Slavic 
et al. [84] by replacing the Morlet wavelets by Gabor wavelets, whose time and frequency resolution may 
be adjusted by an appropriate parameter. Explicit conditions have been given on the frequency 
bandwidths of the Gabor wavelet transform, in order to estimate the instantaneous frequencies of two 
adjacent modes. 

Damping coefficients have been estimated using a logarithmic decrement formula, where the ratio 
of the wavelet transform at two subsequent extremes of the pseudo-period 7) = 2rr/a)j of the response 
in each mode is involved for a selected wavelet transform scale [85,86]. For the procedure to estimate 
the damping coefficient associated with the fundamental mode, it is sufficient to adapt the analyzing 
scale so that the higher frequency modes are filtered. For an arbitrary mode j, low-pass filtering is 
used to cancel the fundamental and the first; — 1 modes. Ghanem and Romeo [87] have formulated 
a wavelet-Galerkin method for time-varying systems, where both damping and stiffness parameters are 
computed by solving a matrix equation. The latter is built by a standard Galerkin method by 
projecting the solution of the differential equation of motion onto a subspace described by the wavelet 
scaling functions of a compactly supported Daubechies wavelet basis. The method is accurate for both 
free and forced vibration responses. A formulation for nonlinear systems has also been proposed [88]. 
Another application is due to Yu and Xiao [89], who have used wavelet transform to identify the 
parameters of a Preisach model of hysteresis (see Refs. [69,90] and the references therein). The output 
function of the Preisach model is expanded in terms of the scaling functions of a given wavelet basis. 
Then, the coefficients of such an expansion are determined by fitting a number of experimental data 
points with a minimum energy method. From the output function, the so-called Preisach function 
can be determined in a closed form. 

A comprehensive application of wavelet-analysis concepts to system-identification problems has been 
given by Le and Argoul [91]. They have developed closed-form expressions to compute the damping 
ratio, the natural frequency and the shape of each mode, based on ridges and skeletons of the wavelet 
transformed free vibration response. As an alternative, Yin et al. [92] have proposed to apply the wavelet 
transform to the frequency response function (FRF) of the system. Specifically, given the FRF of an 
N-DoF system in the form 



H(a>) 




(11.74) 



where A r is the rth complex pole and A r the rth residue, a complex fractional function 



i Ux) = — t- = e -(/+1)los(1+ix \ yGR + 

7 (1 + vc) y+1 7 



(11.75) 
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is selected as a wavelet basis. Based on Equation 1 1.75, a closed-form expression can be established for the 
CWT of Equation 11.74 multiplied by (■ s /a)~ y . Specifically, 



H y (a, b) = a (v+m J H(<o)i/r^ ^dw 

N / 

T 

r= 1 \ 



= 2ir^ +1)/2 ' 



(a + i b- A r ) y+1 (a + ib~ A r Y +1 



(11.76) 



Natural frequencies and damping ratios can be estimated by locating the maxima of Equation 1 1.76 in 
the {a,b) plane. 



11.6 Damage Detection 

Properties of the wavelet transform are also quite appealing for damage-detection purposes. Early 
investigations in this field [93,94] used wavelet analysis to detect local faults in machineries. Specifically, 
visual inspection of the modulus and phase of the wavelet transform was used to localize the fault [93]. 
Further, it was shown that transient vibrations due to developing damage are disclosed by the local 
maxima of the mean-square wavelet map [94]. These investigations gave a qualitative approach to 
damage detection as no estimate of the damage amplitude was provided. Additional studies have 
confirmed the correlation between local maxima of the wavelet transform and damage in beams and 
plates [95-97], and a first attempt to estimate the damage amplitude was made by Okafor and Dutta 

[98] . Specifically, Daubechies wavelets were used to wavelet transform the mode shapes of a damaged 
cantilever beam, and a regression analysis by a least-square method was conducted to correlate the peaks 
of the wavelet coefficients with the corresponding damage amplitude. 

A consistent mathematical framework for wavelet analysis of damaged beams is due to Elong et al. 

[99] . The focal concept is that defects in structures, even if small, may affect significantly the vibration 
mode shapes, depending on the location and the kind of damage. Such variations may not be apparent in 
the measured data but become detectable as singularities if wavelet analysis is used due to its high 
resolution properties. Specifically, Hong et al. have shown that the singularity of the vibration modes can 
be described in terms of Lipschitz regularity, a concept also encountered in the theory of differential 
equations, widely used in image processing where object contours correspond to irregularities in the 
intensity [100,101]. In mathematical terms, a function /(x) is Lipschitz a > 0 at x = x 0 if there exists 
K > 0, and a polynomial of order m (m is the largest integer satisfying m < a), p,„(x), such that and a 
polynomial of order m, p m (x), such that 

f(x) = p m (x) + e(x) (11.77) 

|e(x)| < K\x - Xq| (11.78) 

The wavelet transform of Lipschitz a functions enjoys some properties. Mallat and Hwang [100] have 
shown that for a wavelet basis with a number of vanishing moments a < n, a local Lipschitz singularity 
at Xq corresponds to maxima lines of the wavelet transform modulus. That is, local maxima with 
asymptotic decay across scales. Near the cone of influence x = x 0 , such moduli satisfy the equation 

|Wf(a,x)| < Aa a+m , A > 0 (11.79) 

from which the Lipschitz exponent is computed as 

log 2 |Wf(fl,x)| < log, A + |a+ ^ log 2 « (11.80) 

By plotting the wavelet coefficients on a logarithmic scale, A and a may be computed by setting the 
equality sign in Equation 11.80 and minimizing the error in the least-square sense. Hong et al. have 
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applied Equation 11.79 to the first mode shape of a damaged cantilever beam via a Mexican Hat wavelet 
transform. The first mode shape is preferable since it is the most accurately determined by modal testing; 
it features the lowest curvature; and sets off the singularity better. A correlation between damage size and 
the magnitude of the Lipschitz exponent has been found from a number of beams with different damage 
parameters. 

Some of the ideas presented by Hong et al. may also be found in the work by Douka et al., who 
have pursued crack identification in beams and plates using Daubechies wavelets [102,103]. The first 
mode vibration response has been considered and the singularity induced by local defects has been 
characterized in terms of Equation 11.79. The Lipschitz exponent has been used to describe the kind 
of singularity, and the parameter A has been taken as the factor relating the depth of the crack to the 
amplitude of the wavelet transform. Specifically, a second-order polynomial law has been found for 
the intensity factor as a function of the crack depth. The work by Douka et al. has pointed out 
the importance of the number of vanishing moments M of the chosen wavelet basis. It is intuitive 
that the capability of setting off singularities in a regular function increases with M. However, 
wavelet functions with high M exhibit a long support and lack space resolution. A compromise, 
then, must be achieved, depending on the application in hand. Further insight into some 
mathematical details of both the methods developed by Hong et al. and Douka et al. may be 
found in Haase and Widjajakusuma [50]. Specifically, a fast algorithm to determine the maxima 
lines of the wavelet transform has been devised. Also, the performance of various wavelet bases, such as 
the Gaussian family of wavelets, has been assessed versus Daubechies wavelets used by Douka et al. 

Another approach for damage-detection problems has been proposed by Yam et al. [104]. Clearly, 
detection of small and incipient damage cannot be pursued by computing modal parameters that change 
only if the amount of damage is significant. Thus, a method has been devised based on the energy 
variation of the vibration response due to the occurrence of damage. The method is implemented in two 
steps. The first involves the construction of damage feature proxy vectors using the energy at various 
scales of the wavelet transformed vibration response. Then, classification and identification of the 
structural damage status is pursued by using artificial neural networks (ANNs), which offer 
significant advantages compared with genetic algorithms (GAs) developed by Moslem and Nafaspour 
for damage-identification purposes [105]. Genetic-algorithm-based damage detection, in fact, 
requires repeatedly searching among numerous damage parameters to find the optimal solution of the 
objective function. 

Yet another approach for applications of wavelet analysis to damage detection has been discussed by 
Paget et al. [ 106] , who have developed a procedure to detect impact damage in composite plates. It is based 
on Lamb waves generated and received by embedded piezoceramic transducers. The Lamb waves can be 
quite effective since they can propagate over long distances in the composite material and can interfere with 
damage. To characterize the damage, the Lamb waves are wavelet transformed using an original wavelet 
basis, devised from the recurrent waveforms of the Lamb waves. The changes in the Lamb waves 
interacting due to the occurrence of damage are captured by the amplitude change of the wavelet 
coefficients. From this effect, an estimate of the impact energy and the damage level is obtained based on 
experimental results. 



11.7 Material Characterization 



Material properties description is another application for wavelet analysis. Intuition suggests that 
multiscale analysis is a natural way of describing microstructure or material heterogeneity. Various, in 
fact, are the examples of multiscale microstructures, such as porosity distributions in ceramics, defects, 
dislocations, grain boundaries, and pores. It is important, however, to understand how information at 
different scales is related, and whether large or small scales affect macroscopic material properties such as 
deformation, toughness, and electrical conductance. Further interest towards a multiscale description of 
material properties is motivated by the need of alternatives to the standard finite element method (FEM). 
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The latter, although capable in principle, cannot simulate the actual behavior of materials such as 
aluminum alloys, where pores may attain a size up to 500 gm and inclusions may attain a size of 3 to 
6 pm in diameter. Further, in FEM-based methods, the constitutive response of the material at increasing 
scales is not the result of microstructural analysis at smaller scales, but it is rather assumed on the basis of 
macroscopic experiments. 

Wiliam et al. [107] have performed multiresolution homogenization based on a recursive Schur 
reduction method in conjunction with the Haar wavelet transform. The method allows coarse-grained 
parameters, such as Young’s modulus of elasticity, to be extracted from fine-grained properties at the 
meso- and microscales. Also, progressive elastic degradation can be modeled, which initiates at a quite 
fine scale and evolves into a macroscopic zero stiffness at the continuum level. 

Frantziskonis [108] has focused on stationary and isotropic porous media. The geometry of porous 
media is generally described in terms of a fundamental function, defined as unity for spatial locations in 
the matrix, and as zero for locations in the pores or flaws. At a solid-flaw interface, the porous medium is 
represented mathematically through a local jump in the fundamental function. It has been found that 
such a jump can be captured by a wavelet transform, as long as the finest scale is small enough relative to 
the size of the pores. From this fact, a relationship between the energy of the wavelet transform of the 
porous medium, and the variance and the correlation distance of the solid phase can be derived. In the 
presence of heterogeneous materials, with multiscale porosity, the role of porosity at each scale has been 
identified through the variation of the energy of the wavelet transform as a function of scale. Peaks of the 
energy reveal the dominant scale in determining macroscopic properties of the materials, such as 
mechanical failure. Specifically, a biorthogonal spline with four vanishing moments has been employed 
as a wavelet basis. The results obtained have been subsequently extended in a second study, addressing the 
crack formation in an aluminum alloy with distributed pores and inclusions [109]. The problem, 
implemented for a one-dimensional solid, is tackled by wavelet transforming the flexibility function, 
assumed to vary along the longitudinal axis of the one-dimensional solid. The relationship between the 
energy of the wavelet transform and the variance of the flexibility is used to detect the dominant scale in 
the crack-formation process. 

Note that an application of a two-dimensional wavelet transform has been described in Ciliberto et al. 
[110] for porosity classification on carbon fiber-reinforced plastics. 



11.8 Concluding Remarks 

Concepts of wavelets-based continuous and discrete representations have been reviewed. Further, an 
overview of vibration-related applications for evolutionary spectrum estimation, random field 
simulation, system identification, damage detection, and material characterization has been 
included. The list of references is not exhaustive. However, these references can serve as 
readily available resources for canvassing the multitude of concepts and applications of this 
remarkable tool for capturing and representing localization features of many physical phenomena. 
Wavelets-based algorithms and commercial codes are an indispensable family of tools of vibration 
analysis and offer, in many cases, a potent improvement over the classical Fourier-transform-based 
approaches. 



Acknowledgments 

The support of this work through a grant from the U.S. Department of Energy is gratefully 
acknowledged. 



© 2005 by Taylor & Francis Group, LLC 




11-20 



Vibration and Shock Handbook 



Nomenclature 

Symbol Quantity 

£[•] the operator of mathematical 

expectation 

R(-, •) correlation function 

H[-] Hilbert transform operator 

(-, •) inner product 

C inclusion 

{■; ■} set of all elements with a specified 
property 

|-| absolute value 

1 1'|| norm 

Z the set of integer numbers 

€ the set of complex numbers 

( • ) complex conjugate 



Symbol Quantity 



co frequency 

f damping ratio 

a scale 

b shift 

4fx) mother wavelet 

f>{x) scale function 

x spatial variable 

W wavelet transform 

i -J-H 

8 mn Kronecker delta defined as 

r 0 for m # n 

O mtt 

11 for m = n 
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Summary 

Transported or on-board equipment is very frequently subjected to mechanical shocks in the course of its useful 
lifetime (in material handling, transportation, etc.). This kind of environment, although of extremely short 
duration (from a fraction of a millisecond to a few dozen milliseconds), is often severe and cannot be neglected. 
What is presented in this chapter is summarized here. After a brief recapitulation of the shock shapes most 
widely used in tests, the shock response spectrum (SRS) is presented with its numerous definitions and calculation 
methods. The main properties of the spectrum are described, showing that important characteristics of the 
original signal can be drawn from it, such as its amplitude or the velocity change associated with the movement 
during a shock. 

The SRS is the ideal tool for comparing the severity of several shocks and for drafting specifications. Recent 
standards require writing test specifications from real environment measurements associated with the life profile of 
the material ( test tailoring). The process that makes it possible to transform a set of recorded shocks into a 
specification of the same severity is detailed. 

Packages must protect the equipment contained within them from various forms of disturbance related to 
handling and possible free fall drop and impact onto a floor. A method to characterize the shock fragility of the 
packaged product, using the “damage boundary curve” (DBC), and to choose the characteristics of the cushioning 
material constituting the package is described. 

The principle of shock machines that are currently most widely used in laboratories is described. To reduce costs 
by restricting the number of changes in test facilities, specifications expressed in the form of a simple shock (half- 
sine, rectangle, sawtooth with a final peak) can occasionally be tested using an electrodynamic exciter. The problems 
encountered, which stress the limitations of such means, are set out together with the consequences of modifications, 
that have to be made to the shock profile on the quality of the simulation. 

Determining a simple shape shock of the same severity as a set of shocks on the basis of their response 
spectrum is often a delicate operation. Thanks to progress in computerization and control facilities, this 
difficidty can sometimes be overcome by expressing the specification in the form of a response spectrum and by 
controlling the exciter directly from that spectrum. In practical terms, as the exciter can only be driven with a 
signal that is a function of time, the software of the control rack determines a time signal with the same 
spectrum as the specification displayed. The principles of composition of the equivalent shock are described with 
the shapes of the basic signals commonly used, while their properties and the problems that can be 
encountered, both in the generation of the signal and with respect to the quality of the simulation obtained, are 
emphasized. 

Pyrotechnic devices or equipment (cords, valves, etc.) are frequently used in satellite launchers due to the 
very high degree of accuracy that they provide in operating sequences. Shocks induced in structures by explosive 
charges are extremely severe, with very specific characteristics. It is shown that they cannot be correctly 
simulated in the laboratory by conventional means and that their simulation requires specific tools. 



12.1 Definitions 



12.1.1 Shock 

Shock occurs when a force, a position, a velocity, or an acceleration is abruptly modified and creates a 
transient state in the system considered. The modification is normally regarded as abrupt if it occurs in 
a time period that is short compared with the natural period concerned (AFNOR, 1993). Shock is defined 
as a vibratory excitation having a duration between the natural period of the excited mechanical system 
and two times that period (Figure 12.1). 



12.1.2 Simple (or Perfect) Shock 

A shock whose signal can be represented exactly in simple mathematical terms is called a simple 
(or perfect) shock. Standards generally specify one of the three following: half-sine (approached by a 
versed sine waveform), terminal peak sawtooth, and rectangular shock (approached by a trapezoidal 
waveform). 
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12.1.3 Half-Sine Shock 

This is a simple shock for which the acceleration- 
time curve has the form of a half-period (part 
positive or negative) of a sinusoid. 



12.1.4 Versed-Sine (or Haversine) 
Shock 

This is a simple shock for which the acceleration- 
time curve has the form of one period of the curve 
representative of the function [ 1 — cos()], with this 
period starting from the zero value of this function. 
It is thus a signal ranging between two minima of a 
sine wave. 



12.1.5 Terminal Peak Sawtooth 
Shock or Final Peak Sawtooth Shock 




FIGURE 12.1 Example of a shock. ( Source : Lalanne, 
Chocs Mecaniques , Hermes Science Publications. With 
permission.) 



This is a simple shock for which the acceleration -time curve has the shape of a triangle, where 
acceleration increases linearly up to a maximum value and then instantly decreases to zero. 



12.1.6 Rectangular Shock 

This is a simple shock for which the acceleration-time curve increases instantaneously up to a given 
value, remains constant throughout the signal, and decreases instantaneously to zero. In practice, what is 
carried out are trapezoidal shocks. 



12.1.6.1 Trapezoidal Shock 

This is a simple shock for which the acceleration-time curve grows linearly up to a given value, remains 
constant during a certain time period, after which it decreases linearly to zero. 



12.2 Description in the Time Domain 

Three parameters are necessary to describe a shock in the time domain: its amplitude, its duration, r, and 
its form. 

The physical parameter expressed in terms of time is generally an acceleration, x(t), but can be also a 
velocity, v(f), a displacement, x(t), or a force, F(t). 

In the first case, which we will consider in particular in this chapter, the velocity change corresponding 
to the shock movement is equal to (Table 12.1) 



AU = 




(12.1) 
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TABLE 12.1 Main Simple Shock Waveforms (Amplitude, x m . Duration, t, Velocity Change, A V) 



Waveform 



Function 



AV 



Half- sine 


A 


x(t) = ic m 


Versed-sine 


A 


m - 1 


Rectangle 




x(t) = x m 


Terminal peak sawtooth 




x(t) = x m 



2 _ 

~x m T 

ir 



-x^t 

2 



12.3 Shock Response Spectrum 

12.3.1 Need 

Very often, the problem is to evaluate the relative severity of several shocks (shocks measured in the real 
environment, measured shocks with respect to standards, establishment of a specification, etc.). 

A shock is an excitation of short duration, which induces transitory dynamic stress in structures. These 
stresses are a function of the following: 

• The characteristics of the shock (amplitude, duration, and shape). 

• The dynamic properties of the structure (resonant frequencies, Q factors; see Chapter 19). 

The severity of a shock can thus be estimated only according to the characteristics of the system that 
undergoes it. The evaluation of this severity requires in addition the knowledge of the mechanism leading 
to a degradation of the structure. The two most common mechanisms are as follows: 

• The exceeding of a value threshold of the stress in a mechanical part can lead to either a permanent 
deformation (acceptable or not) or a fracture, or at any rate, a functional failure. 

• If the shock is repeated many times (e.g., the shock recorded on the landing gear of an aircraft, the 
operation of an electromechanical contactor), the fatigue damage accumulated in the structural 
elements can lead in the long term to fracture (Lalanne, 2002c). 

The comparison would be difficult to carry out if one used a fine model of the structure, and in any 
case this is not always available, particularly at the stage of the development of the specification of 
dimensioning. One searches for a method of general nature, which leads to results that can be 
extrapolated to any structure. 



12.3.2 Shock Response Spectrum Definition 

In a thesis on the study of earthquakes’ effects on buildings, Biot (1932) proposed a method consisting 
of applying the shock under consideration to a “standard” mechanical system, which thus does not 
claim to be a model of the real structure. It is composed of a support and of N linear one-degree-of- 
freedom (one-DoF) resonators, comprising each one are a mass, m ; a spring of stiffness, k ; and a 
damping device, c ; , chosen such that the fraction of critical damping (damping ratio) £ = Cj/(2y/k^n^j is 
the same for all N resonators. A model for the shock response spectrum (SRS) is shown in Figure 12.2 
(also see Chapter 17). 

When the support is subjected to the shock, each mass, /«;, has a specific movement response 
according to its natural frequency, f oi = (l/2ir)(-y/c;/m ; ] and to the chosen damping ratio, f, while a 
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FIGURE 12.2 Model of the SRS. ( Source : Lalanne, Chocs Mecaniques, Hermes Science Publications. With 
permission.) 

stress, try is induced in the elastic element. The analysis consists of seeking the largest stress, cr m ., observed 
at each frequency in each spring. 

For applications deviating from the assumptions of definition of the SRS (linearity, only one DoF), it is 
desirable to observe a certain prudence if one wishes to estimate quantitatively the response of a system 
starting from the spectrum (Bort, 1989). The response spectra are more often used to compare the 
severity of several shocks. 

It is known that the tension static diagram of many materials comprises a more-or-less linear arc on 
which the stress is proportional to the deformation. In dynamics, this proportionality can be allowed 
within certain limits for the peaks of the deformation. 

If a mass-spring-damper system is supposed to be linear, it is then appropriate to compare two 
shocks by the maximum response stress, er m , that they induce or by the maximum relative displacement, 
z m , that they generate. This occurs since it is supposed 

= Kz m (12.2) 

z m is a function only of the dynamic properties of the system, whereas cr m is also a function, via K, of the 
properties of the materials which constitute it. 

The curve giving the largest relative displacement, z sup multiplied by <yjj (w 0 = 2 tt/ 0 ) according to the 
natural frequency, / 0 , for a given damping ratio is the SRS. 



12.3.3 Response of a Linear One-Degree-of-Freedom System 



12.3.3.1 Shock Defined by a Force 

Consider a mass-spring-damping system 
subjected to a force, F(t), applied to the mass 
(Figure 12.3). The differential equation of the 
movement is written as 



d 2 z dz 

dt 2 df 



+ kz = F(t) 



(12.3) 



where z(t ) is the relative displacement of the mass, 
m, relative to its support in response to the shock, 
F(t). This equation can be expressed in the form 
(Lalanne, 2002b): 



d 2 z 

d? 



dz 2 

+ 2t;co 0 — + a ) 0 z ' 



F(t ) 
m 



(12.4) 



where f = cUsfknx (damping ratio) and co 0 = 
\fkim (natural frequency). 



▲ 



Force 




FIGURE 12.3 Linear one-Dof system subjected to a 
force. ( Source : Lalanne, Chocs Mecaniques, Hermes 
Science Publications. With permission.) 
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12.3.3.2 Shock Defined by an Acceleration 

Let us set x(t ) as an acceleration applied to 
the base of a linear one-DoF mechanical system, 
with y(t) the absolute acceleration response of 
the mass, m, and z(t) the relative displacement 
of the mass, m, with respect to the base 
(Figure 12.4). 



Damping 
constant c 




Mass m 



Stiffness k 



The equation of the movement is written as 
above: 




Moving base 



that is 




Absolute reference 



( 12 . 6 ) 



FIGURE 12.4 Linear one-DoF system subjected to 
acceleration. ( Source : Lalanne, Chocs Mecaniques , 
Hermes Science Publications. With permission.) 



or while setting z(f) = y(t) — x(t) 




The differential equation (Equation 12.7) can be integrated by parts or by using the Laplace 
transformation. If the excitation is an acceleration of the support, the response relative displacement is 
given, for zero initial conditions, by an integral called Duhamel’s integral: 

z(t) = [" x{a)e sin cogJl — $ 2 {t — a)da ( 12 . 8 ) 

«oVi - e J ° 

where a is an integration variable homogeneous with time. 

The absolute acceleration of the mass is given by 



12.3.4 Definitions 

12.3.4.1 Response Spectrum 

This is a curve representative of the variations of the largest response of a linear one-DoF system 
subjected to a mechanical excitation, plotted against its natural frequency, f 0 = coJItt, for a given value 
of its damping ratio (see Chapter 17). 

12.3.4.2 Absolute Acceleration Shock Response Spectrum 

In the most usual cases where the excitation is defined by an absolute acceleration of the support or by a 
force applied directly to the mass, the response of the system can be characterized by the absolute 
acceleration of the mass (which can be measured using an accelerometer fixed to this mass). The response 
spectrum is then called the absolute acceleration SRS. 

12.3.4.3 Relative Displacement Shock Spectrum 

In similar cases, we often calculate the relative displacement of the mass with respect to the 
displacement of the base of the system. This displacement is proportional to the stress created in the 



yit) = 7 ^ f 3c(a)e f " o( ' “'[(1 - 2f 2 )sin co 0 yjl - g(t - a) 

Vi - i J 0 



-f"0 (t-a) 




(12.9) 
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spring (since the system is regarded as linear). In practice, one generally expresses in ordinates the 
quantity codz sup , which is called the equivalent static acceleration (Biot, 1941). This product has the 
dimensions of acceleration, but does not represent the absolute acceleration of the mass, except when 
damping is zero. However, when damping is close to the current values observed in mechanics, and in 
particular when f = 0.05, as a first approximation one can assimilate <wdz sup to the absolute acceleration 
j> sup of the mass, m (Lalanne, 1975, 2002b). 

The quantity cudz sup is termed pseudo-acceleration. In the same way, one terms the product co 0 z sup 
pseudo-velocity. The spectrum giving wdz sup vs. the natural frequency is named the relative displacement 
shock spectrum. 

In each of these two important categories, the response spectrum can be defined in various ways 
according to how the largest response at a given frequency is characterized. 

12.3.4.4 Primary Positive Shock Response Spectrum or Initial Positive Shock Response 
Spectrum 

This is the highest positive response observed during the shock. 

12.3.4.5 Primary (or Initial) Negative Shock Response Spectrum 

This is the highest negative response observed during the shock. 

12.3.4.6 Secondary (or Residual) Shock Response Spectrum 

This is the largest response observed after the end of the shock. Here also, the spectrum can be positive or 
negative. 

Example 

An example giving standardized primary and residual relative displacement SRS curves for a half-sine 
pulse is shown in Figure 12.5. 

12.3.4.7 Positive (or Maximum Positive) Shock Response Spectrum 

This is the largest positive response due to the shock, without reference to the duration of the shock. 
It thus corresponds to the envelope of the positive primary and residual spectra. 



Half-sine (1 m/s 2 - Is) 




Frequency (Hz) 

FIGURE 12.5 Standardized primary and residual relative displacement SRS of a half-sine pulse. ( Source : Lalanne, 
Chocs Mecaniques , Hermes Science Publications. With permission.) 
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12.3.4.8 Negative (or Maximum Negative) Shock Response Spectrum 

This is the largest negative response due to the shock, without reference to the duration of the shock. 
As before, it corresponds to the envelope of the negative primary and residual spectra. 

12.3.4.9 Maximax Shock Response Spectrum 

This is the envelope of the absolute values of the positive and negative spectra. 

12.3.4.10 Choice of Shock Response Spectrum 

Which spectrum must be used? Absolute acceleration SRS can be useful when absolute acceleration is the 
parameter easiest to compare with a characteristic value (as in a study of the effects of a shock on a man, a 
comparison with the specification of an electronics component, etc.). 

In practice, it is very often the stress (and thus the relative displacement) which seems the most 
interesting parameter. The spectrum is primarily used to study the behavior of a structure, to compare 
the severity of several shocks (the stress created is a good indicator), to write test specifications (as it is 
also a comparison between the real environment and the test environment), or to dimension a 
suspension (relative displacement and stress are then useful). 

The damage is assumed to be proportional to the largest value of the response, i.e., to the amplitude of 
the spectrum at the frequency considered, and it is of little importance for the system whether this 
maximum, z m , takes place during or after the shock. The most interesting spectra are thus the positive 
and negative spectra that are most frequently used in practice, with the maximax spectrum. 

The distinction between positive and negative spectra must be made each time the system, if 
dissymmetrical, behaves differently, for example under different tension and compression. It is, however, 
useful to know these various definitions so as to be able to correctly interpret the curves published. 



The Shock Response Spectrum is a curve representative of the variations of the largest response of a 
linear one-DoF system subjected to a mechanical excitation, plotted against its natural frequency, 
for a given value of its damping ratio. 

The response can be defined by the pseudo-acceleration, WqZ sup ( relative displacement shock 
spectrum) or by the absolute acceleration of the mass ( absolute acceleration SRS). For the usual 
values of Q, the spectra are very close. 

The most interesting spectra are the positive and negative spectra, which are most frequently 
used in practice, with the maximax spectrum. 



The relation between the various types of SRS that have been discussed here is shown in Figure 



12 . 6 . 




FIGURE 12.6 Relation between the different types of SRS. 



© 2005 by Taylor & Francis Group, LLC 











Mechanical Shock 



12-9 



12.3.5 Standardized Shock Response Spectrum 

12.3.5.1 Definition 

For a given shock, the spectra plotted for various 
values of the duration and the amplitude are similar 
in shape. It is thus useful, for simple shocks, to have 
a standardized or reduced spectrum plotted in 
dimensionless coordinates, while plotting on the 
abscissa the product f 0 r (instead of/ 0 ) or co 0 t and 
on the ordinate the spectrum/shock pulse ampli- 
tude ratio, colz m /x m , which, in practice, amounts to 
tracing the spectrum of a shock of duration equal to 
1 sec and amplitude 1 m/sec 2 . This is shown in 
Figure 12.7. 

These standardized spectra can be used for two 
purposes: 

• Plotting of the spectrum of a shock of the 
same form, but of arbitrary amplitude and 
duration. 

• Investigating the characteristics of a simple shock of which the spectrum envelope is a given 
spectrum (resulting from measurements from the real environment). 

12.3.5.2 Standardized Shock Response Spectra of Simple Shocks 

Figure 12.8 to Figure 12.15 give the reduced SRSs for various pulse forms, with unit amplitude and unit 
duration, for several values of damping. To obtain the spectrum of a particular shock of arbitrary 
amplitude, 3c m , and duration, t (different from 1) from these spectra, it is enough to regraduate the scales 
as follows: 

• For the amplitude, multiply the reduced values by x m . 

• For the abscissae (x-axis values), replace each value </>(= / 0 r) by f 0 = <])It. 

We will see later on how these spectra can be used for the calculation of test specifications. 




FIGURE 12.7 Standardized positive SRS of a terminal 
peak sawtooth pulse. (Source: Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 




FIGURE 12.8 Standardized positive and negative relative displacement SRS of a half-sine pulse. ( Source : Lalanne, 
Chocs Mecaniques , Hermes Science Publications. With permission.) 
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FIGURE 12.9 Standardized positive and negative absolute acceleration SRS of a half-sine pulse. ( Source : Lalanne, 
Chocs Mecaniques, Hermes Science Publications. With permission.) 

12.3.5.2.1 Half-Sine Pulse 

Figure 12.8 and Figure 12.9 show the standardized SRS curves in this case. 

12.3.5.2.2 Versed Sine Pulse 

Figure 12.10 shows the standardized SRS curves in this case. 

12.3.5.2.3 Terminal Peak Sawtooth Pulse 

Figure 12.11 and Figure 12.12 show the standardized SRS curves for terminal peak sawtooth (TPS) pulse. 

12.3.5.2.4 Rectangular Pulse 

Figure 12.13 gives the standardized SRS curves for a rectangular pulse shock. 

12.3.5.2.5 Trapezoidal Pulse 

Figure 12.14 presents the standardized SRS curve for a trapezoidal pulse. A comparison of various SRS 
curves is given in Figure 12.15. 



Versed-sine (1 m/s 2 - Is) 




Frequency (Hz) 



FIGURE 12.10 Standardized positive and negative relative displacement SRS of a versed sine pulse. ( Source : 
Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission.) 
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T.P.S. (1 m/s 2 - 1 s) 




FIGURE 12.1 1 Standardized positive and negative relative displacement SRS of a TPS pulse. ( Source : Lalanne, Chocs 
Mecaniques, Hermes Science Publications. With permission.) 

12.3.6 Choice of Damping 

The choice of damping should be carried out according to the structure subjected to the shock. When this 
is not known, or studies are being carried out with a view to comparison with other already calculated 
spectra, the outcome is that one plots the shock response spectra with a damping ratio equal to 0.05 (i.e., 
Q = 10; see Chapter 19). It is an approximately average value for the majority of structures. Unless 
otherwise specified, as noted on the curve, it is the value chosen conventionally. With the spectra varying 
relatively little with damping, this choice is often not very important. To limit possible errors, the selected 
value should, however, be systematically noted on the diagram. 

12.3.7 Shock Response Spectra Domains 

Three domains can be schematically distinguished for shock spectra. 

1. An impulse domain at low frequencies, in which the amplitude of the spectrum (and thus of the 
response) is lower than the amplitude of the shock: The system reduces the effects of the shock. It is thus 




Frequency (Hz) 



FIGURE 12.12 Standardized positive and negative relative displacement SRS of a TPS pulse with nonzero decay 
time. ( Source : Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission.) 
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Rectangle (1 m / s 2 - Is) 




Frequency (Flz) 

FIGURE 12.13 Standardized positive and negative relative displacement SRS of a rectangular pulse. 
( Source : Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission.) 

in this impulse region that it would be advisable to choose the natural frequency of an isolation system to 
the shock, from which we can deduce the stiffness envisaged of the insulating material: 

k = mu > o = 4 TCfnn (12.10) 

with m being the mass of the material to be protected. 

The shock here is of very short duration with respect to the natural period of the system. In this 
impulse region (0 < / 0 t < 0.2): 

• The form of the shock has little influence on the amplitude of the spectrum. Only (for a given 
damping value) the velocity change W associated with the shock, equal to the algebraic surface 
under the curve x(t) is important. 

• The slope p at the origin of the spectrum plotted for zero damping in linear scales is proportional 
to the velocity change AU corresponding to the shock pulse (Lalanne, 2002b): 

p = d( ^ su P } = 2ttAV (12.11) 

d To 

This relation is approximate if damping is small. 




FIGURE 12.14 Standardized positive and negative relative displacement SRS of a trapezoidal pulse. 
(Source: Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission.) 
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Frequency (Hz) 

FIGURE 12.15 Comparison between the SRS of the three main simple shock waveforms. 

• The positive and negative spectra are in general the residual spectra (it is sometimes necessary that 
the frequency of spectrum is very small, and there can be exceptions for certain long shocks in 
particular). They are nearly symmetrical so long as damping is small. 

2. A static domain in the range of the high frequencies, where the positive spectrum tends towards 
the amplitude of the shock whatever the damping: All occurs here as if the excitation were a static 
acceleration (or a very slowly varying acceleration), as the natural period of the system is small 
compared with the duration of the shock. This does not apply to rectangular shocks or to the shocks with 
zero rise time. Real shocks having necessarily a rise time different from zero, this restriction remains 
theoretical. 

3. An intermediate domain in which there is dynamic amplification of the effects of the shock, the 
natural period of the system being close to the duration of the shock: This amplification, which is more 
or less significant depending on the shape of the shock and the damping of the system, does not exceed 
1.77 for shocks of traditional simple shape (half-sine, versed sine, TPS). Much larger values are reached in 
the case of oscillatory shocks, made up, for example, by a few periods of a sinusoid. 

Various domains of an SRS are illustrated in Figure 12.16. 

Example 

Consider a half-sine shock pulse, amplitude x m = 50 m/sec 2 , duration r = 11msec, positive SRS 
(relative displacement) for a damping ratio f = 0.05. 

The slope p of the SRS (Figure 12.16) at the origin is equal to p = 30.6/15 = 2.04 m/sec, yielding 

. P 2.04 

AV ~ -A-* = ~ 0.325 m/sec 

2ir 27 t 

a value to be compared with the surface under the half-sine shock pulse (Table 12.1): 

2 2 

AV = — x m r = — X 50 X 11 X 10 = 0.35 m/sec 

77 77 

12.3.8 Algorithms for Calculation of the Shock Response Spectra 

Various algorithms have been developed to solve the second-order differential equation (Equation 12.7; 
O’Hara, 1962; Gaberson, 1980; Smallwood, 1981; Cox, 1983; Hughes and Belytschko, 1983; Irvine, 1986; 
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FIGURE 12.16 Shock response spectra domains. 



Dokainish and Subbaraj, 1989; Colvin and Morris, 1990; Hale and Adhami, 1991; Mercer and Lincoln, 
1991; Seipel, 1991; Merritt, 1993; Grivelet, 1996). Very reliable results are obtained in particular with those 
of Cox (1983) and Smallwood (1986, 2002). 



12.3.9 Choice of the Digitization 
Frequency of the Signal 

The SRS is obtained by considering the largest 
peak of the response of a one-DoF system. This 
response is in general calculated by the algorithms 
with the same temporal step as that of the shock 
signal. 

First of all, the digitization (sampling) fre- 
quency must be sufficient to correctly represent the 
signal itself and in particular not to truncate its 
peaks. Two cases are shown in Figure 12.17 and 
Figure 12.18. 

When the natural frequency of the one-DoF 
system is lower than the smallest shock fre- 
quency, the detection of peaks of the response 
can be carried out accurately even if the signal 
digitization (sampling) frequency is insufficient 
for correctly describing the shock (Figure 12.17). 
The error on the SRS is then only related to the 
poor digitization (sampling) of shock and results 
in an inaccuracy on the velocity change associ- 
ated with the shock, i.e., on the SRS slope at low 
frequency. 

Even if the sampling frequency allows a good 
representation of the shock, it can be insufficient 
for the response when the natural frequency of the 
system is higher than the maximum frequency of 




FIGURE 12.17 Sampling frequency sufficient for the 
response and too low for the shock pulse (error on the 
slope of SRS at low frequency). 




FIGURE 12.18 Sampling frequency sufficient for the 
shock pulse and too low for the response (error on the 
SRS at high frequency). 
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the signal (Figure 12.18). The error is here related 
to the detection of the largest peak of the response, 
which occurs throughout shock (primary spec- 
trum). 

Figure 12.19 shows the error made in the more 
stringent case when the points surrounding the 
peak are symmetrical with respect to the peak. 

If we set 

Sample frequency 
F SRS maximum frequency 

it can be shown that, in this case, the error made 
according to the sampling factor, S F , is equal to 
(Sinn and Bosin, 1981; Wise, 1983) 

es-100[l-cos(^)J (12.12) 

The sampling frequency must be higher than 16 
times the maximum frequency of the spectrum so 
that the error made at high frequency is lower than 
2% (23 times the maximum frequency for an error 
lower than 1%). The rule of thumb often used to 
specify a sampling factor equal to ten can lead to an 
error of about 5%. Percentage error as a function of 
the sampling factor is plotted in Figure 12.20. Also 
see Table 12.2. 

Algorithms use generally the same sampling 
frequency for the shock input and the response 
of the one-DoF system. This choice led to define 
the sampling frequency according to the highest 
SRS frequency. In order to decrease the comput- 
ing time, it could be interesting to determine a 
sampling frequency varying with each natural 
frequency (Smallwood, 2002). 




FIGURE 12.19 Error made in measuring the ampli- 
tude of the peak. ( Source : Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 




5 10 15 20 25 30 

Sampling factor 

FIGURE 12.20 Error made in measuring the ampli- 
tude of the peak plotted against sampling factor. ( Source : 
Lalanne, Chocs Mecaniques , Hermes Science Publi- 
cations. With permission.) 



Note: The sampling frequency must be higher than 16 times the maximum frequency of the 
spectrum so that the error made at high frequency is lower than 2%. 



TABLE 12.2 Some Sampling Factors with Corre- 
sponding Error on the SRS 



SRS Maximum Frequency Multiplied by 


Error (%) 


23 


i 


16 


2 


10 


5 
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12.3.10 Use of Shock Response Spectra for the Study of Systems with Several 
Degrees of Freedom 

By definition, the response spectrum gives the largest value of the response of a linear single-DoF system 
subjected to a shock. If the real structure is comparable to such a system, the SRS can be used to evaluate 
this response directly. This approximation is often possible, with the displacement response being mainly 
due to the first mode. In general, however, the structure comprises several modes, which are 
simultaneously excited by the shock. The response of the structure consists of the algebraic sum of the 
responses of each excited mode. 

The maximum response of each one of these modes can be read on the SRS, but the following apply. 

• One does not have any information concerning the moment of occurrence of these maxima. The 
phase relationships between the various modes are not preserved and the exact way in which the 
modes are combined cannot be known simply. 

• The SRS is plotted for a given constant damping over all the frequency range, whereas this 
damping varies from one mode to another in the structure. 

It thus appears difficult to use an SRS to evaluate the response of a system presenting more than one 
mode. However, it happens that this is the only possible means. The problem is to know how to combine 
these “elementary” responses so as to obtain the total response and to determine, if need be, any suitable 
participation factors dependent on the distribution of the masses of the structure, of the shapes of the 
modes, etc. 

When there are several modes, several proposals have been made to limit the value of the total response 
of the mass j of the one of the DoF starting from the values read on the SRS, as follows. 

• Add the values with the maxima of the responses of each mode, without regard to the phase 
(Benioff, 1934). 

• Sum the absolute values of the maximum modal responses (Biot, 1932). As it is not probable that 
the values of the maximum responses take place all at the same moment with the same sign, the 
real maximum response is lower than the sum of the absolute values. This method gives an upper 
limit of the response and thus has a practical advantage: the errors are always on the side of safety. 
However, it sometimes leads to excessive safety factors (Shell, 1966). 

• Perform an algebraic sum of the maximum responses of the individual modes. A study showed 
that, in the majority of the practical problems, the distribution of the modal frequencies and 
the shape of the excitation are such that the possible error remains probably lower than 10% 
(Rubin, 1958; Fung and Barton, 1958). 

• Add to the response of the first mode a fixed percentage of the responses of the other modes, or 
increase in the response of the first mode by a constant percentage (Clough, 1955). 

• Combine the responses of the modes by taking the square root of the sum of the squares to obtain 
an estimate of the most probable value (Merchant and Hudson, 1962). This criterion gives values 
of the total response lower than the sum of the absolute values and provides a more realistic 
evaluation of the average conditions (Ostrem and Rumerman, 1965; Ridler and Blader, 1969). 

• Average the sum of the absolute values and the square root of the sum of the squares (Jennings, 
1958). One can also choose to define positive and negative limiting values starting from a 
system of weighted averages. For example, the relative displacement response of the mass j is 
estimated by 



maxlz,(f)l = 

tao J 



2=1 2=1 



P+1 



(12.13) 



where the terms lz m l. are the absolute values of the maximum responses of each mode and p is a 
weighting factor (Merchant and Hudson, 1962). 



© 2005 by Taylor & Francis Group, LLC 




Mechanical Shock 



12-17 



12.4 Pyroshocks 

The aerospace industry uses many pyrotechnic 
devices such as explosive bolts, squib valves, jet 
cord, and pin pushers. During their operation, 
these devices generate shocks which are character- 
ized by very strong acceleration levels at very high 
frequencies that can be sometimes dangerous for 
the structures, but especially for the electric and 
electronic components involved. An example of a 
pyroshock is given in Figure 12.21. 

Pyroshock intensity is often classified accord- 
ing to the distance from the point of detonation of 
the device. Agreement on classifying 
intensity according to this criterion is not 
unanimous. Two fields are generally considered 
(Table 12.3): 

• The near-field, close to the source (material 
within about 15 cm of point of detonation 
of the device, or about 7.5 cm for less 
intense pyrotechnic devices), in which the 
effects of the shocks are primarily related to 
the propagation of a stress wave in the material. 

• The far-field (material beyond about 15 cm for intense pyrotechnic devices, or beyond 7.5 cm for 
less intense devices) in which the shock is then propagated whilst attenuating in the structure and 
from which the effects of this wave combine with a damped oscillatory response of the structure at 
its frequencies of resonance (or the structural response only). 

Three fields are sometimes suggested: the near-field, the mid-field (same definition as the far-field 
above, between 15 and 60 cm, or 7.5 and 15 cm for the less intense shocks), and the far-field, where only 
the structural response effect persists. 

An investigation by Moening (1986) showed that the causes of observed failures on the American 
launchers between 1960 and 1986 (63 due to pyroshocks) are mainly the difficulty in evaluating these 
shocks a priori, especially the lack of consideration of these excitations during design and the absence of 
rigorous test specifications. 

Such shocks have the following general characteristics. 

• The levels of acceleration are very important; the shock amplitude is not simply related to the 
quantity of explosive used (Hughes, 1983). The quantity of metal cut by a jet cord is, for example, 
a more significant factor than the mass of the explosive. 



xlO 4 




FIGURE 12.21 Example of a pyroshock. ( Source : 
Lalanne, Chocs Mecaniques, Hermes Science Publi- 
cations. With permission.) 



TABLE 12.3 Characteristics of Each Pyroshock Intensity Domain 



Field 


Distance from 
the Source (cm) 


Intense Pyrotechnic 
Devices (cm) 


Shock Amplitude 
Frequency Content 


Near field (stress wave 


<7.5 


<15 


> 5000g, up to 300,000g 


propagation effect) 






above 100,000 Hz 


Far-field (stress wave propagation effect 


>7.5 


>15 


1000 to 5000g above 10,000 Hz 


+ structural response effect) 









Source : Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission. 
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• The signals assume an oscillatory shape. 

• The shocks have very close components according to three axes; their positive and negative 
response spectra are curves that are roughly symmetrical with respect to the axis of 
the frequencies. They begin at zero frequency with a very small slope at the origin, grow 
with the frequency until a maximum located at some kHz, even a few tens of kHz, is 
reached, and then tend according to the rule towards the amplitude of the temporal signal. 
Due to their contents at high frequencies, such shocks can damage electric or electronic 
components. 

• The a priori estimate of the shock levels is neither easy nor precise. 

These characteristics make pyroshocks difficult to measure, requiring sensors that are able to accept 
amplitudes of 100,000g, frequencies being able to exceed 100 kHz, with important transverse 
components. They are also difficult to simulate. 

The dispersions observed in the response spectra of shocks measured under comparable conditions are 
often important, 3 dB with more than 8 dB compared with the average value, according to the authors 
(Smith, 1984, 1986). The reasons for this dispersion are in general related to inadequate instrumentation 
and the conditions of measurement (Smith, 1986): 

• The fixing of the sensors on the structure using insulated studs or wedge which act like mechanical 
filters. 

• Zero shift, due to the fact that high accelerations make the crystal of the accelerometer work in a 
temporarily nonlinear field (this shift can affect the calculation of the SRS). 

• Saturation of the amplifiers. 

• Resonance of the sensors. 

With correct instrumentation, the results of measurements carried out under the same conditions are 
actually very close. The spectrum does not vary with the tolerances of manufacture and the assembly 
tolerances. 



12.5 Use of Shock Response Spectra 

12.5.1 Severity Comparison of Several Shocks 

A shock, A, is regarded as more severe than a shock, B, if it induces in each resonator a larger stress. 
One then carries out an extrapolation, which is certainly open to criticism, by supposing that, if 
shock A is more severe than shock B when it is applied to all the standard resonators, it is 
also more severe with respect to an arbitrary real structure (which cannot be linear nor have a 
single DoF). 

12.5.2 Test Specification Development from Real Environment Data 

12.5.2.1 Synthesis of Spectra 

Let us consider the most complex case where the real environment, described by curves of acceleration 
against time, is supposed to be composed ofp different events (handling shock, inter-stage cutting shock 
on a satellite launcher, etc.), with each one of these events itself characterized by r l successive 
measurements. 

These r, measurements allow a statistical description of each event. The following procedure holds for 
each one (Lalanne, 2002b; see Figure 12.22). 

• Calculate the SRS of each signal recorded with the damping ratio of the principal mode of the 
structure if this value is known, if not, use the conventional value 0.05. In the same way, the 
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FIGURE 12.22 Process of developing a specification from real shocks measurements. 



frequency band of analysis will have to envelop the principal resonant frequencies of the structure 
(known or foreseeable frequencies). 

• If the number of measurements is sufficient, calculate the mean spectrum, m (mean of the 
points at each frequency) as well as the standard deviation spectrum (s), then the mean 
spectrum + a standard deviations, according to the frequency; if it is insufficient, make the 
envelope of the spectra. 

The value of a can be either arbitrary (for example 2.5 or 3) or the result of a statistical 
calculation. It is often considered that the SRS amplitudes obey to a log-normal distribution. If y L is 
the logarithm of the SRS amplitude, y ; = log 10 SRS ; , the real environment envelope (for a given 
probability P 0 of not exceeding at the confidence level 7r 0 ) can be defined by 

SRS Env = \0 m ' +as y (12.14) 

where m y and s y are, respectively, the mean and the standard deviation of the yj values: 

m y= 7 £yj ( 12 - 15 ) 

'■ M 



1 



£ O'; “ m y? 
j= i 



r ; ~ 1 



(12.16) 



The number of standard deviations, a, is given in Table 12.4 for different values of r ; , P 0 , and 7r 0 . 
SRS Env can also be defined as the upper one-sided normal tolerance interval for which 100 P 0 % of 
the values will lie below the limit with 100ir 0 % confidence. 

• Apply the mean spectrum or the mean spectrum + a standard deviations a statistical uncertainty 
coefficient (Lalanne, 2002d), calculated for a probability of tolerated maximum failure (taking 
into account the uncertainties related to the dispersion of the real environment and of the 
mechanical strength), or contractual (if one uses the envelope). 



© 2005 by Taylor & Francis Group, LLC 



12-20 



Vibration and Shock Handbook 



TABLE 12.4 Number of Standard Deviations Corresponding to a Given Probability of not Exceeding, P 0 , at the 
Confidence Level, 7i 0 



r.VP 0 




ir 0 = 


0.75 






77b = 


0.90 






77b = 


0.95 




0.75 


0.90 


0.95 


0.99 


0.75 


0.90 


0.95 


0.99 


0.75 


0.90 


0.95 


0.99 


3 


1.464 


2.501 


3.152 


4.396 


2.602 


4.258 


5.310 


7.340 


3.804 


6.158 


7.655 


10.552 


4 


1.256 


2.134 


2.680 


3.726 


1.972 


3.187 


3.957 


5.437 


2.619 


4.416 


5.145 


7.042 


5 


1.152 


1.961 


2.463 


3.421 


1.698 


2.742 


3.400 


4.666 


2.149 


3.407 


4.202 


5.741 


6 


1.087 


1.860 


2.336 


3.243 


1.540 


2.494 


3.091 


4.242 


1.895 


3.006 


3.707 


5.062 


7 


1.043 


1.791 


2.250 


3.126 


1.435 


2.333 


2.894 


3.972 


1.732 


2.755 


3.399 


4.641 


8 


1.010 


1.740 


2.190 


3.042 


1.360 


2.219 


2.755 


3.783 


1.617 


2.582 


3.188 


4.353 


9 


0.984 


1.702 


2.141 


2.977 


1.302 


2.133 


2.649 


3.641 


1.532 


2.454 


3.031 


4.143 


10 


0.964 


1.671 


2.103 


2.927 


1.257 


2.065 


2.568 


3.532 


1.465 


2.355 


2.911 


3.981 


15 


0.899 


1.577 


1.991 


2.776 


1.119 


1.866 


2.329 


3.212 


1.268 


2.068 


2.566 


3.520 


20 


0.865 


1.528 


1.933 


2.697 


1.046 


1.765 


2.208 


3.052 


1.167 


1.926 


2.396 


3.295 


30 


0.825 


1.475 


1.869 


2.613 


0.966 


1.657 


2.080 


2.884 


1.059 


1.778 


2.220 


3.064 


40 


0.803 


1.445 


1.834 


2.568 


0.923 


1.598 


2.010 


2.793 


0.999 


1.697 


2.126 


2.941 


50 


0.788 


1.426 


1.811 


2.538 


0.894 


1.560 


1.965 


2.735 


0.961 


1.646 


2.065 


2.863 



Source: Lalanne, Chocs Mecaniques , Hermes Science Publications. With permission. 



Each event thus being synthesized in only one spectrum, one proceeds to an envelope of all the spectra 
obtained to deduce from it an SRS covering the totality of the shocks of the life profile. After 
multiplication by a test factor, which takes account of the number of tests performed to demonstrate the 
resistance of the equipment (Lalanne, 2002d), this spectrum will be used as reference “real environment” 
for the determination of the specification. 

The reference spectrum can consist of the positive and negative spectra or the envelope of their 
absolute value (maximax spectrum). In this last case, the specification will have to be applied according 
to the two corresponding half-axes of the test item. 

12.5.2.2 Nature of the Specification 

There is an infinity of shocks having a given response spectrum. This property is related to the very great 
loss of information in computing the SRS, since one retains only the largest value of the response 
according to the time to constitute the SRS at each natural frequency. 

According to the characteristics of the spectrum and available means, the specification can be 
expressed in the forms given below. 

• It can be a simple shape signal according to the time realizable on the usual shock machines 
(half-sine, TPS, rectangular pulse). 

One can thus try to find a shock of simple form, in which the spectrum is closed to the reference 
spectrum, characterized by its form, its amplitude, and its duration. It is in general desirable that 
the positive and negative spectra of the specification, respectively, cover the positive and negative 
spectra of the field environment. If this condition cannot be obtained by application of only one shock 
(owing to the particular shape of the spectra, and the limitations of the facilities), the specification will be 
made up of two shocks, one on each half-axis. The envelope must be approaching the reference SRS as 
well as possible, if possible on all the spectrum in the frequency band retained for the analysis, if not in a 
frequency band surrounding the resonant frequencies of the test item (if they are known). 

• It can be a SRS. In this case, the specification is directly the reference SRS. 

12.5.2.3 Choice of Shape 

The choice of the shape of a shock is carried out by a comparison of the shapes of the positive and 
negative spectra of the real environment with those of the spectra of the usual shocks of simple shape 
(half-sine, TPS, rectangle; Figure 12.23). 
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12.5.2.4 Amplitude 

The amplitude of a shock is obtained by 
plotting the horizontal straight line that closely 
envelops the positive reference SRS at high 
frequency (Figure 12.24). This line cuts the 
y-axis at a point which gives the amplitude 
sought (here, one uses the property of the 
spectrum at high frequencies, which tends in 
this zone towards the amplitude of the signal in 
the time domain). 



12.5.2.5 Duration 

The shock duration is given by the coincidence 
of a particular point of the reference spectrum 
(Figure 12.24) and the reduced spectrum of the 
simple shock selected above. 

One in general considers the abscissa, / 01 , of 
the first point which reaches the value of 
the asymptote at the high frequencies (amplitude 
of shock) as shown in Figure 12.25. Table 12.5 
joins together some values of this abscissa for the 
most usual simple shocks according to the Q 
factor (Lalanne, 2002b). Another possibility is to 
use the coordinates of the first (higher) peak of 

Notes: 



/~\ 


S.R.S. 


Half - sine 










S.R.S. 


_ T.P.S. 

r 




V ' 


- 


- 


S.R.S. 


l Rectangle 




V/va/W 

V [Q^Tol 



FIGURE 12.23 Shapes of the SRS of the realizable 
shocks on the usual machines. ( Source : Lalanne, Chocs 
Mecaniques, Hermes Science Publications. With per- 
mission.) 

e SRS, as given in Table 12.6. 



1. If the calculated duration must be rounded (in milliseconds), the higher value should always be 
considered, so that the spectrum of the specified shock remains always higher or equal to the 
reference spectrum. 




FIGURE 12.24 Determination of the amplitude and duration of the specification. ( Source : Lalanne, Chocs 
Mecaniques , Hermes Science Publications. With permission.) 
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2. It is in general difficult to carry out shocks of 
duration lower than 2 msec on standard 
shock machines (except for very light 
equipment). 

One will validate the specification by checking 
that the positive and negative spectra of the 
shock thus determined will envelop the respective 
reference spectra and one will verify, if the 
resonant frequencies of the test item are known, 
that one does not overtest exaggeratedly at these 
frequencies. 

Example 



T.P.S. dimensionless S.R.S. 




As an example, let us consider the positive and 

negative spectra characterizing the real environ- FIGURE 12 . 25 Determination of the shock duration. 

ment plotted in Figure 12.24, which is a result of a ( Source : Lalanne, Chocs Mecaniques, Hermes Science 

true synthesis. It is noted that the negative Publications. With permission.) 

spectrum preserves a significant level throughout 

the entire frequency domain (the beginning of the 

spectrum being excluded). 

The most suitable simple shock shape is the TPS. The shock amplitude, whatever its wave- 
form, is equal to 340 m/sec 2 . The abscissa, / 01 , of the first point that reaches the value of the 
asymptote is equal to 0.415. From this value, f 0 = 49.5 Hz, the duration is given by r = 
0.415/49.5 = 0.0084 sec. 

The duration of the shock will thus be (rounding up) t= 9 msec, which slightly moves the 
spectrum towards the left and makes it possible to better cover the low frequencies. Figure 12.26 
shows the spectra of the environment and those of the TPS pulse thus determined. 

The main steps of deriving a shock test specification from the SRS of a real environment are outlined 
in Table 12.7. 



TABLE 12.5 Values of the Dimensionless Frequency Corresponding to the First 
Passage of the SRS by the Amplitude Unit 



Q 






foi 




Half- sine 


TPS 


Rectangle 


3 


0.1667 


0.358 


0.564 


0.219 


4 


0.1250 


0.333 


0.499 


0.205 


5 


0.1000 


0.319 


0.468 


0.197 


6 


0.0833 


0.310 


0.449 


0.192 


7 


0.0714 


0.304 


0.437 


0.188 


8 


0.0625 


0.293 


0.427 


0.185 


9 


0.0556 


0.295 


0.421 


0.183 


10* 


0.0500 


0.293 


0.415 


0.181 


15 


0.0333 


0.284 


0.400 


0.176 


20 


0.0250 


0.280 


0.392 


0.174 


30 


0.0167 


0.276 


0.385 


0.172 


40 


0.0125 


0.274 


0.382 


0.170 


50 


0.0100 


0.272 


0.379 


0.170 


00 


0.0000 


0.267 


0.371 


0.167 



(*) Conventional value 
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TABLE 12.6 Values of the Dimensionless Frequency and Amplitude Corresponding to the First Peak of 
the SRS 



Q 


£ 


Half-sine 


TPS 


Rectangle 


fo peak 


SRS Peak 


fo peak 


SRS Peak 


fo peak 


SRS Peak 


3 


0.1667 


0.875 


1.4249 


0.723 


1.0462 


0.508 


1.5880 


4 


0.1250 


0.86 


1.4958 


0.700 


1.0894 


0.504 


1.6731 


5 


0.1000 


0.845 


1.5425 


0.688 


1.1182 


0.503 


1.7292 


6 


0.0833 


0.840 


1.5757 


0.681 


1.1387 


0.502 


1.7690 


7 


0.0714 


0.830 


1.600 


0.676 


1.1541 


0.502 


1.7985 


8 


0.0625 


0.83 


1.6194 


0.672 


1.1660 


0.501 


1.8214 


9 


0.0556 


0.830 


1.6346 


0.669 


1.1755 


0.501 


1.8396 


10* 


0.0500 


0.826 


1.6470 


0.667 


1.1832 


0.501 


1.8545 


15 


0.0333 


0.820 


1.6854 


0.661 


1.2073 


0.501 


1.9005 


20 


0.0250 


0.820 


1.7054 


0.658 


1.2199 


0.501 


1.9244 


30 


0.0167 


0.815 


1.7258 


0.656 


1.2328 


0.501 


1.9490 


40 


0.0125 


0.810 


1.7363 


0.654 


1.2393 


0.501 


1.9615 


50 


0.0100 


0.813 


1.7426 


0.653 


1.2433 


0.501 


1.9691 


00 


0.0000 


0.810 


1.7685 


0.650 


1.2596 


0.500 


2.000 



(*) Conventional value 




FIGURE 12.26 SRS of the specification and of the real environment. ( Source : Lalanne, Chocs Mecaniques, Hermes 
Science Publications. With permission.) 



12.5.2.6 Difficulties 

The response spectra of shocks measured in the real environment often have a complicated shape 
which is impossible to envelop by the spectrum of a shock of simple shape realizable with the usual 
test facilities of the drop table type. This problem arises in particular when the spectrum presents an 
important peak (Smallwood and Witte, 1972). The spectrum of a shock of simple shape will be (see 
Figure 12.27): either an envelope of the peak, which will lead to significant overtesting compared 
with the other frequencies, or envelope of the spectrum except the peak, consequently leading to 
undertesting at the frequencies close to the peak, if one knows that the material does not have any 
resonance in the frequency band around the peak. The simulation of shocks of pyrotechnic origin 
leads to this kind of situation. 
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TABLE 12.7 Deriving a Shock Test Specification from the SRS of the Real 
Environment 



Specification 


Determined by 


Shock waveform 


Comparing the shape of the SRS of the real environment 
(reference) to that of the SRS of the simple shape shocks 
(half-sine, TPS or rectangular waveform) 


Shock amplitude 


The SRS amplitude at high frequency 


Shock duration 


Writing that the abscissa of the first point which reaches 
the value of the asymptote at high frequencies 
(amplitude of shock) is the same for the reduced SRS 
of the chosen simple shock and the reference SRS 





FIGURE 12.27 Examples of SRS that are difficult to envelop with the SRS of a simple shock. ( Source : Lalanne, Chocs 
Mecaniques, Hermes Science Publications. With permission.) 

Shock pulses of simple shape (half-sine, TPS) have, in logarithmic scales, a slope of 6 dB/octave 
(i.e., 45°) at low frequencies incompatible with those larger ones, of spectra of pyrotechnic shocks 
(> 9 dB/octave). When the levels of acceleration do not exceed the possibilities of the shakers, simulation 
with control using spectra is of interest (Section 12.10). 

Note: In general, it is not advisable to choose a simple shock shape as a specification when the real 
shock is oscillatory in nature. In addition to overtesting at low frequencies (the oscillatory shock is with 
very small velocity change), the amplitude of the simple shock thus calculated is more sensitive to the 
value of the Q factor in the intermediate frequency range. 



12.6 Standards 



12.6.1 Types of Standards 

There are two types of standards: (1) those which specify arbitrary shock pulses (IEC, ISO, MIL STD 
810 C, ...), and (2) those which require test tailoring (GAM EG 13, 1986; DEF STAN, 1999; MIL STD 
810 F, 2000; NATO, 2000). 

For the first case, the most frequently specified shock shapes are the half-sine, the TPS, and the 
rectangular (or trapezoidal) waveforms. In these standards, a table proposes several values of levels and 
durations, with preferred combinations (for example, 30 g, 18 msec or 50 g, 11 msec). 

To take account of the limitations of test facilities and unavoidable signal distortions, the shock carried 
out is regarded as acceptable if the time acceleration signal lies between two tolerance limits. Two shocks 
included within these limits can, however, have very different effects (which can be evaluated with the 
SRS; Lalanne, 2002b). 
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Some examples of standards are given in 
Figure 12.28 and Figure 12.29. 

In the second case, the test specification is 
preferably written from real measurements corre- 
sponding to the life profile of the material. The 
data to be used can be any of the following, in the 
preferential order: 

• Functional real environment time history 
measurements of the material. 

• Data measured under similar conditions 
and estimated to be representative. 

• Data issued from prediction or calculation. 

• Default values (fallback levels), obviously 
more arbitrary in character, to be used if 
measured data not available (classical pulse 
shock or SRS). 




FIGURE 12.28 Half-sine pulse (NATO Stanag 4370, 
AECTP 403). Tp minimum time during which the pulse 
shall be monitored for shocks produced using a 
conventional shock-testing machine; T 2 : minimum 
time during which the pulse shall be monitored for 
shocks produced using a vibration generator. 



/ r 



■ 1.15 A 




Derivation of the test specification and 
subsequent test should be carried out, in the 
preferential order as follows: 

• For measured data of the same event, if the 
measured pulse shapes are very similar, use 
direct reproduction of the measured data 
under shaker waveform control (if poss- 
ible). If the measured shock shapes are very 
different, use the following method. 

• For measured data of different shock events 
use a synthesis of measurements using 
SRS (see Section 12.5.2). Test on shaker 
with SRS control if possible. If not possible, 
test on shock machine with a classical 
pulse having the same SRS. 

• If there is no measured data of the real shock, but measured data under similar conditions, use the 
method as above. 

• If there are no measured data, fallback levels and provisional values are to be replaced by results of 
measurement as soon as possible. 



FIGURE 12.29 TPS pulse 
duration of nominal pulse; 
nominal pulse. 



(MIL STD 810 F). D: 
A: peak acceleration of 



The transformation shock spectrum-signal has an infinite number of solutions, and very different 
signals can have identical response spectra. Standards often require specifying in addition to the 
spectrum other complementary data such as the duration of the signal time, the velocity change during 
the shock or the number of cycles (less easy), in order to deal with the spectrum and the couple 
amplitude/duration of the signal at the same time (see Section 12.10.4). 

It is not correct to decompose a SRS into two separate domains in order to be able to meet a shock 
requirement (a low frequency component and a high frequency component). If the specimen has no 
significant low natural frequency, it is permissible to allow the low frequency domain of the SRS to fall 
out of tolerance in order to satisfy the high frequency part of the requirement. 

The tolerance on the SRS amplitude should be, for example (MIL STD 8 1 0 F) , — 1 . 5 dB, + 3 dB over the 
specified frequency range; a tolerance of + 3 dB, + 6 dB being permissible over a limited frequency range. 

It is generally required to determine the positive and negative spectra (absolute acceleration or relative 
displacement) at Q = 10, at at least 1/12-octave frequency intervals. 
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In the absence of accurate information on the number of shocks which the material will undergo in its 
service life, a minimum is often required of three shocks in both directions along each of the three 
orthogonal axes, a total of 18 shocks. 

12.6.2 Installation Conditions of Test Item 

• The test item should be mechanically fastened to the shock machine, directly by its normal means 
of attachment or by means of a fixture. 

• The mounting configuration should enable the test item to be subjected to shocks along the 
various axes and directions as specified. 

• External connections necessary for measuring purposes should add minimum restraint and mass. 

• The fixture should not modify the dynamic behavior of the test item. 

• Material intended for use with isolators should be tested with its isolators. 

• The direction of gravity or any loading factors (mechanisms, shock isolators, etc.) must be taken 
into account by compensation or by suitable simulation. 

12.6.3 Uncertainty Factor 

An uncertainty factor may be added to the resulting envelope if confidence in the data is low or in order 
to take account of the dispersion of levels in the real environment when the data set is small. This factor 
can be arbitrary, of the order of 3 to 6 dB, for example, or determined from a reliability computation, 
taking account of the statistical distributions of the real environment and of the material strength 
(Lalanne, 2002d). 

It is important that all uncertainties be clearly defined and that uncertainties are not superimposed 
upon estimates that already account for uncertainties. 

Note: The purpose of the test is to demonstrate that the equipment has at least the specified strength at 
the time of its design. However, for obvious reasons of cost, this demonstration is generally conducted 
only on one specimen. To take into account the variability of the strength of the material, it is possible to 
increase the test severity by applying a “test factor.” This second factor depends on the number of tests to 
be conducted and on the coefficient of variation of the material strength (Lalanne, 2002d). 

12.6.4 Bump Test 

A bump test is a test in which a simple shock is repeated many times (DEF STAN, 1999; IEC, 1987b; AFNOR, 
1993). Standardized severities are proposed. For example, half-sine, 10 g, 16 ms, 3000 bumps (shock) per 
axis, 3 bumps a second. 

The purpose of this test is not to simulate any specific service condition. It is simply considered that it 
could be useful as a general ruggedness test to provide some confidence in the suitability of equipment for 
transportation in wheeled vehicles. It is intended to produce in the specimen effects similar of those 
resulting from repetitive shocks likely those encountered during transportation. 

In this test, the equipment is always fastened (with its isolators if it is normally used with isolators) to 
the bump machine during conditioning. 



12.7 Damage Boundary Curve 

12.7.1 Definition 

Products are placed in a package to be protected from possible free-fall drops and impacts onto a floor or 
a shipping platform during transport or handling. This packaging is often made up of a cushioning 
material (for example, honeycomb or foam) which absorbs the impact energy (related to the impact 
velocity) either by inelastic deformation, and which generates a shock at the entry of the material, whose 
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shape is often comparable to a rectangular or a trapezoid pulse (Figure 12.30). Alternatively, it can be 
made of an elastic material, which produces at the material entry a shock with a near half-sine waveform. 

After determination of the shock environment, a statistical analysis allows one to specify the design 
drop height, with a given percentage of loss tolerated. 

To choose the characteristics of the cushioning material constituting the package, it is first of all 
necessary to determine the shock fragility of the product that would be subjected to a shock with one of 
these two forms. 

It can be considered that the severity of a shock is related to its amplitude and to its associated velocity 
change (we saw that these two parameters intervene in the SRS). We thus determine the largest 
acceleration and the largest velocity change that the unpackaged product subjected to these shocks can 
support. 

At the time of two series of tests carried out on a shock machine, we note, for a given acceleration, the 
critical velocity change or, for a given velocity change, the critical maximum shock acceleration that leads to 
a damage on the material (deformation, fracture, faulty operation after the shock, etc.). 

Results are expressed on a diagram of the acceleration-velocity change by a curve defined as the 
damage boundary curve (DBC; ASTM D3332), as shown in Figure 12.31. 

Variable velocity change tests begin with a short-duration shock, then the duration is increased (by 
preserving constant acceleration) until the appearance of damage (functional or physical). The critical 
velocity change is equal to the velocity change just lower than that producing damage (ASTM, 1994). 

The variable acceleration tests are performed on 
a new material, starting with a small acceleration 
level and with a rather large velocity change 
(at least 1.5 times the critical velocity change 
previously determined). 

The tests should be carried out in the more 
penalizing impact configuration (unit orientation). 

12.7.2 Analysis of Test Results 

Damage can occur if the acceleration and the 
velocity change are together higher than the 
critical acceleration and the critical velocity 
change. 

From the critical velocity change, the critical 
drop height can be calculated. If Vj is the impact FIGURE 12.31 Damage boundary curve (rectangular 
velocity, V R is the rebound velocity, and a is the shock pulse). 
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rate of rebound (V R = — aV j), the velocity change 
AV is equal to 

Ay = v R - V; = -(Vi + ay,) 



= -(1 + a) Vi 



and the free-fall drop height H a to 

v 2 Ay 2 

H cr = — = =- 

2 g 2g(l + a) 2 



(12.17) 



(12.18) 




If this critical height is lower than the design FIGURE 12.32 DBC comparison of half-sine and 
height defined from the real use conditions of the rectangular shock pulses, 
product, it is necessary to use a package with a 
medium cushioning and then to define its 

characteristics (crush stress, thickness) so that maximum acceleration at the time of impact is lower 
than the critical acceleration. If not, no protection is necessary. 

Tests are in general carried out with a rectangular shock waveform, for two reasons. 

• As the rectangular shock is most severe (see SRSs), the result is conservative, as seen in Figure 12.32. 

• The DBC is made up only of two lines, which makes it possible to determine the curve from only two 
set of tests (saving time) by destroying only two specimens. A much more significant number of sets 
of tests would be necessary to determine the curve from a half-sine shock waveform. 

Note: If, for cost reasons, the same product is used to determine the critical velocity change or the 
critical acceleration, it undergoes several shocks before failure. The test result is usable only if the product 
fails in a brittle mode. If the material is ductile, each shock damages the product by an effect of fatigue, 
which should be taken into account (Burgess, 1996, 2000). 



12.8 Shock Machines 

12.8.1 Main Types 

A shock machine, whatever its standard, is primarily a device allowing modification over a short time 
period of the velocity of the material to be tested (also, see Chapter 15). Two principal categories are 
usually distinguished (Lalanne, 2002b): 

• The first category is that of impulse machines, which increase the velocity of the test item during 
the shock. The initial velocity is in general zero. The air gun, which creates the shock during the 
setting of the velocity in the tube, is an example. 

• The second category is that of impact machines, which decrease the velocity of the test item 
throughout the shock and/or which change its direction. 

The test facilities now used are classified as follows: 

• In free fall machines, the impact is made on a shock simulator (in American literature these 
devices are termed “shock programmers”) adapted to the shape of the specified shock (elastomer 
discs, conical or cylindrical lead pellets, pneumatic shock simulators, etc.). To increase the impact 
velocity, which is limited by the drop height, that is, by the height of the guide columns, the fall 
can be accelerated by the use of bungee cords. 

• In pneumatic machines, the velocity is derived from a pneumatic actuator. 

• In electrodynamic exciters, the shock is specified either by the shape of a temporal signal, its 
amplitude and its duration, or by a SRS. 
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• Exotic machines are designed to carry out shocks that are nonrealizable by the preceding methods, 
generally because their amplitude and duration characteristics are not compatible with the 
performances from these means. The desired shapes, not being normal, are not possible with the 
shock simulators delivered by the manufacturers. 

We will try to show in the following sections how mechanical shocks could be simulated on materials 
in the laboratory. The facilities described are the most current, but the list is far from being exhaustive. 
Many other processes were or are still used to satisfy particular needs (Nelson and Prasthofer, 1974; 
Powers, 1974, 1976; Conway et al., 1976). 

12.8.2 Impact Shock Machines 

Most machines with free or accelerated drop 
testing belong to the category of impact shock 
machines. The machine itself allows the setting of 
velocity of the test item. 

The shock is carried out by impact, with the 
help of the shock simulator (programmer), which 
formats the acceleration of braking according to 
the desired shape. The impact can be without 
rebound when the velocity is zero at the end of the 
shock, or with rebound when the velocity changes 
sign during the movement. Laboratory machines 
of this type consist of two vertical guide rods on 
which the table carrying the test item slides 
(Figure 12.33). 

The impact velocity is obtained by gravity, 
after the dropping of the table from a certain 
height or using bungee cords allowing one to 
obtain a larger impact velocity. 

Let us consider a free fall shock machine for 
which the friction of the shock table on the 
guidance system can be neglected. The necessary 
drop height, H, to obtain the desired impact 
velocity, v ; , is given by 

v? 

H= ' (12.19) 

2 & 

where g is the acceleration of gravity 
(9.81 m/sec 2 ). 

These machines are limited by the possible drop height, that is, by the height of the columns and the 
height of the test item when the machine is provided with a gantry. It is difficult to increase the height of 
the machine due to overcrowding and problems with guiding the table. 

However, the impact velocity can be increased using a force complementary to gravity by means of 
bungee cords tended before the test and exerting a force generally directed downwards. The acceleration 
produced by the cords is in general much higher than gravity, which then becomes negligible. This idea 
was used to design horizontal (Lonborg, 1963) and vertical machines (Marshall et al., 1965; La Verne 
Root and Bohs, 1969), this last configuration being less cumbersome. 

During impact, the velocity of the table changes quickly and forces of great amplitude appear between 
the table and machine bases. To generate a shock of a given shape, it is necessary to control the amplitude 
of the force throughout the stroke during its velocity change. This is carried out using a shock simulator 
(programmer). 




FIGURE 12.33 Elements of a shock-test machine. 
( Source : Lalanne, Chocs Mecaniqttes, Hermes Science 
Publications. With permission.) 
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12.8.2.1 Universal Shock-Test Machines 

12.8.2.1.1 Impact Mode 

As an example, the MRL® Company (Monterey 
Research Laboratory) has marketed a machine 
allowing the carrying out of shocks according to 
two modes: impulse and impact (Bresk and Beal, 
1966). In the two test configurations, the test item 
is installed on the upper face of the table. The table 
is guided by two rods that are fixed at a vertical 
frame. 

To carry out a test according to the impact mode 
(the general case), one raises the table by the height 
required by means of a hoist attached to the top of 
the frame, using the intermediary assembly for 
raising and dropping (see Figure 12.34). By 
opening the blocking system in a high position, 
the table falls under the effect of gravity or owing 
to the relaxation of elastic cords if the fall is 
accelerated. After rebound, as seen on the shock 
simulator (programmer), the table is again 
blocked to avoid a second impact. 

12.8.2.1.2 Impulse Mode 

The impulse mode shocks (see Figure 12.35) are 
obtained while placing the table on the piston of 
the shock simulator (used for the realization 
of initial peak sawtooth shock pulses). The 
piston of this hydropneumatic shock simulator 
(programmer) propels the table upward according 
to an appropriate force profile to produce the 
specified acceleration signal. The table is stopped in 
its stroke to prevent its falling down for a second 
time on the shock simulator (programmer). 

12.8.3 Shock Simulators 
(Programmers) 




FIGURE 12.34 MRL universal shock-test machine 
(impact mode). ( Source : Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 



We will describe only the most frequently used shock simulators to carry out half-sine, TPS and trapezoid 
shock pulses. 

12.8.3.1 Half-Sine Pulse 

These shocks are obtained using an elastic material interposed between the table and the solid mass 
reaction. 



12.8.3.1.1 Shock Duration 

The shock duration is calculated by supposing that the table and the shock simulator (programmer), for 
this length of time, constitute a linear mass -spring system with only one DoF. From the differential 
equation of the movement (valid only during the elastomeric material compression and its relaxation, so 
long as there is contact between the table and the shock simulator, i.e., during a half-period) 



d~x 

m — T + kx= 0 

dr 



(12.20) 
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the shock duration t can be deduced: 

[in 

t=ttJ— ( 12 . 21 ) 

V k 

where m is the mass of the moving assembly 
(table + fixture + test item) and k is the stiffness 
constant of the shock simulator (programmer). 

This expression shows that, theoretically, the 
duration can be regarded as a function alone of the 
mass, m, and of the stiffness of the target. It is, in 
particular, independent of the impact velocity. The 
mass, m, and the duration, r, being known, we 
deduce from it the stiffness constant, k, of the target: 

7T 2 

k = m— (12.22) 

T 

12.8.3.1.2 Impact Velocity 

Let us set v ; as the impact velocity of the table and 
v R as the velocity of rebound. The elastomeric 
shock simulators often have a coefficient of 
restitution, a (v R = — av ; ), of about 50%. In a 
first approximation, we will consider that the 
rebound is perfect (a = 1). The impact velocity is 
then equal to AV72, where AV is the velocity 
change given by Table 12.1: 

, 2 
AV = -x m T 

77 

12.8.3.1.3 Maximum Deformation of the 
Shock Simulator (Programmer) 

If x m is the maximum deformation of the shock 
simulator (programmer) during the shock, it 
becomes, by equalizing the kinetic loss of energy 
and the deformation energy during the com- 
pression of the shock simulator (programmer) 




FIGURE 12.35 MRL universal shock-test machine 
(impulse mode). ( Source : Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 



yielding 



1 2 1,2 

— mv, = — /ex,,. 



(12.23) 




(12.24) 



12.8.3.1.4 Shock Amplitude 

From Equation 12.20, one has, in absolute terms, mx m = kx m , yielding x m = x m (k/m) and, according to 
Equation 12.24 



x 



m 




(12.25) 
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where the impact velocity, v, is equal to 

n = JlgH (12.26) 

where g is the acceleration of gravity (lg = 9.81 m/sec 2 ) and H is the drop height. 

This relation, established theoretically for perfect rebound, remains usable in practice as long as the 
rebound velocity remains higher than approximately 50% of the impact velocity. Having determined 
k from m and r, it is enough to act on the impact velocity, that is, on the drop height, to obtain the 
required shock amplitude. 



12.8.3.1.5 Characteristics of the Target 

For a cylindrical shock simulator (programmer), 
we have 




where S and I are, respectively, the cross section 
and the height of the shock simulator (program- 
mer) and where E is Young’s modulus of material 
in compression. 

Depending on the materials available, that is 
the possible values of E, one chooses the values of 
L and S that lead to a realizable shock simulator 
(by avoiding too large a height-to-diameter ratio 
to eliminate the risks from buckling). When the 
table has a large surface, it is possible to place 
four shock simulators to distribute the effort. 




FIGURE 12.36 High frequencies at impact. ( Source : 
Lalanne, Chocs Mecaniques , Hermes Science Publi- 
cations. With permission.) 



The cross section of each shock simulator 
(programmer) is then calculated starting from 
the value of S determined above and divided 
by four. 

If the surface of impact is planar, a wave 
created at the time of the impact is propagated 
in the cylinder and makes several up and down FIGURE 12.37 Impact module with conical impact 
excursions (Figure 12.36). From it, at the face (open module). (Source: Lalanne, Chocs Mecaniques, 
beginning of the signal the appearance of a Hermes Science Publications. With permission.) 
high frequency oscillation that distorts the 
desired half-sine pulse results. 

To avoid this phenomenon, the front face of the shock simulator (programmer) is designed to be 
slightly conical (Figure 12.37) in order to insert the load material gradually (open module). The 
shock thus created is between a half-sine and a versed-sine pulse. In addition, a good empirical rule is 
to limit the maximum dynamic deformation of the shock simulator (programmer) from 10 to 15% of 
its initial thickness to avoid distortion of the half-sine due to damping of the material. If this limit is 
exceeded, the shape obtained risks nonlinear tendencies. 




Example 

Consider the realization of a half-sine shock 340 m/sec 2 , 9 msec. It is supposed that the mass of the 
moving assembly (table + fixture + test item) is equal to 470 kg (test item + fixture mass: 150 kg). 
From Equation 12.22 

2 2 

k = m— = 470 ^ = 5.727 X 10 7 N/m 

t 2 (0.009) 2 



© 2005 by Taylor & Francis Group, LLC 




Mechanical Shock 



12-33 



The impact velocity is calculated from Equation 12.25: 

[in t 0.009 

V[ = x m J — = x m — = 340 ~ 0.974 m/sec 

V A.' 77 77 

which leads to the drop height, H = (vf/2 g) « 48 X 10 -3 m. During the impact, the elastomeric target 
will be deformed to a height equal to Equation 12.24: 

m ( t\ 2 ( 0.009 \ 2 _ 3 

x m = v ; J — = 3c m l — J = 300l I ~ 2.79 X 10 3 m 

The velocity change during the shock is equal to AV = (2/77 )x m T = (2/77)340 X 0.009 ~ 1.91 m/sec. It is 
checked that AV = 2v ; . 

With L being the height of the target, its diameter D is calculated from k = ES/L: 




If the target is an elastomer of Young’s modulus, E = 5X 10 7 N/m 2 yielding, if L = 0.015 m, D = 
0.148 m. It remains to check that the stress in the material does not exceed the acceptable value. 

The manufacturers provide cylindrical modules made up of an elastomer sandwiched between two metal 
plates. The shock simulator (programmer) is composed of stacked modules of various stiffnesses (Figure 
12.38). A relatively low number of different modules allows the covering of abroad range of shock durations 
by combinations of these elements (Brooks, 1966; Brooks and Mathews, 1966; Gray, 1966; Bresk, 1967). 

The modules are in general distributed between the bottom of the table and the top of the solid mass of 
reaction to regularly distribute the load at the time of the shock in the lower part of the table. One thus 
avoids exciting its bending mode at lower frequency and amplifying the vibrations due to resonance of 
the table. 

The shock simulators for very short duration shock are made up of a high strength and high Young’s 
modulus thermoplastic material. The selected plastic is highly resilient and very hard. It is used within its 
yield stress and can thus be useful almost indefinitely. Reproducibility is very good. 

The shock simulator (programmer) is composed of a cylinder of this material attached to a planar 
circular plate screwed to the lower part of the table of the shock machine. 





Machine base 



FIGURE 12.38 Distribution of the modules (half-sine shock pulse). ( Source : Lalanne, Chocs Mecaniques , Hermes 
Science Publications. With permission.) 
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12.8.3.2 Terminal Peak Sawtooth Shock Pulse 

To generate a TPS shock pulse, any target made up of an inelastic material (crushable material) with a 
curve dynamic deflection-load which follows a cubic law is thus appropriate (McWhirter, 1961). This 
curve is approximated by using shock simulators of conical shape. 

The material generally used is lead or honeycomb. The cones can be calculated as follows: 



• Crushed length: 




(12.28) 



yielding the height of the cone, h > 1 .2 x m (to allow material to become deformed to the necessary 
height). 

• Force maximum: 



(12.29) 



where S m is the cross section of the cone at height x m and cr a is the crush stress of material 
constituting the target yielding: 



S 



m 



(12.30) 



When all the kinetic energy of the table is dissipated by the crushing of the lead, acceleration decreases 
to zero. The shock machine must have a very rigid solid mass of reaction, so that the time of decay to zero 
is not too long and satisfies the specification. The speed of this decay to zero is a function of the mass of 
reaction and of the mass of the table: if the solid mass of reaction has a nonnegligible elasticity, the time, 
already nonzero because of the imperfections inherent in the shock simulator (programmer), can become 
too long and unacceptable. 

For lead, the order of magnitude of cr cr is 760 kg/cm 2 (7.6 X 10 7 N/m 2 = 76 MPa). The range of 
possible durations lies between approximately 2 and 20 msec. 

For each machine and each shock, it is necessary to carry out preliminary tests to check that the 
shock simulator (programmer) is well calculated. The shock simulators are destroyed with each test. It is 
thus a relatively expensive method. One prefers to use, if possible, a Universal Programmer (Section 
12.8.3.4). 



Example 

TPS shock pulse, 340 m/sec 2 , 9 msec (example of Section 12.5.2.5) 
Unit table mass: 320 kg 
Fixture + test item mass: 150 kg 

Conical lead shock simulator (cr cr = 760 kg/cm 2 = 7.6 X 10 7 N/m 2 ) 
The impact velocity is calculated from Table 12.1: 



AV = v; = 



2 



340 X 0.009 

2 



1.53 m/sec 



which leads to the theoretical drop height H = (v\l2g) ~ 0.119 m. During the impact, the target will be 
deformed to a height equal to Equation 12.28: 






340 X 0.009 2 



9.18X 10 3 m 



yielding the height of the target h > 1.2x m ~ 1.2 X 9.18 X 10 3 = 0.011 m. 
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The cross section of the cone at height x m is equal to Equation 12.30 

mx, 



S m = 



470 X 340 
7.6 X 10 7 



2.1 X 10 3 m 2 



corresponding to a diameter (at height x m ) D ~ 0.052 m. 



12.8.3.3 Rectangular Pulse - Trapezoidal Pulse 

This test is carried out by impact. A cylindrical shock simulator (programmer) consists of a material 
which is crushed with constant force (lead, honeycomb) or using the Universal Shock simulator 
(programmer). In the first case, the characteristics of the shock simulator (programmer) can be 
calculated as follows: 

• The cross section is given according to the shock amplitude to be realized using the relation 

F m = mx m = S<r cr (12.31) 



yielding 



S = 



(12.32) 



• Starting from the dynamics of the impact without rebound, the length of crushing is equal to 



(12.33) 



and that of the shock simulator (programmer) must be at least equal to 1.4x m in order to allow a 
correct crushing of the matter with constant force. 

The shock amplitude is controlled by the cross section of the shock simulator (programmer), the crush 
stress of material, and the mass of the total carriage mass. The duration is affected only by the impact 
velocity. 

This method produces relatively disturbed signals, because of the impact between two plane surfaces. 
They are adapted only for shocks of short duration, because of the limits of deformation. A long duration 
requires a plastic deformation over a big length, but it is difficult to maintain the constant force of 
resistance on such a stroke. The honeycombs lend themselves better to the realization of a long duration 
shock (Gray, 1966). 



Example 

Rectangular shock pulse, 340 m/sec 2 , 9 msec 
Unit table mass: 320 kg 
Fixture + test item mass: 150 kg 

Cylindrical lead shock simulator (cr cr = 760 kg/cm 2 = 7.6 X 10 7 N/m 2 ) 

The impact velocity is calculated from Table 12.1: 

AV = v ; = x m r = 340 X 0.009 = 3.06 m/sec 



which leads to the theoretical drop height H = (y\l2g) ~ 0.477 m. During the impact, the target will be 
deformed to a height equal to Equation 12.33: 



340 X 0.009 7 



13.8 X 10 3 m 



yielding the height of the target h > 1.4x m = 1.4 X 13.8 X 10 3 = 0.019 m. 
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TABLE 12.8 Characteristics of the Target for the Half-Sine, Sawtooth, and Rectangular Pulses 





Half-Sine 


TPS 


Rectangle 


Maximum deformation of the shock simulator (programmer) 


ii 


a* 

II 


r 

ii 

Hio 


Shock simulator (programmer) cross section at height x m 


S 7T 2 m 
h Et 2 


,, mx m 

-’m — 

<r„ 


s _ mx m 

<r„ 


Shock simulator (programmer) height 




X T 2 

3 


iimT 2 

h ■ 1.4 — — 
2 


Impact velocity 


_ *mT 
1 7 r 


_ X m T 
Vi 2 


Vi = X m T 


Free fall height 


V? 

H= — 
2 g 







The cross section of the cylinder is equal to Equation 12.32 



S 



m 



470 X 340 
7.6 X 10 7 



= 2.1 X 10 3 m 2 



corresponding to a diameter D ~ 0.052 m. 

Table 12.8 recapitulates the main relations allowing the predimensioning of targets for generating half- 
sine, sawtooth and rectangular shock pulses. 

12.8.3.4 Universal Shock Simulator (Programmer) 

MTS® 1 has manufactured a shock simulator (programmer), known as Universal, still used in many 
laboratories, to produce half-sine, TPS, and trapezoidal shock pulses after various adjustments. 

This shock simulator (programmer) consists of a cylinder fixed under the table of the 
machine, filled with a gas under pressure, and, in the lower part of a piston, a rod and a head 
(Figure 12.39). 



12.8.3.4.1 Generating a Half-Sine Shock Pulse 

The chamber is put under sufficient pressure so that, during the shock, the piston cannot move 
(Figure 12.39). The shock pulse is thus formatted only by the compression of the stacking of elastomeric 
cylinders (modular shock simulators), placed under the piston head. One is thus brought back to the case 
of Section 12.8.3.1. 



12.8.3.4.2 Generating a Terminal Peak Sawtooth Shock Pulse 

The gas pressure (nitrogen) in the cylinder is selected so that, after compression of elastomer during 
duration, r, the piston, assembled in the cylinder as indicated in Figure 12.40, is suddenly released for a 
force corresponding to the required maximum acceleration, x m . 

The pressure that was exerted before separation over the whole area of the piston applies only after 
separation to one area equal to that of the rod, producing a negligible resistant force. 

Acceleration thus passes very quickly from x m to zero, as shown in Figure 12.41. The rise phase is not 
perfectly linear, but corresponds rather to an arc of versed-sine (since if the pressure were sufficiently 
strong, one would obtain a versed-sine by compression of the elastomer alone). 

'Registered trademark of MTS Systems Corporation. 
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FIGURE 12.39 MTS” Universal shock simulator (half-sine and rectangle pulse configuration). ( Source : Lalanne, 
Chocs Mecaniques , Hermes Science Publications. With permission.) 



12.8.3.4.3 Trapezoidal Shock Pulse 

The assembly here is the same as that of the half-sine pulse (Figure 12.39). At the time of the impact, 
there is: 

• Compression of the elastomer until the force exerted on the piston balances the compressive force 
produced by nitrogen (this phase gives the first part [rise] of the trapezoid). 

• Up and down displacement of the piston in the part of the cylinder of smaller diameter, 
approximately with constant force, since volume varies little (this phase corresponds to the 
horizontal part of the trapezoid). 

• Relaxation of elastomer: decay to zero acceleration. 

The rise and decay parts are not perfectly linear for the same reason as in the case of the TPS pulse. 

12.8.4 Limitations 

12.8.4.1 Limitations of the Shock Machines 

The limitations are often represented graphically by straight lines plotted in logarithmic 
scales, delimiting the domain of realizable shocks (amplitude, duration). The shock machine is 
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FIGURE 12.40 MTS Universal shock simulator (TPS pulse configuration). ( Source : Lalanne, Chocs Mecaniques , 
Hermes Science Publications. With permission.) 



limited by ( IMPAC 6060F Operating Manual; 
Figure 12.42): 

• The allowable maximum force on the table. 
To carry out a shock of amplitude x m , the 
force generated on the table, given by 

l I tn t a bic + tttp r0 g rammer T wigxture 

+ ^test item]* m (12.34) 

must be lower than or equal to the acceptable 
maximum force, E max . Knowing the total 
carriage mass, the relation (Equation 12.34) 
allows calculation of the possible maximum 
acceleration under the test conditions 




FIGURE 12.41 Realization of a TPS shock pulse. 
(Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 



(^m)max ^max^I ^Tible T t?Jp r0 g rammer T t/lf txture p em ] (12.35) 
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This limitation is represented on the abacus 
by a horizontal line constant, x m . 

This emphasizes maximum free fall 
height, H, or the maximum impact 
velocity, that is the velocity change, AV 
of the shock pulse. If v R is the rebound 
velocity, equal to a percentage a of the 
impact velocity, we have 

Ay = v R - v ; = -(1 + a)v ; 

= -(1 + a)~JlgH 

= x(t)dt (12.36) 



yielding 



H = 



Ay 2 

2g(l + a) 2 



(12.37) 




FIGURE 12.42 Abacus of the limitations of a 
shock machine. ( Source : Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 



where a is a function of the shape of the shock and of the type of shock simulator (programmer) 
used. In practice, there are losses of energy by friction during the fall and especially in the shock 
simulator (programmer) during the realization of the shock. Taking account of these losses is 
difficult to calculate analytically and so one can set: 



H = 




(12.38) 



where f3 takes into account at the same time losses of energy and rebound. As an example, the 
manufacturer of machine IMPAC 60 X 60 (MRL) gives Table 12.9, according to the type of 
shock simulators ( IMPAC 6060F Operating Manual). 

The limitation related to the drop height can be represented by parallel straight lines on 
a diagram giving the velocity change, Ay, as a function of the drop height in logarithmic scales. 
The velocity change being, for all simple shocks, proportional to the product x m r, we have 



Ay = Ax m T = y/2gH/[3 (12.39) 

Some typical values for the amplitude X duration product are given in Table 12.10. 

On logarithmic scales ( x m , t), the limitation relating to the velocity change is represented by parallel, 
inclined straight lines (Figure 12.42). 



TABLE 12.9 Loss Coefficient (3 



Shock Simulator (Programmer) 


Value of (3 


Elastomer (half-sine pulse) 


0.556 


Lead (rectangle pulse) 


0.2338 


Lead (TPS pulse) 


1.544 



Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission. 
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TABLE 12.10 Amplitude X Duration Limitation 



Waveform 


Shock Simulator (Programmer) 


(rn/sec) 


Half-sine 


Elastomer 


17.7 


TPS 


Lead cone 


10.8 




Universal shock simulator (programmer) 


7.0 


Rectangle 


Universal shock simulator (programmer) 


9.2 



Source: Lalanne, Chocs Mecaniques, Hermes Science Publications. With 
permission. 



12.8.4.2 Limitations of Shock Simulators 

Elastomeric materials are used to generate shocks of: 

• Half-sine shape (or versed-sine with a conical frontal module to avoid the presence of high 
frequencies). 

• TPS and rectangular shapes, in association with a Universal shock simulator. 



Elastomer shock simulators are limited by the allowable maximum force, a function of Young’s 
modulus, and their dimensions (Figure 12.42). This limitation is in fact related to the need to maintain 
the stress lower than the yield stress of the material, so that the target can be regarded as a pure stiffness. 
The maximum stress, er max , developed in the target at the time of the shock can be expressed according to 
Young’s modulus, E, to the maximum deformation, x m , and to the thickness, h, of the target according to 

Omax = E ^ (12.40) 



with, for an impact with perfect rebound, x m = x m T 2 hr 2 . It is necessary that, if R e is the elastic ultimate 
stress 



that is 



Ex m r 2 

llTT 2 



<K 



h > 



Ex m T 2 

R e TT 2 



(12.41) 

(12.42) 



Taking into account the mass of the carriage assembly, this limitation can be transformed into 
maximum acceleration ( F m = ntx m ). With four shock simulators used simultaneously, the maximum 
acceleration is naturally multiplied by four. This limitation is represented on the abacus of Figure 12.42 
by the straight lines of greater slope. 

The Universal shock simulator is limited ( MRL 2680 Operating Manual): 



• By the acceptable maximum force. 

• By the stroke of the piston: for each waveform, the displacement during the shock is always 
proportional to the product 3c m r 2 . 



This limitation is provided by the manufacturer. 

In short, the domain of the realizable shock pulses is limited on this diagram by straight lines 
representative of the conditions given in Table 12.11. 



TABLE 12.11 Summary of Limitations on the Domain of Realizable Shock Pulses 



x m = constant 


Acceptable force on the table or on the 
Universal shock simulator 


x m T= constant 


Drop height (AV) 


Xmi 2 = constant 


Piston stroke of the Universal shock simulator 


x m r 4 = constant 


Acceptable force for elastomers 



Source: Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission. 
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12.8.5 Pneumatic Machines 

Pneumatic machines in general consist of 
a cylinder separated into two parts by a plate 
bored to let pass the rod of a piston located lower 
down (Figure 12.43). The rod crosses the higher 
cylinder, comes out of the cylinder, and supports a 
table receiving the test item. 

The surface of the piston subjected to the 
pressure is different according to whether it is on 
the higher face or the lower face, as long as it is 
supported in the higher position on the Teflon® 2 
seat (Thorne, 1964). 

Initially, the moving piston, rod, and table rose 
by filling the lower cylinder (reference pressure). 
The higher chamber is then inflated to a pressure 
of approximately five times the reference pressure. 
When the force exerted on the higher face of the 
piston exceeds the force induced by the pressure of 
reference, the piston releases. The useful surface 
area of the higher face increases quickly and the 
piston is subjected in a very short time to a 
significant force exerted towards the bottom. It 
involves the table, which compresses the shock 
simulators (elastomers, lead cones, etc.) placed on 
the top of the body of the jack. 

This machine is assembled on four rubber 
bladders filled with air to uncouple it from the 
floor of the building. The body of the machine is 
used as a solid mass of reaction. The interest 
behind this lies in its performance and its 
compactness. An industrial pneumatic shock 
machine is shown in Figure 12.44. 




FIGURE 12.43 The principle of pneumatic machines. 
( Source : Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 



12.8.6 High Impact Shock Machines 

The first machine was developed in 1939 to simulate the effects of underwater explosions (mines) on the 
equipment onboard military ships. Such explosions, which generally occur at large distances from the 
ships, create shocks that are propagated in all the structures. 

The procedure consisted of specifying the machine to be used, the method of assembly, the adjustment 
of the machine and so on, and not of a SRS or a simple shape shock. 

Two models of machines of this type were built to test lightweight and medium weight 
equipment. 

12.8.6.1 Lightweight High Impact Shock Machine 

The lightweight high impact shock machine, the first built, consists of a welded frame of standard steel 
sections and two hammers, one sliding vertically, the other describing an arc of a circle in a vertical plane, 
according to a pendular motion (Figure 12.45). 



Registered trademark of E.I. du Pont de Nemours & Company, Inc., Wilmington, DE. 
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A target plate carrying the test item can be 
placed to receive one or the other of the hammers. 
The combination of the two movements and the 
two positions of the target makes it possible to 
deliver shocks according to three perpendicular 
directions without disassembling the test item. 
Each hammer weighs approximately 200 kg and 
can fall a maximum height of 1.50 m (Conrad, 
1952). The target is a plate of steel of 86 cm X 122 
cm X 1.6 cm, reinforced and stiffened on its back 
face by I-beams. 

In each of the three impact positions of the 
hammer, the target plate is assembled on springs in 
order to absorb the energy of the hammer with a 
limited displacement (38 mm to the maximum). 
Rebound of the hammer is prevented. 

Several intermediate standardized plates simu- 
late various conditions of assembly of the equip- 
ment on board. These plates are inserted between 
the target and the equipment tested to provide 
certain insulation at the time of impact and to 
restore a shock considered comparable with the 
real shock. 

The mass of the equipment tested on this 
machine should not exceed 100 kg. For fixed test 
conditions (direction of impact, equipment mass, 
intermediate plate), the shape of the shock 
obtained is not very sensitive to the drop height. 
The duration of the produced shocks is about 
1 msec and the amplitudes range between 5000 
and 10,000 m/sec 2 . 

12.8.6.2 Medium Weight High Impact 
Shock Machine 

This machine was designed to test equipment 
whose mass, including the fixture, is less than 
2500 kg (Figure 12.46). It consists of a hammer 
weighing 1360 kg that swings through an arc of a 
circle at an angle greater than 180° and comes to 
strike an anvil at its lower face. Under the 
impact, this anvil, fixed under the table carrying 
the test item, moves vertically upwards. The 
movement of this unit is limited to approxi- 
mately 8 cm at the top and 4 cm at the bottom 
(Vigness, 1947, 1961a; Conrad, 1951; Lazarus, 
1967) by stops that halt it and reverse its 
movement. The equipment being tested is fixed 
on the table via a group of steel channel beams 
(and not directly to the rigid anvil structure), 
so that the natural frequency of the test item 
on this support metal structure is about 60 Hz. 




FIGURE 12.44 Benchmark® SM 105 pneumatic shock 
machine. SM 105 and Benchmark are registered trade- 
marks owned hy Benchmark Electronics, Hunstville, Inc. 
(courtesy Benchmark Electronics). 
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FIGURE 12.45 High impact shock machine for lightweight equipment. (Source: Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 

The shocks obtained are similar to those produced with the machine for light equipment (Lazarus, 
1967). 

The shocks carried out on all these facilities are not very reproducible and are sensitive to the ageing of 
the machine and the assembly (the results can differ after dismantling and reassembling the equipment 
on the machine under identical conditions, in particular at high frequencies; Vigness, 1961b). 

These machines can also be used to generate simple shape shocks such as half-sine or TPS pulses 
(Vigness, 1963), while inserting either an elastic or a plastic material between the hammer and the anvil 
carrying the test item. One thus obtains durations of about 10 msec at 20 msec for the half-sine pulse and 
10 msec for the TPS pulse. 




FIGURE 12.46 High impact machine for medium weight equipment. ( Source : Lalanne, Chocs Mecaniques, Hermes 
Science Publications. With permission.) 
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12.8.7 Specific Test Facilities 

When the impact velocity of standard machines is 
insufficient, one can use other means to obtain the 
desired velocity. For example: 



One can use drop testers, equipped with 
two vertical (or inclined) guide cables 
(McWhirter, 1963; Lalanne, 1975). The 
drop height can reach a few tens of meters. 
It is wise to make sure that the guidance is 
correct and, in particular, and that friction 
is negligible. It is also desirable to measure 



Test 




FIGURE 12.47 Inclined plane impact tester (CONBUR 
tester). ( Source : Lalanne, Chocs Mecaniques , Hermes 
Science Publications. With permission.) 



the impact velocity (using photoelectric cells or any other device). 

One can also use gas guns, which initially use the expansion of a gas (often air) under 
pressure in a tank to propel a projectile carrying the test item towards a target equipped with 
a shock simulator fixed at the extremity of a gun on a solid reaction mass (McWhirter, 1961; 
McWhirter, 1963; Yarnold, 1965; Lazarus, 1967; Lalanne, 1975). One finds the impact mode 
to be as above. It is necessary that the shock created at the time of the velocity setting in the 
gun is of low amplitude with regard to the specified shock carried out at the time of the 
impact. Another operating mode consists of using the phase of the velocity setting to 
program the specified shock, the projectile then being braked at the end of the gun by a 
pneumatic device, with a small acceleration with respect to the principal shock. A major 
disadvantage of guns is related to the difficulty of handling cables instrumentation, which 
must be wound or unreeled in the gun, in order to follow the movement of the projectile. 
Alternatively, one can use inclined-plane impact testers (Vigness, 1961a; Lazarus, 1967). 
These were especially conceived to simulate shocks undergone during too severe handling 
operations or in trains. They are made up primarily of a carriage on which the test item 
is fixed, traveling on an inclined rail and coming to run up against a wooden barrier 
(Figure 12.47). 



The shape of the shock can be modified by using elastomeric “bumpers” or springs. Tests of this type 
are often named “CONBUR tests.” 



12.9 Generation of Shock Using Shakers 

In about the mid-1950s, with the development of electrodynamic exciters for the realization 
of vibration tests, the need for a realization of shocks on this facility was quickly felt. 
This simulation on a shaker, when possible, indeed presents a certain number of advantages (Coty 
and Sannier, 1966). 



12.9.1 Principle Behind the Generation of a Simple Shape Signal versus Time 

The objective is to carry out on the shaker a shock of simple shape (half-sine, triangle, 
rectangle, etc.) of given amplitude and duration similar to that made on the classical shock 
machines. This technique was mainly developed during the years 1955 to 1965 (Wells and Mauer, 
1961). 

The transfer function between the electric signal of the control applied to the coil and acceleration to 
the input of the test item is not constant. It is thus necessary to calculate the signal of control according to 
this transfer function and the signal to be realized. 
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The process is as follows (Favour et al., 1969; Magne, 1971): 

• Measurement of the transfer function of the installation (including the fixture and the test item) 
using a calibration signal; the measurement of the transfer function of the installation can be made 
using a calibration signal of the shock type, random vibration or sometimes by fast swept sine 
(Favour, 1974; Lalanne, 2002a). 

• Calculation of the Fourier transform of the signal specified at the input of the test item. 

• By division of this transform by the transfer function, calculation of the Fourier transform of the 
signal of control. 

• Calculation of the control signal vs. time by inverse transformation. 

In all cases, the procedure consists of measurement and calculation of the signal of control to —n dB 
( — 12, —9, —6, and/or —3). The specified level is applied only after several adjustments on a lower level. 
These adjustments are necessary because of the sensitivity of the transfer function to the amplitude of the 
signal (nonlinearities). The development can be carried out using a dummy item representative of the 
mass of the specimen. However, particularly if the mass of the test specimen is significant (with respect to 
that of the moving element), it is definitely preferable to use the real test item or a model with dynamic 
behavior very near to it. 

If random vibration is used as the calibration signal, its root-mean-square (rms) value is calculated in 
order to be lower than the amplitude of the shock (but not too distant in order to avoid the effects of any 
nonlinearities). This type of signal can result in application to the test item of many substantial peaks of 
acceleration compared with the shock itself. 



12.9.2 Main Advantages 

The realization of the shocks on shakers has very interesting advantages: 

• Possibility of obtaining very diverse shocks shapes. 

• Use of the same means for the tests with vibrations and shocks, without disassembly (saving time) 
and with the same fixtures (Wells and Mauer, 1961; Hay and Oliva, 1963). 

• Possibility of a better simulation of the real environment, in particular by direct reproduction of a 
signal of measured acceleration (or of a given shock spectrum). 

• Better reproducibility than on the traditional shock machines. 

• Very easy realization of the test on two directions of an axis. 

• No need to use a shock machine. 

In practice, however, one is rather quickly limited by the possibilities of the exciters, which therefore do 
not make it possible to generalize their use for shock simulation. 



12.9.3 Pre- and Postshocks 

12.9.3.1 Requirements 

The velocity change, AV = JJx(f)df (r= shock duration), associated with shocks of simple shape 
(half-sine, rectangle, TPS, etc.) is different from zero. At the end of the shock, the velocity of 
the table of the shaker must, however, be zero. It is thus necessary to devise a method to satisfy 
this need. 



12.9.3.2 Solutions 

One way of bringing back the variation of velocity associated with the shock to zero can be the addition of 
a negative acceleration to the principal signal so that the area under the pulse has the same value on the 



© 2005 by Taylor & Francis Group, LLC 




12-46 



Vibration and Shock Handbook 




FIGURE 12.48 Possibilities for pre- and postshock positioning. ( Source : Lalanne, Chocs Mecaniques, Hermes 
Science Publications. With permission.) 




FIGURE 12.49 Kinematics of the movement with preshock alone [T], symmetrical pre and postshocks [ 2 ] 
and postshock alone [ 3 ]. ( Source : Lalanne, Chocs Mecaniques, Hermes Science Publications. With permission.) 



side of positive accelerations and on the side of negative accelerations (Lalanne, 2002b). Various solutions 
are possible a priori (Figure 12.48): 



• A preshock alone. 

• A postshock alone. 

• Pre- and postshocks, possibly of equal durations. 



Preshock alone [T], which requires a less powerful power amplifier, thus seems preferable to postshock 
alone [ 3 ]. The use of symmetrical pre- and postshocks is however better, because of a certain number of 
additional advantages (Magne and Leguay, 1972; Figure 12.49). 



• The final displacement is minimal. If the specified shock is symmetrical (with respect to the 



vertical line r/2), this residual displacement i 

• For the same duration, r, of the specified 
shock and for the same value of maximum 
velocity, the possible maximum level of 
acceleration is twice as big. 

• The maximum force is provided at the 
moment when acceleration is maximum, 
that is, when the velocity is zero (one will 
be able to thus have the maximum 
current). The solution with symmetrical 
pre- and postshocks requires minimal 
electric power. 

Another parameter is the shape of these pre- and 
postshocks, the most used shapes being 
the triangle, the half-sine, and the rectangle 
(Figure 12.50). 



zero (Young, 1964). 




FIGURE 12.50 Shapes of pre- and postshock pulses. 
(Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 
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Owing to discontinuities at the ends of the pulse, the rectangular compensation is seldom satisfactory 
(Smallwood, 1985). One often prefers a versed-sine applied to the entire signal (Hanning window), 
which has the advantages of being zero and smoothed at the ends (first zero derivative) and presenting 
symmetrical pre- and postshocks. 

In all the cases, the amplitude of pre- and postshocks must remain small with respect to that of the 
principal shock (preferably lower than approximately 10%), in order not to deform too much the 
temporal signal and consequently, the shock spectrum. For a given shape of pre- and postshock, this 
choice thus imposes the duration. 

12.9.3.2.1 Optimized Pre- and Postpulses 

Another method was developed (Fandrich, 1981) in order to take into account the tolerances on the 
shape of the signal allowed by the standards (R.T. Fandrich refers to standard MIL-STD 810 C) and to 
best use the possibilities of the shaker. 

The solution suggested consists of defining the following: 

1. One must define a preshock made up of the first two terms of the development in a Fourier series 
of a rectangular pulse (with coefficients modified after a parametric analysis). The table being in 
equilibrium in a median position before the test, the objective of this preshock is twofold: 

0 To give to a velocity, just before the principal shock, having a value close to one of the two limits 
of the shaker so that, during the shock, the velocity can use the entire range of variation 
permitted by the machine. 

0 To place, in the same way, the table as close as possible to one of the thrusts so that the moving 
element can move during the shock in the entire space between the two thrusts (limitation in 
displacement equal, according to the machines, to 2.54 or 5.08 cm). 

2. One must also define a postshock composed of one period of a signal of the shape, Kt y sm^Tr/) t), 
where the constants K. y, and/) are evaluated in order to cancel the acceleration, the velocity, and 
the displacement at the end of the movement of the table. 

The frequency and the exponent are selected in order to respect the ratio of the velocity to the 
displacement at the end of the principal shock. The amplitude of the postshock is adjusted to obtain the 
desired velocity change. 

Figure 12.51 shows the total signal obtained in the case of a principal shock half-sine 30g, 11 msec. 
This methodology has been improved to provide a more general solution (Lax, 2001). 

Note: The realization of shocks on free or accelerated fall machines imposes de facto preshocks and/or 
postshocks, the existence of which the user is not always aware, but that can modify the shock severity at 




FIGURE 12.51 Overall movement in a half-sine shock. ( Source : Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 
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low frequencies. The movement of shock starts 
with dropping the table from the necessary height 
to produce the specified shock and finishes with 
stopping the table after rebound on the shock 
simulator (Lalanne, 2002b). The preshock takes 
place during the fall of the table, the postshock 
during its rebound (Figure 12.52). These pre- and 
postshocks modify the SRS low frequency and can 
lead to an unexpected behavior of material when 
its natural frequency is low. 

12.9.3.3 Incidence on the Shock Response Spectra 

Figure 12.53 shows the response, <wjjz(f), of a one-DoF system (f 0 = 4 Hz, £ = 0.05) to a TPS shock (the 
example of Section 12.5.2.5): 

• For z 0 = z 0 = 0 (conditions of the response spectrum). 

• In the case of a shock with impact (free fall). 

• In the case of a shock on shaker (half-sine symmetrical pre and postshocks with amplitude equal 
to 34 m/sec 2 ). 

We observed in this example the differences between the theoretical response at 4 Hz and the responses 
actually obtained on the shaker and shock machine. According to the test facility used, the shock applied 
can undertest or overtest the material. For the estimate of shock severity, one must take account of the 
whole of the signal of acceleration. 

In Figure 12.54, for £ = 0.05, is the SRS of: 

• The nominal shock, calculated under the usual conditions of the spectra (z 0 = z 0 = 0). 

• The realizable shock on shaker, with its pre- and postshocks. 

• The realizable shock by impact, taking of account of the fall and rebound phases. 

One notes in this example that for: 

• f 0 < 6 Hz, the spectrum of the shock by impact is lower than the nominal spectrum, but higher 
than the spectrum of the shock on the shaker. 

• 6 Hz < / 0 < 30 Hz, the spectrum of the shock on the shaker is much overestimated. 

• / 0 < 30 Hz, all the spectra are superimposed. 




FIGURE 12.52 Shock performed. (Source: Lalanne, 
Chocs Mecaniques, Hermes Science Publications. With 
permission.) 
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FIGURE 12.53 Influence of the realization mode of a TPS shock on the response of a one-DoF system. ( Source : 
Lalanne, Chocs Mecaniques , Hermes Science Publications. With permission.) 
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TPS shock 340 m/s 2 9 ms 




FIGURE 12.54 Influence of the realization mode of a TPS shock on the SRS. ( Source : Lalanne, Chocs Mecaniques, 
Hermes Science Publications. With permission.) 

This result appears logical when we remember that the slope of the shock spectrum at the origin is, for 
zero damping, proportional to the velocity change associated with the shock. The compensation signal, 
added to bring the velocity change back to zero, thus makes the slope of the spectrum at the origin zero. 
In addition, the response spectrum of the compensated signal can be larger than the spectrum of the 
theoretical signal close to the frequency corresponding to the inverse of the duration of the compensation 
signal. It is thus advisable to make sure that the variations observed are not in a range that includes the 
resonant frequencies of the test item. 



It is necessary to add pre- and/or postshock to the specified shock in order to bring back the 
velocity of the shaker table to zero at the end of the shock pulse. The use of pre- and postshocks is 
best. Their amplitude must remain small with respect to that of the principal shock (lower than 
approximately 10%). 

The realization of shocks on free or accelerated fall machines also imposes pre- and postshocks. 

These pre- and postshocks lead to differences at low frequency between the spectrum of the 
specified shock and the spectrum of the shock actually carried out on the test facility. 



12.9.4 Limitations of Electrodynamic Shakers 

12.9.4.1 Mechanical Limitations 

Performances of electrodynamic shakers (see Chapter 15) are limited in the following fields (Miller, 1964; 

Magne and Leguay, 1972). 

• They are limited in terms of the maximum stroke of the coil-table unit (according to the machines 
being used, 25.4 to 75 mm peak-to-peak). At the time of the realization of a usual simple shock on 
shaker, the displacement starts from the equilibrium position (rest) of the coil, passes through a 
maximum, then returns to the initial position. In fact only half of the available stroke is used. 
For better use of the capacities of the machine, it is possible to shift the rest position from the 
central value towards one of the extreme values (Figure 12.55; Miller, 1964; McClanahan and 
Fagan, 1966; Smallwood and Witte, 1972). 
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FIGURE 12.55 Displacement of the coil of the shaker. (Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 



• The maximum velocity is also limited (Young, 1964): 1.5 to 3 m/s ec in sine mode (in shock, 
one can admit a larger velocity with nontransistorized amplifiers (electronic tubes), because 
these amplifiers can generally accept a very short overvoltage). During the movement of the 
moving element in the air-gap of the magnetic coils, there is an electromotive force (emf) 
produced which is opposed to the voltage supply. The velocity must thus have a value such 
that this emf is lower than the acceptable maximum output voltage of the amplifier. The 
velocity must in addition be zero at the end of the shock movement (Smallwood and Witte, 
1972; Galef, 1973). 

• There is a limit to maximum acceleration, related to the maximum force. McClanahan and 
Fagan (1965) consider that the realizable maxima shock levels are approximately 20% below 
the vibratory limit levels in velocity and in displacement. The majority of authors agree that 
the limits in force are, for the shocks, larger than those indicated by the manufacturer (in 
sine mode). The determination of the maximum force and the maximum velocity is based, 
in vibration, on considerations of the fatigue of the shaker mechanical assembly. Since the 
number of shocks that the shaker will carry out is very much lower than the number of 
cycles of vibrations that it will undergo during its life, the parameter maximum force can be, 
for the shock applications, increased considerably. 

Another reasoning consists of considering the acceptable maximum force, given by the manufacturer 
in random vibration mode, expressed by its rms value. Knowing that one can observe random peaks 
being able to reach 4.5 times this value (limitation of control system), one can admit the same limitation 
in shock mode. One finds other values in the literature, such as: 

• < 4 times the maximum force in sine mode, with the proviso of not exceeding 300g on the 
armature assembly (Hug, 1972). 

• > 8 times the maximum force in sine mode in certain cases (very short shocks; 0.4 msec, for 
example; Gallagher and Adkins, 1966). Dinicola (1964) and Keegan (1973) give a factor of about 
ten for the shocks of duration lower than 5 msec. 

The limits of velocity, displacement, and force are not affected by the mass of the specimen. 

12.9.4.1.1 Abacuses 

For a given shock and for given pre- and postshocks shapes, the velocity and the displacement can be 
calculated as a function of time by integration of the expressions of the acceleration, as well as the 
maximum values of these parameters, in order to compare them with the characteristics of the 
facilities. 

From these data, abacuses can be established allowing quick evaluation of the possibility of 
realization of a specified shock on a given test facility (characterized by its limits of velocity and 
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FIGURE 12.56 Abacus of the realization domain of a shock. ( Source : Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 



of displacement). These abacuses are made up of straight-line segments on logarithmic scales 
(Figure 12.56). 

• AA' corresponding to the limitation of velocity: the condition v m < v L (v L = acceptable 
maximum velocity on the facility considered) results in a relationship of the form x m r < constant 
(independent ofp, the ratio of the absolute values of the pre- and postshocks amplitude and of the 
principal shock amplitude). 

• CC, DD, and so on, the greater slope corresponding to the limitation in displacement for various 
values of p ( p = 0.05, 0.10, 0.25, 0.50, and 1.00). 

A particular shock will be thus realizable on the shaker only if the point of coordinates r, 3c m (duration 
and amplitude of the shock considered) is located under these lines, this useful domain increasing when 
p increases. 



Example 

TPS shock pulse, 340 m/sec 2 , 9 msec 
(example of Section 12.5.2.5) 

Unit table mass: 192 kg 
Shaker: 135 kN (maximum velocity: 

1.78 m/sec, maximum stroke: ±12.7 mm; see 
Figure 12.57) 

Test item + fixture mass: 150 kg 
Maximum acceleration without load: 
(135,000/192) = 703 m/sec 2 
Maximum acceleration with test item and 
fixture: (135,000/(192 + 150)) = 395 m/sec 2 

The TPS shock pulse (340 m/sec 2 , 9 msec) 
is realizable on this shaker with p = 0.05. 




FIGURE 12.57 Shaker 135 kN, ±12.7 mm — TPS 
pulse with half-sine symmetrical pre- and postshocks. 
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The limitation can also be due to: 

• The resonance of the moving element (a few thousands Hertz; although it is kept to the maximum 
by design, the resonance of this element can be excited in the presence of signals with very short 
rise time). 

• The strength of the material (very great accelerations can involve a separation of the coil of the 
moving component). 



Mechanical limitations of electrodynamic shakers for shocks: 

• Maximum stroke of the coil-table unit: 25.4 to 75 mm peak-to-peak. 

• Maximum acceleration, related to the maximum force: according to the author, < 4 times 
the maximum force in sine mode, with the proviso of not exceeding 300g on the armature 
assembly, more than eight times the maximum force in sine mode in certain cases (very 
short shocks; 0.4 msec, for example). 

• Maximum velocity: 1.5 to 3 m/sec in sine mode. 



12.9.4.2 Electronic Limitations 

1. Limitation of the output voltage of the amplifier (Smallwood, 1974), which limits coil velocity. 

2. Limitation of the acceptable maximum current in the amplifier, related to the acceptable 
maximum force (i.e., with acceleration). 

3. Limitation of the bandwidth of the amplifier. 

4. Limitation in power, which relates to the shock duration (and the maximum displacement) for a 
given mass. 

Current transistor amplifiers make it possible to increase the low frequency bandwidth but do not 
handle even short overtensions well, and thus are limited in mode shock (Miller, 1964). 

12.9.5 The Use of Electrohydraulic Shakers 

Shocks are realizable on the electrohydraulic exciters, but with additional stresses. 

• Contrary to the case of the electrodynamic shakers, one cannot obtain via these means shocks of 
amplitude larger than realizable accelerations in the steady mode. 

• The hydraulic vibration machines are in addition strongly nonlinear (Favour, 1974). 

However, their long stroke, required for long duration shocks, is an advantage. 



12.10 Control by a Shock Response Spectrum 

12.10.1 Principle 

The exciters are actually always controlled by a signal that is a function of time. An acceleration-time 
signal gives only one SRS. However, there is an infinity of acceleration-time signals with a given 
spectrum. The general principle thus consists in searching out one of the signals, x(t), having the specified 
spectrum. 

Historically, the simulation of shocks with spectrum control was first carried out using analog and 
then digital methods (Smallwood and Witte, 1973; Smallwood, 1974). 
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FIGURE 12.58 Elementary shock (a) and its SRS (b). (Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 



From the data of selected points on the shock spectrum to be simulated, the calculator of the control 
system uses an acceleration signal with a very tight spectrum. For that, the calculation software proceeds 
as follows (Lalanne, 2002b): 



At each frequency, / 0 , of the reference shock spectrum, the software generates an elementary 
acceleration signal, for example, a decaying sinusoid. Such a signal has the property of having a 
SRS presenting a peak of the frequency of the sinusoid whose amplitude is a function of the 
damping of the sinusoid (Figure 12.58). With an identical shock spectrum, this property makes it 
possible to realize shocks on the shaker that would be unrealizable with a control carried out by a 
temporal signal of simple shape. For high frequencies, the spectrum of the sinusoid tends roughly 
towards the amplitude of the signal. 

All the elementary signals are added by possibly introducing a given delay (and variable) between 
each one of them in order to control to a certain extent the total duration of the shock, which is 
primarily due to the lower frequency components (Figure 12.59). 

The total signal being thus made up, the software proceeds to processes correcting the amplitudes 
of each elementary signal so that the spectrum of the total signal converges towards the reference 
spectrum after some iterations. 




FIGURE 12.59 SRS of the components of the required shock. (Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 
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The operator must provide to the software with, at each frequency of the reference spectrum: 

• The frequency of the spectrum 

• Its amplitude 

• A delay 

• The damping of sinusoids or other parameters characterizing the number of oscillations of the 
signal 

When a satisfactory spectrum time signal has been obtained, it remains to be checked that the 
maximum velocity and displacement during the shock are within the authorized limits of the test facility 
(by integration of the acceleration signal). Lastly, after measurement of the transfer function of 
the facility, one calculates the electric excitation which will make it possible to reproduce on the table 
the acceleration pulse with the desired spectrum, as in the case of control from a signal according to the 
time (Powers, 1974). 



12.10.2 Principal Shapes of Elementary Signals 

12.10.2.1 Decaying Sinusoid 

The shocks measured in the field environment are very often responses of structures to an 
excitation applied upstream, and are thus composed of the superposition of several modal 
responses of a damped sine type (Smallwood and Witte, 1973; Crimi, 1978; Boissin et al., 1981; 
Smallwood, 1985). Electrodynamic shakers are completely adapted to the reproduction of this 
type of signal. According to this, one should be able to reconstitute a given SRS from such signals 
of the form: 



a(t) = At V ^ T sin fit t 2: 0 
a(t) = 0 t < 0 



(12.43) 



where fl = 2i rf, f = frequency of the sinusoid, and 77 = damping factor. 



Velocity and displacement are not zero at the 
end of the shock with this type of signal. These 
nonzero values are very awkward for a test on a 
shaker. Compensation can be carried out in 
several ways: 

1. By truncating the total signal until it 
is realizable on the shaker. This correction 
can, however, lead to an important degra- 
dation of the corresponding spectrum 
(Smallwood and Witte, 1972). 

2. By adding to the total signal (sum of all 
the elementary signals) a highly damped 
decaying sinusoid at low frequency, 
shifted in time, defined to compensate 
for the velocity and the displacement 
(Smallwood and Nord, 1974; Smallwood 
1975, 1985). 

3. By adding to each component two 
exponential compensation functions, 
with a phase in the sinusoid (Nelson 
and Prasthofer, 1974; Smallwood, 1975). 




FIGURE 12.60 Shock pulse generated from decaying 
sinusoids, compensated by a decaying sinusoid. 
(Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 
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Example 

The reference SRS is that of Figure 12.24 (Section 
12.5.2.5). Examples of acceleration signals gener- 
ated from decaying sinusoids and having approxi- 
mately the same SRS are shown in Figure 12.60 
and Figure 12.61 in the cases of a compensation by 
a decaying sinusoid and by two exponential 
functions. 

12.10.2.2 ZERD Function 

The use of a decaying sinusoid with its compen- 
sation waveform modifies the response spectrum at 
the low frequencies and, in certain cases, can harm 
the quality of simulation. Fisher and Posehn (1977) 
proposed using a waveform, which they named 
“ZERD” (Zero Residual Displacement), defined by 
the expression: 

a(t) = A e — sin kit — t cos(/2f + cf>) j 

(12.44) 

where cf> = arc tan(2i7/l — rf). This function 
resembles a damped sinusoid and has the advantage 
of leading to zero velocity and displacement at the 
end of the shock (Figure 12.62). 

Example 

The reference SRS is that of Figure 12.24 
(Section 12.5.2.5). Figure 12.63 shows an 
example of acceleration signal generated from 
ZERD functions having approximately the 
same SRS. 

12.10.2.3 WAVSIN Waveform 

Yang (1970, 1972) and Smallwood (1974, 1975, 
1985) proposed (initially for the simulation of the 
earthquakes) a signal of the form: 




FIGURE 12.61 Acceleration signal generated from 
decaying sinusoids, compensated by two exponentia 
functions. ( Source : Lalanne, Chocs Mecaniques , Hermes 
Science Publications. With permission. ) 




FIGURE 12.62 ZERD waveform of D.K. Fisher and 
M.R. Posehn (example). 



where 



a(t) = a m sin 2irf)f sin 2irft 0 < 0 < t 
a(t) = 0 elsewhere 



(12.45) 



/ = Nb 



(12.46) 



T = 



1 

2b 



(12.47) 
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where N is an integer (which must be odd 
and higher than on 1). The first term of a(t) is 
a window of half-sine form of half-period r. The 
second describes N half-cycles of a sinusoid of 
greater frequency (/), modulated by the preceding 
window (Figure 12.64). 

This function leads also to zero velocity and 
displacement at the end of the shock. 

Example 

Figure 12.65 shows an example of acceleration 
signal generated from WAVSIN functions having 
approximately the same SRS as the reference SRS 
of Figure 12.24 (Section 12.5.2.5). 

12.10.3 Comparison of WAVSIN, 
SHOC Waveforms, and Decaying 
Sinusoid 

The cases treated by Smallwood (1974) seem to 
show that these three methods give similar results. 
It is noted, however, in practice, that, according to 
the shape of the reference spectrum, one or other 
of these waveforms allows a better convergence. 
The ZERD waveform very often gives good 
results. 

12.10.4 Criticism of Control by a 
Shock Response Spectrum 

Whatever the method adopted, simulation on a 
test facility of shocks measured in the real world 
requires the calculation of their SRSs and the 
search for an equivalent shock. 

If the specification must be presented in the 
form of a time-dependent shock pulse, the test 
requester must define the characteristics of shape, 
duration, and amplitude of the signal, with the 
already quoted difficulties. 

If the specification is given in the form of an SRS, 
the operator inputs in the control system the given 
spectrum, but the shaker is always controlled by a 
signal according to the time calculated and 
according to procedures described in the preceding 
sections. It is known that the transformation shock 
spectrum signal has an infinite number of sol- 
utions, and that very different signals can have 
identical SRSs. This phenomenon is related to the 
loss of most of the information initially contained 
in the signal, x(t), during the calculation of the 
spectrum (Metzgar, 1967). 




Time (ms) 

FIGURE 12.63 Acceleration signal generated from 
ZERD functions. 




FIGURE 12.64 Example of WAVSIN waveform. 
(Source: Lalanne, Chocs Mecaniques, Hermes Science 
Publications. With permission.) 




Time (ms) 



FIGURE 12.65 Acceleration signal generated from 
WAVSIN functions. 
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The oscillatory shock pulses have a spectrum that presents an important peak to the frequency of the 
signal. This peak can, according to choice of parameters, exceed by a factor of five the amplitude of the 
same spectrum at the high frequencies; that is, five times the amplitude of the signal itself. Being given a 
point of the specified spectrum of amplitude, S, it is thus enough to have a signal vs. time of amplitude 
S/5 to reproduce the point. For a simple shaped shock, this factor does not exceed two in the most 
extreme case. All these remarks show that the determination of a signal of the same spectrum can lead to 
very diverse solutions, the validity of which one can question. 

If any particular precaution is not taken, the signals created by these methods have, in a general 
way, one duration much larger and an amplitude much smaller than the shocks that were used to 
calculate the reference SRS (a factor of about ten in both cases). Figure 12.66 and Figure 12.67 give 
an example. 

In the face of such differences between the excitations, one can legitimately wonder whether the SRS is 
a sufficient condition to guarantee a representative test. It is necessary to remember that this equivalence 
is based on the behavior of a linear system that one chooses the Q factor a priori. One must be aware of 
the following. 




FIGURE 12.66 Example of shocks having spectra near the SRS. 




FIGURE 12.67 SRS of the shocks shown in Figure 12.66. 
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• The behavior of the structure is in practice far from linear and that the equivalence of the 
spectrum does not lead to stresses of the same amplitude. Another effect of these nonlinearities 
appears sometimes by the inaptitude of the system to correct the drive waveform to take account 
of the transfer function of the installation. 

• Even if the amplitudes of the peaks of acceleration and the maximum stresses of the 
resonant parts of the tested structure are identical, the damage by the fatigue generated by 
accumulation of the stress cycles is rather different when the number of shocks to be applied is 
significant. 

• The tests carried out by various laboratories do not have the same severity. 



These questions did not receive a really satisfactory response. By prudence rather than by rigorous 
reasoning, many agree, however, on the need for placing parapets, while trying to supplement the 
specification defined by a spectrum with complementary data (A V, duration of the shock, require SRS at 
two different values of damping, etc.; Favour, 1974; Smallwood, 1974, 1975, 1985). 



There is an infinity of acceleration-time signals with a given spectrum. Several elementary 
waveforms can be used to build a signal of acceleration having a given SRS. They give similar 
results. 

Without particular precaution, the signals thus obtained generally have one duration much 
larger and an amplitude much smaller than the shocks which were used to calculate the reference 
SRS. A complementary parameter (shock duration, velocity change, etc.) is often specified with the 
SRS to limit this effect. 



12.11 Pyrotechnic Shock Simulation 

Many works have been published on the characterization, measurement, and simulation of shocks of 
pyrotechnic origin, generated by bolt cutters, explosive valves, separation nuts, and so on (Zimmerman, 
1993). The test facilities suggested are many, ranging from traditional machines to very exotic means. 

The tendency today is to consider that the best simulation of shocks measured in near-field can be 
obtained only by subjecting the material to the shock produced by the real device. 

For shocks in the far-field, simulation can be carried out either using the real pyrotechnic source 
and a particular mechanical assembly, using specific equipment using explosives, or by impacting 
metal to metal if the structural response is more important. When the real shock is practically made up 
only of the response of the structures, a simulation on a shaker is possible (when performances by this 
means are allowed). 



12.11.1 Simulation Using Pyrotechnic Facilities 

The simplest solution consists of making functional, real pyrotechnic devices on real structures. 

The simulation is perfect but (Conway et al., 1976; Luhrs, 1976): 

• It can be expensive and destructive. 

• One cannot apply an uncertainty factor (Lalanne, 2002d) to cover the variability of this 
shock without being likely to create unrealistic local damage (a larger load, which requires 
an often expensive modification of the devices and can be much more destructive). 
To avoid this problem, an expensive solution consists of carrying out several tests in a 
statistical matter. 
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One often prefers to carry out a simulation on a 
reusable assembly, the excitation still being pyro- 
technic in nature. Several devices have 
been designed, some examples of which are as 
follows: 

• A test facility made up of a cylindrical 

structure (Ikola, 1964), which comprises a 
“consumable” sleeve cut out for the test by 
an explosive cord. Preliminary tests are 
carried out to calibrate the facility while 
acting on the linear charge of the explosive 
cord and/or the distance between the FIGURE ]2 68 plate with resonant system subjected 
equipment to be tested (fixed on the to detonation. ( Source : Lalanne, Chocs Mecaniques, 
structure as in the real case if possible) Hermes Science Publications. With permission.) 

and the explosive cord. 

• A greater number of small explosive charges near the equipment to be tested on the structure in 
“flowers pots.” The number of pots to be used on each axis depends on the amplitude of the 
shock, the size of the equipment, and the local geometry of the structure. The shape of the shock 
can be modified within certain limits by use of damping devices, placing the pot closer to or 
further from the equipment, or by putting suitable padding in the pot (Aerospace Systems 
pyrotechnic shock data, 1970). 

• A test facility made up of a basic rectangular steel plate (Figure 12.68) suspended horizontally. 
This plate receives on its lower part, directly or by the intermediary of an “expendable” item, an 
explosive load (chalk line, explosive in plate or bread). 

A second plate supporting the test item rests on the base plate via four elastic supports (Thomas, 
1973). The reproducibility of the shocks is better if the explosive charge is not in direct contact with the 
base plate. 



12.11.2 Simulation Using Metal-to-Metal Impact 

The shock obtained by a metal-to-metal impact has similar characteristics to those of a pyrotechnical 
shock in an intermediate field: great amplitude; short duration; high frequency content; SRS comparable 
with a low frequency slope of 12 dB per octave, etc. The simulation is in general satisfactory up to 
approximately 10 kHz. 

The shock can be created by the impact of a hammer on the structure itself, a Hopkinson bar or a 
resonant plate (Bai and Thatcher, 1979; Luhrs, 1981; Davie, 1985; Dokainish and Subbaraj, 1989; Davie 
and Batemen, 1992). 

With all these devices, the amplitude of the shock is controlled while acting on the velocity of impact. 
The frequency components are adjusted by modifying the resonant geometry of system (changing the 
length of the bar between two points of fixing, adding or removing runners, etc.) or by the addition of a 
deformable material between the hammer and the anvil. 



12.11.3 Simulation Using Electrodynamic Shakers 

The limitation relating to the stroke of the electrodynamic shaker is not very constraining for 
the pyrotechnical shocks since they are at high frequencies. The possibilities are limited especially 
by the acceptable maximum force and then concern the maximum acceleration of the shock 
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(Conway et al., 1976; Luhrs, 1976; Powers, 1976; Caruso, 1977). If one agrees to cover only part of the 
SRS where material has resonant frequencies, then when one makes a possible simulation on the shaker, 
which gives a better approach to matching the real spectrum. 

Exciters have the advantage of allowing the realization of any signal shape such as shocks of simple 
shapes (Dinicola, 1964; Gallagher and Adkins, 1966), but also of reproducing a specified SRS (direct 
control from an SRS; see Section 12.10.1). 

It is possible, in certain cases, to reproduce the real SRS up to 1000 Hz. If one is sufficiently far away 
from the source of the shock, the transient has a lower level of acceleration and the only limitation is the 
bandwidth of the shaker, which is about 2000 Hz. Certain facilities of this type were modified to make it 
possible to simulate the effects of pyrotechnical shocks up to 4000 Hz. One can thus manage to simulate 
shocks whose spectrum can reach 7000g (Moening, 1986). 



12.11.4 Simulation Using Conventional Shock Machines 

We saw that, generally, the method of development of a specification of a shock consists of replacing 
the transient of the real environment, whose shape is in general complex, with a simple shape shock, 
such as half-sine, triangle, trapezoid, and so on, starting from the SRS equivalence criterion, with 
the application of a given or calculated uncertainty factor (Lalanne, 2002d) to the shock amplitude 
(Luhrs, 1976). 

With the examination of the shapes of the response spectra of standard simple shocks, it seems that 
the signal best adapted is the TPS pulse, whose spectra are also appreciably symmetrical. SRSs of the 
pyrotechnical shocks with, in general, averages close to zero have a very weak slope at low 
frequencies. The research of the characteristics of such a triangular pulse (amplitude, duration) 
having an SRS envelope of that of a pyrotechnical shock led often to a duration of about 1 msec and 
to an amplitude being able to reach several tens of thousands of msec -2 . Except in the case of very 



TABLE 12.12 Advantages and Drawbacks of Various Test Facilities for the Pyroshock Simulation 



Shock Facility 


Field 


Advantages 


Drawbacks 


Real pyrotechnic devices 
on real structures 


Near 


Very good simulation 


Expensive, generally destructive, no 
uncertainty factor/ test factor 


Reusable assembly with 
pyrotechnic excitation 


Near 


Good simulation 


Necessity of preliminary tests, 
no uncertainty factor/ test factor, 
use of explosive (specific conditions 
to ensure safety), expensive 


Metal to metal impact 


Near 


Good simulation, 
no explosive charge 


Necessity of preliminary tests, 
limitations in acceleration and 
frequency (approximately 10 kHz) 


Electrodynamic shaker 


Far 


Easy implementation, control using 
any time history signal or SRS, 
possibility of using an uncertainty 
factor or a test factor 


Necessity of one test by axis, 
maximum frequency up to 
about 1 to 2 kHz 


Conventional 

shock-test machine 


Far 


Easy implementation, possibility 
of using an uncertainty factor 
or a test factor 


Use of a shock pulse with velocity 
change instead of an oscillatory 
shock pulse (over test at low 
frequency), necessity of one test 
by axis, shock duration higher 
than 2 msec (0.1 msec using a 
specific device for very light 
test item), limitation in 
amplitude, useable for very 
small test items only 
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small test items, it is in general not possible to carry out such shocks on the usual drop tables due to 

certain limitations: 

• Limitation in amplitude (acceptable maximum force on the table). 

• Duration limit: the pneumatic shock simulators do not allow it to go below 3 to 4 msec; even with 
the lead shock simulators, it is difficult to obtain a duration of less than 2 msec and a larger shock 
duration leads to a significant overtest at low frequency. 

• The SRSs of the pyrotechnical shocks are much more sensitive to the choice of damping than 
simple shocks carried out on shock machines. 

A comparison of some pyroshock-test facilities is given in Table 12.12. 
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Summary 

This chapter provides a concise guide to vibration theory, sources of dynamic loading and effects on structures, 
options for dynamic analyses, and methods of vibration control. Section 13.1 gives an introduction to 
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different types of dynamic loads. Section 13.2 covers the basic theory underlying earthquake engineering and 
seismic design. In this section, seismic codes and standards are reviewed including American, British, and European 
practices. Active and passive control systems for seismic mitigation are also discussed. This section contains 
analytical and design examples on seismic analysis and building response to earthquakes. Section 13.3 introduces 
the nature of wind loading, dynamic effects, and the basic principles of wind design. This section includes formulae, 
charts, graphs, and tables on both static and dynamic approaches for designing structures to resist wind loads. 
Types of dampers to reduce vibration in tall buildings under wind loads are also introduced. Section 13.4 gives a 
brief overview of vibration due to fluid -structure interaction. Section 13.5 extensively covers the effects of explosion 
on structures. An explanation of the nature of explosions and the mechanism of blast waves in free air is given. 
This section also introduces different methods to estimate blast loads and structural response. Section 13.6 deals 
with the impact loading. An analytical example of aircraft impact on a building is given. Section 13.7 looks in detail 
at the problems of floor vibration. Charts and tables are given for designing floor slabs to avoid excessive vibrations. 
A comprehensive list of references is provided. 



13.1 Introduction 



The different types of dynamic loading considered in this chapter include: earthquakes, wind, floor 
vibrations, blast effects, and impact- and wave-induced vibration. The effects of these loadings on 
different engineering structures are also discussed. It is standard practice to use equivalent static 
horizontal forces when designing buildings for earthquake and wind resistance. This is the simplest way 
of obtaining the dimensions of structural members. Dynamic calculations may follow to check, and 
perhaps modify, the design. However, vibrations caused by extreme loads such as blast and impact must 
be assessed by methods of dynamical analysis or by experiment. 

Some examples of dynamic loading are shown in Figure 13.1. The first (a) is a record of 
fluctuating wind velocity. Corresponding fluctuating pressures will be applied to the structure. The 
random nature of the loading is evident, and it is clear that statistical methods are required for 
establishing an appropriate design loading. The next figure (b) shows a typical earthquake 
accelerogram. As shown, the maximum ground acceleration of the El-Centro earthquake was about 
0.33g. The third figure (c) shows the characteristic shape of the air pressure impulse caused by a 
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FIGURE 13.1 Examples of dynamic loading, (a) Fluctuating wind velocity; (b) earthquake accelerogram; (c) 
pressure time history for bomb blasts. 
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bomb blast. The shapes of air-blast curves are usually quite similar, having an initial peak followed 
by an almost linear decay and often followed by some suction. The duration of the impulsive 
loads and their amplitudes depend on many factors, for example, distance from blast and charge 
weight. 

Vibration of structures is undesirable for a number of reasons, as follows: 

1 . Overstressing and collapse of structures 

2. Cracking and other damage requiring repair 

3. Damage to safety-related equipment 

4. Impaired performance of equipment or delicate apparatus 

5. Adverse human response 

With modern forms of construction, it is feasible to design structures to resist the forces arising 
from dynamic loadings such as major earthquakes. The essential requirement is to prevent total 
collapse and consequent loss of life. For economic reasons, however, it is the accepted practice to 
absorb the earthquake energy by ductile deformation, therefore accepting that repair might be 
required. 

Some forms of loading are quite well defined and may be quantified by observation or experiment. 
Many forms of loading are not at all well defined and require judgment on the part of the engineer. 
London’s Millennium Bridge, which is a 350-m pedestrian bridge, opened in June 2000. However, local 
authorities shut it down after two days due to vibration problems. Engineers found that the 
“synchronous lateral excitation” caused the problem and fitted 91 dampers to reduce the excessive 
movement. In January 2001, a 2000-strong crowd marched across the bridge to check the performance of 
the structure before it was reopened to the public. 

Data on certain types of dynamic loading, such as earthquakes and wind, are readily available in 
many design codes. Other types of loading are less well covered, though much data may be available 
in published research papers. One of the aims of this chapter is to discuss the nature of the most 
important types of dynamic loading and to direct the reader to relevant literature for further 
information. 



13.2 Earthquake-Induced Vibration of Structures 

13.2.1 Seismicity and Ground Motions 

The most common cause of earthquakes is thought to be the violent slipping of rock masses along 
major geological fault lines in the Earth’s crust, or lithosphere. These fault lines divide the global crust 
into about 12 tectonic plates, which are rigid, relatively cool slabs about 100 km thick. Tectonic plates 
float on the molten mantle of the Earth and move relative to one another at the rate of 10 to 
100 mm/year. 

The basic mechanism causing earthquakes in the plate boundary regions appears to be that the 
continuing deformation of the crustal structure eventually leads to stresses/strains which exceed the 
material strength. A rupture will then initiate at some critical point along the fault line and will propagate 
rapidly through the highly stressed material at the plate boundary. In some cases, the plate margins are 
moving away from one another. In those cases, molten rock appears from deep in the Earth to fill the gap, 
often manifesting itself as volcanoes. If the plates are pushing together, one plate tends to dive under the 
other and, depending on the density of the material, it may resurface in the form of volcanoes. In both 
these scenarios, there may be volcanoes and earthquakes at the plate boundaries, both being caused by the 
same mechanism of movement in the Earth’s crust. Another possibility is that the plate boundaries will 
slide sideways past each other, essentially retaining the local surface area of the plate. It is believed that 
approximately three quarters of the world’s earthquakes are accounted for by this rubbing-sticking- 
slipping mechanism, with ruptures occurring on faults on boundaries between tectonic plates. 
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Earthquake occurrence maps tend to outline the plate boundaries. Such earthquakes are referred to as 
interplate earthquakes. 

Earthquakes do occur at locations away from the plate boundaries. Such events are known as intra- 
plate earthquakes and they are much less frequent than interplate earthquakes. They are also much 
less predictable than events at the plate margins and they have been observed to be far more severe. 
For example, the Eastern United States, which is located well away from the tectonic plate boundaries of 
California, has recorded the largest earthquakes in the history of European settlement in the country. 
These major intraplate earthquakes occurred in the middle of last century in South Carolina on the East 
Coast and Missouri in the interior. Elowever, because of the low population density at the time, the 
damage caused was minimal. It is significant to note, however, that these intraplate earthquakes, 
although very infrequent, were considerably larger than the moderately sized interplate earthquakes that 
frequently occur along the plate boundaries in California. (It is thought that, because tectonic plates are 
not homogeneous or isotropic, areas of local high stress are developed as the plate attempts to move as a 
rigid body. Accordingly, rupture within the plate, and the consequent release of energy, are believed to 
give rise to these intraplate events.) 

The point in the Earth’s crustal system where an earthquake is initiated (the point of rupture) is called 
the hypocenter or focus of the earthquake. The point on the Earth’s surface directly above the focus is 
called the epicenter and the depth of the focus is the focal depth. Earthquake-occurrence maps usually 
indicate the location of various epicenters of past earthquakes and these epicenters are located by 
seismological analysis of the effect of earthquake waves on strategically located receiving instruments 
called seismometers. 

When an earthquake occurs, several types of seismic wave are radiated from the rupture. The most 
important of these are the body waves (primary (P) and secondary (S) waves). P waves are essentially 
sound waves traveling through the Earth, causing particles to move in the direction of wave propagation 
with alternate expansions and compressions. They tend to travel through the Earth with velocities of up 
to 8000 m/sec (up to 30 times faster than sound waves through air). S waves are shear waves with 
particle motion transverse to the direction of propagation. S waves tend to travel at about 60% of the 
velocity of P waves, so they always arrive at seismometers after the P waves. The time lag between arrivals 
often provides seismologists with useful information about the distance of the epicenter from 
the recorder. 

The total strain energy released during an earthquake is known as the magnitude of the earthquake 
and it is measured on the Richter scale. It is defined quite simply as the amplitude of the recorded 
vibrations on a particular kind of seismometer located at a particular distance from the epicenter. 
The magnitude of an earthquake by itself, which reflects the size of an earthquake at its source, is not 
sufficient to indicate whether structural damage can be expected at a particular site. The distance of 
the structure from the source has an equally important effect on the response of a structure, as do 
the local ground conditions. The local intensity of a particular earthquake is measured on the 
subjective Modified Mercalli scale (Table 13.1) which ranges from 1 (barely felt) to 12 (total 
destruction). The Modified Mercalli scale is essentially a means by which damage may be assessed 
after an earthquake. In a given location, where there has been some experience of the damaging 
effects of earthquakes, albeit only subjective and qualitative, regions of varying seismic risk may be 
identified. The Modified Mercalli scale is sometimes used to assist in the delineation of these regions. 
A particular earthquake will be associated with a range of local intensities, which generally diminish 
with distance from the source, although anomalies due to local soil and geological conditions are 
quite common. 

Modem seismometers (or seismographs) are sophisticated instruments utilizing, in part, 
electromagnetic principles. These instruments can provide digitized or graphical records of earth- 
quake-induced accelerations in both the horizontal and vertical directions at a particular site. 
Accelerometers provide records of earthquake accelerations and the records may be appropriately 
integrated to provide velocity records and displacement records. Peak accelerations, velocities, and 
displacements are all in turn significant for structures of differing stiffness (Figure 13.2). 
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TABLE 13.1 Modified Mercalli Intensity Scale 

I. Not felt except by a very few under especially favorable circumstances 

II. Felt only by a few persons at rest, especially on upper floors of buildings. Delicately suspended objects may swing 

III. Felt quite noticeably indoors, especially on upper floors of buildings, but many people do not recognize it as an 
earthquake. Standing motor cars may rock slightly. Vibration like passing truck. Duration estimated 

IV. During the day felt indoors by many, outdoors by few. At night some awakened. Dishes, windows, and doors 
disturbed; walls make creaking sound. Sensation like heavy truck striking building. Standing motorcars rock 
noticeably 

V. Felt by nearly everyone; many awakened. Some dishes, windows, etc., broken; a few instances of cracked plaster; 
unstable objects overturned. Disturbance of trees, poles, and other tall objects sometimes noticed. Pendulum 
clocks may stop 

VI. Felt by all; many frightened and run outdoors. Some heavy furniture moved; a few instances of fallen plaster or 
damaged chimneys. Damage slight 

VII. Everybody runs outdoors. Damage negligible in buildings of good design and construction, slight to moderate 
in well-built ordinary structures; considerable in poorly built or badly designed structures. Some chimneys 
broken. Noticed by persons driving motor cars 

VIII. Damage slight in specially designed structures; considerable in ordinary substantial buildings, with partial 
collapse; great in poorly built structures. Panel walls thrown out of frame structures. Fall of chimneys, factory 
stacks, columns, monuments, walls. Heavy furniture overturned. Sand and mud ejected in small amounts. 
Changes in well water. Persons driving motorcars disturbed 

IX. Damage considerable in specially designed structures; well-designed frame structures thrown out of plumb; 
great in substantial buildings, with partial collapse. Buildings shifted off foundations. Ground cracked 
conspicuously. Underground pipes broken 

X. Some well-built wooden structures destroyed; most masonry and frame structures destroyed with foundations; 
ground badly cracked. Rails bent. Landslides considerable from riverbanks and steep slopes. Shifted sand and 
mud. Water splashed over banks 

XI. Few, if any (masonry), structures remain standing. Bridges destroyed. Broad fissures in ground. Underground 
pipelines completely out of service. Earth slumps and land slips in soft ground. Rails bent greatly 

XII. Damage total. Waves seen on ground surfaces. Lines of sight and level distorted. Objects thrown upward into 
the air 

Source: Data from Wood, H.O. and Neumann, Fr., Bull Seis. Soc. Am., 21, 277-283, 1931. 



13.2.2 Influence of Local Site Conditions 

Local geological and soil conditions may have a significant influence on the amplitude and frequency 
content of ground motions. These conditions affect the earthquake motions experienced (and hence the 
structural response) in one, or more, of the following ways: 

• Interaction between the bedrock earthquake motion and the soil column will modify the actual 
ground accelerations input to the structure. This manifests itself by an increase in the amplitude of 
the ground motion over and above that at the bedrock, and a filtering of the motion so that the 
range of frequencies present becomes narrow with the high-frequency components being 
eliminated. This condition particularly arises in areas where soft sediments and alluvial soil overly 
bedrock. The degree of amplification is dependent on the strength of shaking at the bedrock. 
Because of nonlinear effects in the soil, the amplification ratio is less in strong shaking than under 
base motions of lower amplitude. 

• The soil properties in the proximity of the structure contribute significantly to the effective 
stiffness of the structural foundation. This may be a significant parameter in determining the 
overall structural response, especially for structures that would be characterized as stiff under 
other environmental loadings. 

• The strength (and response) of the local soil under earthquake shaking may be critical to the 
overall stability of the structure. 

It is also important that information on relevant geological features, such as faulting, be assessed. 
Geological information on suspected active faults near the site can assist in providing a basis for 
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FIGURE 13.2 El-Centro earthquake, north-south component. (A) Record of the ground acceleration; (B) ground 
velocity, obtained by integration of (A); (C) ground displacement, obtained by integration of (B). 

evaluating the intensity of a likely earthquake. It is usual to use this information, together with the 
regional seismicity data, to determine the likely level of seismic activity. 

13.2.3 Response of Structures to Ground Motions 

The effect of ground motion on the various categories of structures is dictated almost entirely by the 
distribution of mass and stiffness in the structure. It is important to appreciate that, in an earthquake, 
loads are not applied to the structure. Rather, earthquake loading arises because of accelerations 
generated by the foundation level(s) of the structure intercepting and being influenced by transient 
ground motions. Specifically, the product of the structural mass and the total acceleration produces the 
inertia loading experienced by the structure. This is an expression of Newton’s Second Law. It is 
important to appreciate that the total acceleration is the absolute acceleration of the structure, namely, 
the sum of the ground acceleration and that of the structure relative to the ground. 

If the structure is stiff there is little, if any, additional acceleration relative to the ground motion and, 
therefore, the earthquake loading experienced is essentially proportional to the building mass, that is, 
F e q ^ M - 

For structures that are flexible, for example, those in the high-rise or long-span category, the absolute 
acceleration is low. This occurs because the ground acceleration and the acceleration of the building 
relative to the ground tend to oppose one another. In this case, the earthquake loading is approximately 
proportional to the square root of the mass, that is F eq oc M 0 ' 5 . 

For structures in the cantilever category, which are essentially vertical, it is the horizontal accelerations 
that are significant; whereas for structures that are largely horizontal in extent, the effect of the vertical 
accelerations is dominant. Moreover, if the plan distributions of mass and stiffness are dissimilar in 
vertical structures, significant twisting motions may arise. 
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The peak ground acceleration is of importance in the response of stiff structures and peak ground 
displacements are of importance in the response of flexible structures, with peak ground velocity being of 
importance for structures of intermediate stiffness. Stiff structures tend to move in unison with the 
ground while flexible structures, such as high-rise buildings, experience the ground moving beneath 
them, their upper floors tending to remain motionless. 



13.2.4 Dynamic Analysis 



13.2.4.1 Equations of Motion for Linear Single-Degree-of-Freedom Systems 



Consider the linear single-degree-of-freedom 
(single-DoF) system shown in Figure 13.3 sub- 
jected to a time varying ground displacement, z(f). 
Let the relative displacement of the system to the 
ground be, y(t)\ y is then the extension of the 
spring and dashpot. From the equation of motion, 
it follows that 

m(y + z) = —ky — cy (13.1) 

Rearranging Equation 13.1, and replacing m, k, 
and c by the system’s radial frequency a> and 
damping ratio £, gives 

y + 2£coy + a> 2 y = — z (13.2) 



Stiffness, k 



Mass, m 



Displacement 

y(t) 




Viscous 
damper, c 



Given a description of the input motion, z(t), (for 

example, from an accelerograph recording), the FIGURE 13.3 Single-DoF system, 

solution of Equation 13.2 provides a complete time history of the response of a structure with a given 
natural period and damping ratio, and can also be used to derive maximum responses for constructing a 
response spectrum (Figure 13.6). Owing to the random nature of earthquake ground motion, numerical 
solution techniques are needed for Equation 13.2, as described by Clough and Penzien (1993). 



13.2.4.2 Equations of Motion for Linear Multiple-Degree-of-Freedom Systems 



The dynamic response of many linear multiple- 
degree-of-freedom (multi-DoF ) systems can be split 
into decoupled natural modes of vibration 
(Figure 13.4), each mode effectively representing a 
single-DoF system. A modified form of Equation 
13.2 then applies to each mode, which for mode i 
becomes £. 

Y; + 2 ifiOijY; + cof 7; = -jV'z (13.3) 



Here, Y t is the generalized modal response in the ith 

mode. (Li/Mf) is a participation factor, which 

depends on the mode shape and mass distribution, WMtiMi 

and describes the participation of the mode in 

overall response to a particular direction of ground FIGURE 13.4 

motion. For a two-dimensional (2D) structure with 

n lumped masses, responding in one horizontal direction 
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Typical modes for multistory buildings. 



(13.4) 
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In Equation 13.4, describes the modal displacement of the jth mass in the zth mode. The higher modes 
often have very low values of (T;/M,), and their contribution can then be omitted. In this way, the 
computational effort is greatly reduced. In cases where only the first mode in each direction is significant 
(often the case for low- to medium-rise building structures), equivalent static analysis maybe sufficient, 
as described later. 



13.2.5 Earthquake Response Spectra 

13.2.5.1 Elastic Response Spectra 

For design purposes, it is generally sufficient to know only the maximum value of the response due to an 
earthquake. A plot of the maximum value of a response quantity as a function of the natural vibration 
frequency of the structure, or as a function of a quantity which is related to the frequency such as natural 
period, constitutes the response spectrum for that quantity (see Chapter 17 and Chapter 31). 

The peak relative displacement is usually called S d and the peak strain energy of the oscillator is 

SE = -KS 2 d 
2 d 



SE =~2 M ^ 



or 

SE = -MSl 
2 

Hence, the pseudo-relative velocity and acceleration spectra are defined as 

S v = wS d (13.5) 

S a - = w 2 S d (13.6) 

Figure 13.5 shows that a record of peak relative displacement response of an single-DoF oscillator can be 
plotted for a given earthquake, given damping, and a range of periods, typical of structures. 

The structure’s natural period (T or 1 In) is conventionally taken as the abscissa, and curves are drawn 
for various levels of damping (Figure 13.6). It should be noted that the response spectrum gives no 
information about the duration of response (and hence the number of damaging cycles) that the 
structure experiences, which can have a very significant influence on the damage sustained. 

13.2.5.2 Smoothed Design Spectra 

Owing to the highly random nature of earthquake ground motions, the response spectrum for a real 
earthquake record contains many sharp peaks and troughs, especially for low levels of damping. The 
peaks and troughs are determined by a number of uncertain factors, such as the precise location of the 
earthquake source, which are unlikely to be known precisely in advance. Therefore, spectra for design 
purposes are usually smoothed envelopes of spectra for a range of different earthquakes; indeed, one of 
the advantages of response spectrum analysis over time history analysis is that it can represent the 
envelope response to a number of different possible earthquake sources from a single analysis, and is not 
dependent on the precise characteristic of one particular ground motion record. Codes of practice such 
as UBC (2000) and Eurocode 8 (ENV 1998, 1994-8) provide smoothed spectra for design purposes. 

13.2.5.3 Ductility-Modified Response Spectrum Analysis 

In a ductile structure, or subassemblage, the resistance, R, may be sustained at displacements that are 
several times those at first yield, A y , as represented in Figure 13.7. 

For yielding single-DoF systems, ductility-modified acceleration response spectra can be drawn, 
representing the maximum acceleration response of a system as a function of its initial (elastic) period, 
T, damping ratio, £ and displacement ductility ratio, p (p is the ratio of maximum displacement, 
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FIGURE 13.5 Compilation of (relative) displacement response spectra. 
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FIGURE 13.6 Acceleration response spectrum for El-Centro 1940 earthquake. 




FIGURE 13.7 A simple bilinear elasto-plastic curve of response, representative of ductile performance. 

A max , to yield displacement, A y ). The reduction in acceleration response of the yielding system compared 
with the elastic one is period dependent; for structural periods greater than the predominant earthquake 
periods, the reduction is approximately l//x, for very stiff systems there is no reduction, while at 
intermediate periods a reduction factor between l//z and 1 applies. 

To derive peak accelerations and internal forces, the system can be treated as linear elastic and the 
ductility-modified spectrum used exactly like a normal elastic spectrum. However, deflections derived 
from this treatment must be multiplied by /z to allow for the plastic deformation. 

It is now standard practice to analyze multi-DoF systems in the same way. That is, a yielding multi- 
DoF system is treated as elastic, and an appropriate ductility-modified spectrum is substituted for an 
elastic one. Acceleration and force responses are derived directly and deflections are multiplied by /jl. 
However, this procedure is not (contrary to the case for single-DoF systems) rigorously correct. Although 
it gives satisfactory answers for regular structures, it can be seriously in error for structures (such as those 
with weak stories) where the plasticity demand is not evenly distributed. Nevertheless, most codes of 
practice allow the use of ductility-modified spectra for design, and give appropriate values for the 
reduction factors (called q, or behavior factors in Eurocode 8 and R factors in UBC) to apply to elastic 
response spectra. 

13.2.6 Design Philosophy and the Code Approach 

In areas of the world recognized as being prone to major earthquakes, the engineer is faced with the 
dilemma of being required to design for an event, the magnitude of which has only a small chance of 
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occurring during the life of the facility. If the designer adopts conservative performance criteria for the 
facility, the client (often society) is faced with costs which may be out of proportion to the risks involved. 
On the other hand, to ignore the possibility of a major earthquake could be construed as negligent in 
these circumstances. 

To overcome this problem, a dual design philosophy has been developed, by which procedure: 

1 . A moderate earthquake, such as may reasonably be expected at the site, is used as a basis for the 
seismic design. The facility should be proportioned to resist such an earthquake without 
significant damage. This “damageability” limit state should ensure safety, limited nonstructural 
damage, and the continued performance of facilities and services, particularly in those with 
important postearthquake functions. The list includes hospitals, police, fire and civil defense 
facilities, water supply, telecommunications, electricity generation and distribution systems, 
and so on. Almost as important is the maintenance of road and rail communications, 
particularly for food distribution (including warehouses and their contents). Similarly, the 
protection of industrial complexes, in their own right, as well as the protection of individual 
items of equipment in other buildings and facilities, is a necessary consequence of adoption of 
this limit state. 

2. The most severe, credible earthquake that may be expected to occur at the site is used to test 
safety. In this ultimate limit state, significant structural and nonstructural damage is expected 
but neither collapse nor loss of life should occur. 

The main strategy for preventing collapse has traditionally been provision of ductility. This is the 
opposite quality to brittleness, and may be defined as the ability to sustain repeated excursions 
beyond the elastic limit without fracture. Owing to the cyclic, imposed displacement nature of 
earthquake loading, a ductile structure can absorb very large amounts of energy without collapse; 
the designer must think in terms of designing for maximum imposed displacements, rather than 
imposed loads. 

Achieving ductility is partly a matter of choosing the right structural system, and partly a matter of 
detailing. In the former category comes the important concept of “capacity design,” as described by 
Paulay (1993). This involves ensuring a hierarchy of strengths within a structure to ensure that yielding 
occurs in ductile modes (such as flexure) rather than brittle modes (such as buckling or, for reinforced 
concrete, shear). There are other aspects of structural form which are important, particularly regularity in 
elevation (to avoid “soft” or weak stories) and regularity in plan (to minimize torsional response). 
These aspects are described in many textbooks and are quantified in some codes of practice (Park and 
Paulay, 1975). 

Detailing of the structure is also important to ensure ductility. For concrete structures, this primarily 
involves reinforcement detailing and in steel structures connection detailing. The latter aspect has been 
particularly recognized following the failure of H-welded connections in the Northridge earthquake of 
1994 (Burdekin, 1996). The primary reliance is on empirical solutions to these problems, as described in 
codes of practice, such as Eurocode 8 (ENV 1998, 1994-8) Part 1.3 and UBC/IBC (2000). Textbooks 
discussing these issues for concrete include Paulay and Priestley (1992), Booth (1994), Penelis and 
Kappos (1996), FEMA 273/274, FEMA 356/357 “NEHRP guidelines for seismic rehabilitation of 
buildings,” FEMA 368/369 “NEHRP recommended provisions for seismic regulations for new buildings 
and other structures,” and FEMA 306/307/308 “Evaluation and repair of earthquake damaged concrete 
and masonry buildings.” Textbooks covering failures of steel structures in recent earthquakes include 
Burdekin (1996) and FEMA 350-354 (2000). 

Another important aspect of detailing is to allow for the maximum inelastic deflections caused by the 
design earthquake. Nonseismic-resisting elements of a structure such as cladding and infill walls must be 
able to accommodate these deflections safely, as must (crucially) the gravity load-bearing structure, 
which still suffers the seismic displacements even when not contributing to seismic resistance. In 
addition, adequate separation between adjacent structures must be provided. Codes of practice (e.g., 
Eurocode 8 and UBC) give guidance on suitable limits. 
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13.2.6.1 Performance-Based Design 

In recent years, seismic design codes throughout the world have been shifting toward the adoption of 
performance-based design philosophy. The goal of a performance-based design procedure is to produce 
structures that have predictable seismic performance under multiple levels of earthquake intensity. In 
order to do so, it is important that the behavior of the structures is targeted in advance, both in the elastic 
as well as the inelastic ranges of deformation. The four important parameters in seismic design, strength, 
stiffness, ductility, and deformation, become the primary elements of a performance-based design 
procedure and have to be designed rationally. The next generation of codes is expected to be based on 
performance-based principles such as Asian Model Concrete Code (ACMC, 2001). 

13.2.7 Analysis Options for Earthquake Effects 

Analysis is only one part of the design process; conceptual design, detailing, and proper construction are 
the other vital components for ensuring good seismic performance. This section provides a brief 
theoretical review of the basis for seismic analysis, describing the main analytical techniques currently 
used by designers. More details are given by Clough and Penzien (1993), a standard general text for 
dynamic analysis, and Chopra (2001), which deals specifically with concerns for earthquake engineers. 

Essentially, an earthquake engineer is faced with four possible methods of analysis/design for 
earthquake loading on a structure. In all methods, the dual damage criteria discussed above may be 
applied. The four analysis/design options available are: 

• Dynamic time history analysis 

• Response spectrum analysis 

• Equivalent static approach (or force-based approach) 

• Displacement-based approach 

Equivalent static methods are usually adequate for conventional, regular building structures under 
about 75 m in height. A response spectrum analysis is required for taller buildings, because higher mode 
effects may become important, and also for buildings with plan or elevational eccentricities because 
torsional effects or nonstandard mode shapes may be significant. Codes of practice such as Eurocode 8 
and UBC (2000) specify the degree of eccentricity at which such analysis is required. Unusual or very 
important structures may require nonlinear time history analysis, and this may also be required where 
the inaccuracies implicit in the use of ductility-modified response spectrum analysis become 
unacceptable. Displacement-based approach is a new method for seismic design, which is gaining 
popularity. The above four analysis options are discussed next. 

13.2.7.1 Dynamic Time History Analysis 

The most rigorous form of dynamic analysis involves stepping a nonlinear model of the structure 
through a complete time history of earthquake ground motions. The advantage of the method is that it 
can give direct information on nonlinear response, the duration of response (and hence the number of 
loading cycles), and the relative phasing of response between various parts. The method involves 
subjecting an appropriate finite element computer model of the building, or structural system, to a given, 
previously recorded, earthquake record and examining its response in real time. Response peaks are 
generally of most interest. The analysis must be performed for a number of different earthquake time 
histories to reduce dependence on the random characteristics of a particular record. 

There are certain special circumstances where this procedure is useful but, for general seismic design, it 
is of little value as the actual earthquake that the structure may have to resist cannot be guaranteed to 
have sufficiently similar characteristics to the design earthquake. In particular, the intensity, duration, 
and frequency content of the earthquake may be unsuitable especially if, as often happens, the record 
comes from another country or continent. Moreover, the method is expensive and time-consuming, so 
that only for special structures can its use be justified. If, in addition, inelastic response calculations are 
involved, another level of complexity (and uncertainty) is introduced. Response then becomes 
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dependent, often heavily so, on the nonlinear models chosen and this is in addition to that inherent in 
choosing to use one particular record. 



13.2.7.2 Response Spectrum Analysis 

13.2.7.2.1 Response Spectrum Analysis of Single-Degree-of-Freedom Systems 

With a knowledge of the natural period and damping of an single-DoF system, its peak (i.e., spectral) 
acceleration, S a , can be determined directly from an appropriate response spectrum (see Chapter 17). 
In undamped systems, this peak response occurs when the equivalent spring is at its maximum extension 
point, so that the maximum force in the spring is given by 

F = mS. A (13.7) 



From Equation 13.7, the peak (i.e., spectral) displacement, S x . of the spring is given by 

F T 2 SJ 2 

S, = — = mS„ — ^ — = 7T- 

k 4 irm Air 2 



(13.8) 



For structures with relatively small viscous damping, the same relationships are still approximately true, 
because the maximum acceleration occurs when the velocity is low and hence the damping force (which 
is velocity proportional) is also low. Therefore, Equation 13.7 and hence also Equation 13.8 are still very 
good approximations for lightly damped systems. 

Thus the two most important parameters of structural response — maximum force and 
displacement — can be determined for a linear single-DoF system directly from the acceleration 
response spectrum, provided only that the mass, natural period, and damping are known. 

It is important to realize that the spectral acceleration, S a , is an absolute value (the true acceleration of 
the structure in space) whereas the spectral displacement, S x , is a relative value, measured in relation 
to the ground, which itself is moving in the earthquake. This at first sight may seem confusing, until it 
is remembered that the absolute acceleration of the mass is determined by the force on it (Equation 13.7), 
which itself is determined by the relative compression of the spring with respect to the ground 
(Equation 13.8). 



13.2.7.2.2 Response Spectrum Analysis of Multi-Degree-of-Freedom Systems 

By considering the response of each mode separately, a response spectrum analysis is also possible for an 
multi-DoF system, if generalized modal quantities are used (compare Equation 13.2 and Equation 13.3). 
For example, for a 2D structure with n lumped masses, responding in one horizontal direction, Equation 
13.4 is modified to give the maximum base shear in the ith mode as 

I X <N m j ) 

Pi = S a = m effi ,S a (13.9) 

X ^i m > 

i= i 

where S a is the spectral acceleration corresponding to the damping and frequency of mode i. 

Fligher modes with low effective masses, may contribute little to response and can usually be 

neglected. Since the sum of effective masses, m eff of all modes equals the total mass, a good test of 
whether the first r modes are sufficient to capture response adequately is 

r n 

X may 2= 0.9 X m i = 0.9 (total mass) (13.10) 

;= l i= l 

A response spectrum analysis gives the maximum response of the structure for each mode of vibration 
considered. Although it is rigorously correct to add the response in each mode at any time to obtain 
the total response, the maximum responses in each mode, calculated from response spectrum analysis, do 
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not occur simultaneously, and hence simple addition produces an overestimate of response. A common 
and usually adequate approximation is the square root of the sum of the squares (SRSS) rule, where 
the maximum total response is estimated as the SRSS combination of the individual modal responses. 
However, this may not be conservative enough for closely spaced or high-frequency modes, and 
other methods, such as the complete quadratic combination (CQC) method, are available (Gupta, 1990). 

There are many commercially available computer programs which can perform response spectrum 
analysis, and it is now regarded as a standard rather than a specialist technique. 

13.2.7.3 Equivalent Static Analysis (Force-Based Approach) 

This is the type of analysis presented in most contemporary codes of practice, and it is conditional for its 
accuracy upon response being dominated by one mode of vibration in each direction. In the case of 
buildings, a quantity usually referred to as the “total base shear” is calculated from the product of the 
weight of the building and a coefficient. This coefficient takes into account the location and importance 
of the structure, its ductility or energy absorption capacity, its dynamic characteristics, and the local soil 
conditions and their effect on structural responses. Once the total base shear has been calculated, it is 
distributed up the structure as a series of horizontal loads at each floor level and the structure is analyzed 
with these equivalent horizontal loads applied. 

The maximum lateral base shear is first calculated. Equation 13.11 gives the relevant formulae in UBC 
(2000). Other current codes follow similar formats 

C y IW , 2.5 CJ 

V=— butV< — Wand > 0.11 C a /W (13.11) 

RT R 

In addition, V > ( 0.8ZN V I/R)W (high seismicity, Zone 4 only), where: 

V = ultimate seismic base shear (force units, e.g., kN) 

C v , C a = seismic coefficients, depending on the zone factor Z as given in UBC 
I = importance factor = 1 to 1.25 in UBC 

R = reduction coefficient depending on the ductility of structure = 2.8 to 8.5 in UBC 
T = first mode period of the building (sec) 

W = building weight (force units, e.g., kN) 

Z = zone factor expressed as the peak ground acceleration on rock (in gravity units) for a 475-year return 
period = 0.075 to 0.4 in UBC 

N v = factor allowing for proximity to active faults = 1.0 to 2.0 in UBC 

( V/W ) represents the shape of a standard design response spectrum with a peak amplification on ground 
acceleration for 5% damping of 2.5, and a minimum value at long period to allow for the uncertainty in 
long-period motions and for proximity to active faults. 

The base shear calculated by these methods is then applied to the structure as a set of horizontal forces, 
with a vertical distribution based on the first mode shape of regular vertical cantilever structures. 
Horizontal distribution follows the mass distribution, with some additional allowance for torsional 
effects. 

13.2.7.4 Displacement-Based Approach 

In the development of performance-based earthquake engineering, which stresses the inelastic behavior 
of structural system under severe earthquake ground motions (high seismic region), displacement rather 
than force has been recognized as the most suitable and direct performance or damage indicator. 
Deformation-controlled design can be achieved either by using the traditional force/strength-based 
design procedure together with a check on the displacement/drift limit, or by employing a direct 
displacement-based procedure. The idea of displacement-based design was introduced by Gulkan 
and Sozen (1974). They developed the concept of substitute structure to estimate the nonlinear 
structural response through an equivalent elastic model, assuming a linear behavior and a viscous 
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damping equivalent to the nonlinear response. This idea has been adopted recently by Priestley and 
Kowalsky (2000) for a direct displacement design of single-DoF and multi-DoF reinforced concrete 
structures. Another direct displacement-based design approach was proposed by Fajfar (2000) based on 
the capacity spectrum method (Chopra and Goel, 1999). 

In all the above references, seismic demand is specified as either a displacement response spectrum 
(D-T format) or an acceleration displacement response spectrum (ADRS format). For a general-purpose 
spectrum, nonlinear elastic behavior of a structural system can be accounted for by either an equivalent 
elastic response spectrum or an inelastic response spectrum. The former is associated with effective 
viscous damping f e ff and the latter is directly constructed based on the relation between reduction factors 
and ductility. Although the elastic acceleration design spectrum is available from codes, it is not 
appropriate to be a basis for the determination of the elastic displacement design spectrum because the 
displacement increases with period even at longer periods. 

13.2.8 Soil-Structure Interaction 

Structural analyses usually assume that ground motions are applied via a rigid base, thus neglecting the 
effect of ground compliance on response. Although this rigid base assumption may lead to an 
underestimate of deflections, it is usually conservative as far as forces are concerned, because ground 
compliance reduces stiffness and usually moves structural periods farther from resonance with the 
ground motion. However, this conservatism may not always apply, and Eurocode 8 Part 5 lists the 
following cases where soil-structure interaction (SSI) should be investigated: 

1. Structures where P-Delta (second order) effects need to be considered 

2. Structures with massive or deep-seated foundations, such as bridge piers, offshore caissons, 
and silos 

3. Slender, tall structures such as towers and chimneys 

4. Structures supported on very soft soils with an average shear wave velocity less than 100 m/sec 

Allowance for SSI effects is usually a specialist task. The simplest method is to present the soil flexibility 
by discrete springs connected to the foundation. These require a knowledge of the shear stiffness of the 
soil. Further information is given by Pappin (1991) and Wolf (1985, 1994). 

13.2.9 Active and Passive Control Systems 

Alternative strategies of designing for earthquake resistance involve modification of the dynamic 
characteristics of structure to improve seismic response. The systems can be classified as either passive 
or active. The basic role of these systems is to absorb a portion of the input energy, thereby reducing 
energy dissipation demand on primary structural members and minimizing possible structural 
damage. 

The most common type of passive system involves lengthening the structure’s fundamental period of 
vibration by mounting the superstructure on bearings with a low horizontal stiffness; this is known as 
base or seismic isolation. Where this increases, the fundamental period above the predominant periods of 
earthquake excitation, the acceleration (but not necessarily displacement) response is significantly 
reduced. Usually, additional damping is provided in the seismic isolation bearing to control deflections. 

The principle of seismic isolation is illustrated by Figure 13.8. The reduction in response, often of the 
order of 50, has proved highly effective in recent earthquakes in reducing damage to both building 
structure and building contents. UBC (2000) provides codified guidance for seismic isolation of 
buildings while AASHTO (1991) and Eurocode 8 (ENV 1998, 1994-8) Part 2 treat bridge structures. 
Seismic isolation has been incorporated in many hundreds of recent structures, particularly in bridges, 
and also in buildings such as hospitals with contents that must remain functional after an earthquake. 
It has also been used to improve the seismic resistance of existing structures. Another form of passive 
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FIGURE 13.8 Effect of seismic isolation on forces and displacements for an earthquake with predominant period 
around 0.5 sec. (a) Effect of period shift on design forces; (b) Effect of period shift and damping on relative 
displacement between ground and structure. 



system is the provision of additional structural damping in the form of discrete viscous, frictional, or 
hysteretic dampers. 

Active systems modify the dynamic characteristics of a structure in real time during an earthquake, by 
computer-controlled devices such as active mass dampers. Presently, very few buildings are actually 
constructed in this way, but there has been a recent large international research effort (Casciati, 1996; 
Kabori, 1996; Soong, 1996). Owing to their adaptability, active systems are less dependent for their 
effectiveness on the precise nature of the input motion (a concern for passive systems, particularly where 
they are very close to the earthquake source) but they must have a very high degree of reliability to ensure 
they function during the crucial few seconds of an earthquake. 

13.2.10 Worked Examples 

Example 13.1 Seismic Analysis of a 30-Story Frame 

A 30-story building has the effective stiffness, K e = 2.5 X 10 3 kN/m, together with a mass per unit height 
of m = 30 tons/m. 
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1 st mode shape 



Parabolic mode shape 




FIGURE 13.9 First mode shape of the 30-story frame. 

The mass of the building is uniform over its height of 120 m. An appropriate first mode shape for the 
structure is the parabola, as shown in Figure 13.9. 

For this frame, using the response spectrum for 2% damping (Figure 13.10), find: 

1. The peak tip deflection 

2. The peak base shear 

3. The overturning moment 

4. The peak interstory drift at the top of the frame 

5. The peak acceleration at the top of the frame 



The effective mass, M e or M ; , (see Equation 13.4) 



M e = cp m = 



IX 0 



dx = 



m(x) x 5 
5 FT 1 



mH 

5 



30 X 120 



= 720 tons 



This is the effective mass tributary to one frame. 

The effective earthquake mass, M eq or L, (see Equation 13.4) 



M eq = (f>m = 



IX s) 



„ . m(x ) x 3 

— • * 3~h2 



mH 

~ 



30 X 120 



= 1200 tons 



The natural period is 3.37 sec, a long-period structure, given: 



The participation factor is 



K eq = 2.5 X 10 3 kN/m 
T = 2tt(720/2500) 0 ' 5 



M eq 1200 

PF = — — = = 1.667 

M„ 720 



(i) Peak tip deflection 
From Figure 13.9 



S d = 0.32 m = 320 mm = PF X S d 



A tip = 1.667 X 320 = 533.44 mm 



(ii) Peak base shear = PF X E max 

V 0 = PF(A tip H: e ) = 1.667(0.53344 X 2500) = 2.22 MN 

(iii) Peak overturning moment 

M ot = V 0 x 



© 2005 by Taylor & Francis Group, LLC 



13-18 



Vibration and Shock Handbook 




0 12 3 4 

(b) Period (sec ) 




FIGURE 13.10 (a) Deformation (or displacement); (b) pseudo-velocity, and (c) pseudo-acceleration response 

spectra. El-Centro ground motion. Damping ratio £ = 2%. 



H ( X V , 

xm(x)[ — ax 
o \H J 

H ( * V 

m{x) I — I dx 
o \H J 



3 H 

~T 



3X 120 




= 90 m 



X 



M ot = 2223.11 X 90 = 2.0008 X 10 5 kN m 
Equivalent static loading = m(t)o? X PF X S d ^ ^ ^ 
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55.365 kN/m 




Equivalent V 0 = 2.22xl0 3 kN M 0t = 2xlO S kNm 
static load SFD BMD 

FIGURE 13.11 Equivalent static load, shear force diagram, and bending moment diagram of the frame. 



co = 




2500 



720 



1.86 rad/sec 



Hence, equivalent static loading = 30 X 1.86 2 X 1.667 X 0.32 X 1 = 55.365 kN/m. 

The equivalent static load, shear force, and bending moment diagrams of the frame are shown 
in Figure 13.11. 

(iv) Peak interstory drift = 533.44 — ^ X 533.44 = 34.97 mm 

This will create significant constraints on component details such as partitions, windows, and panels 

at the particular level. To avoid potential problems, the structure might have to be stiffened laterally. 

, , / 55.365 2 

(v) Peak acceleration = = = 1.8455 m/sec 

m(x) 30 

This acceleration is 18.8% of gravity. It is important that the facade attachment, mechanical utilities, 
or electrical utilities of the structure are appropriately designed according to the peak acceleration. 



Example 13.2 Response of Buildings to an Earthquake 

In the following example, a 52-story office/residential building is considered. The structure is founded on 
a highly soft soil and located in UBC Zone 4 in the USA, which represents a relatively active seismic area. 
The lateral load resisting system is a concrete core system with concrete moment frames for the perimeter. 
According to UBC (2000), the structure needs to resist an equivalent horizontal seismic force of 
79,113 kN, representing nearly 9.14% of the effective vertical load. Details of story weights, elevation, and 
interstory height are given in Table 13.2. 



Sample calculation 

The base shear value is obtained based on UBC (2000) approach: 



T = C t H 3/4 = 0.03 X 682.4 3/4 = 4.01 sec (height input must be in feet) 

C V IW , 2.5 CJ , 0.8ZAL7 

V = but V < — - — W and V > W (see Equation 13.11) 



RT 



R 



R 



0.96 X 1 X 865.3 X 10 3 

V = = 59.25 MN 

3.5 X 4.01 



y " 



0.8 X 0.4 X 1 X 1 X 863.5 X 10 3 
3A 



> 79.113 MN 



Hence, the lower limit applies, V = 79.113 MN. 
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TABLE 13.2 Calculation Details for Structure’s Response to an Earthquake 



Height 

(m) 


Height 

(ft) 


T 

(sec) 


c, 


c v 


c a 


N. 


Na 


208.00 


682.41 


4.01 


0.03 


0.96 


0.36 


1.00 


1.00 


Level 


Story 


Height 


Story Weight 


WjHj 


Force 


Shear 


Moment 




Height (m) 


(m) 


(kN) 




(kN) 


(kN) 


(kN m) 


Top 


0 


212 


0 


0 


19,778 


19,778 


0 


52 


4.0 


208.0 


9,300.0 


1,934,400 


1,319 


21,097 


79,113 


51 


4.0 


204.0 


9,300.0 


1,897,200 


1,294 


22,391 


163,503 


50 


4.0 


200.0 


9,300.0 


1,860,000 


1,268 


23,659 


253,067 


49 


4.0 


196.0 


9,300.0 


1,822,800 


1,243 


24,902 


347,705 


48 


4.0 


192.0 


16,900.0 


3,244,800 


2,213 


27,115 


447,315 


47 


4.0 


188.0 


16,900.0 


3,177,200 


2,167 


29,282 


555,776 


46 


4.0 


184.0 


16,900.0 


3,109,600 


2,120 


31,402 


672,903 


45 


4.0 


180.0 


16,900.0 


3,042,000 


2,074 


33,477 


798,511 


44 


4.0 


176.0 


16,900.0 


2,974,400 


2,028 


35,505 


932,418 


43 


4.0 


172.0 


16,900.0 


2,906,800 


1,982 


37,487 


1,074,437 


42 


4.0 


168.0 


16,900.0 


2,839,200 


1,936 


39,423 


1,224,386 


41 


4.0 


164.0 


16,900.0 


2,771,600 


1,890 


41,313 


1,382,079 


40 


4.0 


160.0 


16,900.0 


2,704,000 


1,844 


43,157 


1,547,331 


39 


4.0 


156.0 


16,900.0 


2,636,400 


1,798 


44,955 


1,719,960 


38 


4.0 


152.0 


16,900.0 


2,568,800 


1,752 


46,707 


1,899,779 


37 


4.0 


148.0 


16,900.0 


2,501,200 


1,706 


48,412 


2,086,606 


36 


4.0 


144.0 


16,900.0 


2,433,600 


1,660 


50,072 


2,280,254 


35 


4.0 


140.0 


16,900.0 


2,366,000 


1,613 


51,685 


2,480,541 


34 


4.0 


136.0 


16,900.0 


2,298,400 


1,567 


53,252 


2,687,282 


33 


4.0 


132.0 


16,900.0 


2,230,800 


1,521 


54,774 


2,900,292 


32 


4.0 


128.0 


16,900.0 


2,163,200 


1,475 


56,249 


3,119,386 


31 


4.0 


124.0 


16,900.0 


2,095,600 


1,429 


57,678 


3,344,381 


30 


4.0 


120.0 


16,900.0 


2,028,000 


1,383 


59,061 


3,575,092 


29 


4.0 


116.0 


16,900.0 


1,960,400 


1,337 


60,398 


3,811,335 
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28 


4.0 


112.0 


16,900.0 


1,892,800 


1,291 


61,688 


4,052,926 


27 


4.0 


108.0 


16,900.0 


1,825,200 


1,245 


62,933 


4,299,679 


26 


4.0 


104.0 


16,900.0 


1,757,600 


1,199 


64,131 


4,551,410 


25 


4.0 


100.0 


16,900.0 


1,690,000 


1,152 


65,284 


4,807,936 


24 


4.0 


96.0 


16,900.0 


1,622,400 


1,106 


66,390 


5,069,072 


23 


4.0 


92.0 


16,900.0 


1,554,800 


1,060 


67,450 


5,334,633 


22 


4.0 


88.0 


16,900.0 


1,487,200 


1,014 


68,465 


5,604,435 


21 


4.0 


84.0 


16,900.0 


1,419,600 


968 


69,433 


5,878,293 


20 


4.0 


80.0 


16,900.0 


1,352,000 


922 


70,355 


6,156,024 


19 


4.0 


76.0 


16,900.0 


1,284,400 


876 


71,230 


6,437,442 


18 


4.0 


72.0 


16,900.0 


1,216,800 


830 


72,060 


6,722,364 


17 


4.0 


68.0 


16,900.0 


1,149,200 


784 


72,844 


7,010,605 


16 


4.0 


64.0 


16,900.0 


1,081,600 


738 


73,581 


7,301,981 


15 


4.0 


60.0 


16,900.0 


1,014,000 


691 


74,273 


7,596,306 


14 


4.0 


56.0 


16,900.0 


946,400 


645 


74,918 


7,893,398 


13 


4.0 


52.0 


16,900.0 


878,800 


599 


75,518 


8,193,071 


12 


4.0 


48.0 


16,900.0 


811,200 


553 


76,071 


8,495,141 


11 


4.0 


44.0 


16,900.0 


743,600 


507 


76,578 


8,799,424 


10 


4.0 


40.0 


16,900.0 


676,000 


461 


77,039 


9,105,735 


9 


4.0 


36.0 


16,900.0 


608,400 


415 


77,454 


9,413,890 


8 


4.0 


32.0 


16,900.0 


540,800 


369 


77,822 


9,723,705 


7 


4.0 


28.0 


16,900.0 


473,200 


323 


78,145 


10,034,994 


6 


4.0 


24.0 


16,900.0 


405,600 


277 


78,422 


10,347,575 


5 


4.0 


20.0 


16,900.0 


338,000 


230 


78,652 


10,661,261 


4 


4.0 


16.0 


16,900.0 


270,400 


184 


78,837 


10,975,870 


3 


4.0 


12.0 


16,900.0 


202,800 


138 


78,975 


11,291,216 


2 


4.0 


8.0 


16,900.0 


135,200 


92 


79,067 


11,607,116 


1 


4.0 


4.0 


16,900.0 


67,600 


46 


79,113 


11,923,384 


GF 

Sum 


4.0 


0.0 


16.900.0 

865.300.0 kN 


0 

87,012,000 kN m 


0 

79,113 kN 


79,113 
Seismic 
base shear 


11,923,384 

Seismic 

overturning 

moment 
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Distribution of lateral forces 

UBC (2000) specifies the load at the top to be 

F t = 0.077V = 19.778 MN 



Extracting calculation for level 48, 

Wft = 16.9 X 192 = 3.245 X 10 3 MN 



(V - f t )(W 48 H 48 ) 

52 

X WiHi 



(79.113 - 19.778)(3.245 X 10 3 ) 
87.012 X 10 3 



= 2.21 MN 



Shear force = Shear 49 + f 48 = 24.9 + 2.21 = 27.1 MN 
Moment = Moment 49 + (Shear 49 X story height) = 347.7 + (24.9 X 4) = 447.3 MN m 



13.3 Dynamic Effects of Wind Loading on Structures 

13.3.1 Introduction 

The turbulent nature of the wind is characterized by sudden gusts superimposed upon a mean wind 
velocity. The wind vector at a point may be regarded as the sum of the mean wind vector (static 
component) and a dynamic component 

V(z, t) = V(z) + v(z, t) (13.12) 

Wind is a phenomenon of great complexity because of the many flow situations arising from the 
interaction of wind with structures. Wind is composed of a multitude of eddies of varying sizes and 
rotational characteristics carried along in a general stream of air moving relative to the Earth’s surface. 
These eddies give wind its gusty or turbulent character. The gustiness of strong winds in the lower levels 
of the atmosphere largely arises from interaction with surface features. The average wind speed over a 
time period of the order of 10 min or more tends to increase with height, while the gustiness tends to 
decrease with height. 

A further consequence of turbulence is that dynamic loading on a structure depends on the size of the 
eddies. Large eddies, whose dimensions are comparable with the structure, give rise to well-correlated 
pressures as they envelop the structure. On the other hand, small eddies result in pressures at various 
parts of the structure being practically uncorrelated. Eddies generated around a typical structure are 
shown in Figure 13.12. 





FIGURE 13.12 Generation of eddies, (a) Elevation; (b) plan. 
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Some structures, particularly those that are tall or slender, respond dynamically to the wind. The best- 
known structural collapse due to wind was the Tacoma Narrows Bridge which occurred in 1940 at a wind 
speed of only about 19 m/sec. It failed after it had developed a joint torsional and flexural mode of 
oscillation. 

There are several different phenomena giving rise to dynamic response of structures in wind. These 
include buffeting, vortex shedding, galloping, and flutter. Slender structures are likely to be sensitive to 
dynamic response in line with the wind direction as a consequence of turbulence buffeting. Transverse or 
crosswind response is more likely to arise from vortex shedding or galloping, but may be excited by 
turbulence buffeting also. Flutter is a coupled motion, often a combination of bending and torsion, and 
can result in instability. 

An important problem associated with the wind-induced motion of buildings is concerned with the 
human response to vibration. At this point, it will suffice to note that humans are surprisingly sensitive to 
vibration, to the extent that motions may feel uncomfortable even if they correspond to relatively 
unimportant stresses. The next few sections give a brief introduction to the dynamic response of 
structures in wind. More details can be found in wind engineering texts (e.g., Sachs, 1978; Holmes, 2001). 



13.3.2 Wind Speed 



At great heights above the surface of the Earth, where frictional effects are negligible, air movements are 
driven by pressure gradients in the atmosphere, which in turn are the thermodynamic consequence of 
variable solar heating of the Earth. This upper level wind speed is known as the gradient wind velocity. 

Different terrains can be categorized according to the roughness length. Table 13.3 shows the different 
categories specified in the Australian/New Zealand wind code, AS/NZS 1170.2 (2002). Closer to the 
surface, the wind speed is affected by frictional drag of the air over the terrain. There is a boundary layer 
within which the wind speed varies from almost zero, at the surface, to the gradient wind speed at a 
height known as the gradient height. The thickness of this boundary layer, which may vary from 500 to 
3000 m, depends on the type of terrain, as depicted in Figure 13.13. As can be seen, the gradient height 
within a large city center is much higher than it is over the sea where the surface roughness is less. 

In practice, it has been found useful to start with a reference wind speed based on statistical analysis of 
wind speed records obtained at meteorological stations throughout the country. The definition of the 
reference wind speed varies from one country to another. For example, in Australia/New Zealand, it is the 
3-sec gust wind speed at a height of 10 m above the ground assuming terrain category 2. Maps of 
reference wind speeds applying to various countries are usually available. 

An engineering wind model for Australia has been developed by Melbourne (1992) from the Deaves 
and Harris (1978) model. This model is based on extensive full-scale data and on the classic logarithmic 
law in which the mean velocity profile in strong winds applicable in noncyclonic regions (neutral stability 
conditions) is given by Equation 13.13 



V « — 






(13.13) 



The numerical values are based on a mean gradient wind speed of 50 m/sec. 

TABLE 13.3 Terrain Category and Roughness Length (z 0 ) 

Terrain Category Roughness 

Length (z 0 ) 



Exposed open terrain with few or no obstructions and water surfaces at serviceability wind speeds 0.002 

Water surfaces, open terrain, grassland with few, well-scattered obstructions having heights 0.02 

generally from 1.5 to 10 m 

Terrain with numerous closely spaced obstructions 3 to 5 m high such as areas of suburban 0.2 

housing 

Terrain with numerous large, high (10.0 to 30.0 m high) and closely spaced obstructions such as 2 

large city centers and well-developed industrial complexes 



© 2005 by Taylor & Francis Group, LLC 



13-24 



Vibration and Shock Handbook 




FIGURE 13.13 Mean wind profiles for different terrains. 



For values of z < 30.0 m the z/z g values become insignificant and the above equation simplifies to 




(13.14) 



where: 



V z = the design hourly mean wind speed at height z, in m/sec 
u* = the friction velocity 



surface friction shear stress 
atmospheric density 



z = the distance or height above ground, in m 

z g = the gradient height in meters (the value ranges from 2700 to 4500 m), see Table 13.4 (derived by the 

authors) 

* 

u 

Zg _ 6 X 10“ 4 



As given in Table 13.3, there is an interaction between roughness length and terrain category, so it is 
necessary to define a terrain category to find the design hourly wind speeds and gust wind speeds. The 
link between hourly mean and gust wind speeds is as follows: 



V = V 




(13.15) 



where 



cr v = 2.63r)u \ 0.538 + 0.09 



[0, 




(13.16) 



TABLE 13.4 Roughness Length, Friction Velocity, and Gradient Height 



Terrain Category 


z 0 (m) 


u* 


z g (m) 


1 


0.002 


1.662 


2769 


2 


0.02 


1.910 


3184 


3 


0.2 


2.243 


3738 


4 


2 


2.708 


4514 
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17= 1.0 - 




(13.17) 



For design, the basic wind speed is classified into three different speeds as follows: 

V s = V 20 yr = serviceability limit state design speed having an estimated probability of exceedance of 
5% in any one year, for the serviceability limit states 
Vp = V50 yr = permissible, or working, stress design wind speed and can be obtained directly from V u 
using the relation V p = V u /(1.5) 0 ' 5 

V u = V 1000 yr = ultimate limit state design wind speed having an estimated probability of exceedance 
of 5% in a lifetime of 50 years, for the ultimate limit states 

Using rigorous analysis incorporating probability distribution of wind speed and direction, basic 
design wind speeds for different directions and different return periods can be derived. For example, 
AS/NZS 1 170.2 provides a wind direction multiplier, which varies from 0.80 for wind from the east to 1.0 
for wind from the west, and having wind speeds up to a 2000-year return period. 



13.3.3 Design Structures for Wind Loading 

The characteristics of wind pressures are a function of the characteristics of the approaching wind, the 
geometry of the structure, and the geometry and proximity of the upwind structures. The pressures are 
not steady, but highly fluctuating, partly as a result of the gustiness of the wind, but also because of local 
vortex shedding at the edges of the structures themselves. The fluctuating pressures result in fatigue 
damage to structures, and in dynamic excitation, if the structure happens to be dynamically wind 
sensitive. The pressures are also not uniformly distributed over the surface of the structure, but vary 
with position. 

The complexities of wind loading should be kept in mind when designing a structure. Because of the 
many uncertainties involved, the maximum wind loads experienced by a structure during its lifetime may 
vary widely from those assumed in the design. Thus, the failure or nonfailure of a structure in a 
windstorm cannot necessarily be taken as an indication of the nonconservativeness, or conservativeness, 
of the wind-loading standard. The standards do not apply to buildings or structures that are of unusual 
shape or location. Wind loading governs the design of some types of structures, such as tall buildings and 
slender towers. Experimental wind tunnel data may be used in place of the coefficients given in the code 
for these structures. 

13.3.3.1 Types of Wind Design 

Typically, for wind-sensitive structures, three basic wind effects need to be considered: 

• Environmental wind studies — to study the wind effects on the surrounding environment caused 
by erecting the structure (e.g., a tall building). This study is particularly important to assess the 
impact of wind on pedestrians and motor vehicles and so on, which utilize the public domain 
within the vicinity of the proposed structure. 

• Wind loads for facade — to assess design wind pressures throughout the surface area of the 
structure to design the cladding system. Owing to the significant cost of typical facade systems in 
proportion to the overall cost of very tall buildings, engineers cannot afford the luxury of 
conservatism in assessing design wind loads. With due consideration to the complex building 
shapes and dynamic characteristics of the wind and building structure, even the most advanced 
wind codes generally cannot accurately assess design loads. Wind tunnel tests to assess design 
loads for cladding are now a normal industry practice, with the aim of minimizing initial capital 
costs, and more significantly, to avoid the expensive maintenance costs associated with 
malfunctions due to leakage and/or structural failure. 
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• Wind loads for structure — to determine the design wind load so as to design the lateral load- 
resisting structural system of a structure and therefore satisfy the various design criteria. 

13.3.3.2 Design Criteria 

In terms of designing a structure for lateral wind loads, the following design criteria need to be satisfied: 

• Stability against overturning, uplift, and/or sliding of the structure as a whole. 

• The strength of the structural components of the building, and stresses that must be withstood 
without failure during the life of the structure. 

• Serviceability, for example for buildings, where interstory and overall deflections are within 
acceptable limits. The control of deflection and drift is imperative for tall buildings in order to 
limit damage and cracking to nonstructural members such as the facade, internal partitions, 
and ceilings. 

As adopted by most international codes, to satisfy stability and strength limit state requirements, ultimate 
limit state wind speed is used. In many codes, such a speed has a 5% probability of being exceeded in a 
1-year period. 

An additional criterion that requires careful consideration in wind-sensitive structures such as tall 
buildings is the control of accelerations when subjected to wind loads under serviceability conditions. 
Acceptability criteria for vibrations in buildings are frequently expressed in terms of acceleration limits 
for a 1- or 5 -year return period wind speed, and are based on human tolerance to vibration discomfort in 
the upper levels of buildings. Wind response is relatively sensitive to both mass and stiffness, and response 
accelerations can be reduced by increasing either or both of these parameters. However, this is in conflict 
with earthquake design optimization where loads are minimized in buildings by reducing both the mass 
and stiffness. Increasing the damping results in a reduction in both the wind and earthquake responses. 

The detailed procedure described in wind codes is subdivided into static analysis and dynamic analysis 
methods. The static approach is based on a quasi-steady assumption. It assumes that the building is a 
fixed rigid body in the wind. The static method is not appropriate for tall or slender structures or 
structures susceptible to vibration in the wind. In practice, static analysis is normally appropriate for 
structures up to 50 m in height. The subsequently described dynamic method is for exceptionally tall, 
slender, or vibration-prone buildings. The codes not only provide some detailed design guidance with 
respect to dynamic response, but also state specifically that a dynamic analysis must be undertaken to 
determine overall forces on any structure with both a height (or length) to breadth ratio greater than five, 
and a first mode frequency less than one. 

Wind-loading codes may give the impression that wind forces are relatively constant with time. In 
reality, wind forces vary significantly over short time intervals, with large amplitude fluctuations at high- 
frequency intervals. The magnitude and frequency of the fluctuations is dependent on many factors 
associated with the turbulence of the wind and local gusting effects caused by the structure and 
surrounding environment. 

To simplify this complex wind characteristic, most international codes have adopted a simplified 
approach by utilizing a quasi-steady assumption. This approach simply uses a single value equivalent, 
static wind pressure, to represent the maximum peak pressure the structure would experience. 

13.3.3.3 Static Analysis 

This method assumes the quasi-steady approximation. It approximates the peak pressures on the 
building surfaces by the product of gust dynamic wind pressure and the mean pressure coefficients. The 
mean pressure coefficients are measured in a wind-tunnel or full-scale tests and are given by pbar^bar)- 
The implied assumption is that the pressures on the building surface (external and internal) faithfully 
follow the variations in upwind velocity. Thus, it is assumed that a peak value of wind speed is 
accompanied by a peak value of pressure or load on the structure. The quasi-steady model has been 
found to be fairly good for small structures. 



© 2005 by Taylor & Francis Group, LLC 




Vibration and Shock Problems of Civil Engineering Structures 



13-27 



In static analysis, gust wind speed, V z , is used to calculate the forces, pressures, and moments on the 
structure. 

The main advantages and disadvantages of the quasi-steady/peak gust format can be summarized as 
follows: 

• Advantages: 

0 Simplicity. 

0 Continuity with previous practice. 

0 Pressure coefficients should need little adjustment for different upwind terrain types. 

0 Existing meteorological data on wind gusts are used directly. 

• Disadvantages: 

0 The approach is not suitable for very large structures, or for those with significant dynamic 
response. 

0 The response characteristics of the gust anemometers and the natural variability of the peak 
gusts tend to be incorporated into the wind load estimates. 

0 The quasi-steady assumption does not work well for cases where the mean pressure coefficient is 
near zero. 

However, the advantages outweigh the disadvantages — certainly for smaller, stiff structures for which 
the code is mainly intended. 

The philosophy used in specifying the peak loads in AS/NZS 1170.2 has been to approximate the real 
values of the extremes. In many cases, this has required the adjustment of the quasi-steady pressures with 
factors such as area reduction factors and local pressure factors. 

The dynamic wind pressure at height z is given by 

q z = 0.6V 2 z X10~ 3 (13.18) 

where 

V z = the design gust wind speed at height z, in meters per second = VM (zc . il} M z M [ M l 
V = the basic wind speed 

The multiplying factors (M) take into account the type of terrain (M t ), height above ground level (M z ), 
topography, and the importance of the structure (M ; ). The above derivation essentially forms the basis of 
most international codes. 

The mean base overturning moment M bar is determined by summing the moments resulting from the 
net effect of the mean pressure and leeward sides of the structure given by 

F z ^ ^p.e^z A z 

or for structures with discrete elements: 

Pd = (13.19) 

where 

F z = the hourly mean net horizontal force acting on a structure at height z 
C p e = the pressure coefficients for both windward and leeward surfaces 
A, = the area of a structure or a part of a structure, at height z, in square meters 
F a = the hourly mean drag force acting on discrete elements 
Q = the drag force coefficient for an element of the structure 

13.3.4 Along and Across-Wind Loading 

Not only is the wind approaching a building a complex phenomenon, but the flow pattern 
generated around a building is complicated by the distortion of the mean flow, the flow 
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separation, the vortex formation, and the wake 
development. Large wind pressure fluctuations 
due to these effects occur on the surface of a 
building. As a result, large aerodynamic loads 
are imposed on the structural system and 
intense localized fluctuating forces act on the 
facade of such structures. Under the collective 
influence of these fluctuating forces, a building 
vibrates in rectilinear and torsional modes, as 
illustrated in Figure 13.14. The amplitude of 
such oscillations is dependant on the nature of 
aerodynamic forces and the dynamic character- 
istics of the building. 



13.3.4.1 Along-Wind Loading 

The along-wind loading or response of a building 
due to the gusting wind can be assumed to consist 
of a mean component due to the action of the mean wind speed (e.g., the mean hourly wind speed) , and a 
fluctuating component due to wind speed variations from the mean. The fluctuating wind is a random 
mixture of gusts or eddies of various sizes, with the larger eddies occurring less often (i.e., with a lower 
average frequency) than smaller eddies. The natural frequency of vibration of most structures is 
sufficiently higher than the component of the fluctuating load effect imposed by the larger eddies. That is, 
the average frequency with which large gusts occur is usually much less than any of the structure’s natural 
frequencies of vibration and so they do not force the structure to respond dynamically. The loading due 
to those larger gusts (which are sometimes referred to as “background turbulence”) can therefore be 
treated in similar way to that due to the mean wind speed. The smaller eddies, however, because they 
occur more often, may induce the structure to vibrate at or near one of the structure’s natural frequencies 
of vibration. This in turn induces a magnified dynamic load effect in the structure which can be 
significant. 

The separation of wind loading into mean and fluctuating components is the basis of the 
so-called “gust factor” approach, which is the basis of many design codes. The mean load 
component is evaluated from the mean wind speed using pressure and load coefficients. The 
fluctuating loads are determined separately by a method which makes an allowance for the intensity 
of turbulence at the site, size reduction effects, and dynamic amplification (Davenport, 1967; 
Vickery, 1971). 

The dynamic response of buildings in the along-wind direction can be predicted with reasonable 
accuracy by the gust factor approach, provided the wind flow is not significantly affected by the presence 
of neighboring tall buildings or surrounding terrain. 

13.3.4.2 Across-Wind Loading 

There are many examples of slender structures that are susceptible to dynamic motion 
perpendicular to the direction of the wind. Tall chimneys, street lighting standards, towers, and 
cables frequently exhibit this form of oscillation, which can be very significant, especially if the 
structural damping is small. Crosswind excitation of modem tall buildings and structures can be 
divided into three mechanisms (AS/NZS 1170.2, 2002). These and higher time derivatives are 
described as follows: 

1. The most common source of crosswind excitation is that associated with “vortex shedding.” 
Tall buildings are bluff (as opposed to streamlined) bodies that cause the flow to separate from 
the surface of the structure, rather than follow the body contour (Figure 13.15). For a 




FIGURE 13.14 Wind response directions. 
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particular structure, the shed vortices have 
a dominant periodicity that is defined by 
the Strouhal number. Hence, the structure 
is subjected to a periodic pressure loading, 
which results in an alternating crosswind 
force. If the natural frequency of the 
structure coincides with the shedding 
frequency of the vortices, large amplitude 
displacement response may occur, and this 
is often referred to as critical velocity effect. The asymmetric pressure distribution created 
by the vortices around the cross section results in an alternating transverse force as they are 
shed. If the structure is flexible, oscillation will occur transverse to the wind, and the conditions 
for resonance would exist if the vortex shedding frequency coincided with the natural 
frequency of the structure. This situation could give rise to very large oscillations and 
possibly failure. 

In practice, vertical structures are exposed to a turbulent wind in which both the wind 
speed and the turbulence level vary with height, so that excitation due to vortex shedding is 
effectively broadband. Therefore, the term “wake excitation” is used to include all forms of 
excitation associated with the wake and not just those associated with the critical wind velocity. 

2. The “incident turbulence” mechanism refers to the situation where the turbulence properties of 
the natural wind give rise to changing wind speeds and directions that directly induce varying 
lift and drag forces and pitching moments on the structure over a wide band of frequencies. 
The ability of incident turbulence to produce significant contributions to crosswind response 
depends very much on the ability to generate a crosswind (lift) force on the structure as a 
function of longitudinal wind speed and angle of attack. In general, this means that sections 
with a high lift curve slope or pitching moment curve slope, such as a streamlined bridge deck 
section or a flat deck roof, are possible candidates for this effect. 

3. Higher derivatives of crosswind displacement: there are three commonly recognized 
displacement-dependent excitations (i.e., “galloping,” “flutter,” and “lock-in”), all of which 
are also dependent on the effects of turbulence (turbulence affects the wake development, and 
hence, the aerodynamic derivatives). Many formulae are available to calculate these effects 
(Holmes, 2001). Recently, computational fluid dynamics techniques have also been used 
(Tamura, 1999) to evaluate these effects. 




FIGURE 13.15 Vortex formation in the wake of a bluff 
object. 



13.3.5 Wind Tunnel Tests 

There are many situations in which analytical methods cannot be used to estimate certain types of wind 
loads and the associated structural response. For example, when the aerodynamic shape of the building is 
rather uncommon, or the building is very flexible so that its motion affects the aerodynamic forces acting 
on the building. In such situations, more accurate estimates of wind effects on buildings are obtained 
through aeroelastic model tests in a boundary-layer wind tunnel. 

Wind tunnel tests currently being conducted on buildings and other structures can be divided into two 
types. The first is concerned with the determination of wind-loading effects to enable the design of a 
wind-resistant structure. The second is concerned with the flow fields induced around the structure, such 
as its effects on pedestrian comfort and safety at ground level or air intake concentration levels of exhaust 
pollutants. 

Wind tunnel studies involve blowing wind on the subject building model and its surrounding at 
various angles relative to the building orientation, representing the wind directions. This is typically 
achieved by placing the complete model on a rotating platform within the wind tunnel. Once testing is 
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FIGURE 13.16 Wind tunnel test. 



complete for a select direction, the platform is simply rotated by a chosen increment to represent a new 
wind direction. A typical wind tunnel model is illustrated in Figure 13.16. 

The design wind speed is based on meteorological data for the given city or area, which are analyzed to 
produce the required probability distribution of gust wind speeds. By appropriate integration processes 
and the application of necessary scaling factors, directional wind speeds for the wind tunnel can be 
determined. 

Although wind tunnel testing attempts to duplicate a complex problem, the actual models are quite 
simple and are based on the premise that the fundamental mode of displacement for a structure such 
as a tall building can be approximated by a straight line. In general terms, it is not necessary to achieve 
a correct mass density distribution along the building height as long as the mass moment of inertia 
about the pivot point is the same as the prototype density distribution. The pivot point is typically 
chosen to obtain a mode shape which provides the best agreement with the calculated fundamental 
mode shapes of the prototype. Springs are located near the pivot points to achieve the correct 
frequencies of vibrations in the two fundamental sway modes corresponding to the orthogonal 
building axis. An electromagnet or oil dashpot provides the model with a damping corresponding 
to that of the full scale tower. In addition to the stiffness and damping compatibility, it is essential 
that structural length scale, timescale, and the inertial force are the same between the model and the 
full structure. 

Buildings of similar size located in close proximity to the proposed building can cause large increases 
in across-wind responses. Fortunately, in wind tunnel studies, surroundings comprising existing and/or 
future buildings can easily be incorporated with relatively minor costs. 



13.3.6 Comfort Criteria: Human Response to Building Motion 

There are no generally accepted international standards for comfort criteria. A considerable amount of 
research has been carried out into the important physiological and psychological parameters that affect 
human perceptions of motion and vibration in the low-frequency range of 0 to 1 Hz encountered in tall 
buildings. These parameters include the occupant’s expectations and experience, activity, body posture, 
and orientation; visual and acoustic cues; and the amplitude, frequency, and acceleration of both the 
translational and rotational motion to which the occupant is subjected. Table 13.5 gives some guidance 
on the general human perception levels. 
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TABLE 13.5 


Human Perception Levels 




Level 


Acceleration 

(m/sec 2 ) 


Effect 


i 


<0.05 


Humans cannot perceive motion 


2 


0.05 to 0.1 


Sensitive people can perceive motion; hanging objects may move slightly 


3 


0.1 to 0.25 


The majority of people will perceive motion; the level of motion may affect 
desk work; long-term exposure may produce motion sickness 


4 


0.25 to 0.4 


Desk work becomes difficult or almost impossible; ambulation still possible 


5 


0.4 to 0.5 


People strongly perceive motion; it is difficult to walk naturally; standing 
people may lose their balance 


6 


0.5 to 0.6 


Most people cannot tolerate the motion and are unable to walk naturally 


7 


0.6 to 0.7 


People cannot walk or tolerate the motion 


8 


>0.85 


Objects begin to fall and people may be injured 
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FIGURE 13.17 Horizontal acceleration criteria for occupancy comfort in buildings. 



Acceleration limits are a function of the frequency of the vibration felt. Upper limits have been 
recommended for corresponding frequencies of vibration with the relationship suggested by Irwin 
(1978). Peak acceleration limits as suggested by Melbourne (1988) and Chen (1987) have been plotted 
along with the Irwin E2 curve in Figure 13.17. To obtain the peak acceleration, the root-mean-square 
(rms) value can be multiplied by a peak factor. The peak factor is generally between 3 and 4. 

13.3.7 Dampers 

The damping in a mechanical or structural system is a measure of the rate at which the energy of motion 
of the system is dissipated. All real systems have some damping. An example is friction in a bearing. 
Another example is the viscous damping created by the oil within an automotive shock absorber. In many 
systems, damping is not helpful and it has to be overcome by the system input. In the case of wind- 
sensitive structures such as tall buildings, however, it is beneficial, as damping reduces motion, making 
the building feel more stable to its occupants. 

Controlling vibrations by increasing the effective damping can be a cost-effective solution. 
Occasionally, it is the only practical and economical solution. 
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The types of damping systems that can be 
implemented include: 

• Tuned mass damper (TMD; an example is 
given in Figure 13.18) 

• Distributed viscous dampers 

• Tuned liquid column dampers (TLCD), 
also known as liquid column vibration 
absorbers (LCVA) 

• Tuned sloshing water dampers (TSWD) 

• Impact-type dampers 

• Visco-elastic dampers 

• Semiactive dampers 

• Active dampers 



FIGURE 13.18 One of the TMDs designed for the 
skybridge legs of the Petronas Towers by RWDI Inc. 
(12 TMDs were installed, three in each of the four legs). 



While general design philosophy tends to favor 
passive damping systems due to their lower capital 
and maintenance costs, active or semiactive 
dampers may be the ideal solution for certain 
vibration problems. More details about passive 
and active systems to control vibrations are given 
by Soong and Costantinou (1994). 




13.3.8 Comparison with Earthquake Loading 

Extremes of wind loading, which may be as much as three or four times the loading associated with 
the mean result, are possible, and a significant contribution to this extreme is often supplied by the 
resonant component in the turbulence of the wind. Resonance refers to a condition in which the 
periodicity of forcing is identical to that of the structure, with a consequential amplification of 
response that is limited only by the level of damping of the structure. A typical wind contains a wide 
range of frequency components in its turbulence, so it is always possible that the peak response has a 
resonant component. 

Earthquake ground motions are characterized by a series of rather random spikes, with the range of 
frequencies present (i.e., the range of intervals between zero crossings on the ground acceleration 
record) being somewhat narrower than for normal wind turbulence. Structures that are stiff will move 
essentially in unison with the ground motion. For more flexible structures, response is analogous to 
that from a series of impulses, with the dominant frequency in the response being that of the 
structure itself. This frequency, the natural frequency of the structure, is dependent on the mass and 
stiffness of the system. 

Wind loading depends on exposed area; earthquake loading depends on the (hidden) mass of the 
structure. Structures attract wind loadings which increase steadily with the major dimension (height or 
span, say). The earthquake loading experienced by such structures increases much less rapidly, with the 
result that, for high-rise structures, wind loading is almost always the dominant lateral loading. This 
assumes elastic responses for both regimes of loading. 

Wind loading depends on topography and, in urban areas, on the proximity of other buildings. 
Earthquake loading, on the other hand, depends to a marked degree on the foundation materials. It is 
universally observed that buildings founded on soft soils perform much worse than those founded on 
rock. 

The most important differences between wind and earthquake loading are summarized in 
Table 13.6. 
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TABLE 13.6 Main Differences between Wind and Earthquake Loading 



Characteristic 


Wind 


Earthquake 


Source of loading 


External force due to wind pressures 


Applied base motion from 
ground vibration 


Type and duration 
of loading 


Wind storm of several hours duration. 
Loads fluctuate, but are 
predominantly in one direction 


Transient cyclic loads of at most 
a few minutes total duration. 

Loads change repeatedly in direction 


Predictability 


Good statistical basis is 
generally available 


Poor 


Sensitivity of loading to 
return period 


Moderate; + 15% typical for 
X 10 on return period 


High; maximum credible earthquake 
often greatly in excess of “design” values 


Influence of local 
soil conditions 


Little effect on dynamic sensitivity 


Soil conditions can be very important 


Spectral peak input range 


Gust: <0.1 Hz 


Usually 1 to 5 Hz 


Main factors affecting 
building response 


External shape of building or structure. 
Generally only global dynamic 
properties are important. 

Dynamic considerations affect 
only a small fraction of 
building structures 


Response is governed by global dynamic 
properties (fundamental period, 
damping, and mass) 
but plan and vertical regularity of 
structure also important. 

All structures are affected dynamically 


Normal design basis 


Elastic response is required 


Inelastic response is usually permitted, 
but ductility must be provided 


Design of nonstructural 
elements 


Applied loading is concentrated 
on external cladding 


Entire building contents are shaken and 
must be appropriately designed 


Source: Data from Maguire, J.R. and Wyatt, T.A., 1999. Dynamics — 
Thomas Telford, London. 


An Introduction for Civil and Structural Engineers , 


13.4 Vibrations Due to Fluid- Structure Interaction 



The principles of vibration due to fluids such as water are very similar to those of wind action presented 
in the previous section. The fluid flow can significantly affect the vibrational characteristics of a structure. 
The presence of a quiescent fluid decreases the natural frequencies and increases the damping of the 
structure. Similar to wind, a turbulent fluid flow exerts random pressures on a structure, and these 
random pressures induce a random response leading to large structural deformations or failure. More 
details on fluid- structure interaction can be found in text books (e.g., Tiejens and Prandtl, 1957; 
Milne-Thompson, 1968). 

13.4.1 Added Mass and Inertial Coupling 

A real fluid is viscous and compressible. In contrast, a perfect fluid is nonviscous and incompressible. 
Fluid damping is absent in perfect fluids, and therefore, for a structure oscillating in a quiescent perfect 
fluid, the fluid-force component is associated with the fluid inertia called the added mass. This is of 
practical importance when the fluid density is comparable to the density of the structure, because then 
the added mass becomes a significant fraction of the total mass in dynamic motion. Added mass and fluid 
damping associated with single and multiple cylindrical structures are discussed in detail by Chen (1987). 
For example, the added mass for a circular cylinder of radius a and height h is equal to ira 2 h. Added 
masses for different cross-sectional shapes are presented by Milne-Thompson (1968). 

13.4.2 Wave-Induced Vibration of Structure 

This effect is similar to wind; however, the density is very much larger than wind, thus making 
the structural damping less effective. Therefore, it is essential to ensure that resonance does not occur. 
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The fluid forces which act in line with the 
direction of wave propagation (Figure 13.19) can 
be found using a generalized form of Morrison’s 
equation comprising both drag (proportional to 
area times velocity squared) and inertia forces 
(proportional to immersed volume times accel- 
eration). More details can be found in Muga and 
Wilson (1970). 

Flexible structures will resonate with the wave if 
the structural natural period equals the wave 
period or a harmonic of the wave period. Since 
the wave frequencies of importance are ordinarily 
less than 0.2 Hz, such a resonance occurs only for 

exceptionally flexible structures such as offshore platforms. The amplitude of structural response at 
resonance is a balance between the wave force and the structural stiffness times the damping. 

The above discussion considers only the in-line forces. These in-line forces produce an in-line 
response. However, substantial transverse vibrations also occur for ocean flows around circular cylinders. 
These vibrations are associated with periodic vortex shedding, which was discussed under wind-induced 
vibration. 



FIGURE 13.19 

to ocean waves. 



A circular cylindrical structure exposed 



13.5 Blast Loading and Blast Effects on Structures 

The use of vehicle bombs to attack city centers has been a feature of campaigns by terrorist organizations 
around the world. A bomb explosion within or very near a building can have catastrophic effects, 
destroying or severely damaging portions of the building’s external and internal structural frames, 
collapsing walls, blowing out large expanses of windows, and shutting down critical life-safety systems, 
such as fire detection and suppression, ventilation, light, water, sewage, and power systems. Loss of life 
and injuries to occupants can result from many causes, including direct blast effects, structural collapse, 
debris impact, fire, and smoke. The indirect effects can combine to inhibit or prevent timely evacuation, 
thereby contributing to additional casualties. In addition, major catastrophes resulting from gas- 
chemical explosions or nuclear leakage result in large dynamic loads, greater than the original design 
loads, of many structures. Owing to the threat of such extreme loading conditions, efforts have been 
made during the past three decades to develop methods of structural analysis and design to resist blast 
loads. The analysis and design of structures subjected to blast loads requires a detailed understanding of 
blast phenomena and the dynamic response of various structural elements. 

13.5.1 Explosions and Blast Phenomenon 

An explosion is defined as a large-scale, rapid, and sudden release of energy. Explosions can be 
categorized on the basis of their nature as physical, nuclear, or chemical events. In physical explosions, 
energy may be released from the catastrophic failure of a cylinder of compressed gas, volcanic eruptions, 
or even the mixing of two liquids at different temperatures. In a nuclear explosion, energy is released 
from the formation of different atomic nuclei by the redistribution of the protons and neutrons within 
the interacting nuclei; whereas the rapid oxidation of fuel elements (carbon and hydrogen atoms) is the 
main source of energy in the case of chemical explosions. 

Explosive materials can be classified according to their physical state as solids, liquids, or gases. Solid 
explosives are mainly high explosives, for which blast effects are best known. They can also be classified 
on the basis of their sensitivity to ignition as secondary or primary explosive. The latter is one that can be 
easily detonated by simple ignition from a spark, flame, or impact. Materials such as mercury fulminate 
and lead azide are primary explosives. Secondary explosives detonate creating blast (shock) waves, which 
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FIGURE 13.20 Blast wave propagation. 

result in damage to the surroundings. Examples 
include trinitrotoluene (TNT) and ammonium 
nitrate and fuel oil (ANFO). 

The detonation of a condensed high explosive 
generates hot gases under pressure of up to 
300 kbar and a temperature of about 3000 to 
4000°C. The hot gas expands, forcing out the 
volume it occupies. As a consequence, a layer of 
compressed air (blast wave) forms in front of this 
gas volume, containing most of the energy released 
by the explosion. The blast wave instantaneously 
increases to a value of pressure above the ambient 
atmospheric pressure. This is referred to as the 
side-on overpressure, and decays as the shock wave 
expands outward from the explosion source. After 
a short time, the pressure behind the front may drop below the ambient pressure (see Figure 13.20 and 
Figure 13.21). During such a negative phase, a partial vacuum is created and air is sucked in. This is also 
accompanied by high suction winds that carry the debris for long distances away from the explosion 
source. 

13.5.2 Explosive Air-Blast Loading 

The threat for a conventional bomb is defined by two equally important elements, the bomb size, or 
charge weight, W, and the standoff distance, R, between the blast source and the target (Figure 13.22). 
For example, the blast that occurred at the basement of the World Trade Center in 1993 had the charge 
weight of 816.5 kg TNT. The Oklahoma City bomb in 1995 had a charge weight of 1814 kg at a stand off 
of 4.5 m (Longinow and Mniszewski, 1996). As terrorist attacks may range from a small letter bomb to a 
gigantic truck bomb, as experienced in Oklahoma City, the mechanics of a conventional explosion and 
their effects on the target must be addressed. 

The observed characteristics of air-blast waves are found to be affected by the physical properties of the 
explosion source. Figure 13.21 shows a typical blast pressure profile. At an arrival time of t A after the 
explosion, pressure at that position suddenly increases to a peak value of overpressure, P so , over the 
ambient pressure, P 0 . The pressure then decays to the ambient pressure at time t d until it reaches a partial 
vacuum of peak underpressure P~ a , and eventually returns to the ambient pressure at time t d + t d . The 
quantity P so is usually referred to as the peak side-on overpressure, incident peak overpressure, or merely 
the peak overpressure (TM 5-1300, 1990). 




FIGURE 13.21 Blast wave pressure — time history. 
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The incident peak overpressure, P so , is amplified by a reflection factor as the shock wave encounters an 
object or structure in its path. Except for the specific focusing of high-intensity shock waves at near 45° 
incidence, these reflection factors are typically greatest for normal incidence (a surface adjacent and 
perpendicular to the source) and diminish with the angle of obliquity or angular position relative to the 
source. Reflection factors depend on the intensity of the shock wave. For large explosions at normal 
incidence these reflection factors may enhance the incident pressures by as much as an order of 
magnitude. 

Throughout the pressure -time profile, two main phases can be observed; the portion above ambient 
pressure is called positive phase of duration t A , while that below ambient is called negative phase of 
duration, t A . The negative phase is of a longer duration and a lower intensity than the positive duration. 
The duration of the positive-phase blast wave increases with range, resulting in a lower amplitude, longer 
duration shock pulse the further a target structure is situated from the burst. Charges situated extremely 
close to a target structure impose a highly impulsive, high-intensity pressure load over a localized region 
of the structure; charges situated further away produce a lower-intensity, longer-duration uniform 
pressure distribution over the entire structure. Eventually, the entire structure is engulfed in the shock 
wave, with reflection and diffraction effects creating focusing and shadow zones in a complex pattern 
around the structure. During the negative phase, the weakened structure may be subjected to impact by 
debris that may cause additional damage. 

If the exterior building walls are capable of resisting the blast load, the shock front penetrates 
through window and door openings, subjecting the floors, ceilings, walls, contents, and people within to 
sudden pressures and fragments from shattered windows, doors, and other fixtures. Building 
components not capable of resisting the blast wave will fracture and be further fragmented and 
moved by the dynamic pressure that immediately follows the shock front. Building contents and people 
will be displaced and tumbled in the direction of blast wave propagation. In this manner the blast will 
propagate through the building. 

13.5.2.1 Blast Wave Scaling Laws 

All blast parameters are primarily dependent on the amount of energy released by a detonation in the 
form of a blast wave and the distance from the explosion. A universal normalized description of the 
blast effects can be given by scaling distance relative to ( E/P 0 ) 1/3 , and pressure relative to P 0 , where E is 
the energy release (kj) and P 0 the ambient pressure (typically 100 kN/m 2 ). For convenience, however, 
it is general practice to express the basic explosive input or charge weight W as an equivalent mass of 
TNT. Results are then given as a function of the dimensional distance parameter (scaled distance) 
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Z = R/W l/> , where R is the actual effective distance from the explosion. W is generally expressed in 
kilograms. Scaling laws provide parametric correlations between a particular explosion and a standard 
charge of the same substance. 



13.5.2.2 Prediction of Blast Pressure 



Blast wave parameters for conventional high-explosive materials have been the focus of a number of 
studies during the 1950s and 1960s. Estimations of peak overpressure due to a spherical blast based on the 
scaled distance Z = RJW ll} were introduced by Brode (1955) as 



P so = ^ + 1 bar (P so > 10 bar) 

0.975 1.455 5.85 

P so = + ~^2 + “ °' 019 barf 0 - 1 bar < P so < 10 bar) 



(13.20) 



Newmark and Hansen (1961) introduced a relationship to calculate the maximum blast overpressure, 
P so , in bars, for a high-explosive charge detonated at the ground surface as 



P„, = 6784- 



W 




(13.21) 



Another expression of the peak overpressure in kPa was introduced by Mills (1987), in which W is 
expressed as the equivalent charge weight in kg of TNT, and Z is the scaled distance 



1772 _ 114 108 

"Z 5 ” ~ ^ + ~Z~ 



(13.22) 



As the blast wave propagates through the atmosphere, the air behind the shock front is moving outward 
at a lower velocity. The velocity of the air particles, and hence the wind pressure, depends on the peak 
overpressure of the blast wave. This later velocity of the air is associated with the dynamic pressure, q(t). 
The maximum value, q s , say, is given by 

q s = 5P 2 J2 (P so + 7P 0 ) (13.23) 



If the blast wave encounters an obstacle perpendicular to the direction of propagation, reflection 
increases the overpressure to a maximum reflected pressure P r as 



P, 




7Pp + 4P S0 
7Po + Pso 



} 



(13.24) 



A full discussion and extensive charts for predicting blast pressures and blast durations are given by TM 
5-1300 (1990) and Mays and Smith (1995). Some representative numerical values of peak-reflected 
overpressure are given in Table 13.7. 



TABLE 13.7 Peak-Reflected Overpressures P r (in MPa) with Different W-R Combinations 



R (m) 






W 






100 kg TNT 


500 kg TNT 




1000 kg TNT 


2000 kg TNT 


1 


165.8 


354.5 




464.5 


602.9 


2.5 


34.2 


89.4 




130.8 


188.4 


5 


6.65 


24.8 




39.5 


60.19 


10 


0.85 


4.25 




8.15 


14.7 


15 


0.27 


1.25 




2.53 


5.01 


20 


0.14 


0.54 




1.06 


2.13 


25 


0.09 


0.29 




0.55 


1.08 


30 


0.06 


0.19 




0.33 


0.63 
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For design purposes, reflected overpressure can be idealized by an equivalent triangular pulse of 
maximum peak pressure P r and time duration f d , which yields the reflected impulse j r : 

i< = \p r t d (13.25) 

The reflection effect dissipates as the perturbation propagates to the edges of the obstacle at a velocity 
related to the speed of sound (U s ) in the compressed and heated air behind the wave front. Denoting the 
maximum distance from an edge as S (for example, the lesser of the height or half the width of a 
conventional building), the additional pressure due to reflection is considered to reduce from P r — P so to 
0 in time 3S/U s . Conservatively, U s can be taken as the normal speed of sound, about 340 m/s ec, and the 
additional impulse to the structure evaluated on the assumption of a linear decay. 

After the blast wave has passed the rear corner of a prismatic obstacle, the pressure similarly propagates 
on to the rear face; linear build-up over duration 5 S/U s has been suggested. For skeletal structures, the 
effective duration of the net overpressure load is thus small, and the drag loading based on the dynamic 
pressure is then likely to be dominant. Conventional wind-loading pressure coefficients may be used, 
with the conservative assumption of instantaneous build-up when the wave passes the plane of the 
relevant face of the building, the loads on the front and rear faces being numerically cumulative for the 
overall load effect on the structure. Various formulations have been put forward for the rate of decay of 
the dynamic pressure loading; a parabolic decay (i.e., corresponding to a linear decay of equivalent wind 
velocity) over a time equal to the total duration of positive overpressure is a practical approximation. 

13.5.3 Gas Explosion Loading and Effect of Internal Explosions 

In the circumstances of a progressive build-up of fuel in a low-turbulence environment, typical of 
domestic gas explosions, flame propagation on ignition is slow and the resulting pressure pulse is 
correspondingly extended. The specific energy of combustion of a hydrocarbon fuel is very high 
(46,000 kj/kg for propane, compared with 4520 kj/kg for TNT) but widely differing effects are possible 
according to the conditions at ignition. 

Internal explosions often produce complex pressure loading profiles as a consequence of having two 
loading phases. The first results from the blast overpressure reflection and, due to the confinement 
provided by the structure, re-reflection will occur. Depending on the degree of confinement of the 
structure, the confined effects of the resulting pressures may cause different degrees of damage to the 
structure. On the basis of the confinement effect, target structures can be described as either vented or 
unvented. The latter must be stronger to resist a specific explosion yield than a vented structure where 
some of the explosion energy would be dissipated by the breaking of window glass or fragile partitions. 

Generally, venting following the failure of windows (typically at 7 kN/m 2 ) greatly reduces the peak 
values of internal pressures. A study of this problem at the Building Research Establishment (Ellis and 
Crowhurst, 1991) showed that an explosion fuelled by a 200 ml aerosol canister in a typical domestic 
room produced a peak pressure of 9 kN/m 2 with a pulse duration over 0. 1 sec. This is long by comparison 
with the natural frequency of wall panels in conventional building construction, and a quasi-static design 
pressure is commonly advocated. Much higher pressures with a shorter timescale are generated in 
turbulent conditions. Suitable conditions arise in buildings in multiroom explosions on the passage of 
the blast through doorways, but can also be created by obstacles closer to the release of the gas. These may 
be presumed to occur on a release of gas due to a failure of industrial pressure vessels or pipelines. 

13.5.4 Structural Response to Blast Loading 

Complexity in analyzing the dynamic response of blast-loaded structures involves the effect of high 
strain-rates, nonlinear inelastic material behavior, uncertainties of blast-load calculations, and time- 
dependent deformations. Therefore, to simplify the analysis, a number of assumptions related to the 
response of structures and loads have been proposed and widely accepted. To establish the principles of 
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this analysis, the structure is idealized as an single-DoF system and the link between the positive duration 
of the blast load and the natural period of vibration of the structure is established. This leads to blast-load 
idealization and simplifies the classification of the blast-loading regimes. 

13.5.4.1 Elastic Single-Degree-of-Freedom Systems 

The simplest discretization of transient problems is by means of the single-DoF approach. The actual 
structure can be replaced by an equivalent system of one concentrated mass and one weightless spring, 
representing the resistance of the structure against deformation. Such an idealized system is illustrated in 
Figure 13.23. The structural mass, M, is under the effect of an external force, F(t), and the structural 
resistance, R, is expressed in terms of the vertical displacement, y, and the spring constant, K. 

The blast load can also be idealized as a triangular pulse having a peak force F m and positive-phase 
duration t d (see Figure 13.23). The forcing function is given as 

m = Fm( 1-f) (13.26) 

The blast impulse is approximated as the area under the force-time curve, and is given by 

I = i F m t d (13.27) 



The equation of motion of the undamped elastic single-DoF system for a time ranging from 0 to the 
positive-phase duration, t d , is given by Biggs (1964) as 

My+Ky = F m ( 1 - (13.28) 



The general solution can be expressed as 

, F m jF m / sin cot 

Displacement y(t) = — (1 — cos cot) H 1 — 

K Ktfi \ co 

, . dy F m [ 1 1 

Velocity y(t) = — - = — co sin cot H (cos cot — 1) 

at K l t d J 

in which co is the natural circular frequency of vibration of the structure and T 
vibration of the structure given as 



') 

(13.29) 

is the natural period of 



co = 




(13.30) 



The maximum response is defined by the maximum dynamic deflection y m , which occurs at time t m . The 
maximum dynamic deflection y m can be evaluated by setting dy/dt in Equation 13.29 equal to zero, that 
is, when the structural velocity is zero. The dynamic load factor (DLF) is defined as the ratio of the 
maximum dynamic deflection y m to the static deflection y st which would have resulted from the static 




FIGURE 13.23 (a) Single-DoF system and (b) blast loading. 
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application of the peak load F m , as follows: 

DLF = ^ = pH = lHojtd) = J f A\ ( 13.31) 

y s t fjk \t ) 

The structural response to blast loading is significantly influenced by the ratio f d /T or cot d (f d /T = 
tof d /2ir). Three loading regimes are categorized as follows: 

1. cot A < 0.4: impulsive loading regime 

2. cot d < 0.4: quasi-static loading regime 

3. 0.4 < a>t d < 40: dynamic loading regime 

13.5.4.2 Elasto-Plastic Single-Degree-of-Freedom Systems 

Structural elements are expected to undergo 
large inelastic deformation under a blast load or 
high-velocity impact. The exact analysis of 
dynamic response is then only possible by a 
step-by-step numerical solution requiring non- 
linear dynamic finite-element software. However, 
the degree of uncertainty in both the determi- 
nation of the loading, and the interpretation of 
acceptability of the resulting deformation, is 
such that the solution of a postulated equivalent 
ideal elasto-plastic single-DoF system (Biggs, 1964) is commonly used. Interpretation is based on 
the required ductility factor p = y m /y e (Figure 13.24). 

For example, a uniform simply supported beam has first mode shape (/Ax) = sin ttx/L and the 
equivalent mass is M = (1/2 )mL, where L is the span of the beam and m is mass per unit length. 
The equivalent force corresponding to a uniformly distributed load of intensity p is F = (2hr)pL. The 
response of the ideal bilinear elasto-plastic system can be evaluated in closed form for the triangular load 
pulse comprising rapid rise and linear decay, with maximum value F m and duration f d . The result for the 
maximum displacement is generally presented in chart form (TM 5-1300) as a family of curves for 
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FIGURE 13.24 Simplified resistance function of an 
elasto-plastic single-DoF system. 



FIGURE 13.25 Maximum response of an elasto-plastic single-DoF system to a triangular load (TM 5-1300). 
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selected values of RJF m showing the required ductility /i as a function of t A IT, in which R u is the 
structural resistance of the beam and T is the natural period (Figure 13.25). 

13.5.5 Material Behaviors at High Strain Rate 

Blast loads typically produce very high strain-rates in the range of 100 to 10,000 sec -1 . This high 
straining (loading) rate would alter the dynamic mechanical properties of target structures and, 
accordingly, the expected damage mechanisms for various structural elements. For reinforced concrete 
structures subjected to blast effects, the strength of concrete and steel reinforcing bars can increase 
significantly due to the strain-rate effect. Figure 13.26 shows approximate ranges of the expected strain 
rates for different loading conditions. It can be seen that the ordinary static strain rate is located in the 
range of 10 -6 to 10 -5 sec -1 , while blast pressures normally yield loads associated with strain rates in the 
range of 100 to 10,000 sec. 

13.5.5.1 Dynamic Properties of Concrete under High Strain Rates 

The mechanical properties of concrete under dynamic loading conditions can be quite different from that 
under static loads. While the dynamic stiffness does not change very much compared with the static 
stiffness, the stresses that are sustained for a certain period under dynamic conditions may gain values 
that are remarkably higher than the static compressive strength (Figure 13.27). Strength magnification 
factors as high as four in compression and up to six in tension for strain rates in the range of 100 to 
1000 sec -1 have been reported (Grote et al, 2001). 
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FIGURE 13.26 Strain rates associated with different types of loading. 




FIGURE 13.27 Stress-strain curves of concrete at different strain rates. ( Source : Data from Ngo,T. et al., Proc. 18th 
Australasian Conf. on Mechanics of Structures and Materials, Perth, Australia. With permission.) 
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For the increase in peak compressive stress (/'), 
a dynamic increase factor (DIF) is introduced in 
the Comite Euro-International du Beton (CEB- 
FIP; 1990) model (Figure 13.28) for strain-rate 
enhancement of concrete as follows: 

1 . 026 a 

for e < 30 sec -1 (13.32) 

(13.33) 

where 

e = strain rate 

e s = 30 X 10 -6 sec -1 (quasi-static strain rate) 
log y = 6.156a — 2 
a = 1/(5 + 9 fjfco) 
f co = 10 MPa = 1450 psi 

13.5.5.2 Dynamic Properties of Reinforcing Steel under High Strain Rates 

Owing to the isotropic properties of metallic materials, their elastic and inelastic response to dynamic 
loading can easily be monitored and assessed. Norris et al. (1959) tested steel with two different static 
yield strengths (330 and 278 MPa) under tension at strain rates ranging from 10 -5 to 0.1 sec -1 . Strength 
increases of 9-21% and 10-23% were observed for the two steel types, respectively. Dowling and 
Harding ( 1967) conducted tensile experiments using the tensile version of the Split Hopkinton’s Pressure 
Bar (SHPB) on mild steel using strain rates varying between 10 3 and 2000 sec - \ It was concluded from 
this test series that materials of body-centered cubic (BCC) structure (such as mild steel) showed the 
greatest strain rate sensitivity, the lower yield tensile strength of mild steel was almost doubled, the 
ultimate tensile stress was increased by about 50%, the upper yield tensile strength considerably 
increased, and the ultimate tensile strain decreased by different percentages, depending on the strain rate. 

Malvar (1998) also studied the strength enhancement of steel reinforcing bars under the effect of high 
strain rates. This was described in terms of the DIF, which can be evaluated for different steel grades and 
for yield stresses, / y , ranging from 290 to 710 MPa as 

DIF = (if4 

where for calculating yield stress a = a^, 

Ufy = 0.074 - 0.04(/ y /414) 
and for ultimate stress calculation a = a fu 

a fu = 0.019 - 0.009 (/ y /414) 



(13.34) 

(13.35) 

(13.36) 






1/3 



DIF = yl — ) for s > 30 sec 
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FIGURE 13.28 Dynamic increase factor for peak stress 
of concrete (CEB-FIP model). 



13.5.6 Failure Modes of Blast-Loaded Structures 

Blast-loading effects on structural members may produce both local and global responses associated 
with different failure modes. The type of structural response depends mainly on the loading rate, the 
orientation of the target with respect to the direction of the blast wave propagation, and boundary 
conditions. The general failure modes associated with blast loading can be flexure, direct shear, or 
punching shear. Local responses are characterized by localized breaching and spalling, and generally 
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result from the close-in effects of explosions, while global responses are typically manifested as 
flexural failure. 

13.5.6.1 Global Structural Behavior 

The global response of structural elements is generally a consequence of transverse (out of plane) loads 
with long exposure time (quasi-static loading), and is usually associated with global membrane 
(bending) and shear responses. Therefore, the global response of above-ground reinforced concrete 
structures subjected to blast loading is referred to as membrane/bending failure. 

The second global failure mode to be considered is shear failure. It has been found that under the effect 
of both static and dynamic loads, four types of shear failure can be identified: diagonal tension, diagonal 
compression, punching shear, and direct (dynamic) shear (Woodson, 1993). The first two types are 
common in reinforced concrete elements under static loads, while punching shear is associated with local 
shear failure; for example, the familiar case is column punching through flat slabs. These shear response 
mechanisms have relatively minor structural effect in case of blast loading and can be neglected. The 
fourth type of shear failure is direct (dynamic) shear. This failure mode is primarily associated with 
transient short duration dynamic loads that result from blast effects, and it depends mainly on the 
intensity of the pressure waves. The associated shear force is many times higher than the shear force 
associated with flexural failure modes. The high shear stresses may lead to a direct global shear failure and 
it may occur very early (within a few milliseconds of shock wave arrival to the facing structure’s surface) 
even prior to any significant bending deformations. 

13.5.6.2 Localized Structural Behavior 

The close-in effect of an explosion may cause localized shear or flexural failure in the closest 
structural elements. This depends mainly on the distance between the explosion center and the target, 
and the relative strength/ductility of the structural elements. The localized shear failure takes the form 
of localized punching and spalling, which produces low and high-speed fragments. The punching 
effect is frequently referred to as breaching, which is well known in high-velocity impact applications 
and in the case of explosions close to the surface of structural members. Breaching failures are 
typically accompanied by spalling and scabbing of concrete covers, as well as fragments and debris 
(Figure 13.29). 




FIGURE 13.29 Breaching failure due to a close-in explosion of 6000 kg TNT equivalent (photograph by 
Tuan Ngo). 
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Pressure P s (kPa) 

FIGURE 13.30 Typical pressure-impulse ( P-1 ) diagram. 



13.5.6.3 Pressure-Impulse ( P-I ) Diagrams 

The P-I diagram is an easy way to mathematically relate a specific damage level to a combination of 
blast pressures and the corresponding impulses for a particular structural element. An example P-I 
diagram is given in Figure 13.30. This figure shows the levels of damage of a structural member, in 
which region (I) corresponds to severe structural damage and region (II) refers to no or minor damage. 
There are other P-I diagrams that are concerned with human responses to blasts, in which three 
categories of blast-induced injury are identified as primary, secondary, and tertiary injury (Baker et al., 
1983). 

13.5.7 Blast Wave -Structure Interaction 

The structural behavior of an object or structure exposed to such a wave may be analyzed by dealing with 
two main issues. Firstly, blast-loading effects, that is, forces that result from the action of the blast 
pressure; secondly, the structural response, or the expected damage criteria associated with such loading 
effects. It is important to consider the interaction of the blast waves with target structures. This might be 
quite complicated in the case of complex structural configurations. However, it is possible to consider 
some equivalent simplified geometry. Accordingly, in analyzing the dynamic response to blast loading, 
two types of target structures can be considered: diffraction-type and drag-type structures. As these 
names imply, the former would be affected mainly by diffraction (engulfing) loading and the latter by 
drag loading. It should be emphasized that actual buildings will respond to both types of loading and the 
distinction is made primarily to simplify the analysis. The structural response will depend upon the size, 
shape, and weight of the target, how firmly it is attached to the ground, and also on the existence of 
openings in each face of the structure. 

13.5.8 Effect of Ground Shocks 

Above ground or shallow-buried structures can be subjected to ground shock resulting from the 
detonation of explosive charges that are on, or close to, the ground surface. The energy imparted to the 
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ground by the explosion is the main source of ground shock. A part of this energy is directly transmitted 
through the ground as direct-induced ground shock, while part is transmitted through the air as air- 
induced ground shock. Air- induced ground shock results when the air-blast wave compresses the ground 
surface and sends a stress pulse into the ground underlayers. Generally, motion due to air-induced 
ground shock is maximum at the ground surface and attenuates with depth (TM 5-1300, 1990). 
The direct-induced shock results from the direct transmission of explosive energy through the ground. 
For a point of interest on the ground surface, the net experienced ground shock results from a 
combination of both the air-induced and direct-induced shocks. 



13.5.8.1 Loads from Air-Induced Ground Shock 

To overcome complications of predicting actual ground motion, one-dimensional wave propagation 
theory has been employed to quantify the maximum displacement, velocity, and acceleration in terms of 
the already known blast wave parameters (TM 5-1300). The maximum vertical velocity at the ground 
surface, V y , is expressed in terms of the peak incident overpressure, P so , as 

V v =^~ (13.37) 

pc p 



where p and C p are, respectively, the mass density and the wave seismic velocity in the soil. 

By integrating the vertical velocity in Equation 13.37 with time, the maximum vertical displacement at 
the ground surface, D v , can be obtained as 



lOOOpCp 



(13.38) 



Accounting for the depth of soil layers, an empirical formula is given by TM 5-1300 to estimate the 
vertical displacement in meters so that 

D v = 0.09W m (H/50f 6 (P so ) 213 (13.39) 

where W is the explosion yield in 10 9 kg and H is the depth of the soil layer in meters. 



13.5.8.2 Loads from Direct Ground Shock 



As a result of the direct transmission of the explosion energy, the ground surface experiences 
vertical and horizontal motions. Some empirical equations were derived (TM 5-1300) to predict 
the direct-induced ground motions in three different ground media; dry soil, saturated soil, and rock 
media. The peak vertical displacement in m/sec at the ground surface for rock, b) Vmk and dry soil, D Vsoil 
are given as 



_ 0.25 R l,3 W 113 

^ AkI; 1 /3 

_ 0.17k 1/3 W 1/3 
^ A.i Z 2 ' 3 



(13.40) 

(13.41) 



The maximum vertical acceleration, A v , in m/sec 2 for all ground media is given by 

_ 1000 

Av ^ w m z 2 



(13.42) 



13.5.9 Technical Design Manuals for Blast-Resistant Design 

This section summarizes applicable military design manuals and computational approaches to predicting 
blast loads and the responses of structural systems. Although the majority of these design guidelines were 
focused on military applications, this knowledge is relevant for civil design practice. 
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Structures to Resist the Effects of Accidental Explosions, TM 5-1300 ( U.S. Departments of the Army, Navy, 
and Air Force, 1990): This manual appears to be the most widely used publication by both military and 
civilian organizations for designing structures to prevent the propagation of explosion, and to provide 
protection for personnel and valuable equipment. It includes step-by-step analysis and design 
procedures, including information on such items as (1) blast, fragment, and shock-loading; (2) principles 
of dynamic analysis; (3) reinforced and structural steel design; and (4) a number of special design 
considerations, including information on tolerances and fragility, as well as shock isolation. Guidance is 
provided for the selection and design of security windows, doors, utility openings, and other components 
that must resist blast and forced-entry effects. 

A Manual for the Prediction of Blast and Fragment Loadings on Structures, DOE/TIC-11268 {U.S. 
Department of Energy, 1992): This manual provides guidance to the designers of facilities subject to 
accidental explosions and aids in the assessment of the explosion-resistant capabilities of existing 
buildings. 

Protective Construction Design Manual, ESL-TR-87-57 ( Air Force Engineering and Services Center, 
1989): This manual provides procedures for the analysis and design of protective structures exposed to 
the effects of conventional (nonnuclear) weapons, and is intended for use by engineers with a basic 
knowledge of weapons effects, structural dynamics, and hardened protective structures. 

Fundamentals of Protective Design for Conventional Weapons, TM 5-855-1 {U.S. Department of the 
Army, 1986): This manual provides procedures for the design and analysis of protective structures 
subjected to the effects of conventional weapons. It is intended for use by engineers involved in designing 
hardened facilities. 

The Design and Analysis of Hardened Structures to Conventional Weapons Effects {DAHS CWE, 1998): 
This new joint services manual, written by a team of more than 200 experts in conventional weapons and 
protective structures engineering, supersedes U.S. Department of the Army TM 5-855-1, Fundamentals 
of Protective Design for Conventional Weapons (1986), and Air Force Engineering and Services Centre 
ESL-TR-87-57, Protective Construction Design Manual (1989). 

Structural Design for Physical Security — State of the Practice Report (Conrath et al., 1995): This report 
is intended to be a comprehensive guide for civilian designers and planners who wish to incorporate 
physical security considerations into their designs or building retrofit efforts. 



13.5.10 Computer Programs for Blast and Shock Effects 

Computational methods in the area of blast effects mitigation are generally divided into those used for 
the prediction of blast loads on the structure and those for the calculation of structural responses to the 
loads. Computational programs for blast prediction and structural response use both first-principle and 
semiempirical methods. Programs using the first-principle method can be categorized into uncouple and 
couple analyses. The uncouple analysis calculates blast loads as if the structure (and its components) were 
rigid, and then applies these loads to a responding model of the structure. The shortcoming of this 
procedure is that, when the blast field is obtained with a rigid model of the structure, the loads on the 
structure are often overpredicted, particularly if significant motion or the failure of the structure occurs 
during the loading period. 

For a coupled analysis, the blast simulation module is linked with the structural response module. In 
this type of analysis, the computational fluid mechanics (CFD) model for blast-load prediction is solved 
simultaneously with the computational solid mechanics (CSM) model for structural response. By 
accounting for the motion of the structure while the blast calculation proceeds, the pressures that arise 
due to the motion and failure of the structure can be predicted more accurately. Examples of this type of 
computer software are AUTODYN, DYNA3D, LS-DYNA, and ABAQUS. Table 13.8 provides a listing of 
computer programs that are currently being used to model blast effects on structures. 

Prediction of the blast-induced pressure field on a structure and its response involves highly nonlinear 
behavior. Computational methods for blast-response prediction must therefore be validated by 
comparing calculations to experiments. Considerable skill is required to evaluate the output of the 
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TABLE 13.8 Examples of Computer Programs Used to Simulate Blast Effects and Structural Response 
Name Purpose and Type of Analysis Author/Vendor 



BLASTX 


Blast prediction, CFD a 


CTH 


Blast prediction, CFD 


FEFLO 


Blast prediction, CFD 


FOIL 


Blast prediction, CFD 


SHARC 


Blast prediction, CFD 


DYNA3D 


Structural response, CFD (coupled analysis) 


ALE3D 


Coupled analysis 


LS-DYNA 


Structural response, CFD (coupled analysis) 


Air3D 


Blast prediction, CFD 


CONWEP 


Blast prediction (empirical) 


AUTODYN 


Structural response, CFD (coupled analysis) 


ABAQUS 


Structural response, CFD (coupled analysis) 



SAIC 

Sandia National Laboratories 
SAIC 

Applied Research Associates, Waterways Experiment Station 
Applied Research Associates, Inc. 

Lawrence Livermore National Laboratory (LLNL) 

Lawrence Livermore National Laboratory (LLNL) 

Livermore Software Technology Corporation (LSTC) 

Royal Military Science College, Cranfield University 
U.S. Army Waterways Experiment Station 
Century Dynamics 
ABAQUS Inc. 



a CFD, computational fluid mechanics. 



computer software, both as to its correctness and its appropriateness to the situation modeled; without 
such judgment, it is possible through a combination of modeling errors and poor interpretation to 
obtain erroneous or meaningless results. Therefore, successful computational modeling of specific blast 
scenarios by engineers unfamiliar with these programs is difficult, if not impossible. 



13.6 Impact Loading 

Impact effects on structures arise over a very broad range of circumstances, from high-velocity missiles or 
aircraft impact to high-mass ship or vehicle collisions. The requirement may be for the structure to 
withstand the impact without serious damage, or major inelastic deformation may be permitted. 

13.6.1 Structural Impact between Two Bodies — Hard Impact 
and Soft Impact 

Impact loads differ from blast loads in duration, and they are applied to a localized area. Blast loads 
propagate as a wave front, while an impact load is caused by the force resulting from the collision between 
a moving object and a structure. Impact loading can be classified as either hard or soft, depending upon 
the relative characteristics of the impactor and the target structure. Impulsive loading can be considered 
to be a special case of soft impact. Soft impact occurs when the impactor deforms substantially with 
respect to a hard structure, and a portion of the impactor’s kinetic energy is absorbed by the impactor’s 
plastic deformation. For hard impact, the striking object is rigid and the kinetic energy is transmitted to 
the target and absorbed by deformation and damage in the structure. 

Impact problems essentially involve all three fundamental conservation laws: conservation of mass, 
conservation of momentum, and conservation of energy. These three laws are outlined in the following 
equations (Zukas, 1990), respectively 





J p dV = const 


(13.43) 




F = m dv/df 


(13.44) 


where 

p = material density 
V = volume 
F = force 


X £ ' +X ^ 2 = + 'L\p v ( + W 


(13.45) 
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m = mass 
v = velocity 

E = stored internal energy 
W = work 

i, f = initial and final states 

Upon impact, stresses and strains are induced in the target material. The layers of particles in the target 
are compressed upon contact, creating compressive stress. When the compression stress between two 
layers is equal to the applied pressure, compression supports the entire pressure. Through this process, 
stress waves are developed similar to the shock waves generated by blast loading. The stress waves 
propagate throughout the material at a speed inherent to that material and reflect multiple times as 
interfaces are reached. 

Various types of stress waves are developed, depending on the energy imparted into the target. 
The impact velocity determines the strain rate, mode of response, and the type of impact damage 
(Zukas et al., 1982). If the impact is below a certain level, only elastic stress waves are generated. Higher 
velocity impacts create inelastic stress waves. Historically, impact has been considered a localized 
phenomenon that may cause plastic deformation and/or failure of the target and/or the impactor. During 
an impact event, some or all of the kinetic energy of the impactor is transferred to the target. This process 
is a function of the wave propagation in the target, the impactor’s deformation of the target upon contact, 
and the contact velocity. Because the impact has been considered to be localized, the local behavior 
deformation and penetration has been the prime consideration. 

Impact causes elastic and plastic stress waves, and propagation through the structural thickness can 
cause failure by spalling. Such effects usually occur within microseconds of the impact, and may be 
referred to as the early time response. The overall dynamic response of the structure usually occurs on a 
timescale several orders of magnitude longer, and can thus reasonably be decoupled from the early time 
response and subjected to an initial check against spalling. 

Impact imparts impulsive loadings to a structure, producing responses within the structure. Three 
different types of solutions to the impact problem are available: theoretical (analytical), semiempirical, 
and numerical. Theoretical methods provide closed-form solutions for the governing partial differential 



T = 3ms 




FIGURE 13.31 Transient deformation of a reinforced concrete beam under impact at midspan. ( Source : Data front 
Ngo, T. et al., Proc. of 18th Australasian Conference on the Mechanics of Structures and Materials, Perth, Australia. 2004a. 
With permission.) 
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equations. Semiempirical methods rely on extensive test data to produce a curve-fit solution for a class of 
similar impact problems. Numerical solutions replace the continuous system with discrete domains and 
treat the problem as it progresses over time (Figure 13.31). 



13.6.2 Example — Aircraft Impact 

Design loads resulting from aircraft impacts are governed by the absorption of kinetic energy from the 
aircraft by the building at its maximum deflection. These loads are limited by the yield, buckling, 
and crushing of the aircraft. Total impact load F(t ) at the interface of the collapsing aircraft and the 
building is given by 



F(t) = F c + f i[m(t)]V(t) (13.46) 

in which m(t) is the mass of the aircraft reaching the building per unit time; /jl is a coefficient for change 
in momentum (which can be taken conservatively as one); F c is the crushing load, a constant which can 
be determined from the design acceleration for failure of the aircraft; and V(t) is the velocity of the 
aircraft. 

Figure 13.32 compares the impact loads produced by a Boeing 707-320 and a Boeing 767, which hit the 
World Trade Center. It should be noted that World Trade Center was designed to resist the equivalent 
impact of a Boeing 707. 

Figure 13.33 compares the impact loads produced by different aircraft. The peak loads and the 
duration of loading for different aircraft are given in Table 13.9. These loads were calculated by the 
method suggested by Kar in 1979 (Mendis and Ngo, 2002). 

Kinsella and Jowett (1981) suggested a more accurate method in which the crash event is treated 
as a combination of the separate time-dependent impacts of the aircraft’s frame and engines. The 
frame is classed as a soft missile which will suffer considerable deformation, and a finite difference 
method of calculation is employed to describe its perfectly plastic impact. The engines, which are 
considered separately, are assumed to constitute a much harder missile which will undergo little 
deformation. The results obtained by this method for a Phantom F4 aircraft are shown in Figure 
13.34. This method gave a maximum load of 233 MN compared with the 145 MN obtained from 
Kar’s method. 




FIGURE 13.32 Impact load-time history for aircraft impact. 
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FIGURE 13.33 Comparison of impact loads for dilferent aircraft. 



TABLE 13.9 Examples of Aircraft and Peak Impact Loads 



Aircraft 


Mass 

(kg) 


Length 

(m) 


Velocity V 0 
(m/sec) 


Peak Load 
(MN) 


Duration 

(msec) 


Aust. SUPAPUP light aircraft 


340 


5.7 


51.3 


4.6 


in 


Westland Sea King helicopter 


9,500 


17 


63.9 


19.6 


266 


Boeing 707-320 


91,000 


40 


103.6 


92 


386 


Phantom F4 aircraft 


22,000 


19.2 


210 


145 


91 


Boeing 767-300 ER 


187,000 


54.9 


140 


320 


362 


Supersonic Concorde 


138,000 


62.2 


344 


568 


181 




FIGURE 13.34 Impact loads of Phantom F4 aircraft. ( Source : Data from Kinsella, K. and Jowett, J. 1981. 
The Dynamic Load Arising from a Crashing Military Combat Aircraft, Safety and Reliability Directorate, Wigshaw, U.K. 
With permission.) 
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13.7 Floor Vibration 



13.7.1 Introduction 

Annoying floor vibrations may be caused by occupant activities. Walking, dancing, jumping, aerobics, 
and audience participation at music concerts and sporting events are some prime examples of occupant 
activities that create floor vibrations. The operation of mechanical equipment is another cause for 
concern. Heating, ventilation, and air-conditioning systems, if not properly isolated, can cause serious 
vibration problems. The current trend towards longer spans and lighter floor systems has resulted in a 
significant increase in the number of floor vibration complaints by building owners and occupants. 

Most of the sources contributing to reported human discomfort rest on the floor system itself. 
However, human activities or machinery off a floor can cause significant floor vibrations. On more than 
one occasion, aerobics on one floor of a high-rise building has been reported to cause vibration 
discomfort on another level in the building. The vibrations caused by automobiles on parking levels 
below have been reported to disrupt sensitive laboratory work on upper floors. Other equipment and 
activities off the floor that can contribute to a floor vibration problem are ground or air traffic, drilling, 
the impact of falling objects, and other construction-related events. 

When the natural frequency of a floor system is close to a forcing frequency and the deflection of the 
system is significant, motion will be perceptible, and perhaps even annoying. Perception is related to the 
activity of the occupants: a person at rest or engaged in quiet work will tolerate less vibration than a 
person performing an active function, such as dancing or aerobics. If a floor system dissipates the 
imparted energy in a very short period of time, the motion is likely to be perceived as less annoying. 
Thus, the damping characteristics of the system affect acceptability. 

In design guidelines for floor vibration analysis, limits are stated as a minimum natural frequency of a 
structural system. These limits depend on the permissible peak accelerations (as a fraction of 
gravitational acceleration) on the mass affected by an activity, the environment in which the vibration 
occurs, the effectiveness of interaction between connected structural components, and the degree of 
damping, among other factors. 

Recently, excessive floor vibrations have become a common problem due to a decrease in the natural 
frequency at which buildings vibrate due, in turn, to increased floor spans and a decrease in the amount 
of damping and mass used in standard construction practice, because of the availability of stronger and 
lighter materials. Some methods have been developed in the recent past to check the floor vibrations of 
structures. These methods are summarized in this section. More details can be found in the texts given in 
the list of references. 

13.7.2 Types of Vibration 

13.7.2.1 Walking 

A walking person’s foot touching the floor causes a vibration of the floor system. This vibration may be 
annoying to other persons sitting or lying in the same area, such as an office, a church, or a residence. 
Although more than one person may be walking in the same area at the same time, their footsteps are 
normally not synchronized. Therefore, the analysis is based on the effect of the impact of the individual 
walking. 

13.7.2.2 Rhythmic Activities 

In some cases, more than a few people may engage in a coordinated activity that is at least partially 
synchronized. Spectators at sporting events, rock concerts, and other entertainment events often move in 
unison in response to music, a cheer, or other stimuli. In these cases, the vibration is caused by many 
people moving together, usually at a more or less constant tempo. 

The people disturbed by the vibration may be those participating in the rhythmic activity, or those in 
nearby part of the structure engaged in a more quiet activity. The people engaged in the rhythmic activity 
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have higher level of tolerance for the induced vibrations, while those nearby will have a lower level of 
tolerance. 

13.7.2.3 Mechanical Equipment 

Mechanical equipment may produce a constant impulse at a fixed frequency, causing the structure to 
vibrate. 

13.7.2.4 Analysis Methods 

Because the nature of the input varies for these three types of loads, each of the three requires a somewhat 
different solution. However, all cases require knowledge of an important response parameter of the floor 
system, its natural frequency of vibration, and all three analysis methods are based on finding a required 
minimum frequency. 



13.7.3 Natural Frequency of Vibration 

The natural frequency of a floor system is important for two reasons. It determines how the floor system 
will respond to forces causing vibrations. It is also important in determining how human occupants will 
perceive the vibrations. It has been found that certain frequencies set up resonance with internal organs 
of the human body, making these frequencies more annoying to people. 

Figure 13.35 shows the human sensitivity over a range of frequencies during various activities. The 
human body is most sensitive to frequencies in the range of 4 to 8 Hz. This range of natural frequencies is 
commonly found in typical floor systems. Recommended acceleration limits for vibrations due to 
rhythmic activities are given in Table 13.10. 




Rhythmic activities, 
outdoor footbridges 



Indoor footbridges, 
shopping malls, dining 
and dancing 



Offices, residences, 
churches 

Operating rooms 



ISO Baseline cur\>e of 
RMS acceleration for 
human reaction 



Frequency (Hz) 



FIGURE 13.35 Recommended permissible peak vibration acceleration levels acceptable for human comfort while 
in different environments. ( Source : Data from Mast, R.F., Vibration of precast prestressed concrete floors, PCI /., 
Nov-Dec, 2001. With permission.) 
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TABLE 13.10 Recommended Acceleration Limits for Vibrations Due to 
Rhythmic Activities 



Occupancies Affected by the Vibration 


Acceleration Limit ( %g ) 


Office and residential 


0 
k- 

1 

o 

La 


Dining and weightlifting 


1.5— 2.5 


Rhythmic activity only 


4-7 



Source: Data from Alen, D.E., Building vibration from human activities, 
Concr. Int., 66-73, 1990. 



13.7.3.1 Computing the Natural Frequency 

The natural frequency of a vibrating beam is determined by the ratio of its stiffness to its mass (or 
weight). The deflection of simple-span beam is also dependent on its weight and stiffness. A simple 
relationship exists between the self-weight deflection and the natural frequency of a uniformly loaded 
simple-span beam on rigid supports: 

fn = 0-18-^g/Aj (13.47) 

where 

f n = natural frequency in the fundamental mode of vibration 
g = acceleration due to gravity 

Aj = instantaneous simple-span deflection of floor panel due to dead load plus actual live load 



13.7.3.2 Computing Deflection 

The equation for the deflection Aj for a uniformly loaded simple-span beam is 

. 5wZ 4 

A: = 

1 384T7 

where 



(13.48) 



l = span length of member 

1 = gross moment of inertia, for prestressed concrete members 

Many vibration problems are more critical when the mass (or weight) is low. 

For continuous spans of equal length, the natural frequency is the same as for simple spans. This may 
be understood by examining Figure 13.36. For static loads, all spans deflect downward simultaneously, 
and continuity significantly reduces the deflection. But for vibration, one span deflects downward while 
the adjacent spans deflect upward. An inflection point exists at the supports, and the deflection and 
natural frequency are the same as for a simple span. 

For unequal continuous spans, and for partially continuous spans with supports, the natural frequency 
may be increased by a small amount. 



Simple Span Infle ction point at 




FIGURE 13.36 Natural frequency of simple and continuous spans. 
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13.7.3.3 Damping 

Damping determines how quickly a vibration will decay and die out. This is important because human 
perception and tolerance of vibration or motion is dependent on how long it lasts. Damping of a floor 
system is highly dependent on the nonstructural items (partitions, ceilings, furniture, and other items) 
present. The modal damping ratio of a bare structure undergoing low-amplitude vibrations can be 
very low, on the order of 1%. Nonstructural elements may increase this damping ratio up to 5% 
(see Table 13.11). It must be appreciated that the results of a vibration analysis are highly influenced by 
the choice of the assumed damping, which can vary widely. 

13.7.3.4 Resonance 

Resonance occurs when the frequency of a forcing input nearly matches the natural frequency of a 
system. In order to avoid excessive amplification of vibration, the natural frequency must be higher than 
the frequency of the input forces by an amount related to the damping of the floor system. 

13.7.4 Vibration Caused by Walking 

Vibrations caused by walking can often be objectionable in lighter constructions of wood or steel. 
Because of the greater mass and stiffness of concrete floor systems, vibrations caused by walking are 
seldom a problem in these systems. However, when designing concrete floor systems of long span, the 
serviceability requirement on vibrations may become critical. 

13.7.4.1 Minimum Natural Frequency 

People are most sensitive to vibrations when engaged in sedentary activities while seated or lying. Much 
more vibration is tolerated by people who are standing, walking, or active in other ways. Thus, different 
criteria are given for offices, residences, and churches than for shopping malls and footbridges. 

An empirical formula, based on the resonant effects of walking, has been developed to determine the 
minimum natural frequency of a floor system needed to prevent disturbing vibrations caused by walking: 

(13 - 49) 

where 

K = a constant, given in Table 13.11 
/3 = modal damping ratio 

W = weight of area of floor panel affected by a point load 

13.7.5 Design for Rhythmic Excitation 

Rhythmic excitation may occur when a group of people exercise or respond to a musical beat. Because a 
group is acting in unison at a constant frequency, the input forces are much more powerful than those 
produced by random walking. Resonance can occur when the input frequency is at or near the 



TABLE 13.11 Values of K and /3 



Occupancies Affected by the Vibration 


K (kN) 


P 


Offices, residences, churches 


58 


0.02 a ; 0.03 b ; 0.05 c 


Shopping malls 


20 


0.02 


Outdoor footbridges 


8 


0.01 



a For floors with few nonstructural components and furnishings, open work areas, 
and churches. 

For floors with nonstructural components and furnishings, and cubicles. 
c For floors with full-height partitions. 

Source: Data from Alen, D.E. and Murray, T.M., Design criterion for vibrations due 
to walking, Am. Inst. Steel Const. Eng. /., Fourth Quarter, 117-129, 1993 
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fundamental frequency of vibration, and so the fundamental frequency of the floor must be sufficiently 
higher than the input frequency as to prevent resonance. 

13.7.5.1 Harmonics 

A harmonic of frequency is any higher frequency that is equal to the fundamental frequency multiplied by 
an integer. For instance, if the frequency of an input excitation is 2.5 Hz, the harmonics are 
2.5 X 2 = 5 Hz, 2.5 X 3 = 7.5 Hz, and so on. If the fundamental frequency of a floor system is equal to a 
harmonic of the exciting frequency, resonance may occur. 

This process is less efficient than one which is in resonance striking at each cycle of vibration. 
Nevertheless, the 2.5 Hz forcing frequency can cause resonance in the 5 Hz fundamental frequency due to 
the input force striking every second cycle in the fundamental frequency. 

Higher harmonics should not be confused with higher modes of vibration. The second mode of 
vibration of a simple span has a frequency four times the fundamental frequency. This high a frequency is 
almost never excited. Harmonics refers to the forcing frequency, compared with the fundamental mode 
of vibration. 



13.7.5.2 Minimum Natural Frequency 



The following design criterion for minimum natural frequency for a floor subjected to rhythmic 
excitation is based on the dynamic response of the floor system to dynamic loading. The objective is to 
avoid the possibility of being close to a resonant condition: 



where 



fn 




k cqtVp 

a 0 /g w t 



(13.50) 



/= forcing frequency = (i) (/ step ) 

/ step = step frequency 
i = number of harmonic = 1, 2, 3 

k = a dimensionless constant (1.3 for dancing, 1.7 for a lively concert or sport events, 2.0 for aerobics) 
ctj = dynamic coefficient 

a 0 /g= ratio of peak acceleration limited to the acceleration due to gravity 
W p = effective distributed weight per unit area of participants 



W t = effective total distributed weight per unit 
area of participants (weight of participants 
plus weight of floor system). 

The natural frequency of the floor system, f n , can 
be found as discussed previously. 

13.7.6 Example — Vibration 
Analysis of a Reinforced 
Concrete Floor 

A concrete floor of a tall building is analyzed in this 
example. The plan view and structural con- 
figuration of the building are shown in Figure 
13.37. Perimeter columns are spaced at 12 m 
centers and are connected by spandrel beams to 
support the facade. The example floor will be used 
for aerobic exercises and needs to be checked for 
vibration. Aerobic exercises are usually undertaken 
in the range of 2 to 2.75 Hz, with a maximum 
value in the order of 3.0 Hz. Ideally aerobic 
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12 m 

FLOOR PLAN 

FIGURE 13.37 Structural configuration. 
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exercise floors should be designed so that the floor’s natural frequency exceeds the third harmonic by a 
factor of 1.2, resulting in f n > 1.2X3X2.75 = 9.9 Hz. This is not always achievable in practice, 
especially for long span floors that have the natural frequency in the range from 4 to 8 Hz. Hence, a floor 
with natural frequency greater than 7.5 Hz is considered a minimum standard, although in some cases 
floor vibrations may be quite noticeable. 

The modal analysis of the floor system was carried out with the assumed damping factor /3 of 
2% (see Table 13.1 1). It was found that the floor natural frequency is 6.75 Hz, which may result in some 
problems in floor vibration. To reduce the vibration problem the following approaches can be used: 

• Reduce mass (normally not very effective) 

• Increase damping (e.g., using dampers) 

• Reduce vibration transmission (stiffening joists at columns may reduce transmission) 
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Summary 

This chapter concerns vibration and shock in reinforced concrete structures, addressing how to design reinforced 
concrete structures that will be subjected to vibration or shock, for example, due to a missile attack. The chapter is 
intended to apply vibration theory to concrete structures. Section 14.1 describes the fundamental properties of 
vibration theory. Section 14.2 proposes analytical models for reinforced concrete structures that are subjected to 
flexure, shear, and dynamic loading. Section 14.3 discusses reinforced concrete beams under harmonic excitations, 
including mechanical properties and designs for machine vibration. Section 14.4 indicates the step-by-step 
procedure for designing reinforced concrete columns or walls that will be subjected to seismic loads or shocks, 
respectively. 



14.1 Introduction 



14.1.1 Basic Concepts 

Reinforced concrete structures are capable of free and forced vibration when disturbed from their 
equilibrium configuration (see Chapter 1 and Chapter 2). Free vibration takes place when a structure 
vibrates under the action inherent to the structure itself without being impressed by external forces. The 
structure under free vibration vibrates at its natural frequency, which is one of the dynamic properties of 
the structure. Forced vibration takes place under the excitation of an external force and at the frequency 
of the exciting force, which is independent of the natural frequency of the structure. When the frequency 
of the exciting force coincides with the natural frequency of a structure, resonance occurs and 
dangerously large amplitudes may result. Therefore, the calculation of natural frequency and the 
examination of resonance are of practical importance. Also, in reality, the influence of viscous dampening 
on a vibrating structure should be taken into account. In this section, the fundamental dynamic 
properties are introduced. 
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14.1.2 Natural Frequencies 

An undamped single-degree-of-freedom (single-DoF) system (Figure 14.1) is used to explain natural 
frequency. Figure 14.1(c) shows the free-body diagram with inclusion of the inertial force my. This force 
is equal to the mass, m, multiplied by the acceleration, y, and should always be directed negatively with 
respect to the corresponding coordinate; note that k is the spring constant of the system. The summation 
of forces in the y-direction directly gives the following equation of motion: 

my + ky = 0 (14.1) 



To solve Equation 14.1, we assume 



y = A cos wt 



(14.2) 



or 



y = B sin wt (14.3) 

where A and B are constants depending on the initiation of the motion and w is a quantity denoting 
a physical characteristic of the system. The substitution of Equation 14.2 or Equation 14.3 into 
Equation 14.1 gives 

(— mw 2 + k)A cos wt = 0 (14.4) 

If this equation is to be satisfied at any time, the factor in parentheses must be equal to zero: 

-mw 2 + k= 0 (14.5) 



The positive root of Equation 14.5 



w = -i / — rad/sec 
m 



(14.6) 



is known as the circular or angular natural frequency of the system (Paz, 1997; Clough and Penzien, 
1993). 

Note: The Greek symbol co is commonly used rather than w to denote this natural frequency in the 
literature, which is expressed in rad/sec and is called “angular” natural frequency. 

The “cyclic” natural frequency / is usually expressed in hertz (Hz) or cycles per second (cps). The 
quantity w differs from the natural frequency / only by the constant factor, 2 tt. The period, T, is usually 
expressed in seconds per cycle (i.e., the value reciprocal to the natural frequency, /). Therefore, it gives 



/ = 



1 

T 



w 
27 T 



(14.7) 



Example 14.1 

Determine the natural frequency of the system shown in Figure 14.2, consisting of a weight of 
W = 230 kN attached to a horizontal reinforced concrete cantilever beam through the coil spring k 2 . 




N N 

(a) (b) (c) 



FIGURE 14.1 Free-body diagrams: (a) showing single-DoF; (b) showing only external forces; (c) showing external 
and inertial forces. 
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The cantilever beam has a cross section of 305 mm 
( h ) X 152 mm ( b ), modulus of elasticity 
E = 30 kN/mm 2 , and a length L = 3 m. The coil 
spring has stiffness k 2 = 200 N/mm. 

Solution 

The deflection, A, at the free end of a cantilever 
beam that is acted upon by a static force, P, at the 
free end is given by 




The corresponding spring constant, k lt is then 
, P 3EI 

kl ~ A ~ YY 

where I = (1/12 )bh 3 (for rectangular section) 
when the contribution of reinforcing bars is 
neglected. The cantilever and the coil spring of 
this system are connected as springs in series. 
Consequently, the equivalent spring constant is 

1 _ 1 1 

Y e ~ Y { + Y 2 





2- #3 (fy = 413.8 MPa) 

fc = 39 N/mm 2 
#2 @89 mm A's = 142 mm 2 
As = 852 mm 2 

3 - #6 (fy = 475.85 MPa) 



FIGURE 14.2 System for Example 14.1. 



Substituting corresponding numerical values, we obtain 



I = — X 152(305) 3 = 3.59 X 10 8 mm 4 

, 3 X 30,000 X 3.59 X 10 8 

k , = 5 = 1197 N/mm 

1 (3000) 3 



and 



1 _ 1 1 
Y e ~ 1197 + 200 

k e = 171 N/mm 

The natural frequency for this system is then given by Equation 14.6 as 

co = ^Jkjm (m = W/g and g = 9.8 m/sec 2 ) 
co — x/ 171 X 9.8/230 



co = 2.7 rad/sec 



or, using Equation 14.7 



/ = 0.43 Hz 



14.1.3 Viscous Damping 

Let us assume that we have modeled a structural system as a simple oscillator with viscous damping, as 
shown in Figure 14.3. In this figure, m and k are the mass and spring constant of the oscillator, 
respectively, and c is the viscous damping coefficient (or damping constant). The summation of forces in 
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the /-direction gives the differential equation of 
motion. 

my + cy + ky = 0 (14.8) 

To solve Equation 14.8, we try y = C e pt . 
Substituting this function into Equation 14.8 
results in the equation 

mCp 2 e pt + cCp e pt + kC e pt = 0 (14.9) 

After cancellation of the common factors, 
Equation 14.9 reduces to an equation called the 
characteristic equation for the system, given by 



-G- 






/ k ^ -H y K 

/ c 

/77777777T77 

(a) (b) 



ky ^ 

m J 




cy 





■ my 



FIGURE 14.3 (a) Viscous damped oscillator; (b) free- 

body diagram. 



mp 2 + cp + k = 0 



(14.10) 



The roots of this quadratic equation are 



PuPr — 



c 

2 m 




(14.11) 



For a system oscillating with critical damping, the expression under the radical in Equation 14.11 is 
equal to zero, that is 




= 2 \[kni 



(14.12) 

(14.13) 



where c cr designates the critical damping value (Clough and Penzien, 1993; Paz, 1997). 

In general, the damping of the system is expressed as 

c=$c a (14.14) 



where f is the damping ratio of the system. 

Note: Often the symbol £ is used instead of £ to denote the damping ratio. 

The dampening value depends on structural materials. According to Dowrick (1987), the values for 
concrete structures are listed in Table 14.1. It can be seen from this table that for reinforced and 
prestressed concrete the values are 5 and 2%, respectively. 



Example 14.2 

A reinforced concrete beam consists of a weight of 5.0 kN and a stiffness of k = 4.0 kN/cm. Find 

1. the undamped natural frequency 

2. the damping coefficient 



TABLE 14.1 Typical Damping Ratios for Concrete Structures 
Type of Construction 

Concrete frame, with all walls of flexible construction 
Concrete frame, with stiff cladding and all internal walls flexible 
Concrete frame, with concrete or masonry shear walls 
Concrete and/or masonry shear wall buildings 
Prestressed concrete 



Damping % of Critical 

5 

7 

10 

10 

2 



Notes: ( 1 ) The term frame indicates beam and column bending structures as distinct from shear structures. (2 ) The term 
concrete includes both reinforced and prestressed concrete in buildings. For isolated prestressed concrete members such as in 
bridge decks, damping values less than 5% may be appropriate, e.g., a value of 1 to 2% may apply if the structure remains 
substantially uncracked. 
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'/////////// 



y / k 



-F_ sin cot 



ky 

cy 




F 0 sin cot 



(a) 



(b) 



FIGURE 14.4 (a) Damped oscillator harmonically excited; (b) free-body diagram. 



Solution 



1. w = y/klm = -7(4.0 kN/cm X 980 cm/sec 2 )/5.0 kN = 28.0 rad/sec. 

2. c = fc a = 0.05 X 2 X -7(5.0 X 4.0)/980 = 14 N sec/cm. 



14.1.4 Damped Harmonic Excitation 

Now consider the case of one-DoF system in Figure 14.4, vibration due to an external load of a sine 
function under the influence of viscous damping. The differential equation of motion is obtained by 
equating to zero the sum of the forces in the free-body diagram of Figure 14.4(b). Hence, 

my + cy + ky = F 0 sin wt (14.15) 

The total response is then obtained by summing the complementary solution and the particular solution 

y(t) = e ^\A cos w D t + B sin w D t) 4 — J j (14.16) 

V(1 - r 2 ) 2 + (2 rfifi 



where r is the frequency ratio that is equal to 
forced vibration frequency, gt, divided by natural 
frequency, w. 

Note: A further discussion of this topic is found 
in Chapter 2. 

By examining the transient component of the 
response, it may be seen that the presence of 
the exponential factor, e - ^ 1 ", will cause this 
component to vanish, leaving only the steady- 
state motion, Y, which is given by the second term 
of Equation 14.16. 

The ratio of the steady-state amplitude of Y to 
the static deflection y st , defined above, is known as 
the dynamic magnification factor, D. 

Y 1 

D = — = —======= (14.17) 

y* Vd -r 2 ) 2 + {2rfi) 2 

D varies with the frequency ratio, r, and the 
damping ratio, if. Equation 14.17 is plotted in 
Figure 14.5 (Paz, 1997; Clough and Penzien, 
1993). It can be seen from this figure that 
0.8 < r < 1.2 is in the resonance zone. There- 
fore, for design, r > 1.2 or r < 0.8 is required to 
avoid resonance. 




0 12 3 



Frequency ratio y = co/cn 

FIGURE 14.5 Dynamic magnification factor as a 
function of the frequency ratio for various amounts of 
damping. 
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14.2 Analytical Models 

14.2.1 Model-Based Simulation 

When a structure is analyzed for its vibrational characteristics, it first must be presented by a simple 
model that reflects its mechanical properties adequately. In many analyses, mass is assumed to be 
concentrated at the nodes of the models. By using this assumption, a single-story structure can be 
simplified as a single-DoF system subjected to a time-varying force, F(t). In general, dynamic models of 
reinforced concrete structures depend on the structural systems. Figure 14.6 indicates the structural 
systems and the corresponding dynamic models (Mo, 1994). 

14.2.2 Flexural Behavior 

Using the trilinear theory (Mo, 1992), the primary curve (the load -deflection curve) of a reinforced/ 
prestressed concrete beam can be determined. The trilinear theory is described as follows. To find the 
load- deflection curve of a beam, first the moment -curvature relationship of each section needs to be 
determined. The trilinear moment -curvature relationship is shown in Figure 14.7. The first branch of 
the trilinear curve represents the behavior of the reinforced concrete section until flexural cracking 
(M c , i/f c ). The second branch describes the behavior from the cracking until the yielding of the 
longitudinal steel (M y , t/f y ). The third branch gives the postyield behavior until flexural failure (M u , t// u ). 
For a given cross section, the shape of the moment-curvature curve can be determined by using the 
following equations. Basically, the parabola-rectangle stress-strain curve of concrete specified in the 
CEB code (1978) and the elastic -plastic stress-strain curve of steel are used in the computation. 



Structure 



Dynamic model 



fa) 



m 





WWV WWW XWW 












Framed shearwall 



m 



7-7-7- 

Single-degree-of-freedom 



(b) 




7 77 

Single-degree-of-freedom 



JS1 



(c) Simply supported beam Single-degree-of-freedom 

FIGURE 14.6 Structures and corresponding dynamic models. 
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M c = cracking moment 
f c ~ concrete compressive strength in psi 
/ r = concrete rupture strength in psi 
i jj c = cracking curvature 
b = beam width 
h = beam depth 
E = concrete Young’s modulus 
I = moment of inertia 



2. Yielding state (Figure 14.8) 



E c - E 

1 d ~ Xy 


(14.20) 


Xy~ d' 

&sc j 

7 (1 - Xy 


(14.21) 


My = kif'cbXyfd — 0.375Xy) 




+ X ^^s c (E s -E c )A's(d-d': 

Xy 


(14.22) 

) 



FIGURE 14.7 Trilinear moment-curvature curve. 



e c 




FIGURE 14.8 Strain diagram at yielding state. 




where 



(14.23) 




(14.24) 



M y = yielding moment 
y y = yielding curvature 
e sc = compression steel strain 
e c = concrete strain when tension steel yields 
By = steel yielding strain 
d = effective depth 

d! = distance between surface of concrete compression block and center of compression steel 
Xy = distance between surface of concrete compression lock and neutral axis when tension 
steel yields 

A' s = area of compression steel 
E s = steel Young’s modulus 
E c = concrete Young’s modulus 



© 2005 by Taylor & Francis Group, LLC 




14-8 



Vibration and Shock Handbook 




FIGURE 14.9 Stress and strain diagrams at ultimate state. 



3. Ultimate state (Figure 14.9) 
If 



x u > d 



i 



then 

If 

then 

where 




M u = ultimate moment 

i jj u = curvature corresponding to ultimate moment 

x u = distance between surface of concrete compression block and neutral axis at ultimate state 
f s = steel stress at ultimate state 
A s = area of tension steel 

Load- deflection curve: 




P = load 

I = beam length FIGURE 14.10 Simple beam with a concentrated load. 
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Curvature diagram: 

1. Cracking state (Figure 14.11) 

1 L M c M C L 

Q __ C _ C 

c 2 2 El 4EI 




M C L 2 

12EI 



where 



11 2 L 

@A — @A 

3 2 3 2 



(14.28) 

(14.29) 



0 C = rotation at point A at cracking state 
S c = midspan deflection at cracking state 



2. Yielding state (Figure 14.12) 

6 y = (area of triangle) + (area of 
trapezoid) 

= ^l<Ac + ^(<Ac + <Ay) L 2 (14.30) 




FIGURE 14.11 Curvature diagram at cracking state. 




Wy 

FIGURE 14.12 Curvature diagram at yielding state. 



5 y = (first moment of triangle) + (first moment of trapezoid) 

2 1 1 1 2 1 (14-31) 

— ^i~L x ijj c + L 3 -{ijj c + ij)y)L 2 — j foLi + —(tl> c + il> y )L 2 L 3 

where 

L 2 L 2 L 2 

<Ac L 2^f +(<A y “ 

L 3 = U + T (.1.4.32) 

<Ac^2 + yL 2 (ijjy - \p c ) 

6 y = rotation at point A at yielding state 
8 y = midspan deflection at yielding state 

3. Ultimate state (Figure 14.13) 

9 U = (area of triangle) + (area of first trapezoid) + (area of second trapezoid) 

1 1 1 (14.33) 

— 2 Ll ^ c 2 ^ 



5 U = (first moment of triangle) + (first moment of first trapezoid) 
+ (first moment of second trapezoid) 



2 11 1 

— -^Li—L 1 4r c + L 3 -(i[r c + i/j y )L 2 + L 5 — {i/jy + i J> u 

= + ^(ifc + fJ Y )L 2 L 3 (14.34) 

1 , 

+ ^ (^y + *Au )f-4^5 
where 

L 2 L, 2 

^L 2 ^+W y -^)^-L 2 
L 3 = Lj + 4 — — — — (14.35) 

<Ac^2 + 2 ^(^y - </0 




FIGURE 14.13 Curvature diagram at ultimate state. 
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£5 — Li + L 2 + 



U L4 2 

0 y L 4 — + (0u - 0y) — J £4 

I 

0y^4 + 2 L 4(0 u “ 0y) 



(14.36) 



0 U = rotation at a point A at ultimate state 
5 U = midspan deflection at ultimate state 

In this section, the maximum concrete strain at ultimate state (e cu ) is assumed to be 0.0035 
according to the CEB code (1978). If the ACI code (2002) is employed, the value is 0.003. However, 
in seismic structures there will be more stirrups. In these situations, reinforced concrete beams are 
confined. Therefore, the maximum concrete strain at ultimate state for confined concrete can be used 
as follows (Dowrick, 1987): 



= 0.003 + 0.02 - 



• 02 (-r) + ( — ) 2 
\lj V 138 / 



(14.37) 



where 

b = beam width 

l c = distance from the critical section to the point of contraflexure 

p v = ratio of volume of confining steel (including the compression steel) to volume of concrete confined 
fyv = yielding stress of confining steel 

14.2.3 Shear Behavior 

Structural walls in a frame building should be so proportioned that they possess the necessary stiffness 
needed to reduce the relative inter-story distortions caused by explosion-induced motions. Such walls are 
termed structural (or shear) walls because their behavior is governed by shear if the ratio of height to 
length is less than unity. Their additional function is to reduce the possibility of damage to nonstructural 
elements that most buildings contain. 

Buildings stiffened by structural walls are considerably more effective than rigid frame buildings 
with regard to damage control, overall safety, and integrity of the structure. This performance is due 
to the fact that structural walls are considerably stiffer than regular frame elements and thus can 
respond to or absorb the greater lateral forces induced by the earthquake motions, while controlling 
inter-story drift. 

The past three decades saw a rapid development of knowledge regarding shear in reinforced 
concrete. Various rational models that are based on the smeared-crack concept can satisfy Navior’s 
three principles of mechanics of materials (i.e., they satisfy stress equilibrium, strain 
compatibility, and constitutive laws of materials). These rational or mechanics-based models on 
the “smeared-crack level” (in contrast to the “discrete-crack level” or “local level”) include: the 
compression field theory (CFT) (Vecchio and Collins, 1981); the rotating-angle softened truss 
model (RA-STM) (Belarbi and Hsu, 1994, 1995; Pang and Hsu 1995); the fixed-angle softened truss 
model (FA-STM) (Pang and Hsu, 1996; Hsu and Zhang, 1997; Zhang and Hsu, 1998); the 
softened membrane model (SMM) (Hsu and Zhu, 1999; Zhu, 2000); and the cyclic SMM 
(Mansour, 2001). 

Vecchio and Collins (1981) proposed the earliest rational theory, CFT, to predict the nonlinear 
behavior of cracked reinforced concrete membrane elements. However, the CFT is unable to take into 
account the tension stiffening of the concrete in the prediction of deformations because the tensile stress 
of concrete was assumed to be zero. 
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The RA-STM, a rational theory developed at the University of Houston (UH) in 1994-1995, has two 
advantages over the CFT. ( 1 ) The tensile stress of concrete is taken into account so that the deformations 
can be correctly predicted. (2) The average stress-strain curve of steel bars embedded in concrete is 
derived on the “smeared crack level” so that it can be correctly used in the equilibrium and compatibility 
equations, which are based on continuous materials. 

By 1996, the UH group reported that the FA-STM was capable of predicting the “concrete 
contribution” (V c ) by assuming the cracks to be oriented at the fixed angle. 

Other significant advancements include the improvements on the softened truss models (rotating- 
angle and fixed-angle). As they were, these models could predict the ascending response curves of 
shear panels, but not the post-peak descending curves. By incorporating two new Hsu/Zhu ratios 
into the FA-STM, a new SMM was established (Hsu and Zhu, 1999; Zhu, 2000), which can 
satisfactorily predict entire response curves, including both the ascending and the descending 
branches. 

More recently, Mansour et al. (2001a) tested 15 reinforced concrete panels under reversed cyclic 
stresses. Tests results showed that the orientation of the steel grids in a panel has an important 
effect on the shear stiffness, the shape of the hysteretic loops, the shear ductility, and the energy 
dissipation capacity of the panel. The cyclic SMM proposed by Mansour et al. (2001a) is able to 
predict rationally the pinching effect in the hysteretic loops, the shear ductility, and the energy 
dissipation capacity of the panels. In this chapter, only RA-STM will be introduced, as described 
below. 



14.2.3.1 Principle of Transformation 

The stresses in a membrane element are best analyzed by the principle of stress transformation 
(Hsu, 1993). Figure 14.14(a) shows a concrete element in the stationary 1-t coordinate system, 
defined by the directions of the longitudinal and transverse steel. To find the three stress components in 
various directions, a rotating d-r coordinate system is introduced in Figure 14.14(b). The d-r axes 
have been rotated counterclockwise by an angle of a with respect to the stationary l-t axes. The three 
stress components in this rotating coordinate system are cr d , ay, and r dr (or r rd ). The relationship 
between the rotating stress components, cr d , ay, and T dr , and the stationary stress components, ay a t , and 
T; ( , is the stress transformation. This relationship is a function of the angle a. 

The relationship between the rotating d-r axes and the stationary l-t axes is shown by the 
transformation geometry in Figure 14.14(c). A positive unit length on the l axis will have projections of 
cos a and —sin a on the d and r axes, respectively. A positive unit length on the t axis should give 




(a) Stationary t-l axes 
and stresses using 
basic sign convention 
(a = 0) 




(b) Rotating r-d axes 
(rotate counter- 
colckwise by an 
angle a) 




(c) Transformation 
geometry 



FIGURE 14.14 Transformation of stresses. 
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projections of sin a and cos a. Hence, the rotation matrix [R] is 

[ cos a sin a ~| 

(14.38) 

—sin a cos a J 

The relationship between the stresses in the l-t coordinate [ay t ] and the stresses in the d-r coordinate 

[cTrfrl IS 



where 



[0) f ] = [-RlVrfrM 


(14.39) 


1 <Vt 1 = 




1 


(14.40) 




L hi 






[O'*] = 




Tdr ] 


(14.41) 




_ T r d 


a r J 





If the d-r axes are defined as the principal axes, T dr must vanish. Introducing the reinforced concrete 
sign convention, performing the matrix multiplications and noticing that 7y t = r tI and r rfr = r rd gives the 
following equations when only the concrete struts are considered. 

o ) c = cr d cos 2 a + cr r sin 2 a (14.42) 

cr tc = cr d sin 2 ct + ay. cos 2 a (14.43) 

T itc = ( — cr d + cr r ) sin a cos a (14.44) 



14.2.3.2 Equilibrium Equations 

When one studies a concrete element reinforced orthogonally with longitudinal and transverse steel bars, 
as shown in Figure 14.15(a), the three stress components ay, ay, and tj, are the applied stresses on the 
reinforced concrete element viewed as a whole. The stresses on the concrete strut itself are denoted as ay c , 
oy c , and T; te , as shown in Figure 14.15(b). The longitudinal and transverse steel provide the smeared 
stresses of pifi and p t f t , as shown in Figure 14.15(c). 

It is significant to recognize the difference between the two sets of stresses: ay, ay, and r (t for the 
reinforced concrete element and a lc , a tc , and 77 , for concrete struts. Both sets of stresses (oy, ay, t; ( and ay c , 
(T tc , T Itc ) satisfy the transformation equations. In summing the concrete stresses and the steel stresses in 
the l and f directions, a fundamental assumption is made according to Hsu (1993). It is assumed that the 




r ( ) 






r.(+) 



r(+> 





Ptfl 



(a) Reinforced 
concrete 



(b) Concrete 
struts 



(c) Steel 

reinforcement 



FIGURE 14.15 Stress condition in reinforced concrete. 
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steel reinforcement can take only axial stresses. Any possible dowel action is neglected. Hence, the 
superposition principle for concrete and steel becomes valid and gives the general equilibrium equations 
for reinforced concrete: 



er; = cr d cos 1 a + cr r sin 2 a + p t f 


(14.45) 


cr t = cr d sin 2 a + cr r cos 2 a + p t f t 


(14.46) 


Tji = ( <r d + try) sin a cos a 


(14.47) 



14.2.3.3 Compatibility Equations 

The same principle of transformation for stresses can be applied to strains. Therefore, the following 
compatibility equations can be derived: 

£/ = s d cos 2 a + s r sin 2 a (14.48) 

e t = e d sin 2 a 4- e r cos 2 a (14.49) 

^ = (e d + e r ) sin a cos a (14.50) 



14.2.3.4 Constitutive Laws 

Softened compression stress-strain relationship of concrete. The truss model has been applied to treat the 
shear and torsion of reinforced concrete since the turn of the 20th century. However, the prediction based 
on the truss model consistently overestimated the shear and torsional strengths of tested specimens. This 
nagging mystery has plagued researchers for over half a century. The source of this difficulty was first 
understood by Peter (1964). He realized that a reinforced concrete panel element subjected to tension is 
actually subjected to biaxial compression-tension stresses. Viewing the action as a two-dimensional 
problem, he discovered that the compressive strength in one direction was reduced by cracking due to 
tension in the perpendicular direction. After applying the softening effect of concrete struts to the nine 
test panels, Peter concluded that a reduction of 15% of the effective compressive strength should be taken 
into account in biaxial compression-tension stresses. Apparently, the mistake in applying the truss 
model theory before 1964 was the use of the compressive stress-strain relationship of concrete that 
was obtained from the uniaxial test of standard cylinders without considering the two-dimensional 
softening effect. 

Peter’s tests could not delineate the variables that govern the softening parameter because of technical 
difficulties in the biaxial testing of large panels. The quantification of the softening phenomenon, 
therefore, did not occur for almost two decades, when a unique “shear rig” test facility was built in 1981 
by Vecchio and Collins (1981). Based on their tests of 17 panels, each 89 cm 2 and 7 cm thick, they 
proposed a softening parameter that was a function of the ratio of the tensile principal strains to the 
compression principal strain, s r ls d . 

The discovery and the quantification of this softening phenomenon have allowed a major 
breakthrough in understanding the shear problem in reinforced concrete. During the past 20 years, a 
number of diverse analytical models have been proposed according to the test results (Peter, 1964; 
Robinson and Demorieux, 1968; Vecchio and Collins, 1981; Schlaich et al. 1982; Schlaich and Schafer, 
1983; Vecchio and Collins, 1986; Eibl and Neuroth, 1988; Miyahara et al. 1988; Kollegger and Mehlhorn, 
1990; Mikame et al. 1991; Ueda et al. 1991; Hsu, 1993; Vecchio and Collins, 1993; Vecchio et al. 1994; 
Belarbi and Hsu, 1995). The effect of these softening models on low-rise framed shear walls is studied by 
Mo and Rothert (1997). In this section, the softening model proposed by Belarbi and Hsu (1994, 1995) is 
briefly introduced. 
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The original softening model derived from test 
data proposed the use of a softening parameter f, 
where £ is a function of the ratio of principal 
tensile strain to principal compressive strain 
(e r /e rf ). The proposed model by Belarbi and Hsu 
(1995) involves modification of the Hognestad 
parabola (Figure 14.16), which is used as the base 
curve describing the uniaxial compressive 
response of concrete. 







4 (&H&)} 



®4 / £®0 1 FIGURE 14.16 Compression softening models with 

Hognestad curve. 

ej£ Bo > 1 
(14.51a) 



£ = 



0.9 

v 1 + 600e r 



(14.51b) 



Tensile stress-strain relationship of concrete. From the tests involving panels subjected to shear, it was 
clear that the tensile stress of concrete, a r , is not zero as assumed in the simple truss model. Based on the 
tests of 35 full-size panels (Hsu, 1993), a set of formulas were recommended as follows: 

If e r " e cr , cr r = E c s y (14.52) 

(e \ 0 ' 4 

If e r > e cr , cr r — f CT ^ — — - J (14.53) 



where 



E c = 47,000 yjfc, and both /' and yff c are in pounds per square inch 
E cr = strain at cracking of concrete = 0.00008 
fa = 3.75 



Stress-strain relationship of steel. The stress-strain curve of a steel bar in concrete relates the average 
stress to the average strain of a long bar crossing several cracks, whereas the stress -strain curve of a bare 
bar relates the stress to the strain at a local point (Okamura and Maekawa, 1991). In other words, a steel 
bar in concrete is stiffened by the tensile stress of the concrete. If the tensile strength of concrete is 
neglected, as it is in the most of truss models, the following equations are used: 

If s t < s ty , /[ = E s bi (14.54) 

If S| > E| y , f=fiy (14.55) 

where 

E s = modulus of elasticity of steel bars 
fi Y = yield stress of longitudinal steel bars 
E]„ = yield strain of longitudinal steel bars 

It was recommended by Belarbi and Hsu (1995) that both the tensile strength of concrete, presented in 
the previous section, and the average stress -strain curve of steel stiffened by concrete, be taken into 
account. In this model, the following equations are used for describing the stress -strain relationship 
of steel: 

IfE,E s </l y , fi = E s ej (14.56) 
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[ 2 — a/45° 1 

1 " looop, J [(0 ' 91 ~ 2B) f'r + (0 - 02 + °- 25B ) £ sCi] (14.57) 

where 

B = (l/p/Xfcr/4) 1 ' 5 (14.58) 

/l y = [1 - (2 - a/45°)/1000 ft ](0.93 - 2B)f ly (14.59) 



14.2.3.5 Solution Procedures 



Figure 14.17 shows a framed shear wall. This kind of shear wall will be analyzed in this section. As 
discussed by Hsu and Mo (1985), in the design of low-rise structural walls, the boundary elements are 
reinforced to resist the applied bending moment, while the webs are designed to resist the applied shear 
force. The size and shape of the boundary elements do not have a significant influence on the shear 
behavior, as long as they are sufficient to carry the required bending moment. The effect of the boundary 
elements on structural walls has been studied by Mo and Kuo (1998). Owing to the restriction of the 
boundary elements, the strain of transverse steel in low-rise framed shear walls can be neglected, as 
verified by the PCA tests; i.e., e, = 0. Therefore, adding Equation 14.48 and Equation 14.49 gives 



e r ^1 



Inserting e r sin 2 a = e r — e r cos 2 cr into Equation 14.20 gives 



2 

cos a : 



e r E\ 

s r £ d 



Substituting Equation (14.60) and Equation (14.61) into Equation 14.45 results in 




(~Bd) 
(e, - 2e rf ) 




e d) 

2 e d ) . 



(14.60) 



(14.61) 



(14.62) 



V- 

h,„ 



gj 
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(a) General view 



. K a,,b cos a 

tb cot a 

xb 




A 

B 




(c) Section I-I 



FIGURE 14.17 A framed shear wall. 



© 2005 by Taylor & Francis Group, LLC 






14-16 



Vibration and Shock Handbook 



Neglecting the tensile strength of concrete, i.e., a r = 0, gives 



t _ 1 ( “Erf ) 

Ji (T \~ cr d- z — r 

A L («1 — 2 e rf ) J 



(14.63) 



(ei - 2 B d ) . 

For low-rise framed shear walls, the average shear stress t on the horizontal cross section is defined as 

V 



bd 



(14.64) 



where d is the effective depth, which is defined as the distance between the centroids of the longitudinal 
bars in the two flanges, b is the width of the web, and V is the horizontal shear force. The deflection at the 
top of the shear wall, 5, is determined by 



5 = y h 



(14.65) 



where h = height of the shear wall. 

Based on the softened truss model theory presented above, the algorithm is shown in Figure 14.18 
(Mo and Jost, 1993; Mo and Shiau, 1993) and is explained below. 



1. Select a given e d . 

2. Assume a value of e;. 

3. Calculate e r from Equation 14.60. 

4. Calculate £ using Equation 14.51b. 

5. Calculate a d from Equation 14.51a. 

6. Calculate a r from Equation 14.52 or 
Equation 14.53. 

7. Calculate f from Equation 14.62 or 
Equation 14.63. 

8. Check f\ using Equation 14.54 and 
Equation 14.55 or from Equation 14.56 
to Equation 14.59. 

9a. If the calculated value for /[ determined in 
Step 8 is not sufficiently close to the value 
shown in step 7, repeat steps 2 to 7. 

9b. If the calculated value for deter- 
mined in Step 8 is sufficiently close to 
the value shown in Step 7, proceed to 
calculate t (or V) and y (or 8) from 
Equation 14.47 (or Equation 14.64) and 
Equation 14.49 (or Equation 14.65), 
respectively. This will provide one set of 
solutions. 

Select other values of s d and repeat Steps 1 to 9 
for each e d . This will provide a number of sets of 
quantities. From these sets of quantities, one can 
plot the shear stress vs. distortion curve (or shear 
force vs. deflection curve), the longitudinal steel 
strain vs. deflection curve, and the longitudinal 
steel strain vs. concrete strain curve. In general, the 
maximum s d value can be chosen as 0.003 with an 
increment of 0.00005. 




FIGURE 14.18 Algorithm for framed shear wall 
analysis. 
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14.2.4 Time-History Analysis 



To accurately determine the dynamic behavior of 
concrete structures, the time-history analysis 
(Clough and Penzien, 1993; Paz, 1997) is 
preferred. This section will show an example for 
single-DoF systems, such as simple beams, 
torsional box tubes, spandrel beams, continuous 
beams, one-story frames and one-story framed 
shear walls. All of these structures will be 
discussed later. 

In time-history analysis, a framed shear wall 
can be modeled as a nonlinear single-DoF system 
(Figure 14.19). The dynamic incremental equili- 
brium is shown in Figure 14.19(c). 

The equation of the equilibrium is 

mAy ; + C;Ay; + fc;Ay; = AT, (14.66) 

where m is the mass at the top. 

c ; and kj are calculated for values of velocity and 
displacement corresponding to time t and 
assumed to remain constant during the increment 
of time A t. Incremental acceleration, incremental 
velocity, and incremental displacement are Ay,-, 
Ay,-, and Ay ; , respectively. 

To perform the step-by-step integration of 
Equation 14.66, the linear acceleration method is 
employed. In this method, it is assumed that the 
acceleration may be expressed by a linear 
function of time during the time interval A t. 
Let tj and t i+\ ~ f; + Af be, respectively, the 
designation for the time at the beginning and at 
the end of the time interval Af. When the 
acceleration is assumed to be a linear function of 
time for the interval of time f ; to f; + l — f; + Af, 
as shown in Figure 14.20, the acceleration may be 
expressed as 



(a) 




(b) 



/ 

/ 

/- 

/ 

/ 

/ 
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■m 






& 



(c) 



kAy i 

c;Ay j 



mAy, 



■AF, 



FIGURE 14.19 (a) Framed shear wall with a mass m at 

the top; (b) model for a nonlinear single-DoF system, and 
(c) free body diagram showing the incremental inertial 
force, the incremental damping force, the incremental 
spring force and the incremental external force. 



y 




FIGURE 14.20 Linear variation of acceleration during 
time interval. 



m = % + 




$ 



(14.67) 



Integrating Equation 14.67 twice with respect to time between the limits f,- and f = f ; + Af and 
using the incremental displacement Ay as the basic variable gives 



Ay ; 



6 

A 7 




3 n 



(14.68) 



and 



Ay ; 



3 

Af 



Ay, 




(14.69) 
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The substitution of Equation 14.68 and Equation 14.69 into Equation 14.66 leads to the following 
form of the equation of motion: 



(j? Ayi ” Tt y ' ~ 3y ') + c (it Ayi “ 3y ' “ T y; ) + kAyi 



= A F; 



(14.70) 



Transferring all the terms containing the unknown incremental displacement, A/,-, to the left-hand 
side gives 

kAn = A ~F, 

where 



rr , 6m 3 C: 
ki = kj + ~ 2 4 — — 

Af 2 Af 



(14.71) 

(14.72) 



and 



AT; = A F, + ml — 



{~Kt y ‘ + 3y ’) + Ci { 3yi + T y ‘) 



(14.73) 



It should be noted that Equation 14.71 is equivalent to the static incremental-equilibrium equation 
and may be solved for the incremental displacement by simply dividing the equivalent incremental 
load, A Fj, by the equivalent spring constant k : . 

The displacement y i+l and the velocity y i+l at time f ;+1 = f ; + Af are 

y;+i=y; + Ay ; (14.74) 

and 



yi+i = 9i + Ay,- 



(14.75) 



The acceleration y ;+1 at the end of the time step is obtained directly from the differential equation of 
motion to avoid the errors that generally might tend to accumulate from step to step. It follows 



Yi+l — LF( f i+l) Cj+lyj+l ki +y+l ] 

m 



(14.76) 



where the coefficients c i+1 and k j+l are now evaluated at time t i+l . 

After the displacement, velocity, and acceleration have been determined at time U+ 1 — f ; + Af, 
the procedure just outlined is repeated to calculate these quantities at the following time step, f i+2 = 

f[+i + Af. 

In general, sufficiently accurate results can be obtained if the time interval is taken to be no longer than 
one tenth of the natural period of the structure (Clough and Penzien, 1993; Paz, 1997). 



14.3 Beams under Harmonic Excitations 

14.3.1 Mechanical Properties 

A 6-m-long beam is simply supported. The cross section and material properties are shown in 
Figure 14.2(b). 

/' = 39 N/mm 2 
A' s = 142 mm 2 

d = 305 — 12.7 - 6.35 - ^ (19.05) = 276 mm 
A s = 852 mm 2 

Find the moment (M)- curvature (f) relationship of the cross section at the midspan and the force 
(P)— displacement ( d ) relationship of the beam. 
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Solution 

1. Moment-curvature relationship 

E = 1500-yjf c (N/mm 2 ) = 29614.9 N/mm 2 

Using the derived equations in Section 14.2.2 
gives 

M u = 86,122,000 N mm, 
i Jj u = 5.63 X 10“ 5 rad/mm 

M y = 82,491,700 N mm, 
i[fy = 1.22 X 10~ 5 rad/mm 




FIGURE 14.21 Moment-curvature curve for the 
example beam. 



M c = 9,263,000 N mm i/r c = 8.66 X 10 7 rad/mm 

They are plotted in Figure 14.21, and the corresponding loads are determined below. 
2. Force- displacement relationship 



Pu = 



4X86,122,000 

6000 

4X82,491,700 



= 57,415 N 



P Y = = 54,994 N 

Y 6000 



4X9,263,000 

P c = = 6175 N 

L 6000 



The corresponding deflections can be 
determined as follows: 

1. Cracking state (Figure 14.22) 
c 12EI 

9,263, 000X(6000) 2 

1 7 

12 X (29,6 14.9) X — X( 152.4) X(305) 3 



A C B 




L 

FIGURE 14.22 Curvature diagram at cracking state. 



= 2.6mm 


Li L? 


c 




r n 






A 


i 


2. Yielding state (Figure 14.23) 


Ra 1 

L . 





9,263,000 

L r = 3000X = 336. 9mm 

82,491,700 FIGURE 14.23 Curvature diagram at yielding state. 
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L 2 = 3000 - 336.9 = 2663. 1 mm 

7 2663.1 - 7 2663.1 2 

8.66X 10 _7 X2663.1X b (1.22X 10“ 5 - 8.66X 10“ 7 )X X-X2663.1 

L } = 336.9 H 2 j 2 3 

8.66 X 10“ 7 X2663.1 + — X2663.1 X(1.22X 10 -5 — 8.66X 10 -5 ) 

2 

= 2053 mm 

S y = ^X8.66X 10 _7 X(342.2) 2 + 2 x ( 8.66X 10 _7 + 1.22X 10 _5 )X(2663.1)X 2053 = 35.75 mm 




1-4 — 3000 322.7 2550.8— 126.5mm FIGURE 14.24 Curvature diagram at yielding state. 



h 



7 2550.8 - 7x 2550.8 2 

8.66X 10^ 7 X2550.8X b(1.22X 10~ 5 - 8.66X 10“ 7 )X X-X2550.8 

322. 7H ? j ? ^ 

8.66 X 10 -7 X 2550.8 + ^ X 2550.8 X( 1.22 X 10 -5 - 8.66X 10' 7 ) 

1967.3 mm 






- 126.5 - . 126.5 2 

1.22X 10 _5 X126.5X b(5.63X 10^ 5 - 1.22X 10“ 5 )X X-X 126.5 

322.7 + 2550.8 H ? y ? ^ 

1.22X 10 _5 X 126.5 + ^-X126.5X(5.63Xl0 -5 — 1.22X 10 -5 ) 

2950.4mm 



S U = ^X8.66X10 7 X(322.7) 2 

1 -7 -s 

H — X(8.66X 10 7 + l. 22X10 5 ) 

2 

X 2550.8X1967.3 

+ — X (5.63 X 10 -5 + 1.22 X 10 -5 ) 
2 

X 126. 5X2950. 4 = 45. 6 mm 



The load- deflection curve is shown in 
Figure 14.25. 




FIGURE 14.25 Load -deflection curve. 
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14.3.2 Design for Machine Vibration 

The same beam as described in Section 14.3.1 is supporting a machine with a rotating frequency of 9 Hz 
at the midspan of the beam. The mass of the rotating machine and the beam is 1 N sec 2 /mm. Check if 
resonance will occur. 



Solution 

Find the stiffness, k, the natural frequency, /, and the frequency ratio, r, for each of the three states, 
namely the elastic, cracking, and yield states. 

1. Elastic state 



k = 

f = 



617.5 

2.6 



= 2375 N/mm 



1 2375 



— , = 7.76 Hz 



2tt V 1 
7.76 

r = = 0.862 

9 



Since 0.8 < r < 1.2, it is in the resonance zone. The beam needs to be redesigned to avoid 
resonance. 

2. Cracking state 



5499.4 - 617.5 
35.75 - 2.6 



1472.7 N/mm 



/ = 



1 1 1472.7 

2tt V 1 



= 6.11 Hz 



r 



6.11 

= 0.68 < 0.8 

9 



OK 

3. Yield state 



k = 



5741.5 - 5499.4 
45.6 - 35.75 



/= x- 
2tt 



1 245.8 



245.8 N/mm 



2.50 Hz 



r = 



2.50 

= 0.28 < 0.8 

9 



OK 



14.4 Design for Explosions/Shocks 

14.4.1 Column 

A 3-m-tall viaduct column supporting a mass of 50 N sec 2 /cm is subjected to a shock acceleration that is 
the same as the 1940 El Centro seismogram. 

14.4.1.1 Load-Displacement Relationship 

Using the same procedures presented in Section 14.3, the moment -curvature relationship of the cross 
section and the force -displacement relationship of the column can be determined. It is assumed that the 
force- displacement relationship of the column was found to be the same as that shown in Figure 14.25. 
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14.4.1.2 Dynamic Response 

To perform the dynamic response analysis, the computer program in Mo (1994) can be used. The 
required input data may be determined as follows: 



„„ 0.6175 

Stiffness 1 = = 0.2375 T/mm 

2.6 



„„ 5.4994 - 0.6175 

Stiffness 2 = = 0.1473 T/mm 

35.75 - 2.6 



5.7415 - 5.4994 

Stiffness 3 = = 0.246 T/mm 

45.6 - 35.75 

S c = 2.6 mm 
S y = 35.75 mm 
5 U = 45.6 mm 



Result: 

Maximum deflection = 38.33 mm 



14.4.2 Shear Walls 

14.4.2.1 Design Approach 

14.4.2.1.1 Design Considerations 

To insure ductile failure, the two design limitations for overreinforcement and minimum reinforcement 
can be derived in terms of the inclination angle, a, of the diagonal concrete struts. 



1. Overreinforcement. Mo (1987) shows the inclination angle of the diagonal compression struts in 
the “lower balanced reinforcement,” cq b , to be 



cq b = cos 




(14.77) 



a lb is a function of only one variable — the yield strain of longitudinal steel ei y . In underre- 
inforced design, the chosen angle a should be greater than a lb . 

2. Minimum reinforcement. Mo (1987) also shows the inclination angle for minimum reinforcement, 
a m , to be 




(14.78) 



a m is a function of two variables — the yield strain in longitudinal steel, ei y , and the concrete 
strength, f c . Equation 14.77 and Equation 14.78 give the lower and upper limits, respectively, for 
the range of a, which insures ductile failure. 



After the range of the inclination angle, a, is found, a preliminary angle, a, can be selected within this 
range. The wall size, bd, can then be determined by substituting r = VI bd and a d = f c cos a into 
t = cr d sin a cos a (Hsu and Mo, 1985; Mo, 1988). 

bd = jj — t — — — (14.79) 

j c sin a cos a 



The effective length, d , in Equation 14.79 is usually given in design and the web width, b, needs to be 
chosen by the designer. After the wall size, bd, is determined, the actual inclination angle, a, can be 
refined by solving a in Equation 14.79. 
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The longitudinal steel can be determined from AJ\ = rbd cot a (Hsu and Mo, 1985; Mo, 1988), noting 
that rbd becomes V n at maximum shear 

A]f y = V n cot a (14.80) 

The transverse (horizontal) steel can be determined by the specified minimum value (Hsu, 1993): 

p t = 0.0045 (14.81) 



14.4.2.1.2 Design Procedure 

For a given dynamic loading history (or seismogram) and given material properties (f c ,fi y , the 
procedure to design the size of the wall, the vertical steel, and the horizontal steel is as follows: 

1. Assume a shear force (V„). 

2. Determine the range of a using Equation 14.77 and Equation 14.78. 

3. Select an a value and find b and d using Equation 14.79. After b and d are selected, the actual 
angle of inclination can be refined. 

4. Determine the longitudinal steel using Equation 14.80 and the horizontal steel using Equation 
14.81. 

5. Determine the load -deflection relationship using the algorithm mentioned in Figure 14.18. 

6. Calculate the stiffness at the ultimate state. 

7. Determine the natural period at the ultimate state. 

8. Select the time interval Af < 0.1 times the natural period at the ultimate state. 

9. Calculate the initial stiffness using the load- deflection relationship. 

10. Calculate the damping coefficient using Equation 14.14. 

11. Calculate the effective stiffness using Equation 14.72. 

12. Calculate the incremental effective force using Equation 14.73. 

13. Solve for the incremental displacement using Equation 14.71. 

14. Calculate the incremental velocity using Equation 14.69. 

15. Calculate displacement and velocity at the end of time interval using Equation 14.74 and 
Equation 14.75. 

16. Calculate shear force using the load -deflection relationship. 

1 7. Calculate acceleration at the end of time interval by Equation 14.76. Steps 9 to 1 7 will provide one 
set of solutions. 

18. Repeat Steps 9 to 17 for each time interval. This will provide a number of sets of solutions. 

19. Determine the calculated maximum shear force in the entire loading history. 

a. If the value of the calculated maximum shear force is not greater than the shear force 
assumed, the design is finished. 

b. If the value of the calculated maximum shear forces is greater than the shear force assumed, 
reassume a new value for shear force V„ and repeat Steps 2 to 19 until Step 19a is satisfied. 

The algorithm presented in this section has been extended to box tubes subjected to dynamic shear and 
torsion and to hybrid reinforced concrete frame-steel wall systems. 

14.4.2.2 Missile Impact 

A shear wall 10 ft (3.05 m) high by 15 ft (4.57 m) wide (Figure 14.26(a)) is designed to withstand a 
missile impact having the force-time relationship shown in Figure 14.26(b) and acting at the top of the 
wall (Mo, 1988). For simplicity, the force-time relationship of the missile impact is used instead of 
the earthquake seismogram. It is assumed that the mass at the top of the wall and one third of the mass of 
the wall m are 0.5 kip sec 2 /in. (0.088 kN sec 2 /mm). The material properties are given as follows: 
f ly = 60 ksi (414 MPa), f c = 4000 psi (27.6 MPa), E s = 29 X 10 6 psi (2.0 X 10 5 MPa), e 0 = 0.002, 
and f = 0.07. The wall thickness, b, and the reinforcement of the wall, p\ and p t , are to be determined. 
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Loading 

(b) 




FIGURE 14.26 Shear wall subjected to missile impact. 



The design of the boundary columns, which should be able to withstand the bending moment, will not be 
considered in this example. 



Solution 



1. Assume V n = 1600 kips (7117 kN) 

2. Determine the range of a 



a > cos 



1 

2 



0.00207 

2 ( 0 . 002 ) 



(J 1 + 8(0 - 002)2 2 

l (0.00207) 2 




a = 60.4° 



a < cos 



/ (0.0025)(60,000) 
V 4000 




ct = 70.4° 

.'. 60.4° < a < 70.4° 



(14.77) 



(14.78) 



3. Select a = 60.4° and d = 180 in. (4572 mm) 

, 1,600,000 

b > = 

(180)(4000) sin 60.4 cos 2 60.4 



b > 10.48 in. (266 mm) 



(14.79) 
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Let us select £> = 12 in. (305 mm). Calculate a = 62.9° from Equation 14.79. 

a = 62.9° < 70.4° 



OK 

4. Determine p\ and p t 



1,600,000 cot 62.9 
( 1 2)( 1 80)(60,000) 
p, = 0.0045 



(14.80) 

(14.81) 



5. Determine the load -deflection relationship using the algorithm mentioned in Figure 14.18. The 
load- deflection relationship is determined as shown in Figure 14.26(c). 

6. Calculate the stiffness at the ultimate state 

, 1609.9 

k u = — = 3879.3 kip/in. (679 kN/mm) 



7. Determine the natural period at the ultimate state 



T„ = 2tt- 



0.5 

3879.3 



= 0.071 sec 



(14.82) 



8. Select Af 

At = (0.1)(0.071) = 0.0071 sec 
Let us select Af = 0.005 sec 
Af = 0.005 < 0.0071 sec 
OK 

9. Calculate the initial stiffness k 

572.2 

k = = 7354.8 kip/in. (1288 kN/mm) 

0.0778 F 



10. Calculate the damping coefficient C 

C = (0.07)(2)[(0.5)(7354.8)] 1/2 = 8.49 kip sec/in. (1.49 kN sec/mm) (14.83) 



11. Calculate the effective stiffness k 



- 6(0.5) 3(8.49) 

k = 7354.8 4 , + — = 132,448.8 kip/in. (23194 kN/mm) 

(0.005) 2 0.005 K 



12. Calculate the incremental effective force 

A F= 300 kips (1334 kN) 



. - r 6(0) "I r 0.005(0) "I 

AF = 300 + (0.5) + 3(0) + (8.49) 3(0) H - = 300 kips (1334 kN) 



13. Determine the incremental displacement Ay 



Ay = = 0.002265 in. (0.058 mm) (14.84) 

7 132,448.8 
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14. Determine the incremental velocity A y 

. 3 0.005 

A y = (0.002265) - 3(0) - — (0) = 1.359 in./sec (34.52 mm/sec) (14.85) 

15. Calculate the displacement and velocity at the end of the time interval 

y i+1 = 0 + 0.002265 = 0.002265 in. (0.058 mm) (14.86) 

y i+1 = o + 1.359 = 1.359 in./sec (34.52 mm/sec) (14.87) 



16. Determine the shear force V. From Figure 14.26(c), V = 16.7 kips (74.3 kN) when 
y = 0.002265 in. (0.058 mm). 

17. Calculate the acceleration at the end of the time interval 

y l+] = [300 - (8.49X1.359) - 16.7] = 543.5 in./sec 2 (13,805 mm/sec 2 ) 

Steps 9 to 17 provide one set of solutions. 

18. Repeating Steps 9 to 17 for each time interval gives a number of sets of solutions, as illustrated in 
Table 14.2. 



TABLE 14.2 Nonlinear Response — Linear Acceleration Step-by-Step Method for Design Example 



t 

(sec) 


F 

(kip) 


y 

(in.) 


y 

(in./sec) 


(kip) 


y 

(in./sec) 


k p 

(kip/in.) 


k 

(kip/in.) 


A F 
(kip) 


A F 
(kip) 


Ay 

(in.) 


Ay 

(in./sec) 


0 


0 


0 


0 


0 


0 


7355 


132,449 


300 


300 


0.0023 


1.36 


0.005 


300 


0.0023 


1.36 


17 


544 


7355 


132,449 


300 


1977 


0.0149 


3.50 


0.010 


600 


0.0172 


4.86 


126 


865 


7355 


132,449 


300 


4658 


0.0352 


4.37 


0.015 


900 


0.0524 


9.23 


385 


947 


7355 


132,449 


300 


7514 


0.0567 


3.96 


0.020 


1200 


0.1091 


13.19 


700 


776 


5549 


129,971 


-75 


9309 


0.0716 


1.45 


0.025 


1125 


0.1807 


14.64 


1015 


4 


4399 


128,341 


-75 


9004 


0.0702 


- 1.81 


0.030 


1050 


0.2509 


12.83 


1300 


-669 


4060 


127,846 


-75 


6852 


0.0536 


-4.66 


0.035 


975 


0.3045 


8.17 


1455 


- 1063 


2892 


126,084 


-75 


3349 


0.0266 


-5.89 


0.040 


900 


0.3311 


2.28 


1530 


- 1347 


2820 


125,976 


-75 


-709 


-0.0056 


-6.83 


0.045 


825 


0.3255 


-4.55 


989 


-280 


4621 


128,659 


-75 


-3322 


-0.0258 


- 1.13 


0.050 


750 


0.2997 


-5.68 


870 


- 164 


4621 


128,659 


-75 


-3846 


-0.0299 


-0.49 


0.055 


675 


0.2698 


-6.17 


732 


-31 


4621 


128,659 


-75 


-3948 


- 0.0307 


0.17 


0.060 


600 


0.2391 


-6.00 


590 


101 


4621 


128,659 


-75 


-3645 


-0.0283 


0.78 


0.065 


525 


0.2108 


-5.22 


459 


202 


4621 


128,659 


-75 


-3009 


- 0.0234 


1.13 


0.070 


450 


0.1874 


-4.10 


351 


253 


4621 


128,659 


-75 


-2232 


-0.0173 


1.28 


0.075 


375 


0.1701 


-2.82 


271 


246 


4621 


128,659 


-75 


- 1449 


-0.0113 


1.05 


0.080 


300 


0.1588 


- 1.77 


219 


186 


4621 


128,659 


-75 


-888 


- 0.0069 


0.69 


0.085 


225 


0.1519 


- 1.07 


187 


90 


4621 


128,659 


-75 


-603 


- 0.0047 


0.17 


0.090 


150 


0.1472 


-0.90 


165 


- 19 


4621 


128,659 


-75 


-661 


-0.0051 


-0.34 


0.095 


75 


0.1421 


- 1.24 


142 


- 116 


4621 


128,659 


-75 


- 1019 


- 0.0079 


-0.74 


0.100 


0 


0.1342 


- 1.97 


105 


- 183 


4621 


128,659 


0 


- 1502 


-0.0117 


-0.64 


0.105 


0 


0.1225 


-2.62 


51 


-67 


4621 


128,659 


0 


- 1723 


-0.0134 


-0.03 


0.110 


0 


0.1091 


-2.64 


0 


36 


4621 


120,000 


0 


- 1532 


-0.0128 


0.16 


0.115 


0 


0.0963 


-2.49 


0 


0 


0 


120,000 


0 


- 1491 


-0.0124 


0 


0.120 


0 


0.839 


-2.49 


0 


0 


0 


120,000 


0 


- 1491 


-0.0124 


0 


0.125 


0 


0.0715 


-2.49 


0 


0 


0 


120,000 


0 


- 1491 


-0.0124 


0 


0.130 


0 


0.0591 


-2.49 


0 


0 


0 


120,000 


0 


- 1491 


-0.0124 


0 


1 kip = 4.448 kN; 1 in. 


= 25.4 mm; 1 in./sec = 25.4 mm/sec; 1 in./sec 2 = 25.4 mm/sec 2 ; 1 kip/in. 


= 0.175 kN/mm. 
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FIGURE 14.27 Comparison of inelastic with elastic response. 



19. Determine the calculated maximum shear force. From Table 14.2, V max = 1530 kips 
(6805 kN) < assumed V n = 1600 kips (7117 kN). 

OK 

The dynamic inelastic response calculated in Table 14.2 is plotted in Figure 14.27. Also plotted for 
comparison is the linear elastic response obtained by a similar step-by-step analysis. The effect of the 
inelastic response on the displacement shows up clearly in this comparison. 

14.4.2.3 Explosion Interaction 

The basic algorithm of Section 14.2.4 is modified to allow the analysis of a framed shear wall which 
interacts with a steel structure as shown in Figure 14.28. 



mass = 0. 105 kN- sec 2 /mm mass = 0.1232 kN- sec 2 /mm 

I 

\/////\ 



Steel Structure 



I = 5.0 x 10“ 3 m 4 

f y = 414 Mpa 
f' e = 27.6 Mpa 
Pl = 0.0042 
p t =0.0025 

FIGURE 14.28 A framed shear wall that interacts with a steel structure. 



I 

T vzzzzzzzzzzzzzzzzz 



3.05 m 



Shearwall 



4.57 m- 



thickness = 0.225 m 
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When a collision between the two structures is assumed to be elastic, the new velocities y ;i * and y i2 > can 
be computed by assuming the conservation of momentum and energy: 

miYn + m 2 y i2 = mtfv + m 2 y i2 - (14.88) 

and 

+ \ m 2/1 = + \m 2 y] r (14.89) 

These equations give the post-impact velocity as a function of the preimpact velocity: 

2 R 

y] i* = ft i - y^Tr ^' 1 - ft 2) (14 - 90) 

and 

fa- = ft: 2 - y^Tr (Ta _ Til) (14.91) 

where R is the mass ratio tn 2 /m l and y,i* and y i2 « are the relative postimpact velocities for systems 1 and 2 
at time f,. 

The algorithm in Section 14.2.4 may be modified to accommodate explosion interaction by allowing 
for two structures instead of one and inserting the following step. If the two structures collide, (a) 
determine the postimpact velocities using Equation 14.90 and Equation 14.91, and (b) recalculate the 
acceleration using the postimpact velocities. 

When the explosion interaction occurs, the response is shown in Figure 14.29(c) and Figure 14.29(d) 
with the assumption that the initial gap between the two structures is zero. For Figure 14.29(a) and Figure 
14.29(b), the gap is so large that the two structures cannot collide. A comparison of Figure 14.29(b) and 
Figure 14.29(d) shows that the maximum force is significantly greater when the explosion interaction 
occurs than it is when no explosion interaction occurs. 





FIGURE 14.29 In (a) and (b) no explosion interaction occurs, but in; (c) and (d) explosion interaction does occur. 
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Summary 

Devices useful in instrumenting a mechanical vibrating system are presented in this chapter. Shakers, which 
generate vibration excitations, are discussed and compared. A variety of sensors, including motion sensors, 
proximity sensors, force/torque sensors, and other miscellaneous sensors, are considered. Performance specification 
in the time domain and the frequency domain is addressed. Rating parameters of instruments are given. 

15.1 Introduction 



Measurement and associated experimental techniques play a significant role in the practice of vibration. 
Academic exposure to vibration instrumentation usually arises in laboratories, in the context of learning, 
training, and research. In vibration practice, perhaps the most important task of instrumentation is the 
measurement or sensing of vibration. Vibration sensing is useful in the following applications: 

1 . Design and development of a product 

2. Testing (screening) of a finished product for quality assurance 

3. Qualification of a good-quality product to determine its suitability for a specific application 
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4. Mechanical aging of a product prior to carrying out a test program 

5. Exploratory testing of a product to determine its dynamic characteristics such as resonances, 
mode shapes, and even a complete dynamic model 

6. Vibration monitoring for performance evaluation 

7. Control and suppression of vibration 

Figure 15.1 indicates a procedure typical of experimental vibration, highlighting the essential 
instrumentation. Vibrations are generated in a device, the test object, in response to some excitation. In 
some experimental procedures, primarily in vibration testing (see Figure 15.1), the excitation signal has 
to be generated in a signal generator in accordance with some requirement (specification), and applied to 
the object through an exciter after amplification and conditioning. In some other situations, primarily in 
performance monitoring and vibration control, the excitations are generated as an integral part of the 
operating environment of the vibrating object and may originate either within the object (e.g., engine 
excitations in an automobile) or in the environment with which the object interacts during operation 
(e.g., road disturbances on an automobile). Sensors are needed to measure vibrations in the test object. In 
particular, a control sensor is used to check whether the specified excitation is applied to the object, 
and one or more response sensors may be used to measure the resulting vibrations at key locations of 
the object. 

The sensor signals have to be properly conditioned, for example by filtering and amplification, and 
modified, for example through modulation, demodulation, and analog-to-digital conversion, prior to 
recording, analyzing, and display. The purpose of the controller is to guarantee that the excitation is 
correctly applied to the test object. If the signal from the control sensor deviates from the required 
excitation, the controller modifies the signal to the exciter so as to reduce this deviation. Furthermore, the 
controller will stabilize or limit (compress) the vibrations in the object. It follows that instruments in 
experimental vibration may be generally classified into the following categories: 

1. Signal-generating devices 

2. Vibration exciters 

3. Sensors and transducers 

4. Signal conditioning/modifying devices 

5. Signal analysis devices 

6. Control devices 

7. Vibration recording and display devices 




FIGURE 15.1 Typical instrumentation in experimental vibration. 
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Note that one instrument may perform the tasks 
of more than one category listed here. Also, more 
than one instrument may be needed to carry out 
tasks in a single category. In the following sections 
we will provide some examples of the types of 
vibration instrumentation, giving characteristics, 
operating principles, and important practical 
considerations. Also, we will describe several 
experiments which can be found in a typical 
vibration laboratory. 

An experimental vibration system generally 
consists of four main subsystems: 

1. Test object 

2. Excitation system 

3. Control system 

4. Signal acquisition and modification system 




FIGURE 15.2 Interactions between major subsystems 
of an experimental vibration system. 



These are schematically shown in Figure 15.2. Note that various components shown in Figure 15.1 may 
be incorporated into one of these subsystems. In particular, component matching hardware and object 
mounting fixtures may be considered interfacing devices that are introduced through the interaction 
between the main subsystems, as shown in Figure 15.2. Some important issues of vibration testing and 
instrumentation are summarized in Box 15.1. 



15.2 Vibration Exciters 



Vibration experimentation may require an external exciter to generate the necessary vibration. This is the 
case in controlled experiments such as product testing where a specified level of vibration is applied to the 
test object and the resulting response is monitored. A variety of vibration exciters are available, with 
different capabilities and principles of operation. 

Three basic types of vibration exciters (shakers) are widely used: hydraulic shakers, inertial shakers, 
and electromagnetic shakers. The operation-capability ranges of typical exciters in these three categories 
are summarized in Table 15.1. Stroke, or maximum displacement, is the largest displacement the exciter 
is capable of imparting onto a test object whose weight is assumed to be within its design load limit. 
Maximum velocity and acceleration are similarly defined. Maximum force is the largest force that could 
be applied by the shaker to a test object of acceptable weight (one within the design load). The values 
given in Table 15.1 should be interpreted with caution. Maximum displacement is achieved only at very 
low frequencies. The achievement of maximum velocity corresponds to intermediate frequencies in the 
operating frequency range of the shaker. Maximum acceleration and force ratings are usually achieved at 
high frequencies. It is not feasible, for example, to operate a vibration exciter at its maximum 
displacement and its maximum acceleration simultaneously. 

Consider a loaded exciter that is executing harmonic motion. Its displacement is given by 

x = s sin cot (15.1) 

in which s is the displacement amplitude (or stroke). Corresponding velocity and acceleration are 

x = sco cos cot (15.2) 

x = — sw 2 sin cot (15.3) 
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Box 15.1 

Vibration Instrumentation 

Vibration Testing Applications for Products: 

• Design and Development 

• Production Screening and Quality Assessment 

• Utilization and Qualification for Special Applications 

Testing Instrumentation: 

• Exciter (excites the test object) 

• Controller (controls the exciter for accurate excitation) 

• Sensors and Transducers (measure excitations and responses and provide excitation error 
signals to controller) 

• Signal Conditioning (converts signals to appropriate form) 

• Recording and Display (perform processing, storage, and documentation) 

Exciters: 

• Shakers 

1. Electrodynamic (high bandwidth, moderate power, complex and multifrequency 
excitations) 

2. Hydraulic (moderate to high bandwidth, high power, complex and multifrequency 
excitations) 

3. Inertial (low bandwidth, low power, single-frequency harmonic excitations) 

• Transient/Initial Condition 

1. Hammers (impulsive, bump tests) 

2. Cable Release (step excitations) 

3. Drop (impulsive) 

Signal Conditioning: 

• Filters Amplifiers 

• Amplifiers 

• Modulators/Demodulators 

• ADC/DAC 

Sensors: 

• Motion (displacement, velocity, acceleration) 

• Force (strain, torque) 



If the velocity amplitude is denoted by v and the acceleration amplitude by a, it follows from Equation 
15.2 and Equation 15.3 that 

v = cos (15.4) 



a = (ov (15.5) 
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TABLE 15.1 Typical Operation-Capability Ranges for Various Shaker Types 



Shaker Type 






Typical Operational Capabilities 








Frequency 


Maximum Displacement 
(Stroke) 


Maximum 

Velocity 


Maximum 

Acceleration 


Maximum 

Force 


Excitation 

Waveform 


Hydraulic 


Low 


High (20 in; 50 cm) 


Intermediate 


Intermediate 


High (100,000 lbf; 


Average flexibility (simple 


(electrohydraulic) 


(0.1-500 Hz) 




(50 in/sec; 
125 cm/sec) 


(20 g) 


450,000 N) 


to complex and random) 


Inertial 

(counter-rotating mass) 


Intermediate 
(2-50 Hz) 


Low (1 in; 2.5 cm) 


Intermediate 
(50 in/sec; 
125 cm/sec) 


Intermediate 
(20 g) 


Intermediate 

(1,000 lbf; 4,500 N) 


Sinusoidal only 


Electromagnetic 
( electrodynamic ) 


High 

(2-10,000 Hz) 


Low ( 1 in; 2.5 cm) 


Intermediate 
(50 in/sec; 
125 cm/sec) 


High (100 g) 


Low to intermediate 
(450 lbf; 2,000 N) 


High flexibility and accuracy 
(simple to complex and 
random) 
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An idealized performance curve of a shaker 
has a constant displacement -amplitude region, a 
constant velocity- amplitude region, and a con- 
stant acceleration-amplitude region for low, 
intermediate, and high frequencies, respectively, 
in the operating frequency range. Such an ideal 
performance curve is shown in Figure 15.3(a) on a 
frequency-velocity plane. Logarithmic axes are 
used. In practice, typical shaker performance 
curves would be fairly smooth yet nonlinear, 
curves, similar to those shown in Figure 15.3(b). 

As the mass increases, the performance curve 
compresses. Note that the acceleration limit of a 
shaker depends on the mass of the test object 
(load). Full load corresponds to the heaviest object 
that could be tested. The “no load” condition 
corresponds to a shaker without a test object. To 
standardize the performance curves, they are 
usually defined at the rated load of the shaker. A 
performance curve in the frequency-velocity 
plane may be converted to a curve in the 
frequency- acceleration plane simply by increasing 
the slope of the curve by a unit magnitude (i.e., 

20 db/decade). 

Several general observations can be made from 
Equation 15.4 and Equation 15.5. In the constant- 
peak displacement region of the performance 
curve, the peak velocity increases proportionally 
with the excitation frequency, and the peak 

acceleration increases with the square of the excitation frequency. In the constant-peak velocity region, 
the peak displacement varies inversely with the excitation frequency, and the peak acceleration increases 
proportionately. In the constant-peak acceleration region, the peak displacement varies inversely with the 
square of the excitation frequency, and the peak velocity varies inversely with the excitation frequency. 
This further explains why rated stroke, maximum velocity, and maximum acceleration values are not 
simultaneously realized. 




(b) 



Frequency (Hz) 



FIGURE 15.3 Performance curve of a vibration exciter 
in the frequency-velocity plane (log): (a) ideal; (b) 
typical. 



15.2.1 Shaker Selection 

Vibration testing is accomplished by applying a specified excitation to the test package, using a shaker 
apparatus, and monitoring the response of the test object. Test excitation may be represented by its 
response spectrum. The test requires that the response spectrum of the actual excitation, known as the 
test response spectrum (TRS), envelops the response spectrum specified for the particular test, known as 
the required response spectrum (RRS). 

A major step in the planning of any vibration testing program is the selection of a proper shaker 
(exciter) system for a given test package. The three specifications that are of primary importance in 
selecting a shaker are the force rating, the power rating, and the stroke (maximum displacement) rating. 
Force and power ratings are particularly useful in moderate to high frequency excitations and the stroke 
rating is the determining factor for low frequency excitations. In this section, a procedure is given to 
determine conservative estimates for these parameters in a specified test for a given test package. 
Frequency domain considerations are used here. 
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15.2.1.1 Force Rating 

In the frequency domain, the (complex) force at the exciter (shaker) head is given by 

F = mH(co)a s (a>) (15.6) 

in which to is the excitation frequency variable, m is the total mass of the test package including 
mounting fixture and attachments, a s (co) is the Fourier spectrum of the support-location (exciter head) 
acceleration, and H(to) is frequency response function that takes into account the flexibility and 
damping effects (dynamics) of the test package apart from its inertia. In the simplified case where the 
test package can be represented by a simple oscillator of natural frequency to,, and damping ratio by £ t , 
this function becomes 

H((o ) = {1 + 2j£ f to/ &>„}/{ 1 - (to/to,,) 2 + 2j to/to,,} (15.7) 

in which j = \[— I. This approximation is adequate for most practical purposes. The static weight of the 
test object is not included in Equation 15.6. Most heavy-duty shakers, which are typically hydraulic, 
have static load support systems such as pneumatic cushion arrangements that can exactly balance the 
dead load. The exciter provides only the dynamic force. In cases where shaker directly supports the 
gravity load, in the vertical test configuration Equation 15.6 should be modified by adding a term to 
represent this weight. 

A common practice in vibration test applications is to specify the excitation signal by its response 
spectrum. This is simply the peak response of a simple oscillator expressed as a function of its natural 
frequency when its support location is excited by the specified signal. Clearly, the damping of the simple 
oscillator is an added parameter in a response spectrum specification. Typical damping ratios (£ r ) used in 
response spectra specifications are less than 0.1 (or 10%). It follows that an approximate relationship 
between the Fourier spectrum of the support acceleration and its response spectrum is 

a s = 2j £ r a r ((o) (15.8) 

The magnitude la r (to)l is the response spectrum. 

Equation 15.8 substituted into Equation 15.6 gives 

F = mH(to)2jf r n r (to) (15.9) 

In view of Equation 15.7, for test packages having low damping the peak value of H(a>) is 
approximately l/(2j£ t ); this should be used in computing the force rating if the test package has a 
resonance within the frequency range of testing. On the other hand, if the test package is assumed to be 
rigid, then H((o) sl.A conservative estimate for the force rating is 

F m ax = w(^/^)lfl r (to)lmax (15.10) 

It should be noted that la r (to)l max is the peak value of the specified (required) response spectrum (RRS) 
for acceleration. 

15.2.1.2 Power Rating 

The exciter head does not develop its maximum force when driven at maximum velocity. Output power 
is determined by using 

P = Re[FV s (to)] (15.11) 

in which v s (w) is the Fourier spectrum of the exciter velocity, and Re [ ] denotes the real part of a complex 
function. Note that a s = jwv s . Substituting Equation 15.6 and Equation 15.8 into Equation 15.11 gives 

p = (4m£ 2 /to)Re[jH(to)a 2 (to)] (15.12) 

It follows that a conservative estimate for the power rating is 

Pmax = 2m(£ 2 /£ t )[la r (to)l 2 /to] max (15.13) 
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Representative segments of typical acceleration RRS curves have slope n, as given by 

a = k 1 a) n (15.14) 

It should be clear from Equation 15.13 that the maximum output power is given by 

1W = W”" 1 (15.15) 



This is an increasing function for n > 1/2 and a decreasing function for n < 1/2. It follows that the power 
rating corresponds to the highest point of contact between the acceleration RRS curve and a line of slope 
equal to 1/2. A similar relationship may be derived if velocity RRS curves (having slopes n — 1) are used. 



15.2.1.3 Stroke Rating 

From Equation 15.8, it should be clear that the Fourier spectrum, x s , of the exciter displacement time 
history can be expressed as 

x s = 2 £ r a r (co)/ja> 2 (15.16) 



An estimate for stroke rating is 



*max = 2f r [la r (<w)l/to 2 ] max 



(15.17) 



This is of the form 



= kco"~ 



(15.18) 



It follows that the stroke rating corresponds to the highest point of contact between the acceleration 
RRS curve and a line of slope equal to two. 



Example 15.1 

A test package of overall mass 100 kg is to be 
subjected to dynamic excitation represented by the 
acceleration RRS (at 5% damping) as shown in 
Figure 15.4. The estimated damping of the test 
package is 7%. The test package is known to have a 
resonance within the frequency range of the 
specified test. Determine the exciter specifications 
for the test. 

Solution 

From the development presented in the previous 
section, it is clear that the point F (or P ) in 
Figure 15.4 corresponds to the force and output 
power ratings, and the point S corresponds to 
the stroke rating. The co-ordinates of these 
critical points are F, P = (4.2 Hz, 4.0 g ), and S 
rating as 




Frequency (Hz) 



FIGURE 15.4 Test excitation specified by an accelera- 
tion RRS (5% damping). 

(0.8 Hz, 0.75 g). Equation 15.10 gives the force 



F max = 100 X (0.05/0.07) X 4.0 X 9.81 N = 2803 N 
Equation 15.13 gives the power rating as 

p max = 2 X 100 X (0.05 2 /0.07) X [(4.0 X 9.81) 2 /4.2 X 2Tr]watts = 417 W 
Equation 15.17 gives the stroke rating as 

Xm a x = 2 X 0.05 X [(0.75 X 9.8)/(0.8 X 2Tr) 2 ]m = 3 cm 
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15.2.1.4 Hydraulic Shakers 

A typical hydraulic shaker consists of a piston-cylinder arrangement (also called a ram), a servo-valve, a 
fluid pump, and a driving electric motor. Hydraulic fluid (oil) is pressurized (typical operating pressure: 
4000 psi) and pumped into the cylinder through a servo-valve by means of a pump that is driven by an 
electric motor (typical power, 150 hp). The flow (typical rate: 100 gal/min) that enters the cylinder is 
controlled (modulated) by the servo-valve, which, in effect, controls the resulting piston (ram) motion. 
A typical servo-valve consists of a two-stage spool valve, which provides a pressure difference and a 
controlled (modulated) flow to the piston, which sets it in motion. 

The servo-valve itself is moved by means of a linear torque motor, which is driven by the excitation- 
input signal (electrical). A primary function of the servo-valve is to provide a stabilizing feedback to the 
ram. In this respect, the servo-valve complements the main control system of the test setup. The ram is 
coupled to the shaker table by means of a link with some flexibility. The cylinder frame is mounted on the 
support foundation with swivel joints. This allows for some angular and lateral misalignment, which 
might be caused primarily by test-object dynamics as the table moves. 

Two-degree-of-freedom (Two-DoF) testing requires two independent sets of actuators, and three-DoF 
testing requires three independent actuator sets. Each independent actuator set can consist of several 
actuators operated in parallel, using the same pump and the same excitation-input signal to the torque 
motors. 

If the test table is directly supported on the vertical actuators, they must withstand the total dead 
weight (i.e., the weight of the test table, the test object, the mounting fixtures, and the instrumentation). 
This is requirement is usually prevented by providing a pressurized air cushion in the gap between the 
test table and the foundation walls. Air should be pressurized so as to balance the total dead weight 
exactly (typical required gage pressure: 3 psi). 

Figure 15.5(a) shows the basic components of a typical hydraulic shaker. The corresponding 
operational block diagram is shown in Figure 15.5(b). It is desirable to locate the actuators in a pit in the 
test laboratory so that the test tabletop is flushed with the test laboratory floor under no-load conditions. 
This minimizes the effort required to place the test object on the test table. Otherwise, the test object has 
to be lifted onto the test table with a forklift. Also, installation of an aircushion to support the system 
dead weight is difficult under these circumstances of elevated mounting. 

Hydraulic actuators are most suitable for heavy load testing and are widely used in industrial and civil 
engineering applications. They can be operated at very low frequencies (almost direct current [DC] ), as well 
as at intermediate frequencies (see Table 15.1). Large displacements (stroke) are possible at low frequencies. 

Hydraulic shakers have the advantage of providing high flexibility of operation during the test; their 
capabilities include variable-force and constant-force testing and wide-band random-input testing. The 
velocity and acceleration capabilities of hydraulic shakers are moderate. Although any general excitation- 
input motion (for example, sine wave, sine beat, wide-band random) can be used in hydraulic shakers, 
faithful reproduction of these signals is virtually impossible at high frequencies because of distortion and 
higher-order harmonics introduced by the high noise levels that are common in hydraulic systems. This 
is only a minor drawback in heavy-duty, intermediate-frequency applications. Dynamic interactions are 
reduced through feedback control. 

15.2.1.5 Inertial Shakers 

In inertial shakers, or “mechanical exciters,” the force that causes the shaker-table motion is generated by 
inertia forces (accelerating masses). Counter- rotating- mass inertial shakers are typical in this category. 
To understand their principle of operation, consider two equal masses rotating in opposite directions at 
the same angular speed co and in the same circle of radius r (see Figure 15.6). This produces a resultant 
force equal to 2 tnto 2 r cos cot in a fixed direction (the direction of symmetry of the two rotating arms). 
Consequently, a sinusoidal force with a frequency of co and an amplitude proportional to co 2 is generated. 
This reaction force is applied to the shaker table. 

Figure 15.7 shows a sketch of a typical counter-rotating-mass inertial shaker. It consists of two identical 
rods rotating at the same speed in opposite directions. Each rod has a series of slots in which to 
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Controller 



Linear 

Torque 

Motor 
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Valve 



Hydraulic 
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Test Table, 
Test Object, 
Fixtures 



(b) 





Hydraulic Ram 






Controller 





FIGURE 15.5 A typical hydraulic shaker arrangement: (a) schematic diagram; (b) operational block diagram. 



place weights. In this manner, the magnitude of 
the eccentric mass can be varied to achieve various 
force capabilities. The rods are driven by a 
variable-speed electric motor through a gear 
mechanism that usually provides several speed 
ratios. A speed ratio is selected depending on the 
required test-frequency range. The whole system is 
symmetrically supported on a carriage that is 
directly connected to the test table. The test object 
is mounted on the test table. The preferred 
mounting configuration is horizontal so that the 
excitation force is applied to the test object in a 
horizontal direction. In this configuration, there 
are no variable gravity moments (weight X 
distance to center of gravity) acting on the drive 
mechanism. Figure 15.7 shows the vertical con- 
figuration. In dynamic testing of large structures, 
the carriage can be mounted directly on the 
structure at a location where the excitation force 
should be applied. By incorporating two pairs of 
counter-rotating masses, it is possible to generate 
test moments as well as test forces. 




FIGURE 15.6 Principle of operation of a counter- 
rotating-mass inertial shaker. 
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FIGURE 15.7 Sketch of a counter-rotating-mass inertial shaker. 



Reaction-type shakers driven by inertia are widely used for the prototype testing of civil engineering 
structures. Their first application dates back to 1935. Inertial shakers are capable of producing 
intermediate excitation forces. The force generated is limited by the strength of the carriage frame. The 
frequency range of operation and the maximum velocity and acceleration capabilities are also 
intermediate for inertial shakers whereas the maximum displacement capability is typically low. A major 
limitation of inertial shakers is that their excitation force is exclusively sinusoidal and that the force 
amplitude is directly proportional to the square of the excitation frequency. As a result, complex and 
random excitation testing, constant-force testing (for example, transmissibility tests and constant-force 
sine-sweep tests), and flexibility to vary the force amplitude or the displacement amplitude during a test 
are not generally feasible with this type of shakers. Excitation frequency and amplitude can be varied 
during testing, however, by incorporating a variable-speed drive for the motor. The sinusoidal excitation 
generated by inertial shakers is virtually undistorted, which gives them an advantage over the other types 
of shakers when used in sine-dwell and sine-sweep tests. Small portable shakers with low-force capability 
are available for use in on-site testing. 

15.2.1.6 Electromagnetic Shakers 

In electromagnetic shakers or “electrodynamic exciters,” the motion is generated using the principle of 
operation of an electric motor. Specifically, the excitation force is produced when a variable excitation 
signal (electrical) is passed through a moving coil placed in a magnetic field. 

The components of a commercial electromagnetic shaker are shown in Figure 15.8. A steady magnetic 
field is generated by a stationary electromagnet that consists of field coils wound on a ferromagnetic base 
that is rigidly attached to a protective shell structure. The shaker head has a coil wound around it. When 
the excitation electrical signal is passed through this drive coil, the shaker head, which is supported on 
flexure mounts, will be set in motion. The shaker head consists of the test table on which the test object 
is mounted. Shakers with interchangeable heads are available. The choice of appropriate shaker head is 
based on the geometry and mounting features of the test object. The shaker head can be turned to 
different angles by means of a swivel joint. In this manner, different directions of excitation (in biaxial 
and triaxial testing) can be obtained. 
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FIGURE 15.8 Schematic sectional view of a typical electromagnetic shaker, manufactured by Bruel and Kjaer, 
Denmark. 



15.2.2 Dynamics of Electromagnetic Shakers 

Consider a single axis electromagnetic shaker (Figure 15.8) with a test object having a single natural 
frequency of importance within the test frequency range. The dynamic interactions between the shaker 
and the test object give rise to two significant natural frequencies (and correspondingly, two significant 
resonances). These appear as peaks in the frequency response curve of the test setup. Furthermore, the 
natural frequency (resonance) of the test package alone causes a “trough” or depression (antiresonance) 
in the frequency response curve of the overall test setup. To explain this characteristic, consider the 
dynamic model shown in Figure 15.9. The following mechanical parameters are defined for 
Figure 15.9(a): m, k, and b are the mass, stiffness, and equivalent viscous damping constant, respectively, 
of the test package, and m e , k e , and b e are the corresponding parameters of the exciter (shaker). Also, in 
the equivalent electrical circuit of the shaker head, as shown in Figure 15.9(b), the following electrical 
parameters are defined: R e and L e are the resistance and (leakage) inductance and k b is the back 
electromotive force (back emf) of the linear motor. Assuming that the gravitational forces are supported 
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FIGURE 15.9 Dynamic models of an electromagnetic shaker and a flexible test package: (a) mechanical model; 
(b) electrical model. 



by the static deflections of the flexible elements, and that the displacements are measured from the static 
equilibrium position, we have the following system equations: 

Test object: my = — k(y — y e ) — b(y — y e ) (15.19) 

Shaker head: m e y e = f e + k(y — y e ) + b(y — y e ) — k e y — b e y e (15.20) 

Electrical: L e c + R e i e + k b y e = v(t) (15.21) 

df 

The electromagnetic force f e generated in the shaker head is a result of the interaction of the magnetic 
field generated by the current i e with coil of the moving shaker head and the constant magnetic field 
(stator) in which the head coil is located. Here, we have 

/e = k b i e (15.22) 

Note that v(f) is the voltage signal that is applied by the amplifier to the shaker coil, y e is the displacement 
of the shaker head, and y is the displacement response of the test package. 

It is assumed that k b has consistent electrical and mechanical units (V/m/sec and N/A). Usually, 
the electrical time constant of the shaker is quite small compared with the primarily mechanical 
time constants of the shaker and the test package. In such cases, the L e dijdt term in Equation 15.21 may 
be neglected. Consequently, the equations from Equation 15.19 through Equation 15.22 may be 
expressed in the Laplace (frequency) domain, with the Laplace variable s taking the place of the derivative 
d/df, as 

(ms 2 + bs + k)y = ( bs + k)y e (15.23) 
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ku k 2 s 

[m e s 2 + ( b + b e )s + ( k + fc e )]y e = (bs + k)y + -f- v - -£-y e (15.24) 

K e A e 

It follows that the transfer function of the shaker head motion with respect to the excitation voltage is 
given by 



Te _ h A(s) 
v R e A d (s) 

where A(s) is the characteristic function of the primary dynamics of the test object 

A(s) = ms 2 + bs + k 



(15.25) 



(15.26) 



and A d (s) is the characteristic function of the primary dynamic interactions between the shaker and the 
test object 



A c (s) = mm e s 4 + [m(b e + b + b a ) + m e b]s 3 + [m(k e + k) + m e k + b(b e + b 0 )]s 2 
+ [bk e + (fc e + b a )k]s + kk e 



(15.27) 



where 




(15.28) 



It is clear that under low damping conditions A d (s) will produce two resonances as it is fourth order in s, 
and similarly A(s) will produce one antiresonance (trough) corresponding to the resonance of the test 
object. Note that in the frequency domain, s = jw, and hence the frequency response function given by 
Equation 15.25, is in fact 



Te _ k^ AQw) 
v R b A d ( jw) 



(15.29) 



The magnitude of this frequency response function for a typical test system is sketched in Figure 15.10. 
Note that this curve is for the “open-loop” case where there is no feedback from the shaker controller. 
In practice, the shaker controller will be able 
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The main advantages of electromagnetic 
shakers are their high frequency range of 
operation, their high degree of operating flexi- 
bility, and the high level of accuracy of the 
generated shaker motion. Faithful reproduction 
of complex excitations is possible because of the 
advanced electronics and control systems used in 
this type of shakers. Electromagnetic shakers are 
not suitable for heavy-duty applications (large test 
objects), however. High test-input accelerations 
are possible at high frequencies when electromag- 
netic shakers are used, but their displacement and 
velocity capabilities are limited to low or 
intermediate values (see Table 15.1). 
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FIGURE 15.10 Frequency response curve of a typical 
electromagnetic shaker with a test object. 
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15.2.2.1 Transient Exciters 

Other varieties of exciters are commonly used in 
transient-type vibration testing. In these tests, 
either an impulsive force or an initial excitation is 
applied to the test object and the resulting 
response is monitored. The excitations and the 
responses are “transient” in this case. Hammer 
test, drop tests, and pluck tests fall into this 
category. For example, a hammer test may be 
conducted by hitting the object with an instru- 
mented hammer and then measuring the response 
of the object. The hammer has a force sensor at its 
tip, as sketched in Figure 15.11. A piezoelectric or 
strain-gage type force sensor may be used. More 
sophisticated hammers have impedance heads in 
place of force sensors. An impedance head 
measures force and acceleration simultaneously. 

The results of a hammer test will depend on many 
factors; for example, the dynamics of the hammer 
body, how firmly the hammer is held during the 
impact, how quickly the impact is applied, and 
whether there are multiple impacts. 

15.3 Control System 

The two primary functions of the shaker control system in vibration testing are (1) to guarantee that the 
specified excitation is applied to the test object and (2) to ensure that the dynamic stability (motion 
constraints) of the test setup is preserved. An operational block diagram illustrating these control 
functions is given in Figure 15.12. The reference input to the control system represents the desired 
excitation force that should be applied to the test object. In the absence of any control, however, the force 
reaching the test object will be distorted, primarily because of: (1) dynamic interactions and 
nonlinearities of the shaker, the test table, the mounting fixtures, the auxiliary instruments, and the test 
object itself; (2) noise and errors in the signal generator, amplifiers, filters, and other equipment; and (3) 
external loads and disturbances acting on the test object and other components (for example, external 
restraints, aerodynamic forces, friction). To compensate for these distorting factors, response 
measurements (displacements, velocities, acceleration, and so on) are made at various locations in the 
test setup and are used to control the system dynamics. In particular, the responses of the shaker, the test 
table, and the test object are measured. These responses are used to compare the actual excitation felt by 




FIGURE 15.11 An instrumented hammer used in 
bump tests or hammer tests. 
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FIGURE 15.12 Operational block diagram illustrating a general shaker control system. 
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the test object at the shaker interface, with the desired (specified) input. The drive signal to the shaker is 
modified, depending on the error that is present. 

Two types of control are commonly employed in shaker apparatus: simple manual control and 
complex automatic control. Manual control normally consists of simple, open-loop, trial-and-error 
methods of manual adjustments (or calibration) of the control equipment to obtain a desired dynamic 
response. The actual response is usually monitored (on an oscilloscope or frequency analyzer screen, for 
example) during manual-control operations. The pretest adjustments in manual control can be very 
time-consuming; as a result, the test object might be subjected to overtesting, which could produce 
cumulative damage, is undesirable, and could defeat the test purpose. Furthermore, the calibration 
procedure for the experimental setup must be repeated for each new test object. 

The disadvantages of manual control suggest that automatic control is desirable in complex test schemes 
in which high accuracy of testing is desired. The first step of automatic control involves automatic 
measurement of the system response, using control sensors and transducers. The measurement is then fed 
back into the control system, which instantaneously determines the best drive signal to actuate the shaker 
in order to get the desired excitation. This may be done by either analog or digital methods. 

Primitive control systems require an accurate mathematical description of the test object. This 
dependency of the control system on the knowledge of test-object dynamics is clearly undesirable. 
Performance of a good control system should not be considerably affected by the dynamic interactions 
and nonlinearities of the test object or by the nature of the excitation. Proper selection of feedback signals 
and control- system components can reduce such effects and will make the system robust. 

In the response-spectrum method of vibration testing, it is customary to use displacement control at 
low frequencies, velocity control at intermediate frequency, and acceleration control at high frequencies. 
This necessitates feedback of displacement, velocity, and acceleration responses. Generally, however, the 
most important feedback is the velocity feedback. In sine-sweep tests, the shaker velocity must change 
steadily over the frequency band of interest. In particular, the velocity control must be precise near the 
resonances of the test object. Velocity (speed) feedback has a stabilizing effect on the dynamics, which is 
desirable. This effect is particularly useful in ensuring stability in motion when testing is done near 
resonances of lightly damped test objects. On the contrary, displacement (position) feedback can have a 
destabilizing effect on some systems, particularly when high feedback gains are used. 

The controller usually consists of various instruments, equipment, and computation hardware and 
software. Often, the functions of the data-acquisition and processing system overlap with those of the 
controller to some extent. As an example, consider the digital-controller of vibration testing apparatus. 
First, the responses are measured through sensors (and transducers), filtered, and amplified 
(conditioned). These data channels may be passed through a multiplexer, whose purpose is to select 
one data channel at a time for processing. Most modern data acquisition hardware does not need a 
separate multiplexer to handle multiple signals. The analog data are converted into digital data using 
analog-to-digital converters (ADCs). The resulting sampled data are stored on a disk or as a block data in 
the computer memory. The reference input signal (typically, a signal recorded on an FM tape) is also 
sampled (if it is not already in the digital form), using an ADC, and fed into the computer. Digital 
processing is done on the reference signal and the response data, with the objective of computing the 
command signal to drive the shaker. The digital command signal is converted into an analog signal, using 
a digital-to-analog converter (DAC), and amplified (conditioned) before it is used to drive the exciter. 

The nature of the control components depends to a large extent on the nature and objectives of the 
particular test to be conducted. Some of the basic components in a shaker controller are described in 
the following subsections. 

15.3.1 Components of a Shaker Controller 

15.3.1.1 Compressor 

A compressor circuit is incorporated in automatic excitation control devices to control the excitation- 
input level automatically. The level of control depends on the feedback signal from a control sensor and 
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the specified (reference) excitation signal. Usually, the compressor circuit is included in the excitation- 
signal generator (for example, in a sine generator) . The control by this means may be done on the basis of 
a single-frequency component (e.g., the fundamental frequency). 

15.3.1.2 Equalizer (Spectrum Shaper) 

Random-signal equalizers are used to shape the spectrum of a random signal in a desired manner. In 
essence, and equalizer consists of a bank of narrow-band filters (for example, 80 filters) in parallel over 
the operating frequency range. By passing the signal through each filter, the spectral density (or the mean 
square value) of the signal in that narrow frequency band (for example, each one-third-octave band) is 
determined. This is compared with the desired spectral level, and automatic adjustment is made in that 
filter in case there is an error. In some systems, response-spectrum analysis is made in place of power 
spectral density analysis. In that case, the equalizer consists of a bank of simple oscillators, whose 
resonant frequencies are distributed over the operating frequency range of the equalizer. The feedback 
signal is passed through each oscillator, and the peak value of its output is determined. This value is 
compared with the desired response spectrum value at that frequency. If there is an error, automatic gain 
adjustment is made in the appropriate excitation signal components. 

Random-noise equalizers are used in conjunction with random signal generators. They receive 
feedback signals from the control sensors. In some digital control systems, there are algorithms (software) 
that are used to iteratively converge the spectrum of the excitation signal felt by the test object into the 
desired spectrum. 

15.3.1.3 Tracking Filter 

Many vibration tests are based on single-frequency excitations. In such cases, the control functions 
should be performed on the basis of the amplitudes of the fundamental-frequency component of the 
signal. A tracking filter is simply a frequency-tuned band-pass filter. It automatically tunes the center 
frequency of its very narrow-band-pass filter to the frequency of a carrier signal. Then, when a noisy 
signal is passed through the tuned filter, the output of the filter will be the required fundamental 
frequency component in the signal. Tracking filters also are useful in obtaining amplitude -frequency 
plots using an X—Y plotter. In such cases, the frequency value comes from the signal generator (sweep 
oscillator), which produces the carrier signal to the tracking filter. The tracking filter then determines the 
corresponding amplitude of a signal that is fed into it. Most tracking filters have dual channels so that two 
signals can be handled (tracked) simultaneously. 

15.3.1.4 Excitation Controller (Amplitude Servo-Monitor) 

An excitation controller is typically an integral part of the signal generator. It can be set so that automatic 
sweep between two frequency limits can be performed at a selected sweep rate (linear or logarithmic). 
More advanced excitation controllers have the capability of an automatic switch-over between constant- 
displacement, constant-velocity and constant-acceleration excitation-input control at specified 
frequencies over the sweep frequency interval. Consequently, integrator circuits should be present 
within the excitation controller unit to determine velocities and displacements from acceleration signals. 
Sometimes, integration is performed by a separate unit called a vibration meter. This unit also offers 
the operator the capability of selecting the desired level of each signal (acceleration, velocity, or 
displacement). There is an automatic cut-off level for large displacement values that could result from 
noise in acceleration signals. A compressor is also a subcomponent of the excitation controller. The 
complete unit is sometimes known as an amplitude servo-monitor. 

15.3.2 Signal-Generating Equipment 

Shakers are force-generating devices that are operated using drive (excitation) signals generated from a 
source. The excitation-signal source is known as the signal generator. Three major types of signal 
generators are used in vibration testing applications: (1) oscillators, (2) random-signal generators, and 
(3) storage devices. In some units, oscillators and random-signal generators are combined. We shall 
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discuss these two generators separately, however, because of their difference in function. It also should be 
noted that almost any digital signal (deterministic or random) can be generated by a digital computer 
using a suitable computer program; the signal eventually can be passed through a DAC to obtain 
the corresponding analog signal. These ‘digital’ signal generators along with analog sources such as 
magnetic tape players (FM) are classified into the category of storage devices. 

The dynamic range of equipment is the ratio of the maximum and minimum output levels (expressed 
in decibels) at which it is capable of operating without significant error. This is an important specification 
for many types of equipment, particularly for signal-generating devices. The output level of the signal 
generator should be set to a value within its dynamic range. 

15.3.2.1 Oscillators 

Oscillators are essentially single-frequency generators. Typically, sine signals are generated, but other 
waveforms (such as rectangular and triangular pulses) are also available in most oscillators. Normally, 
an oscillator has two modes of operation; ( 1 ) sweeping up and down between two frequency limits and 
(2) dwelling at a specified frequency. In the sweep operation, the sweep rate should be specified. This can 
be done either on a linear scale (Hz/min) or on a logarithmic scale (octaves/min). In the dwell operation, 
the frequency points (or intervals) should be specified. In either case, a desired signal level can be chosen 
using the gain-control knob. An oscillator that is operated exclusively in the sweep mode is called a sweep 
oscillator. 

The early generation of oscillators employed variable inductor-capacitor types of electronic circuits to 
generate signals oscillating at a desired frequency. The oscillator is tuned to the required frequency by 
varying the capacitance or inductance parameters. A DC voltage is applied to energize the capacitor 
and to obtain the desired oscillating voltage signal, which subsequently is amplified and conditioned. 
Modern oscillators use operational amplifier circuits along with resistor, capacitor, and semiconductor 
(SC) elements. Also common are crystal (quartz) parallel- resonance oscillators, used to generate voltage 
signals accurately at a fixed frequency. The circuit is activated using a DC-voltage source. Other 
frequencies of interest are obtained by passing this high-frequency signal through a frequency converter. 
The signal is then conditioned (amplified and filtered). Required shaping (for example, rectangular 
pulse) is obtained using a shape circuit. Finally, the required signal level is obtained by passing the 
resulting signal through a variable-gain amplifier. A block diagram of an oscillator, illustrating various 
stages in the generation of a periodic signal, is given in Figure 15.13. 

A typical oscillator offers a choice of several (typically six) linear and logarithmic frequency ranges and 
a sizable level of control capability (for example, 80 dB). Upper and lower frequency limits in a sweep can 
be preset on the front panel to any of the available frequency ranges. Sweep-rate settings are continuously 
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FIGURE 15.13 Block diagram of an oscillator- type signal generator. 
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variable (typically, 0 to 10 octaves/min in the logarithmic range, and 0 to 60 kHz/min in the linear range), 
but one value must be selected for a given test or part of a test. Most oscillators have a repetitive-sweep 
capability, which allows the execution of more than one sweep continuously, for example, for mechanical 
aging and in product-qualification single-frequency tests. Some oscillators also have the capability of 
varying the signal level (amplitude) during each test cycle (sweep or dwell). This is known as level 
programming. Also, automatic switching between acceleration, velocity, and displacement excitations at 
specified frequency points in each test cycle can be implemented with some oscillators. A frequency 
counter, which is capable of recording the fundamental frequency of the output signal, is usually an 
integral component of the oscillator. 

15.3.2.2 Random Signal Generators 

In modern random-signal generators, SC devices (e.g., zener diodes) are used to generate a random 
signal that has a required (e.g., Gaussian) distribution. This is accomplished by applying a suitable DC 
voltage to a SC circuit. The resulting signal is then amplified and passed through a bank of conditioning 
filters, which effectively acts as a spectrum shaper. In this manner, the bandwidth of the signal can be 
adjusted in a desired manner. Extremely wideband signals (white noise), for example, can be generated 
for random-excitation vibration testing in this manner. The block diagram in Figure 15.14 shows the 
essential steps in a random-signal generation process. A typical random-signal generator has several 
(typically eight) bandwidth selections over a wide frequency range (for example, 1 Hz to 100 kHz). A 
level-control capability (typically 80 dB) is also available. 

15.3.2.3 Tape Players 

Vibration testing for product qualification may be performed using a tape player as the signal source. 
A tape player is essentially a signal reproducer. The test-input signal that has a certain specified response 
spectrum is obtained by playing a magnetic tape and mixing the contents in the several tracks of the tape 
in a desirable ratio. Typically, each track contains a sine-beat signal, with a particular beat frequency, 
amplitude, and number of cycles per beat, or a random-signal component with a desired spectral 
characteristic). 

In frequency modulation (FM) tapes, the signal amplitude is proportional to the frequency of a carrier 
signal. The carrier signal is recorded on the tape. When played back, the actual signal is reproduced, based 
on detecting the frequency content of the carrier signal in different time points. The FM method is 
usually favorable, particularly for low-frequency testing (below 100 Hz). 

Performance of a tape player is determined by several factors, including tape type and quality, signal 
reproduction and recording circuitry, characteristics of the magnetic heads, and the tape-transport 
mechanism. Some important specifications for tape players are (1) the number of tracks per tape 
(for example, 14 or 28); (2) the available tape speeds (for example, 3.75, 7.5, 15, or 30 in./sec); 
(3) reproduction filter- amplifier capabilities (for example, 0.5% third-harmonic distortion in a 1 kHz 
signal recorded at 15 in./sec tape speed, peak-to-peak output voltage of 5 Vat 100 fl load, signal-to-noise 
ratio of 45 dB, output impedance of 50 fi); and (4) the available control options and their capabilities 
(for example, stop, play, reverse, fast-forward, record, speed selection, channel selection). Tape player 
specifications for vibration testing are governed by an appropriate regulatory agency, according to a 
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FIGURE 15.14 Block diagram of a random signal generator. 
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specified standard (e.g., the Communication and Telemetry Standard of the Intermediate Range 
Instrumentation Group (IRIG Standard 106-66). 

A common practice in vibration testing is to generate the test-input signal by repetitively playing a 
closed tape loop. In this manner, the input signal becomes periodic but has the desired frequency content. 
Frequency modulation players can be fitted with special loop adaptors for playing tape loops. In spectral 
(Fourier) analysis of such signals, the analyzing-filter bandwidth should be several times more than the 
repetition frequency (tape speed/loop length). Extraneous noise is caused by discontinuities at the tape 
joint. This can be suppressed by using suitable filters or gating circuits. 

A technique that can be employed to generate low-frequency signals with high accuracy is to record the 
signal first at a very low tape speed and then play it back at a high tape speed (for example, r times 
higher). This has the effect of multiplying all frequency components in the signal by the speed ratio (r). 
Consequently, the filter circuits in the tape player will allow some low-frequency components in the 
signal that would normally be cut off and will cut off some high-frequency components that would 
normally be allowed. Hence, this process is a way of emphasizing the low-frequency components in a 
signal. 

15.3.2.4 Data Processing 

A controller generally has some data processing functions, as well. A data-acquisition and processing 
system usually consists of response sensors (and transducers), signal conditioners, an input-output 
(I/O) board including a multiplexer, ADCs, etc., and a digital computer, with associated I/O 
devices. The functions of a digital data-acquisition and processing system may be quite general, as listed 
below: 

1. Measuring, conditioning, sampling, and storing the response signals and operational data of test 
object (using input commands, as necessary) 

2. Digital processing of the measured data according to the test objectives (and using input 
commands, as necessary) 

3. Generating drive signals for the control system 

4. Generating and recording test results (responses) in a required format 

The capacity and the capabilities of a data-acquisition and processing systems are determined by such 
factors as: 

1 . The number of response data channels that can be handled simultaneously 

2. The data-sampling rate (samples per second) for each data channel 

3. Computer memory size 

4. Computer processing speed 

5. External storage capability (hard disks, floppy disks, and so forth) 

6. The nature of the input and output devices 

7. Software features 

Commercial data-acquisition and processing systems with a wide range of processing capabilities are 
available for use in vibration testing. Some of the standard processing capabilities are the following: 

1. Response-spectrum analysis 

2. FFT analysis (spectral densities, correlations, coherence, Fourier spectra, and so on) 

3. Frequency-response function, transmissibility, and mechanical-impedance analysis 

4. Natural-frequency and mode-shape analysis 

5. System-parameter identification (for example, damping parameters) 

Most processing is done in real time, which means that the signals are analyzed as they are being 
measured. The advantage of this is that outputs and command signals are available simultaneously as the 
monitoring is done, so that any changes can be detected as they occur (for example, degradation in the 
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test object or deviations in the excitation signal from the desired form) and automatic feedback control 
can be effected. For real-time processing to be feasible, the data-acquisition rate (sampling rate) and the 
processing speed of the computer should be sufficiently fast. In real-time frequency analysis, the entire 
frequency range is analyzed at a given instant, as opposed to analyzing narrow bands separately. Results 
are presented as Fourier spectra, power spectral densities, cross-spectral densities, coherence functions, 
correlation functions, and response-spectra curves. Averaging of frequency plots can be done over small 
frequency bands (for example, one-third-octave analysis), or the running average of each instantaneous 
plot can be determined. 



15.4 Performance Specification 

Proper selection and integration of sensors and transducers are crucial in “instrumenting” a vibrating 
system. The response variable that is being measured (for example, acceleration) is termed the 
measurand. A measuring device passes through two stages in making a measurement. First, the 
measurand is sensed. Then, the measured signal is transduced (converted) into a form that is particularly 
suitable for signal conditioning, processing, or recording. Often, the output from the transducer stage is 
an electrical signal. It is common practice to identify the combined sensor-transducer unit as either a 
sensor or a transducer. 

The measuring device itself might contain some of the signal-conditioning circuitry and recording (or 
display) devices or meters. These are components of an overall measuring system. For our purposes, we 
shall consider these components separately. 

In most applications, the following four variables are particularly useful in determining the response 
and structural integrity of a vibrating system (in each case the usual measuring devices are indicated in 
parentheses): 

1. Displacement (potentiometer or LVDT) 

2. Velocity (tachometer) 

3. Acceleration (accelerometer) 

4. Stress and strain (strain gage) 

It is somewhat common practice to measure acceleration first and then determine velocity and 
displacement by direct integration. Any noise and DC components in the measurement, however, could 
give rise to erroneous results in such cases. Consequently, it is good practice to measure displacement, 
velocity, and acceleration by using separate sensors, particularly when the measurements are employed 
in feedback control of the vibratory system. It is not recommended to differentiate a displacement 
(or velocity) signal to obtain velocity (or acceleration), because this process would amplify any noise 
present in the measured signal. Consider, for example, a sinusoidal signal give by A sin cot. Since 
d/df(A sin cot) = Aco cos cot , it follows that any high-frequency noise would be amplified by a factor 
proportional to its frequency. Also, any discontinuities in noise components would produce large 
deviations in the results. Using the same argument, it may be concluded that the acceleration 
measurements are desirable for high-frequency signals and the displacement measurements are desirable 
for low-frequency signals. It follows that the selection of a particular measurement transducer should 
depend on the frequency content of the useful portion of the measured signal. 

Transducers are divided into two broad categories: active transducers and passive transducers. Passive 
transducers do not require an external electric source for activation. Some examples are electromagnetic, 
piezoelectric, and photovoltaic transducers. Active transducers, however, do not possess selfcontained 
energy sources and thus need external activation. A good example is a resistive transducer, such as a 
potentiometer. 

In selecting a particular transducer (measuring device) for a specific vibration application, special 
attention should be give to its ratings, which usually are provided by the manufacturer, and the required 
performance specifications as provided by the customer (or developed by the system designer). 
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15.4.1 Parameters for Performance Specification 

A perfect measuring device can be defined as one that possesses the following characteristics: 

1. Output instantly reaches the measured value (fast response). 

2. Transducer output is sufficiently large (high gain, low output impedance, high sensitivity). 

3. Output remains at the measured value (without drifting or being affected by environmental effects 
and other undesirable disturbances and noise) unless the measurand itself changes (stability and 
robustness). 

4. The output signal level of the transducer varies in proportion to the signal level of the measurand 
(static linearity). 

5. Connection of a measuring device does not distort the measurand itself (loading effects are absent 
and impedances are matched). 

6. Power consumption is small (high input impedance). 

All these properties are based on dynamic characteristics and therefore can be explained in terms 
of dynamic behavior of the measuring device. In particular, items 1 to 4 can be specified in terms of the 
device (response), either in the time domain or in th e frequency domain. Items 2, 5, and 6 can be specified 
using the impedance characteristics of a device. First, we shall discuss response characteristics that are 
important in performance specification of a sensor/transducer unit. 

15.4.1.1 Time-Domain Specifications 

Several parameters that are useful for the time-domain performance specification of a device are as 
follows: 

1. Rise time (T r ): This is the time taken to pass the steady-state value of the response for the first time. 
In overdamped systems, the response is nonoscillatory; consequently, there is no overshoot. So 
that the definition is valid for all systems, rise time is often defined as the time taken to pass 90% of 
the steady-state value for the first time. Rise time is often measured from 10% of the steady-state 
value in order to leave out irregularities occurring at start-up and time lags that might be present 
in a system. Rise time represents the speed of response of a device: a small rise time indicates a fast 
response. 

2. Delay time ( T d ): This is usually defined as the time taken to reach 50% of the steady-state value for 
the first time. This parameter is also a measure of the speed of response. 

3. Peak time (T p ): This is the time at the first peak. This parameter also represents the speed of 
response of the device. 

4. Settling time (T s ): This is the time taken for the device response to settle down within a certain 
percentage (e.g., ±2%) of the steady-state value. This parameter is related to the degree of 
damping present in the device as well as the degree of stability. 

5. Percentage overshoot (PO): This is defined as 

PO = 100(M p - 1)% (15.30) 

using the normalized-to-unity step response curve, where M p is the peak value. Percentage 
overshoot is a measure of damping or relative stability in the device. 

6. Steady-state error: This is the deviation of the actual steady-state value from the desired value. 
Steady-state error may be expressed as a percentage with respect to the (desired) steady-state 
value. In a measuring device, steady-state error manifests itself as an offset. This is a systematic 
(deterministic) error that normally can be corrected by recalibration. In servo-controlled 
devices, steady-state error can be reduced by increasing the loop gain or by introducing a lag 
compensation. Steady-state error can be completely eliminated using the integral control {reset) 
action. 
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For the best performance of a measuring device, we wish to have the values of all the foregoing 
parameters as small as possible. In actual practice, however, it might be difficult to meet all specifications, 
particularly under conflicting requirements. For instance, T r can be decreased by increasing the dominant 
natural frequency co„ of the device. This, however, increases the PO and sometimes the T s . On the other 
hand, the PO and T s can be decreased by increasing device damping, but this has the undesirable effect of 
increasing T r . 

15.4.1.2 Frequency-Domain Specifications 

Since any time signal can be decomposed into sinusoidal components through Fourier transformation, it 
is clear that the response of a system to an arbitrary input excitation also can be determined using 
transfer-function (frequency response-function) information for that system. For this reason, one could 
argue that it is redundant to use both time-domain specifications and frequency-domain specifications, 
as they carry the same information. Often, however, both specifications are used simultaneously, because 
this can provide a better understanding of the system performance. Frequency-domain parameters are 
more suitable in representing some characteristics of a system under some types of excitation. 

Consider a device with the frequency-response function (transfer function) G(jco). Some useful 
parameters for performance specification of the device in the frequency domain are: 

1. Useful frequency range (operating interval): This is given by the flat region of the frequency 
response magnitude, lG(jw)l, of the device. 

2. Bandwidth (speed of response): This may be represented by the primary natural frequency (or 
resonant frequency) of the device. 

3. Static gain (steady-state performance): Since static conditions correspond to zero frequencies; this 
is given by G(0). 

4. Resonant frequency (speed and critical frequency region) co T : This corresponds to the lowest 
frequency at which lG(jw)l peaks. 

5. Magnitude at resonance (stability): This is given by lG(jw r )l. 

6. Input impedance (loading, efficiency, interconnectability): This represents the dynamic resistance 
as felt at the input terminals of the device. This parameter will be discussed in more detail under 
component interconnection and matching. 

7. Output impedance (loading, efficiency, interconnectability): This represents the dynamic 
resistance as felt at the output terminals of the device. 

8. Gain margin (stability): This is the amount by which the device gain could be increased before the 
system becomes unstable. 

9. Phase margin (stability): This is the amount by which the device phase lead could be decreased 
(i.e., phase lag increased) before the system becomes unstable. 

15.4.2 Linearity 

A device is considered linear if it can be modeled by linear differential equations, with time t as the 
independent variable. Nonlinear devices are often analyzed using linear techniques by considering small 
excursions about an operating point. This linearization is accomplished by introducing incremental 
variables for the excitations (inputs) and responses (outputs). If one increment can cover the entire 
operating range of a device with sufficient accuracy, it is an indication that the device is linear. If the 
input/output relations are nonlinear algebraic equations, that represents a static nonlinearity. Such a 
situation can be handled simply by using nonlinear calibration curves, which linearize the device without 
introducing nonlinearity errors. If, on the other hand, the input/output relations are nonlinear 
differential equations, analysis usually becomes quite complex. This situation represents a dynamic 
nonlinearity. 

Transfer-function representation is a “linear” model of an instrument. Hence, it implicitly assumes 
linearity. According to industrial terminology, a linear measuring instrument provides a measured value 
that varies linearly with the value of the measurand. This is consistent with the definition of static linearity. 
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All physical devices are nonlinear to some degree. This stems from any deviation from the ideal behavior, 
due to causes such as saturation, deviation from Hooke’s Law in elastic elements, Coulomb friction, creep 
at joints, aerodynamic damping, backlash in gears and other loose components, and component wearout. 
Nonlinearities in devices are often manifested as some peculiar characteristics. In particular, the following 
properties are important in detecting nonlinear behavior in dynamic systems: 

1. Saturation: The response does not increase when the excitation is increased beyond some level. 
This may result from such causes as magnetic saturation, which is common in transformer devices 
such as differential transformers, plasticity in mechanical components, or nonlinear deformation 
in springs. 

2. Hysteresis: In this case, the input/output curve changes depending on the direction of motion, 
resulting in a hysteresis loop. This is common in: loose components such as gears, which have 
backlash; in components with nonlinear damping, such as Coulomb friction; and in magnetic 
devices with ferromagnetic media and various dissipative mechanisms (e.g., eddy current 
dissipation). 

3. The jump phenomenon: Some nonlinear devices exhibit an instability known as the jump 
phenomenon (or fold catastrophe). Here, the frequency response (transfer) function curve suddenly 
jumps in magnitude at a particular frequency, while the excitation frequency is increased 
or decreased. A device with this nonlinearity will exhibit a characteristic “tilt” of its resonant 
peak either to the left (softening nonlinearity) or to the right (hardening nonlinearity). 
Furthermore, the transfer function itself may change with the level of input excitation in the case 
of nonlinear devices. 

4. Limit cycles: A limit cycle is a closed trajectory in the state space that corresponds to sustained 
oscillations without decay or growth. The amplitude of these oscillations is independent of the 
location at which the response began. In the case of a stable limit cycle, the response will return to the 
limit cycle irrespective of the location near the limit cycle from which the response was initiated. In 
the case of an unstable limit cycle, the response will steadily move away from the location with the 
slightest disturbance. 

5. Frequency creation: At steady state, nonlinear devices can create frequencies that are not present in 
the excitation signals. These frequencies might be harmonics (integer multiples of the excitation 
frequency), subharmonics (integer fractions of the excitation frequency), or nonharmonics (usually 
rational fractions of the excitation frequency). 

Several methods are available to reduce or eliminate nonlinear behavior in vibrating systems. They 
include calibration (in the static case), use of linearizing elements, such as resistors and amplifiers to 
neutralize the nonlinear effects, and the use of nonlinear feedback. It is also good practice to take the 
following precautions: 

1. Avoid operating the device over a wide range of signal levels. 

2. Avoid operation over a wide frequency band. 

3. Use devices that do not generate large mechanical motions. 

4. Minimize Coulomb friction. 

5. Avoid loose joints and gear coupling (i.e., use direct-drive mechanisms). 

15.4.3 Instrument Ratings 

Instrument manufacturers do not usually provide complete dynamic information for their products. In 
most cases, it is unrealistic to expect complete dynamic models (in the time or the frequency domain) 
and associated parameter values for complex instruments. Performance characteristics provided by 
manufacturers and vendors are primarily static parameters. Known as instrument ratings, these are 
available as parameter values, tables, charts, calibration curves, and empirical equations. Dynamic 
characteristics such as transfer functions (e.g., transmissibility curves expressed with respect to excitation 
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frequency) might also be provided for more sophisticated instruments, but the available dynamic 
information is never complete. Furthermore, the definitions of rating parameters used by manufacturers 
and vendors of instruments are in some cases not the same as analytical definitions used in textbooks. 
This is particularly true in relation to the term linearity. Nevertheless, instrument ratings provided by 
manufacturers and vendors are very useful in the selection, installation, operation, and maintenance of 
instruments. Some of these performance parameters are indicated below. 

15.4.3.1 Rating Parameters 

Typical rating parameters supplied by instrument manufacturers are: 

1. Sensitivity 

2. Dynamic range 

3. Resolution 

4. Linearity 

5. Zero drift and full-scale drift 

6. Useful frequency range 

7. Bandwidth 

8. Input and output impedances 

The conventional definitions given by instrument manufacturers and vendors are summarized below. 

Sensitivity of a transducer is measured by the magnitude (peak, root-mean-square [RMS] value, etc.) 
of the output signals corresponding to a unit input of the measurand. This may be expressed as the ratio 
of (incremental output) /(incremental input) or, analytically, as the corresponding partial derivative. In 
the case of vectorial or tensorial signals (e.g., displacement, velocity, acceleration, strain, force), the 
direction of sensitivity should be specified. 

Cross-sensitivity is the sensitivity along directions that are orthogonal to the direction of primary 
sensitivity; it is expressed as a percentage of the direct sensitivity. High sensitivity and low cross- 
sensitivity are desirable for measuring instruments. Sensitivity to parameter changes, disturbances, and 
noise has to be small in any device, however; this is an indication of its robustness. Often, sensitivity 
and robustness are conflicting requirements. 

Dynamic range of an instrument is determined by the allowed lower and upper limits of its input or 
output (response) so as to maintain a required level of measurement accuracy. This range is usually 
expressed as a ratio, in decibels. In many situations, the lower limit of the dynamic range is equal to 
the resolution of the device. Hence, the dynamic range is usually expressed as the ratio (range of 
operation)/(resolution), in decibels. 

Resolution is the smallest change in a signal that can be detected and accurately indicated by a 
transducer, a display unit, or other instrument. It is usually expressed as a percentage of the maximum 
range of the instrument or as the inverse of the dynamic range ratio, as defined above. It follows that 
dynamic range and resolution are very closely related. 

Linearity is determined by the calibration curve of an instrument. The curve of output amplitude 
(a peak or rms value) vs. input amplitude under static conditions within the dynamic range of an 
instrument is known as the static calibration curve. Its closeness to a straight line measures the degree of 
linearity. Manufacturers provide this information either as the maximum deviation of the calibration 
curve from the least squares straight-line fit of the calibration curve or from some other reference straight 
line. If the least squares fit is used as the reference straight line, the maximum deviation is called 
independent linearity (or more correctly, the independent nonlinearity, because the larger the deviation, 
the greater the nonlinearity). Nonlinearity may be expressed as a percentage of either the actual reading at 
an operating point or the full-scale reading. 

Zero drift is defined as the drift from the null reading of the instrument when the measurand is 
maintained steady for a long period. Note that in this case, the measurand is kept at zero or any other 
level that corresponds to null reading of the instrument. Similarly, full-scale drift is defined with respect to 
the full-scale reading (the measurand is maintained at the full-scale value). Usual causes of drift include 
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instrument instability (e.g., instability in amplifiers), ambient changes (e.g., changes in temperature, 
pressure, humidity, and vibration level), changes in power supply (e.g., changes in reference DC voltage 
or alternating current [AC] line voltage), and parameter changes in an instrument (due to aging, 
wearout, nonlinearities, etc.). Drift due to parameter changes that are caused by instrument 
nonlinearities is known as parametric drift, sensitivity drift, or scale-factor drift. For example, a change 
in spring stiffness or electrical resistance due to changes in ambient temperature results in a parametric 
drift. Note that the parametric drift depends on the measurand level. Zero drift, however, is assumed to 
be the same at any measurand level if the other conditions are kept constant. For example, a change in 
reading caused by thermal expansion of the readout mechanism due to changes in the ambient 
temperature is considered a zero drift. In electronic devices, drift can be reduced by using AC circuitry 
rather than direct current (DC) circuitry. For example, AC-coupled amplifiers have fewer drift problems 
than DC amplifiers. Intermittent checking for the instrument response level for zero input is a popular 
way to calibrate for zero drift. In digital devices, this can be done automatically and intermittently, 
between sample points, when the input signal can be bypassed without affecting the system operation. 

Useful frequency range corresponds to the interval of both flat gain and zero phase in the frequency 
response characteristics of an instrument. The maximum frequency in this band is typically less than half 
(say, one fifth of) the dominant resonant frequency of the instrument. This is a measure of instrument 
bandwidth. 

Bandwidth of an instrument determines the maximum speed or frequency at which the instrument is 
capable of operating. High bandwidth implies faster speed of response. Bandwidth is determined by the 
dominant natural frequency, co n or the dominant resonant frequency, co r of the transducer. (Note: For 
low damping, co r is approximately equal to co„.) It is inversely proportional to the rise time and the 
dominant time constant. Half-power bandwidth is also a useful parameter. Instrument bandwidth must 
be several times greater than the maximum frequency of interest in the measured signal. The bandwidth 
of a measuring device is important, particularly when measuring transient signals. Note that the 
bandwidth is directly related to the useful frequency range. 

15.4.4 Accuracy and Precision 

The instrument ratings mentioned above affect the overall accuracy of an instrument. Accuracy can be 
assigned either to a particular reading or to an instrument. Note that instrument accuracy depends not 
only on the physical hardware of the instrument but also on the operating conditions (e.g., design 
conditions that are the normal, steady operating conditions or extreme transient conditions, such 
as emergency start-up and shutdown). Measurement accuracy determines the closeness of the 
measured value to the true value. Instrument accuracy is related to the worst accuracy obtainable 
within the dynamic range of the instrument in a specific operating environment. Measurement error is 
defined as 



Error = (measured value) — (true value) (15.31) 

Correction, which is the negative of error, is defined as 

Correction = (true value) — (measured value) (15.32) 

Each of these can also be expressed as a percentage of the true value. The accuracy of an instrument may 
be determined by measuring a parameter whose true value is known, and is near the extremes of the 
dynamic range of the instrument, under certain operating conditions. For this purpose, standard 
parameters or signals that can be generated at very high levels of accuracy would be needed. The National 
Institute for Standards and Testing (NIST) is usually responsible for the generation of these standards. 
Nevertheless, accuracy and error values cannot be determined to 100% exactness in typical applications, 
because the true value is not known. In a given situation, we can only make estimates for accuracy, 
by using ratings provided by the instrument manufacturer or by analyzing data from previous 
measurements and models. 
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Causes of error include instrument instability, external noise (disturbances), poor calibration, 
inaccurate information (e.g., poor analytical models, inaccurate control), parameter changes (e.g., due 
to environmental changes, aging, and wearout), unknown nonlinearities, and improper use of the 
instrument. 

Errors can be classified as deterministic (or systematic ) and random (or stochastic). Deterministic errors 
are those caused by well-defined factors, including nonlinearities and offsets in readings. These usually 
can be removed by applying proper calibration and analytical practices. Error ratings and calibration 
charts are used to remove systematic errors from instrument readings. Random errors are caused by 
uncertain factors entering into the instrument response. These include device noise, line noise, and the 
effects of unknown random variations in the operating environment. A statistical analysis using 
sufficiently large amounts of data is necessary to estimate random errors. The results are usually 
expressed as a mean error, which is the systematic part of random error, and a standard deviation or 
confidence interval for instrument response. 

Precision is not synonymous with accuracy. Reproducibility (or repeatability) of an instrument reading 
determines the precision of an instrument. Two or more identical instruments that have the same high 
offset error might be able to generate responses at high precision, even though these readings are clearly 
inaccurate. For example, consider a timing device (clock) that very accurately indicates time increments 
(say, up to the nearest microsecond). If the reference time (starting time) is set incorrectly, the time 
readings will be in error, even though the clock has a very high precision. 

Instrument error may be represented by a random variable that has a mean value /x e and a 
standard deviation tr e . If the standard deviation is zero, the variable is considered deterministic. In 
that case, the error is said to be deterministic or repeatable. Otherwise, the error is said to be random. 
The precision of an instrument is determined by the standard deviation of error in the instrument 
response. Readings of an instrument may have a large mean value of error (e.g., large offset), but if 
the standard deviation is small, the instrument has a high precision. Hence, a quantitative definition 
for precision is 



Precision = (measurement range)/cr e 



(15.33) 



Lack of precision originates from random causes and poor construction practices. It cannot be 
compensated for by recalibration, just as the precision of a clock cannot be improved by resetting the 
time. On the other hand, accuracy can be improved by recalibration. Repeatable (deterministic) 
accuracy is inversely proportional to the magnitude of the mean error /z e . 

In selecting instruments for a particular application, in addition to matching instrument ratings with 
specifications, several additional features should be considered. These include geometric limitations 
(size, shape, etc.); environmental conditions (e.g., chemical reactions including corrosion, extreme 
temperatures, light, dirt accumulation, electromagnetic fields, radioactive environments, shock and 
vibration); power requirements; operational simplicity; availability; the past record and reputation 
of the manufacturer and of the particular instrument; and cost-related economic aspects (initial cost, 
maintenance cost, cost of supplementary components such as signal-conditioning and processing 
devices, design life and associated frequency of replacement, and cost of disposal and replacement). 
Often, these considerations become the ultimate deciding factors in the selection process. 



15.5 Motion Sensors and Transducers 



Motion sensing is considered the most important measurement in vibration applications. Other 
variables, such as force, torque, stress, strain, and material properties, are also important, either directly 
or indirectly, in the study of vibration. This section will describe some useful measuring devices of 
motion in the field of mechanical vibration. 
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15.5.1 Potentiometer 

The potentiometer, or pot, is a displacement transducer. This active transducer consists of a uniform coil 
of wire or a film of high-resistive material, such as carbon, platinum, or conductive plastic, whose 
resistance is proportional to its length. A fixed voltage, v re> f is applied across the coil (or film) using an 
external, constant DC voltage supply. The transducer output signal, v 0j is the DC voltage between the 
movable contact (wiper arm) sliding on the coil and one terminal of the coil, as shown schematically in 
Figure 15.15(a). Slider displacement x is proportional to the output voltage 

v 0 = kx (15.34) 

This relationship assumes that the output terminals are open-circuit, which means that infinite- 
impedance load (or resistance in the present DC case) is present at the output terminal, so that the output 
current is zero. In actual practice, however, the load (the circuitry into which the pot signal is fed, e.g., 
conditioning or processing circuitry) has a finite impedance. Consequently, the output current (the 
current through the load) is nonzero, as shown in Figure 15.15(b). The output voltage thus drops to v 0 , 
even if the reference voltage, v re f, is assumed to remain constant under load variations (i.e., the voltage 
source has zero output impedance). This consequence is known as the loading effect of the transducer. 
Under these conditions, the linear relationship given by Equation 15.34 is no longer valid. This causes an 
error in the displacement reading. Loading can affect the transducer reading in two ways: by changing the 
reference voltage (i.e., loading the voltage source) or by loading the transducer. To reduce these effects, a 
voltage source that is not seriously affected by load variations (e.g., a regulated or stabilized power supply 
that has low output impedance) and data acquisition circuitry (including signal-conditioning circuitry) 
that has high input impedance should be used. 

The resistance of a potentiometer should be chosen with care. On the one hand, an element with high 
resistance is preferred because this results in reduced power dissipation for a given voltage, which has the 
added benefit of reduced thermal effects. On the other hand, increased resistance increases the output 
impedance of the potentiometer and results in loading nonlinearity error unless the load resistance is also 
increased proportionately. Low-resistance pots have resistances less than 10 fl High-resistance pots can 
have resistances on the order of 100 kfl Conductive plastics can provide high resistances, typically about 
100 fi/mm, and are increasingly used in potentiometers. Reduced friction (low mechanical loading), 
reduced wear, reduced weight, and increased resolution are advantages of using conductive plastics in 
potentiometers. 

15.5.1.1 Potentiometer Resolution 

The force required to move the slider arm comes from the motion source, and the resulting energy is 
dissipated through friction. This energy conversion, unlike pure mechanical-to-electrical conversions, 
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FIGURE 15.15 (a) Schematic diagram of a potentiometer; (b) potentiometer loading. 
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involves relatively high forces, and the energy is wasted rather than converted into the output signal of the 
transducer. Furthermore, the electrical energy from the reference source is also dissipated through the 
resistor coil (or film), resulting in an undesirable temperature rise. These are two obvious disadvantages 
of this resistively coupled transducer. Another disadvantage is the finite resolution in coil-type pots. 

Coils, instead of straight wire, are used to increase the resistance per unit travel of the slider arm in the 
coil-type pot. However, the slider contact jumps from one turn to the next in this case. Accordingly, the 
resolution of a coil-type potentiometer is determined by the number of turns in the coil. For a coil that 
has N turns, the resolution, r, expressed as a percentage of the output range, is given by 

100 

r=— % (15.35) 

Resolutions better (smaller) than 0.1% (i.e., 1000 turns) are available with coil potentiometers. 
Infinitesimal (incorrectly termed infinite) resolutions are now possible with high-quality resistive film 
potentiometers that use conductive plastics, for example. In this case, the resolution is limited by other 
factors, such as mechanical limitations and signal-to-noise ratio. Nevertheless, resolutions on the order of 

0.01 mm are possible with good rectilinear potentiometers. 

Some limitations and disadvantages of potentiometers as displacement measuring devices are as 
follows: 

1. The force needed to move the slider (against friction and arm inertia) is provided by the vibration 
source. This mechanical loading distorts the measured signal itself. 

2. High-frequency (or highly transient) measurements are not feasible because of such factors as 
slider bounce, friction and inertia resistance, and induced voltages in the wiper arm and primary 
coil. 

3. Variations in the supply voltage cause error. 

4. Electrical loading error can be significant when the load resistance is low. 

5. Resolution is limited by the number of turns in the coil and by the coil uniformity. This will limit 
small-displacement measurements such as fine vibrations. 

6. Wearout and heating up (with associated oxidation) in the coil (film) and slider contact cause 
accelerated degradation. 

There are several advantages associated with potentiometer devices, however, including the following: 

1 . They are relatively less costly. 

2. Potentiometers provide high-voltage (low-impedance) output signals, requiring no amplification 
in most applications. Transducer impedance can be varied simply by changing the coil resistance 
and supply voltage. 

15.5.1.2 Optical Potentiometer 

The optical potentiometer, shown schematically in Figure 15.16(a), is a displacement sensor. A layer 
of photoresistive material is sandwiched between a layer of regular resistive material and a layer of 
conductive material. The layer of resistive material has a total resistance of R c , and it is uniform (i.e., it 
has a constant resistance per unit length). The photoresistive layer is practically an electrical insulator 
when no light is projected on it. The displacement of the moving object whose displacement is being 
measured causes a moving light beam to be projected on a rectangular area of the photoresistive layer. 
This light-projected area attains a resistance of R p , which links the resistive layer, which is above the 
photoresistive layer, and the conductive layer, which is below it. The supply voltage to the potentiometer 
is v re f, and the length of the resistive layer is L. The light spot is projected at a distance x from one end of 
the resistive element, as shown in Figure 15.16(a). 

An equivalent circuit for the optical potentiometer is shown in Figure 15.16(b). Here, it is assumed 
that a load of resistance R L is present at the output of the potentiometer, the voltage across which is v Q . 
Current through the load is v Q /R L . Hence, the voltage drop across (1 — a)R c + R L , which is also the 
voltage across R p , is given by [(1 — a)R c + R L ]v 0 /R L . Note that a = x/L is the fractional position of 
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FIGURE 15.16 (a) An optical potentiometer; (b) equivalent circuit (a = x/L). 



the light spot. The current balance at the junction of the three resistors in Figure 15.16(b) is 

Vref - [(1 - a)Rc + £i>q/-Rl _ Vo + [(1 ~ a)R c + R L ]v a /R L 
aR c R l R p 

which can be written as 



v Kt \R L L£ p |A LJR l Jj 



(15.36) 



When the load resistance R L is quite large in comparison to the element resistance R c , we have R C /R L — 0. 
Hence, Equation 15.36 becomes 

v 0 1 

Vt 



x R c 

+ 1 

[LR p \ 



(15.37) 



This relationship is still nonlinear in v 0 /v re f vs. x/L. The nonlinearity decreases, however, with decreasing 
R c /R p . 



15.5.2 Variable-Inductance Transducers 

Motion transducers that employ the principle of electromagnetic induction are termed variable- 
inductance transducers. When the flux linkage (defined as magnetic flux density times the number of 
turns in the conductor) through an electrical conductor changes, a voltage is induced in the conductor. 
This, in turn, generates a magnetic field that opposes the primary field. Hence, a mechanical force is 
necessary to sustain the change of flux linkage. If the change in flux linkage is brought about by a relative 
motion, the mechanical energy is directly converted (induced) into electrical energy. This is the basis of 
electromagnetic induction, and it is the principle of operation of electrical generators and variable- 
inductance transducers. Note that, in these devices, the change of flux linkage is caused by a mechanical 
motion, and mechanical-to-electrical energy transfer takes place under near-ideal conditions. 
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The induced voltage or change in inductance may be used as a measure of the motion. Variable- 
inductance transducers are generally electromechanical devices coupled by a magnetic field. 

There are many different types of variable-inductance transducers. Three primary types are: 

1. Mutual-induction transducers 

2. Selfinduction transducers 

3. Permanent-magnet transducers 

Variable-inductance transducers that use a nonmagnetized ferromagnetic medium to alter the reluctance 
(magnetic resistance) of the flux path are known as variable-reluctance transducers. Some of the mutual- 
induction transducers and most of the selfinduction transducers are of this type. Permanent-magnet 
transducers do not fall into category of variable-reluctance transducers. 

15.5.2.1 Mutual-Induction Transducers 

The basic arrangement of a mutual-induction transducer is constituted of two coils, the primary windings 
and the secondary windings. One of the coils, the primary windings, carries an AC excitation that induces 
a steady AC voltage in the other coil, the secondary windings. The level (amplitude, RMS value, etc.) of 
the induced voltage depends on the flux linkage between the coils. In mutual-induction transducers, a 
change in the flux linkage is effected by one of the two common techniques. One technique is to move an 
object made of ferromagnetic material within the flux path. This changes the reluctance of the flux path, 
with an associated change of the flux linkage in the secondary coil. This is the operating principle of the 
linear-variable differential transformer (LVDT), the rotatory-variable differential transformer (RVDT), 
and the mutual-induction proximity probe. All of these are variable-reluctance transducers. The other 
common way to change the flux linkage is to move one coil with respect to the other. This is the operating 
principle of the resolver, the synchro-transformer, and some types of AC tachometer. These are not 
variable-reluctance transducers, however. 

The motion can be measured by using the secondary signal in several ways. For example, the AC signal 
in the secondary windings may be demodulated by rejecting the carrier frequency (primary-winding 
excitation frequency) and directly measuring the resulting signal, which represents the motion. This 
method is particularly suitable for measuring transient motions. Alternatively, the amplitude or the rms 
value of the secondary (induced) voltage may be measured. Another method is to measure the change of 
inductance in the secondary circuit directly by using a device such as an inductance bridge circuit. 

15.5.2.2 Linear- Variable Differential Transformer 

The LVDT is a displacement (vibration) measuring device, which can overcome most of the 
shortcomings of the potentiometer. It is considered a passive transducer because the measured 
displacement provides energy for “changing” the induced voltage, even though an external power supply 
is used to energize the primary coil, which in turn induces a steady carrier voltage in the secondary coil. 
The LVDT is a variable-reluctance transducer of the mutual induction type. In its simplest form, the 
LVDT consists of an insulating, nonmagnetic cylinder that has a primary coil in the midsegment 
and a secondary coil symmetrically wound in the two end segments, as depicted schematically in 
Figure 15.17(a). The primary coil is energized by an AC supply of voltage v re f. This will generate, by 
mutual induction, an AC of the same frequency in the secondary winding. A core made of ferromagnetic 
material is inserted coaxially into the cylindrical form without actually touching it, as shown. As the core 
moves, the reluctance of the flux path changes. 

Hence, the degree of flux linkage depends on the axial position of the core. The two secondary coils are 
connected in series opposition so that the potentials induced in these two coil segments oppose each 
other, therefore, the net induced voltage is zero when the core is centered between the two secondary 
winding segments. This is known as the null position. When the core is displaced from this position, a 
nonzero induced voltage will be generated. At steady state, the amplitude v 0 of this induced voltage is 
proportional, in the linear (operating) region, to the core displacement x. Consequently, v D may be used 
as a measure of the displacement. Note that, because of its opposed secondary windings, the LVDT 
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FIGURE 15.17 (a) Schematic diagram of an LVDT; (b) a typical operating curve. 



provides the direction as well as the magnitude of displacement. If the output signal is not demodulated, 
the direction is determined by the phase angle between the primary (reference) voltage and the secondary 
(output) voltage, including the carrier signal. 

For an LVDT to measure transient motions accurately, the frequency of the reference voltage (the 
carrier frequency) has to be about ten times larger than the largest significant frequency component in 
the measured motion. For quasi-dynamic displacements and slow transients on the order of a few hertz, a 
standard AC supply (at 60 Hz line frequency) is adequate. The performance, particularly the sensitivity 
and accuracy, is known to improve with the excitation frequency, however. Since the amplitude of 
the output signal is proportional to the amplitude of the primary signal, the reference voltage 
should be regulated to obtain accurate results. In particular, the power source should have a low output 
impedance. 

The output signal from a differential transformer is normally not in phase with the reference voltage. 
Inductance in the primary windings and the leakage inductance in the secondary windings are mainly 
responsible for this phase shift. Since demodulation involves extraction of the modulating signal by 
rejecting the carrier frequency component from the secondary signal, it is important to understand the 
size of this phase shift. An error known as null voltage is present in some differential transformers. This 
manifests itself as a nonzero reading at the null position (i.e., at zero displacement). This is usually 90° 
out of phase from the main output signal and, hence, is known as quadrature error. Nonuniformities in 
the windings (unequal impedances in the two segments of the secondary windings) are a major reason for 
this error. The null voltage may also result from harmonic noise components in the primary signal and 
nonlinearities in the device. Null voltage is usually negligible (typically about 0.1% of the full scale). This 
error can be eliminated from the measurements by employing appropriate signal-conditioning and 
calibration practices. 
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15.5.2.3 Signal Conditioning 

Signal conditioning associated with differential transformers includes filtering and amplification. 
Filtering is needed to improve the signal-to-noise ratio of the output signal. Amplification is necessary to 
increase the signal strength for data acquisition and processing. Since the reference frequency (carrier 
frequency) is embedded in the output signal, it is also necessary to interpret the output signal properly, 
particularly for transient motions. Two methods are commonly used to interpret the amplitude- 
modulated output signal from a differential transformer: (1) rectification; (2) demodulation. 

In the first method, rectification, the AC output from the differential transformer is rectified to obtain a 
DC signal. This signal is amplified and then low-pass filtered to eliminate any high-frequency noise 
components. The amplitude of the resulting signal provides the transducer reading. In this method, 
phase shift in the LVDT output must be checked separately to determine the direction of motion. In the 
second method, demodulation, the carrier frequency component is rejected from the output signal by 
comparing it with a phase-shifted and amplitude-adjusted version of the primary (reference) signal. Note 
that phase shifting is necessary because the output signal is not in phase with the reference signal. The 
modulating signal which is extracted in this manner is subsequently amplified and filtered. As a result of 
advances in miniature integrated circuit (LSI and VLSI) technology, differential transformers with built- 
in microelectronics for signal conditioning are commonly available today. DC differential transformers 
have built-in oscillator circuits to generate the carrier signal powered by a DC supply. The supply voltage 
is usually on the order of 25 V, and the output voltage is about 5 V. Let us illustrate the demodulation 
approach to signal conditioning for an LVDT, using an example. 

Example 15.2 

Figure 15.18 shows a schematic diagram of a simplified signal conditioning system for an LVDT. The 
system variables and parameters are as indicated in Figure 15.18. In particular: 

u(t) = displacement of the LVDT core (to be measured) 
w c = frequency of the carrier voltage 
v 0 = output signal of the system (measurement) 

The resistances Ri, R 2 , and R, and the capacitance C are as marked. In addition, you may introduce a 
transformer parameter r for the LVDT, as required. 

1. Explain the functions of the various components of the system shown in Figure 15.18. 

2. Write equations for the amplifier and filter circuits and, using them, give expressions for the 
voltage signals v lt v 2 , v 3 , and v 0 marked in Figure 15.18. Note that the excitation in the 
primary coil is v p sin co c t. 
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3. Suppose that the carrier frequency is co c = 500 rad/s and the filter resistance is R= 100 k O. If 
no more than 5% of the carrier component passes through the filter, estimate the required 
value of the filter capacitance, C. Also, what is the useful frequency range (measurement 
bandwidth) of the system in rad/sec, with these parameter values? 



Solution 

1. The LVDT has a primary coil that is excited by an AC voltage of v p sin co c t. The ferromagnetic core is 
attached to the moving object whose displacement x(t) is to be measured. The two secondary coils are 
connected in series opposition so that the LVDT output is zero at the null position, and that the direction 
of motion can be detected as well. The amplifier is a noninverting type. It amplifies the output of the 
LVDT which is an AC (carrier) signal of frequency w c , which is modulated by the core displacement x{t). 

The multiplier circuit determines the product of the primary (carrier) signal and the secondary (LVDT 
output) signal. This is an important step in demodulating the LVDT output. 

The product signal from the multiplier has a high-frequency (2 w c ) carrier component, added to the 
modulating component (x(t)). The low-pass filter removes this unnecessary high-frequency component 
to obtain the demodulated signal which is proportional to the core displacement x(t). 

2. Noninverting Amplifier: Note that the potentials at the positive and negative terminals of the 
operational amplifier (opamp) are nearly equal. Also, currents through these leads are nearly zero. (These 
are the two common assumptions used for an opamp.) Then, the current balance at node A gives 

v 2 — _ v 1 

R 2 Ri 



Then, 

with 



R l + R 2 

V2 = ~rT Vl 



v 2 = k V\ 



k = 1 + — - = amplifier gain 



(i) 



Loss-Pass Filter: Since the + lead of the opamp has approximately a zero potential (ground), the voltage 
at point B is also approximately zero. The current balance for node B gives 



Va v n 

i + i +c ^ =0 



Hence, 



dv D R 

df R l 3 

where r = RC = filter time constant. The transfer function of the filter is 

Vo = K 

V 3 (1 + TS) 

with the filter gain k Q = R/R 3 . In the frequency domain 

Vo = K 

v 3 (1 + T) co) 

Finally, neglecting the phase shift in the LVDT, we have 

v l = v p r u(t) sin co c t 
v 2 = v p rk u(t) sin co c t 



(ii) 



(iii) 



(15.38) 
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or 



v 3 = v 2 rk u(t ) sin 2 co c t 



V3 



v\rk 

2 



u(t)[l — cos 2 a> c t] 



(iv) 



Owing to the low-pass filter, with an appropriate cut-off frequency, the carrier signal will be filtered 
out. Then, 



v K 

Vo = ^ w(f) 



(15.39) 



3. Filter magnitude = k 0 l\l 1 + t 2 (o 2 . For no more than 5% of the carrier (2« c ) component to pass 
through, we must have 



sjl + A^to,.) 2 




(v) 



or, 400 < 1 + 4 t 2 o» 2 ; or, t 2 a? c > 399/4; or ™ c > 10 (approximately). Pick t(o c = 10. With R = 100 kfl 
and co c = 500 rad/s, we have, C X 100 X 10 3 X 500 = 10. Hence, C = 0.2 /rF. 

According to the carrier frequency (500 rad/sec), we should be able to measure displacements u(t) up 
to about 50 rad/sec. However, the flat region of the filter extends to approximately cot = 0.1, which, with 
the present value of r = 0.02 sec, gives a bandwidth of only 5 rad/sec. 

Advantages of the LVDT include the following: 

1. It is essentially a noncontacting device with no frictional resistance. Its near-ideal electro- 
mechanical energy conversion and lightweight core will result in very small resistive forces. 
Hysteresis (both magnetic hysteresis and mechanical backlash) is negligible. 

2. It has low output impedance, typically on the order of 100 fl (signal amplification is usually not 
needed). 

3. Directional measurements (positive/negative) are obtained. 

4. It is available in small sizes (e.g., 1 cm long with maximum travel of 2 mm). 

5. It has a simple and robust construction (inexpensive and durable). 

6. Fine resolutions are possible (theoretically, infinitesimal resolution; practically, much finer 
resolution than that of a coil potentiometer). 

The RVDT operates using the same principle as the LVDT, except that in an RVDT, a rotating 
ferromagnetic core is used. The RVDT is used for measuring angular displacements. The rotating core is 
shaped such that a reasonably wide linear operating region is obtained. Advantages of the RVDT are 
essentially the same as those cited for the LVDT. The linear range is typically ± 40° with a nonlinearity 
error less than 1%. 

In variable-inductance devices, the induced voltage is generated through the rate of change of the 
magnetic flux linkage. Therefore, displacement readings are distorted by velocity, and similarly, velocity 
readings are affected by acceleration. For the same displacement value, the transducer reading will depend 
on the velocity at that displacement. This error is known to increase with the ratio: (cyclic velocity of the 
core)/(carrier frequency). Hence, these rate errors can be reduced by increasing the carrier frequency. The 
reason for this is as follows. 

At high frequencies, the induced voltage due to the transformer effect (frequencies of the primary 
signal) is greater than the induced voltage due to the rate (velocity) effect of the moving member. Hence, 
the error will be small. To estimate a lower limit for the carrier frequency in order to reduce rate effects, 
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we may proceed as follows: 

1 . For LVDT: max speed of operation/stroke of LVDT = co a 

The excitation frequency of the primary coil should be chosen as at least 5 co 0 . 

2. For RVDT: for co 0 use the maximum angular frequency of operation (of the rotor). 

15.5.3 Mutual-Induction Proximity Sensor 

This displacement transducer operates on the mutual-induction principle. A simplified schematic 
diagram of such a device is shown in Figure 15.19(a). The insulated “E core” carries the primary windings 
in its middle limb. The two end limbs carry secondary windings that are connected in series. Unlike the 
LVDT and the RVDT, the two voltages induced in the secondary winding segments are additive in this 
case. The region of the moving surface (target object) that faces the coils has to be made of ferromagnetic 
material so that as it moves, the magnetic reluctance and the flux linkage will change. This, in turn, 
changes the induced voltage in the secondary windings, and this change is a measure of the displacement. 
Note that, unlike the LVDT, which has an “axial” displacement configuration, the proximity probe has a 
“transverse” displacement configuration. Hence, it is particularly suitable for measuring transverse 
displacements or proximities of moving objects (e.g., transverse vibrations of a beam or whirling of a 
rotating shaft). We can see from the operating curve shown in Figure 15.19(b) that the displacement- 
voltage relation of a proximity probe is nonlinear. Hence, these proximity sensors should be used only for 
measuring small displacements, such as linear vibrations (e.g., a linear range of 5.0 mm or 0.2 in.), unless 
accurate nonlinear calibration curves are available. Since the proximity sensor is a noncontacting device, 
mechanical loading is small and the product life is long. Because a ferromagnetic object is used to alter 
the reluctance of the flux path, the mutual-induction proximity sensor is a variable-reluctance device. 
The operating frequency limit is about one tenth the excitation frequency of the primary coil (carrier 
frequency). As for an LVDT, demodulation of the induced voltage (secondary) would be required to 
obtain direct (DC) output readings. 




FIGURE 15.19 (a) Schematic diagram of the mutual-induction proximity sensor; (b) operating curve. 
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15.5.4 Selfinduction Transducers 



AC 

Supply 



These transducers are based on the principle of 
selfinduction. Unlike mutual-induction transdu- 
cers, only a single coil is employed. This coil is 
activated by an AC supply voltage, v ref . The current 
produces a magnetic flux, which is linked with the 
coil. The level of flux linkage (or selfinductance) 
can be varied by moving a ferromagnetic object 
within the magnetic field. 

This changes the reluctance of the flux path and 
the inductance in the coil. This change is a measure 
of the displacement of the ferromagnetic object. 

The change in inductance is measured using an 
inductance measuring circuit (e.g., an inductance 
bridge). Note that selfinduction transducers are 
usually variable-reluctance devices. 

A typical selfinduction transducer is a self- 
induction proximity sensor. A schematic diagram 
of this device is shown in Figure 15.20. This device 
can be used as a displacement or vibration sensor for transverse displacements. For instance, the distance 
between the sensor tip and ferromagnetic surface of a moving object, such as a beam or shaft, can be 
measured. Applications are essentially the same as those for mutual-induction proximity sensors. High- 
speed displacement (vibration) measurements can result in velocity error (rate error) when variable- 
inductance displacement sensors, including selfinduction transducers, are used. This effect may be 
reduced by increasing the carrier frequency, as in other AC-powered variable-inductance sensors. 




FIGURE 15.20 Schematic diagram of a selfinduction 
proximity sensor. 



15.5.5 Permanent-Magnet Transducers 

In discussing this third type of variable-inductance transducer, we will first consider the permanent- 
magnet DC velocity sensors (DC tachometers). A distinctive feature of permanent-magnet transducers is 
that they have a permanent magnet to generate a uniform and steady magnetic field. A relative motion 
between the magnetic field and an electrical conductor induces a voltage that is proportional to the speed 
at which the conductor crosses the magnetic field. In some designs, a unidirectional magnetic field 
generated by a DC supply (i.e., an electromagnet) is used in place of a permanent magnet. Nevertheless, 
this is generally termed a permanent-magnet transducer. 

The principle of electromagnetic induction between a permanent magnet and a conducting coil is used 
in speed measurement by permanent-magnet transducers. Depending on the configuration, either 
rectilinear speeds or angular speeds can be measured. Schematic diagrams of the two configurations are 
shown in Figure 15.21. Note that these are passive transducers, because the energy for the output signal v Q 
is derived from the motion (measured signal) itself. The entire device is usually enclosed in a steel casing 
to isolate it from ambient magnetic fields. 

In the rectilinear velocity transducer, as shown in Figure 15.21(a), the conductor coil is wrapped on a 
core and placed centrally between two magnetic poles, which produce a cross-magnetic field. The core is 
attached to the moving object whose velocity must be measured. The velocity v is proportional to the 
induced voltage, v Q . An alternative design, consisting of a moving-magnet and fixed-coil arrangement, 
may be used as well, thus eliminating the need for any sliding contacts (slip rings and brushes) for the 
output leads, and thereby reducing mechanical loading error, wearout, and related problems. The 
tachogenerator (or tachometer) is a very common permanent-magnet device. The principle of operation 
of a DC tachogenerator is shown in Figure 15.21(a). The rotor is directly connected to the rotating object. 
The output signal that is induced in the rotating coil is picked up as DC voltage, v D , using a suitable 
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FIGURE 15.21 Permanent-magnet transducers: (a) rectilinear velocity transducer; (b) DC tachometer-generator. 

commutator device, which typically consists of a pair of low- resistance carbon brushes, that is stationary 
but makes contact with the rotating coil through split slip rings so as to maintain the positive direction of 
induced voltage throughout each revolution. The induced voltage is given by 

v 0 = (2nhr/S)a> c (15.40) 

for a coil of height h and width 2 r that has n turns, moving at an angular speed w c in a uniform magnetic 
field of flux density /3. This proportionality between v„ and co c is used to measure the angular speed a> c . 

When tachometers are used to measure transient velocities, some error will result from the rate 
(acceleration) effect. This error generally increases with the maximum significant frequency that must be 
retained in the transient velocity signal. Output distortion can also result because of reactive (inductive 
and capacitive) loading of the tachometer. Both types of error can be reduced by increasing the load 
impedance. 

For an illustration, consider the equivalent 
circuit of a tachometer with an impedance load, 
as shown in Figure 15.22. The induced voltage ka> c 
is represented by a voltage source. Note that the 
constant k depends on the coil geometry, the 
number of turns, and the magnetic flux density 
(see Equation 15.40). Coil resistance is denoted by 
R, and leakage inductance is denoted by L The 
load impedance is Z L . From straightforward circuit 
analysis in the frequency domain, the output 
voltage at the load is given by 

v 0 = [ — 1 kco, (15.41) 

° [r + ]coL £ +Z l \ c 



R 




FIGURE 15.22 Equivalent circuit for a tachometer 
with an impedance load. 
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It can be seen that because of the leakage inductance, the output signal attenuates more at higher 
frequencies co of the velocity transient. In addition, loading error is present. If Z L is much larger than the 
coil impedance, however, the ideal proportionality, as given by 

v Q = kco c (15.42) 

is achieved. 

Some tachometers operate in a different manner. For example, digital tachometers generate voltage 
pulses at a frequency proportional to the angular speed. These are considered to be digital transducers. 

15.5.6 Alternating Current Permanent-Magnet Tachometer 

This device has a permanent magnet rotor and two 
separate sets of stator windings as schematically 
shown in Figure 15.23(a). One set of windings is 
energized using an AC reference voltage. Induced 
voltage in the other set of windings is the 
tachometer output. When the rotor is stationary 
or moving in a quasi-static manner, the output 
voltage is a constant-amplitude signal much like 
the reference voltage. As the rotor moves at a finite 
speed, an additional induced voltage that is 
proportional to the rotor speed is generated in 
the secondary windings. This is due to the rate of 
change of flux linkage from the magnet in the 
secondary coil. The net output is an amplitude- 
modulated signal whose amplitude is proportional 
to the rotor speed. For transient velocities, it will 
be necessary to demodulate this signal in order to 
extract the transient velocity signal (i.e., the modulating signal) from the modulated output. The 
direction of velocity is determined from the phase angle of the modulated signal with respect to the 
carrier signal. Note that in an LVDT, the amplitude of the AC magnetic flux is altered by the position of 
the ferromagnetic core. But in an AC permanent-magnet tachometer, the DC magnetic flux generated by 
the magnetic rotor is linked with the stator windings, and the associated induced voltage is caused by the 
speed of rotation of the rotor. 

For low-frequency applications (5 Hz or less), a standard AC supply (60 Hz) may be used to power an 
AC tachometer. For moderate-frequency applications, a 400 Hz supply is widely used. Typical sensitivity 
of an AC permanent-magnet tachometer is on the order of 50 to 100 mV/rad/sec. 




Output 

Vn 



Permanent- 



Primary Magnet Secondary 
( a ) Stator Rotor Stator 



AC 

Carrier 

Source 

He f 

(b) 



Output 




„ . Shorted „ , 

Primary _ „ Secondary 

0 . . Rotor Coil o. . 
Stator Stator 



FIGURE 15.23 (a) AC permanent-magnet tachometer; 

(b) AC induction tachometer. 



15.5.7 Alternating Current Induction Tachometer 

These tachometers are similar in construction to the two-phase induction motors. The stator 
arrangement is identical to that of the AC permanent-magnet tachometer. The rotor, however, has 
windings that are shorted and not energized by an external source, as shown in Figure 15.23(b). One set 
of stator windings is energized with an AC supply. This induces a voltage in the rotor windings, and it has 
two components. One component is due to the direct transformer action of the supply AC. The other 
component is induced by the speed of rotation of the rotor and its magnitude is proportional to the speed 
of rotation. The nonenergized stator windings provide the output of the tachometer. Voltage induced 
in the output stator windings is due to both the primary stator windings and the rotor windings. As a 
result, the tachometer output has a carrier AC component and a modulating component that is 
proportional to the speed of rotation. Demodulation would be needed to extract the output component 
that is proportional to the angular speed of the rotor. 
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The main advantage of AC tachometers over their DC counterparts is the absence of slip-ring and 
brush devices. In particular, the signal from a DC tachometer usually has a voltage ripple, known as 
commutator ripple, which is generated as the split segments of the slip ring pass over the brushes. The 
frequency of the commutator ripple depends on the speed of operation; consequently, filtering out its 
effects using a notch filter is difficult (a tunable notch filter is necessary). Also, there are problems with 
frictional loading and contact bounce in DC tachometers, and these problems are absent in AC 
tachometers. It is known, however, that the output of an AC tachometer is somewhat nonlinear at high 
speeds due to the saturation effect. Furthermore, for measuring transient speeds, a sufficiently high 
carrier frequency and signal demodulation would be necessary. Another disadvantage of AC tachometers 
is that their output signal level depends on the supply voltage; hence, a stabilized voltage source that has a 
very small output impedance is necessary for accurate measurements. 



15.5.8 Eddy Current Transducers 

If a conducting (i.e., low-resistivity) medium is subjected to a fluctuating magnetic field, eddy currents 
are generated in the medium. The strength of eddy currents increases with the strength of the magnetic 
field and the frequency of the magnetic flux. This principle is used in eddy current proximity sensors. 
Eddy current sensors may be used as either dimensional gagging devices or high-frequency vibration 
sensors. 

A schematic diagram of an eddy current proximity sensor is shown in Figure 15.24(a). Unlike variable- 
inductance proximity sensors, the target object of the eddy current sensor does not have to be made of a 
ferromagnetic material. A conducting target object is needed; however, a thin film conducting material, 
such as household aluminum foil glued onto a nonconducting target object, is adequate. The probe head 
has two identical coils, which form two arms of an impedance bridge. The coil closer to the probe face is 
the active coil. The other coil is the compensating coil. It compensates for ambient changes, particularly 
thermal effects. The other two arms of the bridge consist of purely resistive elements (see Figure 
15.24(b)). The bridge is excited by a radio-frequency voltage supply. The frequency can range from 1 to 
100 MHz. This signal is generated from a radio-frequency converter (an oscillator) that is typically 
powered by a 20 V DC supply. In the absence of the target object, the output of the impedance bridge is 
zero, which corresponds to the balanced condition. When the target object is moved close to the sensor, 
eddy currents are generated in the conducting medium because of the radio-frequency magnetic flux 
from the active coil. The magnetic field of the eddy currents opposes the primary field that generates 
these currents. Hence, the inductance of the active coil increases, creating an imbalance in the bridge. The 
resulting output from the bridge is an amplitude-modulated signal containing the radio-frequency 
carrier. This signal is demodulated by removing the carrier. The resulting signal (the modulating signal) 
measures the transient displacement (vibration) of the target object. Low-pass filtering is used to remove 
the high-frequency leftover noise in the output signal once the carrier is removed. For large 
displacements, the output is not linearly related to the displacement. Furthermore, the sensitivity of the 
eddy current probe depends nonlinearly on the nature of the conducting medium, particularly its 
resistivity. For example, for low resistivities, sensitivity increases with resistivity; for high resistivities, 
sensitivity decreases with resistivity. A calibrating unit is usually available with commercial eddy current 
sensors to accommodate various target objects and nonlinearities. The gage factor is usually expressed in 
volts/millimeter. Note that eddy current probes can also be used to measure resistivity and surface 
hardness (which affects resistivity) in metals. 

The facial area of the conducting medium on the target object has to be slightly larger than the frontal 
area of the eddy current probe head. If the target object has a curved surface, its radius of curvature has to 
be at least four times the diameter of the probe. These are not serious restrictions, because the typical 
diameter of the probe head is about 2 mm. Eddy current sensors are medium-impedance devices; 1000 11 
output impedance is typical. Sensitivity is on the order of 5 V/mm. Since the carrier frequency is very 
high, eddy current devices are suitable for highly transient vibration measurements — for example, 
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FIGURE 15.24 Eddy current proximity sensor: (a) schematic diagram; (b) impedance bridge. 

bandwidths up to 100 kHz. Another advantage of an eddy current sensor is that it is a noncontacting 
device; there is no mechanical loading on the moving (target) object. 



15.5.9 Variable-Capacitance Transducers 

Capacitive or reactive transducers are commonly used to measure small transverse displacement such as 
vibrations, large rotations, and fluid level oscillations. They may also be employed to measure angular 
velocities. In addition to analog capacitive sensors, digital (pulse-generating) capacitive tachometers are 
also available. 

Capacitance C of a two-plate capacitor is given by 




(15.43) 



where A is the common (overlapping) area of the two plates, x is the gap width between the two plates, 
and k is the dielectric constant which depends on dielectric properties of the medium between 
the two plates. A change in any one of these three parameters may be used in the sensing process. 
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Schematic diagrams for measuring devices that use this feature are shown in Figure 15.25. In Figure 
15.25(a), angular displacement of one of the plates causes a change in A. In Figure 15.25(b), a transverse 
displacement of one of the plates changes x. Finally, in Figure 15.25(c), a change in k is produced as the 
fluid level between the capacitor plates changes. Liquid oscillations may be sensed in this manner. In all 
three cases, the associated change in capacitance is measured directly or indirectly, and is used to estimate 
the measurand. A popular method is to use a capacitance bridge circuit to measure the change in 
capacitance, in a manner similar to that by which an inductance bridge is used to measure changes in 
inductance. Other methods include measuring a change in such quantities as charge (using a charge 
amplifier), voltage (using a high input-impedance device in parallel), and current (using a very low 
impedance device in series), as these changes will be results of the change in capacitance in a suitable 
circuit. An alternative method is to make the capacitor a part of an inductance-capacitance (L — C) 
oscillator circuit; the natural frequency of the oscillator (1 /^/LC) measures the capacitance. (Incidentally, 
this method may also be used to measure inductance.) 




(a) Plate 




FIGURE 15.25 Schematic diagrams of capacitive sensors: (a) capacitive rotation sensor; (b) capacitive displacement 
sensor; (c) capacitive liquid oscillation sensor. 
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15.5.9.1 Capacitive Displacement Sensors 



Consider the arrangement shown in Figure 
15.25(a). Since the common area A is proportional 
to the angle of rotation 6, Equation 15.43 may be 
written as 

C = K8 (15.44) 

where K is a sensor constant. This is a linear 
relationship between C and 9. The capacitance 
may be measured by any convenient method. The 
sensor is linearly calibrated to give the angle of 
rotation. 

For the arrangement shown in Figure 15.25(b), 
the sensor relationship is 



C = K/x 




FIGURE 15.26 Inverting amplifier circuit used to 
linearize the capacitive transverse displacement sensor. 



C = — (15.45) 

x 

The constant K has a different meaning here. Note that Equation 15.45 is a nonlinear relationship. 
A simple way to linearize this transverse displacement sensor is to use an inverting amplifier, as shown in 
Figure 15.26. Note that C re f is a fixed, reference capacitance. Since the gain of the operational amplifier is 
very high, the voltage at the negative lead (point A) is zero for most practical purposes (because the 
positive lead is grounded). Furthermore, since the input impedance of the opamp is also very high, the 
current through the input leads is negligible. These are the two common assumptions used in opamp 
analysis. Accordingly, the charge balance equation for node point A is 



^refC ref “F V Q C 0 



Now, in view of Equation 15.45, we obtain the following linear relationship for the output voltage, v D , 
in terms of the displacement, x: 

Aeff-ref , . r . , , 

v 0 — ~ — ^ — * (15.46) 



Hence, measurement of v 0 gives the displacement through linear calibration. The sensitivity of the 
device can be increased by increasing v ref and C re f. The reference voltage could be DC as well as AC. With 
an AC reference voltage, the output voltage is a modulated signal that has to be demodulated to measure 
transient displacements. 



15.5.9.2 Capacitive Angular Velocity Sensor 



The schematic diagram for an angular velocity 
sensor that uses a rotating-plate capacitor is shown 
in Figure 15.27. Since the current sensor has 
negligible resistance, the voltage across the capaci- 
tor is almost equal to the supply voltage v re f, which 
is constant. It follows that the current in the circuit 
is given by 



Tt (Cv ^ 



dC 

Vrrf d7 



which, in view of Equation 15.44, maybe expressed 
as 



dd 

dt 



Supply 

Voltage 1 

v ref 



i 

-> 



Current 

Sensor 



C = Kd : 






v — v 



re] 



FIGURE 15.27 Rotating-plate capacitive angular vel- 
ocity sensor. 



i 

Kv ref 



(15.47) 



This is a linear relationship for the angular velocity in terms of the measured current i. Care must be 
exercised to guarantee that the current-measuring device does not interfere with the basic circuit. 



© 2005 by Taylor & Francis Group, LLC 



15-44 



Vibration and Shock Handbook 



An advantage of capacitance transducers is that, because they are noncontacting devices, mechanical 
loading effects are negligible. There is some loading due to inertial and frictional resistance in the moving 
plate. This can be eliminated by using the moving object itself to function as the moving plate. Variations 
in the dielectric properties due to humidity, temperature, pressure, and impurities introduce errors. A 
capacitance bridge circuit can compensate for these effects. Extraneous capacitances, such as cable 
capacitance, can produce erroneous readings in capacitive sensors. This problem can be reduced by using 
a charge amplifier to condition the sensor signal. Another drawback of capacitance displacement sensors 
is low sensitivity. For a transverse displacement transducer, the sensitivity is typically less than one 
picofarad (pF) per millimeter (1 pF = 10~ 12 F). This problem is not serious, because high supply 
voltages and amplifier circuitry can be used to increase the sensor sensitivity. 



15.5.9.3 Capacitance Bridge Circuit 

Sensors that are based on the change in capaci- 
tance (reactance) will require some means of 
measuring that change. Furthermore, changes in 
capacitance that are not caused by a change in the 
measurand, for example, changes in humidity, 
temperature, and so on, will cause errors and 
should be compensated for. Both these goals are 
accomplished using a capacitance bridge circuit. 
An example is shown in Figure 15.28. 

In this circuit: 

Z 2 = reactance (i.e., capacitive impedance) of 
the capacitive sensor (of capacitance C 2 ) 

1 

j coC 2 



Compensator Sensor 
Zi Z 2 




FIGURE 15.28 A bridge circuit for capacitive sensors. 



Zi = reactance of the compensating capacitor C 1 
1 

j <oCi 



Z 4 , Z 3 = bridge completing impedances (typically reactances) 
v re f = excitation AC voltage 
= v a sin cut 
v Q = bridge output 
= Vb sin(cot — <f>) 

cf> = phase lag of the output with respect to the excitation. 



Using the two assumptions for the opamp (potentials at the negative and positive leads are equal and 
the current through these leads is zero), we can write the current balance equations 



V re f — V V n — V 
ret + — = 0 



2 , 

Vref ~ V 
2 3 



+ 



2 2 

0 - v 



= 0 



(i) 

(ii) 



where v is the common voltage at the opamp leads. Next, eliminate v in Equation i and Equation ii to 
obtain 



(Z 4 /Z 3 - Zj/Z j) 
1 A Z 4 /Z 3 



-V re f 



(15.48) 
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(15.49) 



It is noted that, when „ „ 

zl — —L 
Z\ ~ Z 3 

the bridge output v Q = 0, and the bridge is said to be balanced. Since all capacitors in the bridge are 
similarly affected by ambient changes, a balanced bridge will maintain that condition even under 
ambient changes, unless the sensor reactance Z> is changed due to the measurand itself. It follows that 
the ambient effects are compensated for (at least up to the first order) by a bridge circuit. From 
Equation 15.48 it is clear that the bridge output due to a sensor change of 8Z, starting from a balanced 
state, is given by 

T r ef 



8v n = - 



Zi(l + Z4/Z3) 



sz 



(15.50) 



The amplitude and phase angle of 8v 0 with respect to v ref will determine BZ, assuming that Z 3 and 
Z4/Z3 are known. 



15.5.10 Piezoelectric Transducers 

Some substances, such as barium titanate and 
single-crystal quartz, can generate an electrical 
charge and an associated potential difference when 
they are subjected to mechanical stress or strain. 

This piezoelectric effect is used in piezoelectric 
transducers. Direct application of the piezoelectric 
effect is found in pressure and strain measuring 
devices, and many indirect applications also exist. 

They include piezoelectric accelerometers and 
velocity sensors, and piezoelectric torque sensors 
and force sensors. It is also interesting to note that 
piezoelectric materials deform when subjected to a 
potential difference (or charge). Some delicate test equipments (e.g., that used for vibration testing) use 
piezoelectric actuating elements (reverse piezoelectric action) to create fine motions. Also, piezoelectric 
valves (e.g., flapper valves), which are directly actuated using voltage signals, are used in pneumatic and 
hydraulic control applications and in ink-jet printers. Miniature stepper motors based on the reverse 
piezoelectric action are available. 

Consider a piezoelectric crystal in the form of a disc with two electrodes plated on the two opposite 
faces. It is essentially a charge source. Furthermore, since the crystal is a dielectric medium, this device has 
a capacitor, which may be modeled by a capacitance, C, as in Equation 15.43. Accordingly, a piezoelectric 
sensor maybe represented as a charge source with a capacitive impedance in series (Figure 15.29), in an 
equivalent circuit. The impedance from the capacitor is given by 

Z= (15.51) 

jaiC 




FIGURE 15.29 Equivalent circuit representation of a 
piezoelectric sensor. 



As is clear from Equation 15.51, the output impedance of piezoelectric sensors is very high, 
particularly at low frequencies. For example, a quartz crystal may present an impedance of several 
megohms at 100 Hz, increasing hyperbolically with decreasing frequencies. This is one reason why 
piezoelectric sensors have a limitation on the useful lower frequency. The other reason is charge leakage. 



15.5.10.1 Sensitivity 

The sensitivity of a piezoelectric crystal may be represented either by its charge sensitivity or by its voltage 
sensitivity. Charge sensitivity is defined as 



S 






dq 

~dF 



(15.52) 
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where q denotes the generated charge and F denotes the applied force. For a crystal with surface area A , 

Equation 15.52 may be expressed as ^ 

S a = —— (15.53) 

q A dp 



where p is the stress (normal or shear) or pressure applied to the crystal surface. Voltage sensitivity S v is 
given by the change in voltage due to a unit increment in pressure (or stress) per unit thickness of the 
crystal. Thus, in the limit, we have 



1 6v 

s '=lVp (15 - 54) 

where d denotes the crystal thickness. Now, since 

Sq=C5v (15.55) 



by using Equation 15.43 for a capacitor element, the following relationship between charge sensitivity 
and voltage sensitivity is obtained: 

S q = kS Y (15.56) 



Note that k is the dielectric constant of the crystal capacitor, as defined by Equation 15.43. 



Example 15.3 

A barium titanate crystal has a charge sensitivity of 150.0 picocoulombs per newton (pC/N). (Note: 
lpC=lXlO~ 12 coulombs; coulombs = farads X volts.) The dielectric constant for the crystal is 
1.25 X 10~ 8 farads per meter (F/m). What is the voltage sensitivity of the crystal? 



Solution 

The voltage sensitivity of the crystal is given by 

_ 150.0 pC/N _ 150.0 X 10” 12 C/N 

v “ 1.25 X 10” 8 F/m _ 1.25 X 10^ 8 F/m 

or 

S v = 12.0 X 10" 3 V-m/N = 12.0 mV-m/N 

The sensitivity of a piezoelectric element depends on the direction of loading. This is because the 
sensitivity depends on the crystal axis. Sensitivities of several piezoelectric materials along their most 
sensitive crystal axis are listed in Table 15.2. 



15.5.10.2 Piezoelectric Accelerometer 

Next we will discuss a piezoelectric motion transducer or vibration sensor, the piezoelectric 
accelerometer, in more detail. A piezoelectric velocity transducer is simply a piezoelectric accelerometer 
with a built-in integrating amplifier in the form of a miniature integrated circuit. 

Accelerometers are acceleration-measuring devices. It is known from Newton’s Second Law that a 
force (/) is necessary to accelerate a mass (or inertia element), and its magnitude is given by the 



TABLE 15.2 Sensitivities of Several Piezoelectric Materials 



Material 


Charge Sensitivity S q 
(pC/N) 


Voltage Sensitivity S v 
(mV m/N) 


Lead zirconate titanate (PZT) 


110 


10 


Barium titanate 


140 


6 


Quartz 


2.5 


50 


Rochelle salt 


275 


90 
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product of mass (M) and acceleration (a). This product ( Ma ) is commonly termed inertia force. The 
rationale for this terminology is that if a force of magnitude Ma were applied to the accelerating 
mass in the direction opposing the acceleration, then the system could be analyzed using static 
equilibrium considerations. This is known as d’Alembert’s principle. The force that causes acceleration 
is itself a measure of the acceleration (mass is kept constant). Accordingly, mass can serve as a front- 
end element to convert acceleration into a force. This is the principle of operation of common 
accelerometers. There are many different types of accelerometers, ranging from strain gage devices 
to those that use electromagnetic induction. For example, force that causes acceleration can be 
converted into a proportional displacement using a spring element, and this displacement may be 
measured using a convenient displacement sensor. Examples of instruments of which operate this 
way are differential-transformer accelerometers, potentiometer accelerometers, and variable- 
capacitance accelerometers. Alternatively, the strain at a suitable location of a member that was 
deflected due to inertia force may be determined using a strain gage. This method is used in strain 
gage accelerometers. Vibrating-wire accelerometers use the accelerating force to create tension in a 
wire. The force is measured by detecting the natural frequency of vibration of the wire (which is 
proportional to the square root of tension). In servo force-balance (or null-balance) accelerometers, 
the inertia element is restrained from accelerating by detecting its motion and feeding back a force 
(or torque) to exactly cancel out the accelerating force (torque). This feedback force is determined, 
for instance, by knowing the motor current, and it is a measure of the acceleration. 

The advantages of piezoelectric accelerometers (also known as crystal accelerometers) over other types 
of accelerometers are their light weight and high-frequency response (up to about 1 MHz). However, 
piezoelectric transducers are inherently high-output-impedance devices that generate small voltages (on 
the order of 1 mV). For this reason, special impedance-transforming amplifiers (e.g., charge amplifiers) 
have to be employed to condition the output signal 
and to reduce loading error. 

A schematic diagram for a compression- 
type piezoelectric accelerometer is shown in 
Figure 15.30. The crystal and the inertia mass 
are restrained by a spring of very high stiffness. 

Consequently, the fundamental natural fre- 
quency or resonant frequency of the device 
becomes high (typically 20 kHz). This gives a 
reasonably wide, useful range (typically up to 
5 kHz). The lower limit of the useful range 
(typically 1 Hz) is set by factors such as the 
limitations of the signal-conditioning systems, 
the mounting methods, the charge leakage in the 
piezoelectric element, the time constant of the 
charge-generating dynamics, and the signal-to- 
noise ratio. A typical frequency response curve 
for a piezoelectric accelerometer is shown in 
Figure 15.31. 

In compression-type crystal accelerometers, the 
inertia force is sensed as a compressive normal 
stress in the piezoelectric element. There are also 
piezoelectric accelerometers that sense the inertia 
force as a shear strain or tensile strain. For an 
accelerometer, acceleration is the signal that is 
being measured (the measurand). Hence, accel- 
erometer sensitivity is commonly expressed in 
terms of electrical charge per unit acceleration or 




FIGURE 15.30 A compression-type piezoelectric 
accelerometer. 




FIGURE 15.31 A typical frequency-response curve for 
a piezoelectric accelerometer. 
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voltage per unit acceleration (compare this with Equation 15.53 and Equation 15.54). Acceleration is 
measured in units of acceleration due to gravity ( g ), and charge is measured in picocoulombs (pC), which 
are units of 10~ 12 coulombs (C). Typical accelerometer sensitivities are 10 pC Ig and 5 mV/g. Sensitivity 
depends on the piezoelectric properties and on the mass of the inertia element. If a large mass is used, the 
reaction inertia force on the crystal will be large for a given acceleration, thus generating a relatively large 
output signal. A large accelerometer mass results in several disadvantages, however. In particular: 

1. The accelerometer mass distorts the measured motion variable (mechanical loading effect). 

2. A heavier accelerometer has a lower resonant frequency and, hence, a lower useful frequency range 
(Figure 15.31). 

For a given accelerometer size, improved sensitivity can be obtained by using the shear-strain 
configuration. In this configuration, several shear layers can be used (e.g., in a delta arrangement) within 
the accelerometer housing, thereby increasing the effective shear area and, hence, the sensitivity in 
proportion to the shear area. Another factor that should be considered in selecting an accelerometer is its 
cross-sensitivity or transverse sensitivity. Cross- sensitivity primarily results from manufacturing 
irregularities in the piezoelectric element, such as material unevenness and incorrect orientation of the 
sensing element. Cross-sensitivity should be less than the maximum error (a percentage) that is allowed 
for the device (typically 1%). 

The technique employed to mount the accelerometer to an object can significantly affect the useful 
frequency range of the accelerometer. Some common mounting techniques are: 

1. Screw-in base 

2. Glue, cement, or wax 

3. Magnetic base 

4. Spring-base mount 

5. Hand-held probe 

Drilling holes in the object can be avoided by using the second to fifth methods, but the useful 
range can decrease significantly when spring-base mounts or hand-held probes are used (giving a 
typical upper limit of 500 Hz). The first two methods usually maintain the full useful range, whereas 
the magnetic attachment method reduces the upper frequency limit to some extent (typically 
1.5 kHz). 

Piezoelectric signals cannot be read using low-impedance devices. The two primary reasons for 
this are: 

1 . High output impedance in the sensor results in small output signal levels and large loading errors. 

2. The charge can quickly leak out through the load. 

15.5.10.3 Charge Amplifier 

The charge amplifier, which has a very high input impedance and a very low output impedance, is the 
commonly used signal-conditioning device for piezoelectric sensors. Clearly, the impedance at the charge 
amplifier output is much smaller than the output impedance of the piezoelectric sensor. These 
impedance characteristics of a change amplifier virtually eliminate loading error. Also, by using a charge 
amplifier circuit with a large time constant, charge leakage speed can be decreased. For example, consider 
a piezoelectric sensor and charge amplifier combination, as represented by the circuit in Figure 15.32. 
Fet us examine how the charge leakage rate is slowed down by using this arrangement. Sensor 
capacitance, feedback capacitance of the charge amplifier, and feedback resistance of the charge amplifier 
are denoted by C, Cf, and R { , respectively. The capacitance of the cable that connects the sensor to the 
charge amplifier is denoted by C c . 

For an opamp of gain, K, the voltage at its negative input is — vJK, where v 0 is the voltage at the 
amplifier output. Note that the positive input of the opamp is grounded (zero potential). Current balance 
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at point A gives 



Rf 



q + C c -^ + Q 



( k+ k) + 



v 0 + vJK 
R f 



= 0 



(15.57) 



Since gain, K, is very large (typically 10 5 to 10 9 ) 
compared to unity, this differential equation may 
be approximated to 



dv n da 

RiC( ^ +Vo = - R ( A 



(15.58) 




Alternatively, instead of using Equation 15.57 it is 
possible to directly obtain Equation 15.58 from the 
two common assumptions (equal inverting and 
noninverting lead potentials and zero lead cur- 
rents) for an opamp. In accordance with these 
assumptions the potential at the negative (inverting) lead is zero, as the positive lead is grounded. Also, 
as a result, the voltage across C c is zero. Hence, the current balance at point A gives 



FIGURE 15.32 A piezoelectric sensor and charge 
amplifier combination. 



4 + tt + CfV a — 0 
Rf 



This is identical to Equation 15.58. The corresponding transfer function is 

VoOO _ RfS_ 
q(s) | RfCfS + 1 1 

where s is the Laplace variable. Now, in the frequency domain (s = jot), we have 

v 0 (ja>) _ 

qijco) I R(C(joj+ 1 1 



(15.59) 



(15.60) 



Note that the output is zero at zero frequency (co= 0). Hence, a piezoelectric sensor cannot be used for 
measuring constant (DC) signals. At very high frequencies, on the other hand, the transfer function 
approaches the constant value — 1/Cf, which is the calibration constant for the device. 

From Equation 15.58 or Equation 15.59, which represent a first-order system, it is clear that the time 
constant r c of the sensor-amplifier unit is 

r c = RfC ( (15.61) 



Suppose that the charge amplifier is properly calibrated (by the factor — 1/Cf) so that the frequency 
transfer function (Equation 15.60) can be written as 



G(jco) 



fr c (Q 

[)r c (o+ 1] 



Magnitude M of this transfer function is given by 



M = 



T c CO 

y/rlco 2 + 1 



(15.62) 



(15.63) 



As w— * oo, note that M— * 1. Hence, at infinite frequency, there is no error. Measurement accuracy 
depends on the closeness of M to 1. Suppose that we want the accuracy to be better than a specified value 
M 0 . Accordingly, we must have 

T c (0 

, - > M 0 (15.64) 

t 2 co 2 + 1 
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or 

M 0 

T C W > u (15.65) 

V 1 - M o 

If the required lower frequency limit is to min , the time constant requirement is 

r c > ^ (15.66) 

"minyl “ A^O 

or 

M 0 

RfC { > -jJ= (15.67) 

"minyl “ Ml 

It follows that a specified lower limit on the frequency of operation, for a specified level of accuracy, may 
be achieved by increasing the charge-amplifier time constant (i.e., by increasing R ( , Cf, or both). For 
instance, an accuracy better than 99% is obtained if 

T r CO 

, = > 0.99; or t c co > 7.0 

Vt^ 2 + 1 

The minimum frequency of a transient signal that can tolerate this level of accuracy is <w min = 7.0 /r c . 
Now w min can be set by adjusting the time constant. 



15.6 Torque, Force, and Other Sensors 

The forced vibrations in a mechanical system depend on the forces and torques (excitations) applied 
to the system. Also, the performance of the system may be specified in terms of forces and torques 
that are generated, as for machine-tool operations such as grinding, cutting, forging, extrusion, and 
rolling. Performance monitoring and evaluation, failure detection and diagnosis, and vibration 
testing may depend considerably on the accurate measurement of associated forces and torques. In 
mechanical applications such as parts assembly, slight errors in motion can generate large forces and 
torques. These observations highlight the importance of measuring forces and torques. The strain 
gage is a sensor that is commonly used in this context. There are numerous other types of sensors 
and transducers that are useful in the context of mechanical vibration. In this section, we will 
outline several of these sensors. 



15.6.1 Strain Gage Sensors 

Many types of force and torque sensors, as well as motion sensors such as accelerometers, are based on 
strain gage measurements. Hence, strain gages are very useful in vibration instrumentation. Although 
strain gages measure strain, the measurements can be directly related to stress and force. Note, however, 
that strain gages may be used in a somewhat indirect manner, using auxiliary front-end elements, to 
measure other types of variables, including displacement and acceleration. 



15.6.1.1 Equations for Strain Gage Measurements 

The change of electrical resistance in material when it is mechanically deformed is the property used in 
resistance-type strain gages. The resistance R of a conductor that has length T and area of cross section A, 
is given by 



R = 



(15.68) 
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where p denotes the resistivity of the material. Taking the logarithm of Equation 15.68, we attain 
log R = log p + log(T/A). Now, taking the differential, we obtain 



d R dp d (HA) 

h J + HA 



(15.69) 



The first term on the right-hand side of Equation 15.69 depends on the change in resistivity, and the 
second term represents deformation. It follows that the change in resistance comes from the change in 
shape as well as from the change in the resistivity of the material. For linear deformations, the two terms 
on the right-hand side of Equation 15.69 are linear functions of strain, e; the proportionality constant of 
the second term, in particular, depends on Poisson’s ratio of the material. Hence, the following 
relationship can be written for a strain gage element: 

M 

— = S s b (15.70) 

The constant S s is known as the sensitivity or gage factor of the strain gage element. The numerical value of 
this constant ranges from 2 to 6 for most metallic strain gage elements and from 40 to 200 for SC strain 
gages. These two types of strain gage will be discussed later. The change in resistance of a strain gage 
element, which determines the associated strain (Equation 15.70), is measured using a suitable electrical 
circuit. 

Resistance strain gages are based on resistance change due to strain, or the piezoresistive property 
of materials. Early strain gages were fine metal filaments. Modern strain gages are manufactured 
primarily as metallic foil (for example, using the copper-nickel alloy known as constantan) or SC 
elements (e.g., silicon with trace impurity boron). They are manufactured by first forming a thin 
film (foil) of metal or a single crystal of SC material and then cutting it into a suitable grid pattern, 
either mechanically or by using photoetching (chemical) techniques. This process is much more 
economical and is more precise than making strain gages with metal filaments. The strain gage 
element is formed on a backing film of electrically insulated material (e.g., plastic). This element is 
cemented onto the member whose strain is to be measured. Alternatively, a thin film of insulating 
ceramic substrate is melted onto the measurement surface, on which the strain gage is mounted 
directly. The direction of sensitivity is the major direction of elongation of the strain gage element 
(Figure 15.33(a)). To measure strains in more than one direction, multiple strain gages (e.g., various 
rosette configurations) are available as single units. These units have more than one direction of 
sensitivity. Principal strains in a given plane (the surface of the object on which the strain gage is 
mounted) can be determined by using these multiple strain gage units. Typical foil-type strain gages 
produce a relatively large output signal. A large accelerometer mass results in several disadvantages, 
however. In particular: 

1. The accelerometer mass distorts the measured motion variable (mechanical loading effect). 

2. A heavier accelerometer has a lower resonant frequency and, hence, a lower useful frequency range 
(Figure 15.31). 

A direct way to obtain strain gage measurement is to apply a constant DC voltage across a series- 
connected strain gage element and a suitable resistor, and to measure the output voltage v c across the 
strain gage under open-circuit conditions using a voltmeter with high input impedance. It is known as a 
potentiometer circuit or ballast circuit (see Figure 15.34(a)). This arrangement has several weaknesses. Any 
ambient temperature variation will directly introduce some error because of associated change in the 
strain gage resistance and the resistance of the connecting circuitry. Also, measurement accuracy will be 
affected by possible variations in the supply voltage v re f. Furthermore, the electrical loading error will be 
significant unless the load impedance is very high. Perhaps, the most serious disadvantage of this circuit 
is that the change in signal due to strain is usually a very small percentage of the total signal level in the 
circuit output. 
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(b) Three-Element Rosettes 

Doped Silicon 

Crystal Welded Nickle-Plaled 

(P or N Type) Gold Leads Copper Ribbons 




FIGURE 15.33 (a) Strain gage nomenclature; (b) typical foil-type strain gages; (c) a SC strain gage. 



A more favorable circuit for use in strain gage measurements is the Wheatstone bridge, shown in 
Figure 15.34(b). One or more of the four resistors R,, R 2 , R 3 , and R 4 in the circuit may represent strain 
gages. To obtain the output relationship for the Wheatstone bridge circuit, assume that the load 
impedance R L is very high. Hence, the load current, i, is negligibly small. Then, the potentials at nodes 
A and B are 



: 



(R1+R2) 



and the output voltage v Q = v A — v B is given by 

V ° [(Ri+Rr) 



(R} + 



R, 



(£3 +£4) 



(15.71) 
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By using straightforward algebra, we obtain 



(RiR 4 R2R3) 
(Ri + R 2 )(R 3 + R 4 ) 



Vref 



(15.72) 



When this output voltage is zero, the bridge is said 
to be “balanced.” It follows from Equation 15.72 
that, for a balanced bridge 



R, 

Ri 



Ry 

R 4 



(15.73) 




Note that Equation 15.73 is valid for any value of 
R l , not just for large _R L , because when the bridge is 
balanced, current i will be zero, even for small R L . 

15.6.1.2 Bridge Sensitivity 

Strain gage measurements are calibrated with 
respect to a balanced bridge. When the strain 
gages in the bridge deform, the balance is upset. If 
one of the arms of the bridge has a variable 
resistor, it can be changed to restore the balance. 

The amount of this change corresponds to the 
amount by which the resistance of the strain gages 
changed, thereby measuring the applied strain. 

This is known as the null-balance method of 
strain measurement. This method is inherently 
slow because of the time required to balance the 
bridge each time a reading is taken. Hence, the 
null-balance method is generally not suitable for 
dynamic (time-varying) measurements. This 
approach to strain measurement can be sped up 
by using servo balancing, whereby the output error 

signal is fed back into an actuator that automatically adjusts the variable resistance so as to restore 
the balance. 

A more common method, which is particularly suitable for making dynamic readings from a strain 
gage bridge, is to measure the output voltage resulting from the imbalance caused by the deformation of 
active strain gages in the bridge. To determine the calibration constant of a strain gage bridge, the 
sensitivity of the bridge output to changes in the four resistors in the bridge should be known. For small 
changes in resistance, this may be determined using the differential relation (or, equivalently, the first- 
order approximation for the Taylor series expansion): 




FIGURE 15.34 (a) A potentiometer circuit (ballast 

circuit) for strain gage measurements; (b) a Wheatstone 
bridge circuit for strain gage measurements. 



5Vo = X^ 8 ^ 

;=i 



i)R: 



(15.74) 



The partial derivatives are obtained directly from Equation 15.71. Specifically, 



9v 0 




Ri 




0jRj 


(Rl 


+ R 2 f Vrei 


(15.75) 


0V O 




Ri 




dR 2 


= (Rl 


+ R 2 ) lVief 


(15.76) 


9v 0 




r 4 






= 


_ , -i I'Vpf 


(15.77) 


9R 3 


(R!+R 4 ) z 
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dv 0 _ R3 
9 R 4 ~ (R 3 + R 4 ) 2 Vref 



(15.78) 



The required relationship is obtained by substituting the equations from Equation 15.75 to 
Equation 15.78 into Equation 15.74; thus 

~ Ri^Rj) _ (T? 4 SJ? 3 — R } 8R 4 ) 
v ref _ (Rr+Ri? (R 3 +Ri) 2 



This result is subject to Equation 15.73, because changes are measured from the balanced condition. 
Note that, from Equation 15.79, if all four resistors are identical (in value and material), resistance 
changes due to ambient effects cancel out among the first-order terms (&R 1 ,&R 2 , 8 R 3 , 8R 4 ), producing no 
net effect on the output voltage from the bridge. Closer examination of Equation 15.79 will reveal that 
only the adjacent pairs of resistors (e.g., R 4 with R 2 and R 3 with R 4 ) have to be identical in order to 
achieve this environmental compensation. Even this requirement can be relaxed. Compensation is 
achieved if R 4 and R 2 have the same temperature coefficient and if R } and R 4 have the same temperature 
coefficient. 



15.6.1.3 The Bridge Constant 

Numerous activating combinations of strain gages are possible in a bridge circuit. For example, there 
might be tension in and compression in R 2 , as in the case of two strain gages mounted symmetrically 
at 45° about the axis of a shaft in torsion. In this manner, the overall sensitivity of a strain gage bridge can 
be increased. It is clear from Equation 15.79 that, if all four resistors in the bridge are active, the best 
sensitivity is obtained if all four differential terms have the same sign, for example, when R 1 and R 4 are in 
tension and R 2 and R } are in compression. If more than one strain gage is active, the bridge output may 
be expressed as 



where 



8y, _ k §R 

v ref 41? 



(15.80) 



bridge output in the general case 
bridge output if only one strain gage is active 



This constant is known as the bridge constant. The 
larger the bridge constant is, the better the 
sensitivity of the bridge. 

Example 15.4 

A strain gage load cell (force sensor) consists of 
four identical strain gages, which form a Wheat- 
stone bridge and are mounted on a rod that has a 
square cross section. One opposite pair of strain 
gages is mounted axially and the other pair is 
mounted in the transverse direction, as shown in 
Figure 15.35(a). To maximize the bridge sensi- 
tivity, the strain gages are connected to the 
bridge as shown in Figure 15.35(b). Determine 
the bridge constant k in terms of Poisson’s ratio v of 
the rod material. 



Axial 

Gage 





FIGURE 15.35 A strain-gage force sensor: (a) mount- 
ing configuration; (b) bridge circuit. 
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Solution 

Suppose that 8_Rj = 8 R. Then, for the given configuration, we have 

BIG = — u8 R 
8i? 3 = — u8_R 
8^4 = 8 R 



Note that, from the definition of Poisson’s ratio, transverse strain = (— v) X longitudinal strain. Now, it 
follows from Equation 15.79 that 



8v„ 8 R 

— = 2(1 + v) — 
Kef 4 R 



(15.81) 



according to which the bridge constant is given by 

k = 2(1 + v) 



15.6.1.4 The Calibration Constant 

The calibration constant, C, of a strain gage bridge relates the strain that is measured to the output of the 
bridge. Specifically, 

8v„ 

— = Ce (15.82) 

Vref 



Now, in view of Equation 15.70 and Equation 15.80, the calibration constant maybe expressed as 



C=^S s (15.83) 

where k is the bridge constant and S s is the 
sensitivity or gage factor of the strain gage. Ideally, 
the calibration constant should remain constant 
over the measurement range of the bridge (i.e., 
independent of strain e and time t) and should be 
stable with respect to ambient conditions. In 
particular, there should not be any creep, non- 
linearities such as hysteresis, or thermal effects. 

Example 15.5 

A schematic diagram of a strain gage acceler- 
ometer is shown in Figure 15.36(a). A point mass 
of weight W is used as the acceleration sensing 
element, and a light cantilever with a rectangular 
cross section, which is mounted inside the 
accelerometer casing, converts the inertia force of 
the mass into a strain. The maximum bending 
strain at the root of the cantilever is measured 
using four identical active SC strain gages. Two of 
the strain gages (A and B) are mounted axially on 
the top surface of the cantilever, and the remaining 
two (C and D) are mounted on the bottom surface, 
as shown in Figure 15.36(b). In order to maximize 
the sensitivity of the accelerometer, indicate the 






(c) 



+ 

■° v ref & - 



FIGURE 15.36 A strain gage accelerometer: (a) sche- 
matic diagram; (b) strain gage mounting configuration; 
(c) bridge connections. 
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manner in which the four strain gages (A, B, C, and D) should be connected to a Wheatstone bridge 
circuit. What is the bridge constant of the resulting circuit? 

Obtain an expression relating the applied acceleration a (in units of g, which denotes acceleration due 
to gravity) to the bridge output 8v 0 (measured using a bridge balanced at zero acceleration) in terms of 
the following parameters: 

W = weight of the seismic mass at the free end of the cantilever element 
E = Young’s modulus of the cantilever 
£ = length of the cantilever 
b = cross-sectional width of the cantilever 
h = cross-sectional height of the cantilever 
S s = sensitivity (gage factor) of each strain gage 
v ref = supply voltage to the bridge 

If W= 0.02 lb, E = 10 X 10 6 lbf/in. 2 , I = 1 in., b = 0.1 in., h = 0.05 in., S s = 200, and v ref = 20 V, 
determine the sensitivity of the accelerometer in mVIg. 

If the yield strength of the cantilever element is 10 X 10 3 lbf/in. 2 , what is the maximum acceleration 
that could be measured using the accelerometer? 

Is the cross-sensitivity (i.e., the sensitivity in the two directions orthogonal to the direction of 
sensitivity shown in Figure 15.36(a)) small given your arrangement of the strain gage bridge? Explain. 

Note: For a cantilever subjected to force F at the free end, the maximum stress at the root is given by 



6 El 

cr ~ W 



(15.84) 



with the present notation. 



Solution 

The bridge sensitivity is maximized by connecting the strain gages A, B, C, and D to the bridge as shown 
in Figure 15.36(c). This follows from Equation 15.79, noting that the contributions from all four strain 
gages are positive when 5 R 1 and 8 R 4 are positive and 8R 2 and SR 3 are negative. The bridge constant for 
the resulting arrangement is k = 4. Hence, from Equation 15.80, we have 



8v 0 8 R 

Vref R 



or, from Equation 15.82 and Equation 15.83 



5Vo 

Vref 



= S,E 



Also, 



a 6 FE 

E ~ Ebb 2 



where F denotes the inertia force 



F = 



W 

— x = Wa 
g 



Note that x is the acceleration in the direction of sensitivity and xlg = a is the acceleration in units of g. 
Thus, 



6 W£ 

s — — ~ Cl 
Ebh 2 



(15.85) 
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or 



5v n = 



6 Wl 
Ebh 2 



S s v le( a 



(15.86) 



Now, with the given values 

8v„ 6 X 0.02 X 1 X 200 X 20 

a 



10 X 10 6 X 0.1 X(0.05) 2 Vlg 



0.192 Vlg = 192 m V/g 



yield strain = 



_ 1 8*o _ 

S s v ref a 
yield strength 



0.192 
200 X 20 

10 X 10 3 
" 10 X 10 6 



strain/^ 



= 1 X 10 3 strain 



Hence, 



number of gs to yielding - 



1 X 10' 



-g = 20.8g 



48 X 10 _6 ‘ 

Cross-sensitivity comes from accelerations in the two directions (y and z) orthogonal to the direction of 
sensitivity (x). In the lateral ( y ) direction, the inertia force causes lateral bending. This will produce equal 
tensile (or compressive) strains in B and D, and equal compressive (or tensile) strains in A and C. 
According to the bridge circuit, we see that these contributions cancel each other. In the axial (z) 
direction, the inertia force causes equal tensile (or compressive) stresses in all four strain gages. These also 
will cancel out, as is clear from the following relationship for the bridge: 

8v 0 _ (R C 8R A — R A 8R C ) _ {R B 8R D — T? d 8T?b) 

v ref C^A + Rc ) 2 (Rd + ^b ) 2 



(15.87) 



with 



which gives 



Ra — Rv. — Rc — Rn — R 



8v 0 _ (8R a 8R c 8R d + 8 R B ) 
v ref 4 R 



(15.88) 



It follows that this arrangement is good with respect to cross-sensitivity problems. 



15.6.1.5 Data Acquisition 

As noted earlier, the two common methods of measuring strains using a Wheatstone bridge circuit are 
(1) the null-balance method and (2) the imbalance output method. One possible scheme for using the 
first method is shown in Figure 15.37(a). In this particular arrangement, two bridge circuits are used. 
The active bridge contains the active strain gages, dummy gages, and bridge-completion resistors. The 
reference bridge has four resistors, one of which is micro-adjustable, either manually or automatically. 
The output from the each of the two bridges is fed into a difference amplifier, which provides an 
amplified difference of the two signals. This error signal is indicated on a null detector, such as a 
galvanometer. Initially, both bridges are balanced. When the measurement system is in use, the active 
gages are subjected to the strain that is being measured. This upsets the balance, giving a net output that 
is indicated on the null detector. In manual operation of the null-balance mechanism, the resistance knob 
in the reference bridge is adjusted carefully until the galvanometer indicates a null reading. The knob can 
be calibrated to indicate the measured strain directly. In servo operation, which is much faster than the 
manual method, the error signal is fed into an actuator that automatically adjusts the variable resistor in 
the reference bridge until the null balance is achieved. Actuator movement measures the strain. 

For measuring dynamic strains in vibrating systems, either the servo null-balance method or the 
imbalance output method should be employed. A schematic diagram for the imbalance output method is 
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FIGURE 15.37 Strain gage bridge measurement: (a) null-balance method; (b) imbalance output method. 

shown in Figure 15.37(b). In this method, the output from the active bridge is directly measured as a 
voltage signal and calibrated to provide the measured strain. An AC bridge may be used, where the bridge 
is powered by an AC voltage. The supply frequency should be about ten times the maximum frequency of 
interest in the dynamic strain signal (bandwidth). A supply frequency on the order of 1 kHz is typical. 
This signal is generated by an oscillator and is fed into the bridge. The transient component of the output 
from the bridge is very small (typically less than 1 mV and sometimes a few microvolts). This signal must 
be amplified, demodulated (especially if the signals are transient), and filtered to provide the strain 
reading. The calibration constant of the bridge should be known in order to convert the output voltage to 
strain. 

Strain gage bridges powered by DC voltages are very common. They have the advantages of portability 
and simplicity with regard to necessary circuitry. The advantages of AC bridges include improved 
stability (reduced drift), improved accuracy, and reduced power consumption. 

15.6.1.6 Accuracy Considerations 

Foil gages are available with resistances as low as 50 11 and as high as several kilohms. The power 
consumption of the bridge decreases with increased resistance. This has the added advantage of decreased 
heat generation. Bridges with a high range of measurement (e.g., a maximum strain of 0.01 m/m) are 
available. The accuracy depends on the linearity of the bridge, environmental (particularly temperature) 
effects, and mounting techniques. For example, a calibration error occurs in the case of zero shift, due to 
the strains produced when the cement that is used to mount the strain gage dries. Creep will introduce 
errors during static and low-frequency measurements. Flexibility and hysteresis of the bonding cement 
will bring about errors during high-frequency strain measurements. Resolutions on the order of 1 /zm/m 
(i.e., one microstrain) are common. The cross-sensitivity should be small (say, less than 1% of the direct 
sensitivity). Manufacturers usually provide the values of the cross-sensitivity factors for their strain gages. 
This factor, when multiplied by the cross strain present in a given application, gives the error in the strain 
reading due to cross-sensitivity. 
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Often, measurements of strains in moving members are needed, for example, in real-time monitoring 
and failure detection in machine tools. If the motion is small or the device has a limited stroke, strain 
gages mounted on the moving member can be connected to the signal-conditioning circuitry and the 
power source using coiled flexible cables. For large motions, particularly in rotating shafts, some form of 
commutating arrangement must be used. Slip rings and brushes are commonly used for this purpose. 
When AC bridges are used, a mutual-induction device (rotary transformer) can be used, with one coil 
located on the moving member and the other coil stationary. To accommodate and compensate for errors 
caused by commutation (e.g., losses and glitches in the output signal), it is desirable to place all four arms 
of the bridge, rather than just the active arms, on the moving member. 

15.6.1.7 Semiconductor Strain Gages 

In some low-strain applications (e.g., dynamic 
torque measurement), the sensitivity of foil gages 
is not adequate to produce an acceptable strain 
gage signal. SC strain gages are particularly 
useful in such situations. The strain element of a 
SC strain gage is made of a single crystal of 
piezoresistive material such as silicon, doped with a 
trace impurity such as boron. A typical construc- 
tion is shown in Figure 15.38. The sensitivity 
(gage factor) of a SC strain gage is about two 
orders of magnitude higher than that of a metallic 
foil gage (typically, 40 to 200). The resistivity is 
also higher, providing reduced power consump- 
tion and heat generation. Another advantage of SC 
strain gages is that they deform elastically until 
fracture. In particular, mechanical hysteresis is negligible. Furthermore, they are smaller and lighter, 
providing less cross-sensitivity, reduced distribution error (i.e., improved spatial resolution), and 
negligible error due to mechanical loading. The maximum strain that is measurable using a SC strain 
gage is typically 0.003 m/m (i.e., 3000 /xs). Strain gage resistance can be several hundred ohms (typically, 
120 G or 350 fl). 

There are several disadvantages associated with SC strain gages, however, which can be interpreted as 
advantages of foil gages. Undesirable characteristics of SC gages include the following: 

1. The strain -resistance relationship is more nonlinear. 

2. They are brittle and difficult to mount on curved surfaces. 

3. The maximum strain that can be measured is an order of magnitude smaller (typically, less than 
0.01 m/m). 

4. They are more costly. 

5. They have a much higher temperature sensitivity. 

The first disadvantage is illustrated in Figure 15.39. There are two types of SC strain gages: the P-type 
and the N-type. In P-type strain gages, the direction of sensitivity is along the (1,1,1) crystal axis, and the 
element produces a “positive” (P) change in resistance in response to a positive strain. In N-type strain 
gages, the direction of sensitivity is along the (1,0,0) crystal axis, and the element responds with a 
“negative” (N) change in resistance to a positive strain. In both types, the response is nonlinear and can 
be approximated by the quadratic relationship 

8 R 2 

- =S l e + S 2 e 2 (15.89) 

J\ 

The parameter Si represents the linear sensitivity, which is positive for P-type gages and negative for 
N-type gages. Its magnitude is usually somewhat larger for P-type gages, thereby providing 



Conductor 

Ribbons 




Backing Plate 

FIGURE 15.38 Details of a semiconductor strain gage. 



© 2005 by Taylor & Francis Group, LLC 



15-60 



Vibration and Shock Handbook 



better sensitivity. The parameter S 2 represents the 
degree of nonlinearity, which is usually positive for 
both types of gage. Its magnitude, however, is 
typically a little smaller for P-type gages. It follows 
that P-type gages are less nonlinear and have 
higher strain sensitivities. The nonlinear relation- 
ship given by Equation 15.89 or the nonlinear 
characteristic curve (Figure 15.39) should be used 
when measuring moderate to large strains with SC 
strain gages. Otherwise, the nonlinearity error will 
be excessive. 

15.6.1.8 Force and Torque Sensors 

Torque and force sensing is useful in vibration 
applications, including the following: 

1 . In vibration control of machinery where a 
small motion error can cause large damag- 
ing forces or performance degradation. 

2. In high-speed vibration control when 
motion feedback alone is not fast enough 
(here, force feedback and feedforward force 
control can be used to improve the accuracy 
and bandwidth). 

3. In vibration testing, monitoring, an diag- 
nostic applications, where torque and force 
sensing can detect, predict, and identify 
abnormal operation, malfunction, com- FIGURE 15.39 Nonlinear behavior of a semiconductor 
ponent failure, or excessive wear (e.g., in (silicon/boron) strain gage: (a) a P-type gage; (b) an 
monitoring machine tools such as milling N-type gage. 

machines and drills). 

4. In experimental modal analysis where both excitation forces and response motioning may be 
needed to experimentally determine the system model. 

In most applications, torque (or force) is sensed by detecting either an effect or the cause of torque 
(or force). There are also methods for measuring torque (or force) directly. Common methods of torque 
sensing include the following: 

1. Measuring the strain in a sensing member between the drive element and the driven load, using a 
strain gage bridge. 

2. Measuring the displacement in a sensing member (as in the first method), either directly, using a 
displacement sensor, or indirectly, by measuring a variable, such as magnetic inductance or 
capacitance, that varies with displacement. 

3. Measuring the reaction in the support structure or housing (by measuring a force) and the 
associated lever arm length. 

4. In electric motors, measuring the field or armature current that produces motor torque; in 
hydraulic or pneumatic actuators, measuring the actuator pressure. 

5. Measuring the torque directly, for example, using piezoelectric sensors. 

6. Employing the servo method to balance the unknown torque with a feedback torque generated by 
an active device (say, a servomotor) whose torque characteristics are known precisely. 

7. Measuring the angular acceleration in a known inertia element when the unknown torque is 
applied. 




Resistance 
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Note that force sensing may be accomplished by essentially the same techniques. Some types of force 
sensor (e.g., the strain gage force sensor) have been introduced before. Now, we will limit our discussion 
primarily to torque sensing. The extension of torque-sensing techniques to the task of force sensing is 
somewhat straightforward. 

15.6.1.9 Strain Gage Torque Sensors 

The most straightforward method of torque sensing is to connect a torsion member between the drive 
unit and the load-in series, and to measure the torque in the torsion member. If a circular shaft (solid or 
hollow) is used as the torsion member, the torque-strain relationship is relatively simple. A complete 
development of the relationship is found in standard textbooks on elasticity, solid mechanics, or strength 
of materials. With reference to Figure 15.40, it can be shown that the torque, T, may be expressed in terms 
of the direct strain, e, on the shaft surface along a principal stress direction (i.e., at 45° to the shaft axis) as 



T = 




(15.90) 



where G = shear modulus of the shaft material, J = polar moment of area of the shaft, and r = shaft 
radius (outer). This is the basis of torque sensing using strain measurements. 

Using the general bridge Equation 15.82 along with Equation 15.83 in Equation 15.90, we can obtain 
torque, T, from bridge output, Sv 0 : 



8G/ Sv 0 
kS s r v rei 



(15.91) 



where S s is the gage factor (or sensitivity) of the strain gages. The bridge constant, k, depends on the 
number of active strain gages used. Strain gages are assumed to be mounted along a principal direction. 



Circular Shaft 




(b) 



(c) 







FIGURE 15.40 (a) Linear distribution of shear stress in a circular shaft under pure torsion; (b) pure shear state of 

stress and principal directions x and y\ (c) Mohr’s circle. 
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Strain Gage Bridge 



Bridge Constant ( k ): 


2 




2 




4 


Axial Loads Compensated: 


Yes 




Yes 




Yes 


Bending Loads Compensated: 


Yes 




Yes 




Yes 




(a) 




(b) 




(c) 



FIGURE 15.41 Strain gage configurations for a circular shaft torque sensor. 

Three possible configurations are shown in Figure 15.41. In configurations (a) and (b), only two strain 
gages are used, and the bridge constant, k, is equal to 2. Note that both axial loads and bending are 
compensated with the given configurations because resistance in both gages will be changed by the same 
amount (the same sign and same magnitude) that cancels out, up to first order, for the bridge circuit 
connection shown in Figure 15.41. Configuration (c) has two pairs of gages, mounted on the two 
opposite surfaces of the shaft. The bridge constant is doubled in this configuration, and here again, the 
sensor clearly selfcompensates for axial and bending loads up to first order [0(81?)]. 

For a circular- shaft torque sensor that uses SC strain gages, design criteria for obtaining a suitable value 
for the polar moment of area (/) are listed in Table 15.3. Note that cf> is a safety factor. 

Although the manner in which strain gages are configured on a torque sensor can be exploited to 
compensate for cross-sensitivity effects arising from factors such as tensile and bending loads, it is 
advisable to use a torque-sensing element that inherently possesses low sensitivity to these factors that 
cause error in a torque measurement. A tubular torsion element is convenient for analytical purposes 
because of the simplicity of the associated expressions for design parameters. Unfortunately, such an 



TABLE 15.3 Design Criteria for a Strain Gage Torque-Sensing Element 



Criterion 


Specification 


Governing Formula for the Polar 
Moment of Area (/) 


Strain capacity of strain gage 
element 


p 

°max 


> ffmax 

2G £ max 


Strain gage nonlinearity 


Max strain error 
Np — X 100% 

F Strain range 


..... 25<f>rS 2 T maI 
GS 1 N p 


Sensor sensitivity (output voltage) 


v Q = K a 8v 0 where Ka = transducer gain 


„ Ka kS s rv Ief T max 
8G v„ 


Sensor stiffness (system bandwidth 
and gain) 


Torque 

K — ; — 

Twist angle 


L 

~ g k 
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Strain 

Gage 



element is not very rigid to bending and tensile 
loading. Alternative shapes and structural arrange- 
ments have to be considered if inherent rigidity 
(insensitivity) to cross-loads is needed. Further- 
more, a tubular element has the same strain at all 
locations on the element surface. This does not 
provide a choice with respect to mounting 
locations of strain gages in order to maximize 
the torque sensor sensitivity. Another disadvantage 
of the basic tubular element is that the surface is 
curved; therefore, much care is needed in mount- 
ing fragile SC gages, which could be easily 
damaged by even slight bending. Hence, a sensor 
element that has flat surfaces to mount the strain 
gages would be desirable. A torque-sensing 
element that has the aforementioned desirable 
characteristics (i.e., inherent insensitivity to cross- 
loading, nonuniform strain distribution on the 
surface, and the availability of flat surfaces to 
mount strain gages) is shown in Figure 15.42. Note 
that two sensing elements are connected radially 
between the drive unit and the driven member. 

The sensing elements undergo bending while 
transmitting a torque between the driver and the 

driven member. Bending strains are measured at locations of high sensitivity and are taken to be 
proportional to the transmitted torque. Analytical determination of the calibration constant is not easy 
for such complex sensing elements, but experimental determination is straightforward. Note that the 
strain gage torque sensor measures the direction as well as the magnitude of the torque transmitted 
through it. 

15.6.1.10 Deflection Torque Sensors 

Instead of measuring strain in the sensor element, the actual deflection (twisting or bending) can be 
measured and used to determine torque, through a suitable calibration constant. For a circular-shaft 
(solid or hollow) torsion element, the governing relationship is given by 




FIGURE 15.42 Use of a bending element in torque 
sensing: (a) sensing element; (b) element configuration. 



t =T° 



(15.92) 



The calibration constant GJIL must be small in order to achieve high sensitivity. This means that the 
element stiffness should be low. This will limit the bandwidth (which measures speed of response) and 
gain (which determines steady-state error) of the overall system. The twist angle, 0, is very small (e.g., a 
fraction of a degree) in systems with high bandwidth. This requires very accurate measurement of 6 in 
order to determine the torque T. A type of displacement sensor that could be used is described as follows. 
Two ferromagnetic gear wheels are splined at two axial locations of the torsion element. Two stationary 
proximity probes of the magnetic induction type (selfinduction or mutual induction) are placed radially, 
facing the gear teeth, at the two locations. As the shaft rotates, the gear teeth change the flux linkage of the 
proximity sensor coils. The resulting output signals of the two probes are pulse sequences, shaped 
somewhat like sine waves. The phase shift of one signal with respect to the other determines the relative 
angular deflection of one gear wheel with respect to the other, assuming that the two probes are 
synchronized under no-torque conditions. Both the magnitude and the direction of the transmitted 
torque are determined using this method. A 360° phase shift corresponds to a relative deflection by an 
integer multiple of the gear pitch. It follows that deflections less than half the pitch can be measured 
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without ambiguity. Assuming that the output signals of the two probes are sine waves (narrow-band 
filtering can be used to achieve this), the phase shift will be proportional to the angle of twist, 6. 

15.6.1.11 Variable-Reluctance Torque Sensor 

A torque sensor that is based on the sensor element deformation and that does not require a 
contacting commutator is a variable-reluctance device that operates like a differential transformer 
(RVDT or LVDT). The torque-sensing element is a ferromagnetic tube that has two sets of slits, 
typically oriented along the two principal stress directions of the tube (45°) under torsion. When a 
torque is applied to the torsion element, one set of gaps closes and the other set opens as a result of 
the principal stresses normal to the slit axes. Primary and secondary coils are placed around the slitted 
tube, and they remain stationary. One segment of the secondary coil is placed around one set of slits, 
and the second segment is placed around the other, perpendicular, set. The primary coil is excited by 
an AC supply, and the induced voltage, v D , in the secondary coil is measured. As the tube deforms, it 
changes the magnetic reluctance in the flux linkage path, thus changing the induced voltage. The two 
segments of the secondary coil should be connected so that the induced voltages are absolutely 
additive (algebraically subtractive), because one voltage increases and the other decreases, to obtain the 
best sensitivity. The output signal should be demodulated, by removing the carrier frequency 
component, to measure transient torques effectively. Note that the direction of torque is given by the 
sign of the demodulated signal. 

15.6.1.12 Reaction Torque Sensors 

The foregoing methods of torque sensing use a sensing element that is connected between the drive 
member and the driven member. A major drawback of such an arrangement is that the sensing 
element modifies the original system in an undesirable manner, particularly by decreasing the system 
stiffness and adding inertia. Not only will the overall bandwidth of the system decrease, but the 
original torque will also be changed (mechanical loading) because of the inclusion of an auxiliary 
sensing element. Furthermore, under dynamic conditions, the sensing element will be in motion, 
thereby making the torque measurement more difficult. The reaction method of torque sensing 
eliminates these problems to a large degree. This method can be used to measure torque in a rotating 
machine. The supporting structure (or housing) of the rotating machine (e.g., a motor, pump, 
compressor, turbine, or generator) is cradled by releasing its fixtures, and the effort necessary to 
keep the structure from moving is measured. A schematic representation of the method is shown in 
Figure 15.43(a). Ideally, a lever arm is mounted on the cradled housing, and the force required to fix 
the housing is measured using a force sensor (load cell). The reaction torque on the housing is 
given by 

T r = F r -I (15.93) 



where 

F r = reaction force measured using load cell 
L = lever arm length 

Alternatively, strain gages or other types of force sensors could be mounted directly at the fixture 
locations (e.g., at the mounting bolts) of the housing to measure the reaction forces without cradling the 
housing. Then, the reaction torque is determined with a knowledge of the distance of the fixture locations 
from the shaft axis. 

The reaction-torque method of torque sensing is widely used in dynamometers (reaction 
dynamometers) that determine the transmitted power in rotating machinery through torque and 
shaft speed measurements. A drawback of reaction-type torque sensors can be explained using Figure 
15.43(b). A motor with rotor inertia, /, which rotates at angular acceleration, 6, is shown. By Newton’s 
Third Law (action equals reaction), the electromagnetic torque generated at the rotor of the motor, T mj 
and the frictional torques, Tn and T{ 2 , will be reacted back onto the stator and housing. By applying 
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(b) 



Reaction 



Motor 




FIGURE 15.43 (a) Schematic representation of a reaction torque sensor setup (reaction dynamometer); (b) various 

torque components. 



Newton’s Second Law to the motor rotor and the housing combination, we obtain 

T L =T R ~Jd (15.94) 

Note that T L is the variable which must be measured. Under accelerating or decelerating conditions, the 
reaction torque, T„ is not equal to the actual torque, T L , that is transmitted. One method of 
compensating for this error is to measure the shaft acceleration, compute the inertia torque, and adjust 
the measured reaction torque using this inertia torque. Note that the frictional torque in the bearings 
does not enter the final Equation 15.94. This is an advantage of this method. 

15.6.2 Miscellaneous Sensors 

Motion and force/torque sensors of the types described thus far are widely used in vibration 
instrumentation. Several other types of sensors are also useful. A few of them are indicated now. 

15.6.2.1 Stroboscope 

Consider an object that executes periodic motions such as vibrations or rotations in a fairly dark 
environment. Suppose that a light is flashed at the object at the same frequency as the moving object. 
Since the object completes a full cycle of motion during the time period between two adjacent flashes, 
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the object will appear to be stationary. This is the principle of operation of a stroboscope. The main 
components of a stroboscope are a high-intensity strobe lamp and circuitry to vary the frequency of 
the electrical pulse signal that energizes the lamp. The flashing frequency may be varied either 
manually using a knob or according to the frequency of an external periodic signal (trigger signal) 
that is applied to the stroboscope. 

It is clear that by synchronizing the stroboscope with a moving (vibrating, rotating) object so that the 
object appears stationary, and then noting the flashing (strobe) frequency, the frequency of vibration or 
speed of rotation of the object can be measured. In this sense, the stroboscope is a noncontacting 
vibration frequency sensor or a tachometer (rotating speed sensor). Note that the object appears 
stationary for any integer multiple of the synchronous flashing frequency. Hence, once the strobe is 
synchronized with the moving object, it is good practice to check whether the strobe also synchronizes 
at an integer fraction of that flashing frequency. (Typically, trying 1/2, 1/3, 1/5, and 1/7 the original 
synchronous frequency is adequate.) The lowest synchronous frequency thus obtained is the correct 
speed (frequency) of the object. Since the frequency of visual persistence of a human is about 15 Hz, the 
stationary appearance will not be possible using a stroboscope below this frequency. Hence, the low- 
frequency limit for a stroboscope is about 15 Hz. 

In addition to serving as a sensor for vibration frequency and rotating speed, the stroboscope has 
many other applications. For example, by maintaining the strobe (flashing) frequency close (but not 
equal) to the object frequency, the object will appear to move very slowly. In this manner, visual 
inspection of objects that execute periodic motions at high speed is possible. Also, stroboscopes are 
widely used in dynamic balancing of rotating machinery. In this case, it is important to measure the 
phase angle of the resultant imbalance force with respect to a coordinate axis (direction) that is 
fixed to the rotor. Suppose that a radial line is marked on the rotor. If we synchronize a stroboscope 
with the rotor such that the marked line appears not only stationary but also oriented in a fixed 
direction (e.g., horizontal or vertical), we in effect make the strobe signal in phase with the rotation 
of the rotor. Then by comparing the imbalance force signal of the rotor (obtained, for example, by 
an accelerometer or a force sensor at the bearings of the rotor) with the synchronized strobe signal 
(with a fixed reference), by means of an oscilloscope or a phase meter, it is possible to determine 
the orientation of the imbalance force with respect to a fixed body reference of the rotating 
machine. 

15.6.2.2 Fiber Optic Sensors and Lasers 

The characteristic component in a fiber optic sensor is a bundle of glass fibers (typically a few 
hundred) that can carry light. Each optical fiber may have a diameter on the order of 0.01 mm. There 
are two basic types of fiber optic sensors. In one type, the “indirect” or the extrinsic type, the optical 
fiber acts only as the medium in which the sensed light is transmitted. In this type, the sensing 
element itself does not consist of optical fibers. In the second type, the “direct” or the intrinsic type, 
the optical fiber bundle itself acts as the sensing element. When the conditions of the sensed medium 
change, the light-propagation properties of the optical fibers change, providing a measurement of the 
change in the conditions. Examples of the first (extrinsic) type of sensor include fiber optic position 
sensors and tactile (distributed touch) sensors. The second (intrinsic) type of sensor is found, for 
example, in fiber optic gyroscopes, fiber optic hydrophones, and some types of micro-displacement or 
force sensors. 

A schematic representation of a fiber optic position sensor (or proximity sensor or displacement 
sensor) is shown in Figure 15.44(a). The optical fiber bundle is divided into two groups: 
transmitting fibers and receiving fibers. Light from the light source is transmitted along the first 
bundle of fibers to the target object whose position is being measured. Light reflected onto the 
receiving fibers by the surface of the target object is carried to a photodetector. The intensity of the 
light received by the photodetector will depend on the position, x, of the target object. In particular, 
if x = 0, the transmitting bundle will be completely blocked off and the light intensity at the receiver 
will be zero. As x is increased, the received light intensity will increase, because more light will be 
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FIGURE 15.44 (a) A fiber-optic proximity sensor; (b) nonlinear characteristic curve. 



reflected onto the receiving bundle tip. This will reach a peak at some value of x. When x is 
increased beyond that value, more light will be reflected outside the receiving bundle; hence, the 
intensity of the received light will decrease. Hence, in general, the proximity- intensity curve for an 
optical proximity sensor will be nonlinear and will have the shape shown in Figure 15.44(b). Using 
this (calibration) curve, we can determine the position ( x ) once the intensity of the light received at 
the photosensor is known. The light source could be a laser (or fight Amplification by stimulated 
emission of radiation; structured light), infrared light-source, or some other type, such as a light- 
emitting diode (LED). The light sensor (photodetector) could be some light-sensitive discrete SC 
element such as a photodiode or a photo field effect transistor (photo FET). Very fine resolutions, 
better than 1 X 10~ 6 cm, can be obtained using a fiber optic position sensor. An optical encoder is a 
digital (or pulse-generating) motion transducer. Here, a light beam is intercepted by a moving disk 
that has a pattern of transparent windows. The light that passes through, as detected by a 
photosensor, provides the transducer output. These sensors may also be considered in the extrinsic 
category. 

The advantages of fiber optics include insensitivity to electrical and magnetic noise (due to optical 
coupling), safe operation in explosive, high-temperature, hazardous environments and high sensitivity. 
Furthermore, mechanical loading and wear problems do not exist because fiber optic position sensors are 
noncontacting devices with stationary sensor heads. The disadvantages include direct sensitivity to 
variations in the intensity of the light source and dependence on ambient conditions (ambient light, dirt, 
moisture, smoke, etc.). 

As an example of an intrinsic application of fiber optics in sensing, consider a straight optical fiber 
element that is supported at each end. In this configuration almost 100% of the light at the source end 
will transmit through the optical fiber and will reach the detector (receiver) end. Then, suppose that a 
slight load is applied to the optical fiber segment at its mid span. The fiber will deflect slightly due to the 
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load, and as a result the amount of light received at the detector can significantly drop. For example, a 
deflection of just 50 /cm can result in a drop in intensity at the detector by a factor of 25. Such an 
arrangement may be used in deflection, force, and tactile sensing. Another intrinsic application is the 
fiber optic gyroscope, as described below. 

15.6.2.3 Fiber-Optic Gyroscope 

This is an angular speed sensor that uses fiber optics. Contrary to the implication of its name, however, 
it is not a gyroscope in the conventional sense. Two loops of optical fibers wrapped around a cylinder 
are used in this sensor. One loop carries a monochromatic light (or laser) beam in the clockwise 
direction, and the other loop carries a beam from the same light (or laser) source in the 
counterclockwise direction. Since the laser beam traveling in the direction of rotation of the cylinder 
has a higher frequency than that of the other beam, the difference in frequencies of the two laser beams 
received at a common location will measure the angular speed of the cylinder. This may be 
accomplished through interferometry, as the light and dark patterns of the detected light will measure 
the frequency difference. Note that the length of the optical fiber in each loop can exceed 100 m. 
Angular displacements can be measured with the same sensor simply by counting the number of cycles 
and clocking the fractions of cycles. Acceleration can be determined by digitally determining the rate of 
change of speed. 

15.6.2.4 Laser Doppler Interferometer 

The laser produces electromagnetic radiation in the ultraviolet, visible, or infrared bands of the spectrum. 
A laser can provide a single-frequency ( monochromatic ) light source. Furthermore, the electromagnetic 
radiation in a laser is coherent in the sense that all waves generated have constant phase angles. The laser 
uses oscillations of atoms or molecules of various elements. The helium-neon (HeNe) laser and the SC 
laser are commonly used in industrial applications. 

As noted earlier, the laser is useful in fiber optics, but it can also be used directly in sensing and 
gaging applications. The laser Doppler interferometer is one such sensor. It is useful in the accurate 
measurement of small displacements, for example, in strain measurements. To explain the operation 
of this device, we should explain two phenomena: the Doppler effect and light wave interference. 
Consider a wave source (e.g., a light source or sound source) that is moving with respect to a 
receiver (observer). If the source moves toward the receiver, the frequency of the received wave 
appears to have increased; if the source moves away from the receiver, the frequency of the received 
wave appears to have decreased. The change in frequency is proportional to the velocity of the source 
relative to the receiver. This phenomenon is known as the Doppler effect. Now consider a 
monochromatic (single-frequency) light wave of frequency, / (say, 5 X 10 14 Hz), emitted by a laser 
source. If this ray is reflected by a target object and received by a light detector, the frequency of the 
received wave is 

f 2 =f + Af (15.95) 

The frequency increase A / will be proportional to the velocity, v, of the target object, which is 
assumed to be positive when moving toward the light source. Hence, 

A / = cv (15.96) 

Now by comparing the frequency, / 2 , of the reflected wave, with the frequency 

/, =f (15.97) 

of the original wave, we can determine A f and, hence, the velocity, v, of the target object. 

The change in frequency A f due to the Doppler effect can be determined by observing the fringe 
pattern due to light wave interference. To understand this, consider the two waves 

= a sin 277 /jf (15.98) 
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and 

v 2 = a sin 2rrf 2 t (15.99) 

If we add these two waves, the resulting wave is 
v = v x + v 2 = «(sin 2^ ft + sin 2 nf 2 t) 
which can be expressed as 

v = 2 a sin ir(f 2 +f)t cos ir(f 2 — f )t (15.100) 

It follows that the combined signal will beat at the 
beat frequency A//2. When f 2 is very close to f 
(i.e., when A f is small compared with f), these 
beats will appear as dark and light lines (fringes) 
in the resulting light wave. This is known as 
wave interference. Note that A f can be determined 
by two methods: 

1 . By measuring the spacing of the fringes 

2. By counting the beats in a given time 

interval or by timing successive beats using 

a high-frequency clock signal , , 

FIGURE 15.45 A laser Doppler interferometer for 

The velocity of the target object is determined in measuring velocity and displacement, 

this manner. Displacement can be obtained simply 

by digital integration or by accumulating the count. A schematic diagram for the laser Doppler 
interferometer is shown in Figure 15.45. Industrial interferometers usually employ a HeNe laser that has 
waves of two frequencies close together. In that case, the arrangement shown in Figure 15.45 has to be 
modified to take into account the two frequency components. 

Note that there are laser interferometers that directly measure displacement rather than speed. They are 
based on measuring phase difference between the direct and the returning laser, not the Doppler 
effect (frequency difference). In this case, integration is not needed to obtain displacement from a 
measured velocity. 

15.6.2.5 Ultrasonic Sensors 

Audible sound waves have frequencies in the range of 20 Hz to 20 kHz. Ultrasound waves are 
pressure waves, just like sound waves, but their frequencies are higher than the audible frequencies. 
Ultrasonic sensors are used in many applications, including displacement and vibration sensing, 
medical imaging, ranging for cameras with autofocusing capability, level sensing, machine 
monitoring, and speed sensing. For example, in medical applications, ultrasound probes of 
frequencies 40 kHz, 75 kHz, 7.5 MHz and 10 MHz are commonly used. Ultrasound can be generated 
according to several principles. For example, high-frequency (gigahertz) oscillations in piezoelectric 
crystals subjected to electrical potentials are used to generate very high-frequency ultrasound. 
Another method is to use the magnetostrictive property of ferromagnetic material. Ferromagnetic 
materials deform when subjected to magnetic fields. Respondent oscillations generated by this 
principle can produce ultrasonic waves. Another method of generating ultrasound is to apply a 
high-frequency voltage to a metal-film capacitor. A microphone can serve as an ultrasound detector 
(receiver). 

Analogous to the case of fiber-optic sensing, there are two common ways of employing ultrasound in a 
sensor. In one approach, the intrinsic method, the ultrasound signal undergoes change as it passes 
through an object, due to acoustic impedance and the absorption characteristics of the object. The 
resulting signal (image) may be interpreted to determine properties of the object, such as texture, 
firmness, and deformation. This approach is utilized, for example, in machine monitoring and object 
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firmness sensing. In the other approach, the 
extrinsic method, the time for an ultrasound 
burst to travel from its source to some object 
and then back to a receiver is measured. This 
approach is used in distance, position, and 
vibration measurement and in dimensional 
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gauging. ▼ 

In distance (vibration, proximity, displace- Distance 

ment) measurement using ultrasound, a burst of Reading 

ultrasound is projected at the target object, and 

the time taken for the echo to be received is FIGURE 15.46 An ultrasonic position sensor, 

clocked. A signal processor computes the 

position of the target object, possibly compensating for environmental conditions. This 
configuration is shown in Figure 15.46. Alternatively, the velocity of the target object can be 
measured, using the Doppler effect, by measuring (clocking) the change in frequency between the 
transmitted wave and the received wave. The “beat” phenomenon may be employed here. Position 
measurements with fine resolution (e.g., a fraction of a millimeter) can be achieved using the 
ultrasonic method. Since the speed of ultrasonic wave propagation depends on the temperature of 
the medium (typically air), errors will enter into the ultrasonic readings unless the sensor is adjusted 
to compensate for temperature variations. 



15.6.2.6 Gyroscopic Sensors 

Consider a rigid body spinning about an axis at angular speed, co. If the moment of inertia of the body 
about that axis is /, the angular momentum H about the same axis is given by 

H = Jco (15.101) 

Newton’s Second Law (torque = rate of change of angular momentum) tells us that to rotate (precess) 
the spinning axis slightly, a torque has to be applied, because precession causes a change in the spinning 
angular momentum vector (the magnitude remains constant but the direction changes), as shown in 
Figure 15.47(a). This is the principle of operation of a gyroscope. Gyroscopic sensors are commonly used 
in control systems for stabilizing vehicle systems. 




FIGURE 15.47 (a) Illustration of the gyroscopic torque needed to change the direction of an angular momentum 

vector; (b) a simple single-axis gyroscope for sensing angular displacements. 
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TABLE 15.4 Rating Parameters of Several Sensors and Transducers 



Transducer 


Measurand 


Measurand Frequency 
Max/Min 


Output Impedance 


Typical Resolution 


Accuracy 


Sensitivity 


Potentiometer 


Displacement 


10 Hz/DC 


Low 


0.1 mm 


0.1% 


200 mV/mm 


LVDT 


Displacement 


2500 Hz/DC 


Moderate 


0.001 mm or less 


0.3% 


50 mV/mm 


Resolver 


Angular displacement 


500 Hz/DC 

(limited by excitation 
frequency) 


Low 


2 min 


0.2% 


10 mV/deg 


Tachometer 


Velocity 


700 Hz/DC 


Moderate (50 fl) 


0.2 mm/sec 


0.5% 


5 mV/mm/sec; 
75 mV/rad/sec 


Eddy current proximity sensor 


Displacement 


100 kHz/DC 


Moderate 


0.001 mm 0.05% full scale 


0.5% 


5 V/mm 


Piezoelectric accelerometer 


Acceleration (and velocity, etc.) 


25 kHz/1 Hz 


High 


1 mm/sec 2 


1% 


0.5 mV/m/sec 2 


Semiconductor strain gage 


Strain (displacement, 
acceleration, etc.) 


1 kHz/DC 
(limited by fatigue) 


200 


1 to 10 /jbsec(l fisec = 10~ 6 
unity strain) 


1% 


1 V/e, 2000 
jusec max 


Loadcell 


Force (10-1000 N) 


500 Hz/DC 


Moderate 


0.01 N 


0.05% 


1 mV/N 


Laser 


Displacement/ shape 


1 kHz/DC 


ioo n 


1.0 /Am 


0.5% 


1 V/mm 


Optical encoder 


Motion 


100 kHz/DC 


500 n 


10 bit 


±1/2 bit 


10 4 /rev 
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Consider the gyroscope shown in Figure 15.47(b). The disk is spun about frictionless bearings using a 
torque motor. Since the gimbal (the framework on which the disk is supported) is free to turn about the 
frictionless bearings on the vertical axis, it will remain fixed with respect to an inertial frame, even if the 
bearing housing (the main structure in which the gyroscope is located) rotates. Hence, the relative angle 
between the gimbal and the bearing housing (angle 6 in the figure) can be measured, and this gives the 
angle of rotation of the main structure. In this manner, angular displacements in systems such as aircraft, 
space vehicles, ships, and land vehicles can be measured and stabilized with respect to an inertial frame. 
Note that bearing friction introduces an error that must be compensated for, perhaps by recalibration 
before a reading is taken. 

The rate gyro, which has the same arrangement as shown in Figure 15.47(b), except with a slight 
modification, can be used to measure angular speeds. In this case, the gimbal is not free but is restrained 
by a torsional spring. A viscous damper is provided to suppress any oscillations. By analyzing this gyro as 
a mechanical tachometer, we will note that the relative angle of rotation, 6, gives the angular speed of the 
structure about the gimbal axis. 

Several areas can be identified where new developments and innovations are being made in sensor 
technology: 

1. Microminiature sensors: IC-based, with built-in signal processing. 

2. Intelligent sensors: built-in reasoning or information preprocessing to provide high-level 
knowledge. 

3. Integrated and distributed sensors: sensors are integral with the components and agents of the 
overall multiagent system that communicate with each other. 

4. Hierarchical sensory architectures: low level sensory information is preprocessed to match higher 
level requirements. 

These four areas of activity are also representative of future trends in sensor technology 
development. To summarize, rating parameters of a selected set of sensors/transducers are listed in 
Table 15.4. 
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Source: Lab VIEW Sound and Vibration User Manual, April 2004 Edition. With permission. 

Summary 

The proper acquisition, analysis, and presentation of shock and vibration data demand careful configuration and 
execution of the measurement system. This Appendix provides a review of the fundamental considerations, which 
have to be made when acquiring, analyzing, and presenting shock as vibration data. Additionally, the Appendix 
indicates some tips and techniques for programming such tests using modern software packages. Specifically, this 
Appendix refers to the graphical programming environment LabVIEW and the Sound and Vibration Toolkit, and 
supplements the material presented in Chapter 10 and in Chapter 15 to Chapter 18. 



List of Abbreviations 

Symbol Quantity Symbol Quantity 



ADC 


Analog-to-Digital Converter (A/D) 


IEPE 


Integrated Electronic Piezoelectric 


Al 


Analog Input 




Excitation 


ANSI 


American National Standards Institute 


IMD 


Intermodulation Distortion 


AO 


Analog Output 


JTFA 


Joint Time Frequency Analysis 


DAC 


Digital-to-Analog Converter (D/A) 


NI 


National Instruments 


DAQ 


Data Acquisition 


PXI 


PCI extensions For Instrumentation 


DFT 


Discrete Fourier Transform 


RMS 


Root Mean Square 


DOF 


Degree of Freedom 


RPM 


Revolutions per Minute 


DSA 


Dynamic Signal Acquisition 


SDOF 


Single Degree of Freedom 


DUT 


Device Under Test 


SRS 


Shock Response Spectrum 


DZT 


Discrete Zak Transform 


STFT 


Short Time Fourier Transform 


EU 


Engineering Unit 


SVL 


Sound and Vibration Library 


eft 


Fast Fourier Transform 


SVT 


Sound and Vibration Toolkit 


FRF 


Frequency Response Function 


THD 


Total Harmonic Distortion 


IEC 


International Electrotechnical 


VI 


LabVIEW Virtual Instrument 




Commission 






15A.1 


Dynamic Signals 







This Appendix introduces how to properly obtain data to analyze with the LabVIEW Sound and 
Vibration Toolkit, as well as issues that can affect the quality of the data. One can simulate data with 
the generation Virtual Instruments (Vis) located on the Generation palette as well as with other Vis. 
The Appendix particularly supplements the material presented in Chapter 10 and in Chapter 15 to 
Chapter 18, on vibration instrumentation, testing, data acquisition, and analysis. 

15A.1.1 Acquiring and Simulating Dynamic Signals 

This section discusses obtaining data and some key issues when acquiring or simulating dynamic 
signals to ensure valid measurement results. The three techniques that allow one to obtain data 
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are as follows: 

• Acquisition of data with a data acquisition (DAQ) device or system 

• Reading of data from a file 

• Simulation of data with a generation VI (Lab VIEW Virtual Instrument) or other source 

It is important that you keep certain considerations in mind when you obtain your data. Measurement 
and analysis software such as the LabVIEW Sound and Vibration Toolkit does not compensate for 
inaccurate data. Therefore, the test equipment and test procedure should be calibrated to ensure accurate 
results. Generally, the test equipment should have specifications at least ten times better than those of the 
device under test (DUT). Use a verifiable and repeatable test procedure to get accurate results. 

Whether one is obtaining the data from a DAQ system, reading the data from a file, or simulating the 
data, aliasing and time continuity are common issues, which should be considered in the measurement 
analysis. 

15A. 1.1.1 Aliasing 

When a dynamic signal is discretely sampled, aliasing is the phenomenon in which frequency 
components greater than the Nyquist frequency are erroneously shifted to lower frequencies (see Chapter 
10). The Nyquist frequency is calculated with the following formula: 

/Nyquist = sample rate/2 

When acquiring data with an NI Dynamic Signal Acquisition (DSA) device, abasing protection is 
automatic in any acquisition. The sharp antialiasing filters on DSA devices track the sample rate and filter 
out (attenuate) all frequencies above the Nyquist frequency. 

When performing frequency measurements with an NI E Series DAQ device, you must take steps to 
eliminate aliasing. These antialiasing steps can include the following actions: 

• Increasing the sample rate 

• Applying an external low-pass filter 

• Using an inherently band-limited DUT 





FIGURE 15A.1 Simulated data aliasing. 
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Simulated data also can exhibit aliasing. The signals often are generated according to a time-domain 
expression and, therefore, have high-frequency components that are aliased in the discretely sampled 
data. Figure 15A.1 shows an example of this aliasing for a simulated square wave. 

The only way to protect data from aliasing is to apply appropriate aliasing protection before the data 
are generated or acquired. Aliasing occurs when the data are generated or sampled, and it is not possible 
to remove aliased components from the data without detailed knowledge of the original signal. In 
general, it is not possible to distinguish between true frequency components and aliased frequency 
components. Therefore, accurate frequency measurements require adequate alias protection. 

15A.1.1.2 Time Continuity 

When you acquire data in a continuous acquisition, you can use the t 0 parameter in the waveform data- 
type to ensure there are no gaps between successive blocks of waveforms returned by sequential calls to 
the DAQmx Read VI or AI Read VI. When signals are generated with one of the waveform generation Vis, 
in the Generation palette or the Waveform Generation palette, the t 0 of the current waveform is one 
sample period later than the timestamp of the last sample in the previous waveform. Continuity is 
enforced in this way until the generation is reset. 

The waveform data type is integral for testing time continuity in the Sound and Vibration Toolkit. If 
you read data from a file or simulate a signal using one of the Vis in the Signal Generation palette, wire a 
t 0 that meets the continuous timestamp condition to the waveform data type connected to the 
measurement analysis Vis. This action prevents unexpected resets of the measurement analysis due to 
detected discontinuities in the input signal. 



15A.2 Measurement Configuration Considerations 

This section describes how the analog input (AI), analog output (AO), timing, and triggering 
configuration affect your measurements. 

15A.2.1 Input Signal Considerations 

One must consider the following configuration before acquiring dynamic signals and performing shock 
and vibration measurements. 

15A.2.1.1 Input Pseudodifferential and Differential Configuration 

DSA devices such as the National Instruments PXI-4461 supports two terminal configurations for AI, 
differential and pseudodifferential. The term pseudodifferential refers to the fact that there is a 50 W 
resistance between the outer BNC shell and chassis ground. One can configure the NI PXI-4461 input 
channels on a per-channel basis. Therefore, you can have one channel configured for differential mode 
and the other channel configured for pseudodifferential mode. Configure the channels based on how the 
signal source or DUT is referenced. Refer to Table 1 5 A. 1 to determine how to configure the channel based 
on the source reference. 

If the signal source is floating, use the pseudodifferential channel configuration. A floating signal 
source does not connect to the building ground system. Instead, the signal source has an isolated ground- 
reference point. Some examples of floating signal sources are outputs of transformers without grounded 
center taps, battery-powered devices, nongrounded accelerometers, and most instrumentation 



TABLE 15A.1 Input Channel Configuration 



Source Reference 


Channel Configuration 


Floating, ground referenced 


Pseudodifferential 


Ground referenced 


Differential 
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microphones. An instrument or device that has an isolated output is considered to be a floating signal 
source. It is important to provide a ground reference for a floating signal. If no ground-reference point is 
provided — for example, in selecting differential mode with a floating microphone — the microphone 
outputs can drift outside the NI PXI-4461 common-mode range. 

If the signal source is ground-referenced, use either the differential or pseudodifferential channel 
configurations. A ground-referenced signal source connects in some way to the building system ground. 
Therefore, it is already connected to a ground-reference point with respect to the NI PXI-4461, assuming 
the PXI or CompactPCI chassis and controller are plugged into the same power system. Nonisolated 
outputs of instruments and devices that plug into the building power system fall into this category. 

Provide only one ground-reference point for each channel by properly selecting differential or 
pseudodifferential configuration. If you provide two ground-reference points — for example, if you select 
pseudodifferential mode with a grounded accelerometer — the difference in ground potential results in 
currents in the ground system that can cause measurement errors. The 50 W resistor on the signal ground 
is usually sufficient to reduce this current to negligible levels, but results can vary depending on the 
system setup. 

The NI PXI-4461 is automatically configured for differential mode when powered on or when power is 
removed from the device. This configuration protects the 50 W resistor on the signal ground. 

15A.2.1.2 Gain 

DSA devices such as the NI PXI-4461 often offer variable gain settings for each AI channel. Each gain 
setting corresponds to a particular AI range, and each range is centered on 0 V. The gain settings are 
specified in decibels (dB), where the 0 dB reference is the default input range of ± 10 V. 

Positive gain values amplify the signal before the analog-to-digital converter (ADC) digitizes it. This 
signal amplification reduces the range of the measurement. However, amplifying the signal before 
digitization allows better resolution by strengthening weak signal components before they reach the ADC. 
Conversely, negative gains attenuate the signal before they reach the ADC. This attenuation increases the 
effective measurement range though it sacrifices some resolution for weak signal components. 

In general, select the voltage range that provides the greatest dynamic range and the least distortion. 
For example, consider an accelerometer with a 100 mV/g sensitivity rating with an absolute maximum 
output voltage of 5 V pk . In this case, the ± 10 V pk is appropriate, corresponding to 0 dB gain. However, 
the ±3.16 V pk setting maximizes the dynamic range if one knows the stimulus is limited, for example, to 
20 g or 2 V pk . 

15A.2.1.3 Input Coupling 

One can configure each AI channel for either alternating current (AC) or direct current (DC) coupling. 
If you select DC coupling, any DC offset present in the source signal is passed to the ADC. 
The DC-coupling configuration is usually best if the signal source has only small amounts of offset 
voltage or if the DC content of the acquired signal is important. 

If the source has a significant amount of unwanted offset, select AC coupling to take full advantage of 
the input dynamic range. 

15A.2.1.4 Integrated Electronic Piezoelectric Excitation 

If you attach an Integrated Electronic Piezoelectric Excitation (IEPE) accelerometer or microphone to an 
AI channel that requires excitation from your DSA device, you must enable the IEPE excitation circuitry 
for that channel to generate the required current. 

One can independently configure IEPE signal conditioning on a per-channel basis. It is common to set 
the excitation from 0 to 20 mA with 20 mA resolution. 

A DC voltage offset is generated equal to the product of the excitation current and sensor impedance 
when IEPE signal conditioning is enabled. To remove the unwanted offset, enable AC coupling. Using DC 
coupling with IEPE excitation enabled is appropriate only if the offset does not exceed the voltage range 
of the channel. 
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15A.2.1.5 Nyquist Frequency and Bandwidth 

Further discussion of DSA measurement configuration requires a brief introduction of two concepts: 

• Nyquist frequency 

• Nyquist bandwidth 

Any sampling system, such as an ADC, is limited in the bandwidth of the signals it can represent. 
Specifically, a sampling rate of f s can only represent signals with a maximum frequency of fJ2. This 
maximum frequency is known as the Nyquist frequency. The bandwidth from 0 Hz to the Nyquist 
frequency is the Nyquist bandwidth. 

15A.2.1.6 Analog-to-Digital Conversion 

ADC is discussed in Chapter 16. DSA devices commonly use a conversion method known as delta-sigma 
modulation. If the data rate is 51.2 kS/sec, each ADC actually samples its input signal at 6.5536 MS/sec, 
128 times the data rate, and produces one-bit samples that are applied to the digital filter. This filter then 
expands the data to 24 bits, rejects signal components greater than the Nyquist frequency of 25.6 kHz, 
and digitally resamples the data at 51.2 kS/sec. 

The one-bit, 6.5536 MS/sec data stream from the ADC contains all of the information necessary to 
produce 24-bit samples at 51.2 kS/sec. The delta-sigma ADC achieves this conversion from high speed to 
high resolution by adding a large amount of random noise to the signal so that the resulting quantization 
noise, although large, is restricted to frequencies above the Nyquist frequency, 25.6 kHz in this case. This 
noise is not correlated with the input signal and is almost completely rejected by the digital filter. 

The resulting output of the filter is a band-limited signal with a large dynamic range. One of the 
advantages of a delta-sigma ADC is that it uses a one-bit digital-to-analog converter (DAC) as an 
internal reference. As a result, the delta-sigma ADC is free from the kind of differential nonlinearity 
(DNL) and associated noise that is inherent in most high-resolution ADCs. 

15A.2.1.7 Antialias Filters 

A digitizer may sample signals containing frequency components above the Nyquist limit. The process by 
which the digitizer modulates out-of-band components, returning them to the Nyquist bandwidth, is 
known as aliasing. The greatest danger of aliasing is that there is no straightforward way to know whether 
it has happened by looking at the ADC output. If an input signal contains several frequency components 
or harmonics, some of these components maybe represented correctly while others are aliased. 

Low-pass filtering to eliminate components above the Nyquist frequency, either before or during the 
digitization process, can guarantee that the digitized data set is free of aliased components. The NI PXI- 
4461 employs both digital and analog low-pass filters to achieve this protection. 

In addition to the ADC built-in digital filtering, DSA devices may also feature a fixed-frequency analog 
filter. The analog filter removes high-frequency components in the analog signal path before they reach 
the ADC. This filtering addresses the possibility of high-frequency aliasing from the narrow-bands that 
are not covered by the digital filter. 

15A.2.1.8 Input Filter Delay 

The input filter delay is the time required for digital data to propagate through the ADC digital filter, For 
example, a signal experiences a delay equal to 6.3 msec at 10 kS/sec. This delay is an important factor for 
stimulus -response measurements, control applications, or any application where loop time is critical. In 
this case, it is often advantageous to maximize the sample rate and minimize the time required for 63 
sample clock cycles to elapse. 

The input filter delay also makes an external digital trigger appear to occur 63 sample clocks later than 
expected. Alternatively, the acquired buffer appears to begin 63 samples earlier than expected. This delay 
occurs because external digital triggering is a predigitization event. 
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15A.2.1.9 Overload Detection 

It is desirable to ensure that the DSA device includes overload detection in both the analog domain 
(predigitization) and digital domain (postdigitization). An analog overrange can occur independently 
from a digital overrange, and vice versa. For example, an IEPE accelerometer might have a resonant 
frequency that, when stimulated, can produce an overrange in the analog signal. However, because the 
delta -sigma technology of the ADC uses very sharp antialiasing filters, the overrange is not passed into 
the digitized signal. Conversely, a sharp transient on the analog side might not overrange, but the step 
response of the delta-sigma antialiasing filters might result in clipping in the digital data. 

Modern DSA devices allow you to programmatically poll the digital and analog overload detection 
circuitry on a per-channel basis to monitor for an overload condition. If an overload is detected, consider 
any data acquired at that time corrupt. 



15A.2.2 Output Signal Considerations 

This section describes the theory of operation of the output components of DSA devices such as the NI 
PXI-4461. 

15A.2.2.1 Output Pseudodifferential and Differential Configuration 

The output channel terminal configuration options are very similar to those for the input channels. The 
NI PXI-4461 output channels are configurable on a per-channel basis. As with the input channels, you 
should configure the output channel based on how the DUT is referenced. Refer to Table 15A.2 to 
determine how to configure the output channel based on the DUT reference. 

If the DUT inputs are floating, use the pseudodifferential channel configuration. The term 
pseudodifferential refers to the fact that there is a 50 W resistance between the outer BNC shell and chassis 
ground. A floating DUT does not connect in any way to the building ground system. Instead, the DUT 
has an isolated ground-reference point. Transformer inputs without center ground taps, battery-powered 
devices, or any instruments that have an isolated input are all examples of floating DUTs. One should 
provide a ground-reference for a floating DUT input. If no ground-reference point is provided — for 
example, in selecting differential mode with a floating shaker table input amplifier — the outputs can 
float outside the common-mode range of the amplifier input. 

If the DUT input is ground referenced, use the differential channel configuration. A single-ended DUT 
connects in some way to the building system ground. Therefore, it is already connected to a ground- 
reference point with respect to the NI PXI-4461, assuming the PXI or CompactPCI chassis and controller 
are plugged into the same power system. Nonisolated inputs of instruments that plug into the building 
power system fall into this category. 

You should provide only one ground-reference point for each channel by properly selecting the 
differential or pseudodifferential configuration. If you provide two ground-reference points — for 
example, by selecting the pseudodifferential output mode for a single-ended amplifier as the DUT — the 
difference in ground potential results in currents in the ground system that can cause errors in the output 
signal. The 50 W resistor on the signal ground is usually sufficient to reduce this current to negligible 
levels, but results can vary depending on the system setup. 

The NI PXI-4461 is automatically configured for the differential mode when powered on or when 
power is removed from the device. Using the differential mode by default protects the 50 W resistor on 
the signal ground. 



TABLE 15A.2 Output Channel Configuration 



DUT Reference 


Output Channel Configuration 


Floating 


Pseudodifferential 


Ground referenced 


Differential 
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TABLE 15A.3 NI PXI-4461 Gain Ranges 



Gain (Referenced to ± 10 V p k) 
(dB) 


Voltage Range 
(V pk ) 


0 


± 10 


-20 


± 1 


-40 


± 0.1 



15A.2.2.2 Attenuation 

Modern DSA devices offer variable gain settings for AO. Most gain settings correspond to a particular AO 
range, always centered at 0 V. These gain settings can be specified in dB, where the 0 dB reference 
corresponds to the default output range. 

Table 15A.3 summarizes the three output gain options available on the NI PXI-4461. 

In general, select the gain that provides the greatest dynamic range and the least distortion. The ± 1 V pk 
setting maximizes the dynamic range if you know the stimulus is limited to, for example, 0.5 V pk . You can 
minimize system distortion by providing sufficient headroom between the stimulus setting (0.5 V pk ) and 
the range setting (± 1 V pk ). In some cases in which distortion performance is critical, you can reduce the 
overall dynamic range to improve the distortion characteristics by selecting the ±10 V pk setting. 

15A.2.2.3 Digital-to- Analog Conversion 

Digital-to-analog conversion (DAC) is discussed in Chapter 16. The delta-sigma DACs on the NI PXI- 
4461 function in a way analogous to delta-sigma ADCs. The digital data first passes through a digital 
interpolation filter, then the resampling filter of the DAC, and finally goes to the delta-sigma modulator. 

In the ADC, the delta-sigma modulator is an analog circuit that converts high-resolution analog 
signals to high-rate, 1-bit digital data, whereas in the DAC the delta-sigma modulator is a digital circuit 
that converts high-resolution digital data to high-rate, 1-bit digital data. As in the ADC, the modulator 
frequency shapes the quantization noise so that almost all of its energy is above the Nyquist frequency. 

The digital 1-bit data is then sent directly to a 1-bit DAC. This DAC can have only one of two analog 
values, and therefore is inherently perfectly linear. 

15A.2.2.4 Anti-imaging and Interpolation Filters 

A sampled signal repeats itself throughout the frequency spectrum. These repetitions begin above one 
half the sample rate,/ s , and, theoretically, continue up through the spectrum to infinity. Images remain 
in the sample data because the data actually represent only the frequency components below one half f s 
(the baseband). 

15A.2.2.5 Output Filter Delay 

Output filter delay, or the time required for digital data to propagate through the DAC and interpolation 
digital filters, varies depending on the sample rate. This delay is an important factor for stimulus- 
response measurements, control applications, and every application where loop time is critical. 



15A.3 Scaling and Calibration 

This Appendix discusses using the SVL Scale Voltage to EU VI located on the Scaling palette to scale a 
signal to engineering units (EU) and using the Calibration Vis located on the Calibration palette. 

15A.3.1 Scaling to Engineering Units 

This section discusses scaling data to the appropriate EU so one can perform measurement analysis. 

Typically, scaling a signal to the appropriate EU occurs before any analysis is performed. Use the SVL 
Scale Voltage to EU VI to scale the signal to the appropriate EU. All measurement Vis in the Sound and 
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Vibration Toolkit expect input signals and return results with the appropriate units, such as time-domain 
signals in the correct EU, frequency spectra in decibels with the proper reference, phase information in 
degrees or radians, and so on. To handle units properly, the high-level Vis need the signal to be scaled to 
the appropriate EU. 

If you use any method outside of the Sound and Vibration Toolkit to apply scaling to a waveform, do not 
use the SVL Scale Voltage to EU VI. NI provides several tools and methods to apply scaling to a waveform. 
These include, but are not limited to, NI-DAQmx tasks or global channels created with Measurement 
and Automation Explorer (MAX), the DAQ Assistant, or the DAQmx Create Virtual Channel VI. 

15A.3.2 Performing System Calibration 

One typically performs system calibration with a dedicated calibrator, such as a pistonphone for 
microphones or a handheld shaker for accelerometers. If you are calibrating a microphone, consider 
using the SVL Calibrate Microphone VI. If you are calibrating an accelerometer, consider using the SVL 
Calibrate Accelerometer VI. These Vis are very similar to the general-purpose SVL Calibrate Sensor VI, 
but they offer the advantage of having default values commonly found for pistonphones or hand-held 
shakers. All of the Calibration Vis use the characteristics of the calibrator, such as reference calibration 
value and frequency, to perform the calibration. 

15A.3.2.1 Propagation Delay Calibration 

The Sound and Vibration Toolkit provides Vis for calibrating the propagation delay of the measurement 
system. National Instruments DSA devices like the NI PXI-4461 and NI PCI-4451 can acquire and 
generate signals on the same device. The input and output channels have analog and digital circuitry, 
such as antialiasing and anti-imaging filters, that introduce a certain delay to the signal. The propagation 
delay is the number of samples ranging from the time a sample is first written to the output channel, to 
the time when that sample is digitized on the input channel, assuming there is no delay from the output 
channel to the input channel. This delay varies by 
DSA device. 

There are two ways to determine the propa- 
gation delay of the DSA device. You can refer to the 
documentation for the DSA device to find the 
propagation delay specifications, also referred to as 
group delay. You also can measure the propagation 
delay in samples with the SVL Measure Propa- 
gation Delay Vis. The SVL Measure Propagation 
Delay Vis allow you to measure the delay 
introduced in the input and output circuitry for 
a specific device at the desired sample rate. 

Connect the DSA device output channel directly 
to the input channel, as displayed in Figure 15A.2, 
to measure the device propagation delay. 

Note: Do not put a DUT in the signal path when 
measuring the propagation delay for a DAQ device. 

For an E or S Series DAQ device from NI, you 
should expect to measure a one-sample propa- 
gation delay due to the time required for the signal 
to traverse the signal path between the DAC on the 
analog output channel and the ADC on the analog 
input channel. Figure 15A.3 shows the time 
domain data for the propagation delay measure- FIGURE 15A.2 15A.2 Measuring the device propa- 

ment of an NI PCI-6052E. gation delay. 
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FIGURE 15A.4 NI PXI-4461 propagation delay with a 204.8 kHz sample rate. 

For DSA devices, or any other device which 
has onboard filtering on either the input, output, 
or both channels, you should expect to measure 
a propagation delay consistent with the sum of 
the delays specified for the onboard filters on the 
input and output channels. Figure 15A.4 shows 
the delay of a smooth pulse generated and 
acquired by an NI PXI-4461 with a 204.8 kHz 
sample rate. 

Not all DSA devices have a constant propagation 
delay across the entire range of supported sample 
rates. For example, the NI PXI-4461 propagation 
delay is dependent on the output update rate. 

Figure 15A.5 shows the total propagation delay vs. sample rate relationship for the NI PXI-4461 from 
output to input as a function of the sample rate. 

As illustrated by Figure 15A.3, Figure 15A.4, and Figure 15A.5, the propagation delay can vary 
significantly with different sample rates and devices. To ensure measurement accuracy in your I/O 
applications, determine and account for the propagation delay of the DAQ device at the same sample rate 
used in your application. 

It is important to remove the effects of the delay due to the data acquisition system for two reasons. 
First, there is always a delay between the generated output signal and the acquired input on the device 
even when the output and input channels are hardware synchronized. Second, the anti-imaging and 
antialiasing filters of the device introduce additional delays. You must account for this delay to perform 
accurate dynamic measurements. Use the device propagation delay [samples ] input on the examples 
found in the LabVIEW program directory under “\examples\Sound” and “Vibration\Audio 
Measurements^ to remove the delay due to the DAQ device. 

The anti-imaging and antialiasing filters have a low-pass filter effect on the data. This effect results in a 
transient response at sharp transitions in the data. These transitions are common at the start and stop of a 







FIGURE 15A.5 NI PXI-4461 propagation delay vs. 
sample rate. 
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generation, at a change in frequency (swept sine), 
and when the amplitude changes (amplitude 
sweep). The swept-sine analysis and audio 
measurements examples in the Sound and 
Vibration Toolkit account for this transient 
behavior in the device response to achieve the 
highest degree of accuracy. 

The propagation delay of the DUT is also an 
important specification in some applications. For 
example, the propagation delay for the DUT is a 
required input when performing audio measure- 
ments and when measuring the frequency 
response using swept sine. If the DUT and the 
propagation medium can successfully pass the 
pulse signal used by the SVL Measure Propagation 

Delay Vis without excessive attenuation, then this measurement also applies when measuring the 
propagation delay of the DUT and the propagation medium. Figure 15A.6 shows the wiring diagram for 
this configuration. 

The DUT propagation delay is the delay of the entire system minus the device delay. Remember to 
measure the device delay without the DUT connected. 

The propagation delay for an analog DUT is a constant time delay rather than a delay of samples. 
Use the following equation to convert the measured delay in samples to the equivalent delay in seconds: 






FIGURE 15A.6 

delay. 



Measuring the DUT propagation 



delayfsec] = delay[samples] / sample rate[Hz] 



15A.4 Limit Testing Analysis 

This Appendix discusses using the polymorphic SVT Limit Testing VI located on the Limit Testing 
palette. 

You can use Limit Testing to perform analysis on any type of measured result produced by the Sound 
and Vibration Toolkit, including the following measurements: 

• Waveform 

• Spectrum 

• Peak 

• Octave 

• Swept sine 

• Scalar 

15A.4.1 Limit Testing Overview 

You can use the SVT Limit Testing VI to analyze almost any measured result produced by the Sound and 
Vibration Toolkit. Refer to Table 15A.4 for examples of data- types supported by the SVT Limit Testing VI 
and Vis that generate supported data-types. 

15A.4.2 Using the SVT Limit Testing VI 

Limit testing allows one to specify an envelope around the data to define a pass range. You can enter a 
scalar to the upper limit, lower limit, or both to specify a constant ceiling and floor for the data to perform 
tests such as range detection. You can enter an upper limit mask, lower limit mask, or both to the SVT 
Limit Testing VI to define a pass range that varies in shape and level based on acceptable results at any 
given point in the measurement. You also can create a discontinuous mask which allows you to perform 
limit testing on only a part of the results while ignoring the rest. 
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TABLE 15A.4 Compatible Data Types for SVT Limit Testing VI 



Data-type 

Waveform 

measurement 



Frequency spectrum 
measurement 



to 1 1 SO 


[*•8:00:00 AM 
1*3/15/2004 

(ft 


jo. 137586 


*0.542188 

*6.711833 


; Jo. ooooos 


£0.781478 



|f0 df 

I 0.00 I 0.00 

magnRucte 




Output Vis 

AI read, DAQmx read, waveform 
generation, weighting, integration, 
vibration level, sound level 



Baseband FFT, baseband subset FFT, 
zoom FFT, extended measurements 



XY data 



frequency [Hr J magnitude [V rms] 

Jiooaoo^ 



ANSI and IEC octave, swept sine 




nominal frequencies [Hz] 

20.00 



-r 



bond pawn [dB EU) 

56. M 



Peak measurement 



Scalar measurement 



frequency 

1000 00 


value 

9.9a 






r 94 01 



Distortion, single-tone, 
extended measurements 



Calibration, vibration level, sound level, 
ANSI and IEC octave, distortion, 
single-tone, extended measurements 



You must enter at least one limit, or the SVT Limit Testing VI returns an error. You can visually display the 
input signal, failures, upper limit, and lower limit by creating an indicator from the output values terminal. 

The upper limit and lower limit inputs to the SVT Limit Testing VI must be compatible with the input 
signal. Table 15A.5 lists the criteria that must be met for each input signal type that is compatible with the 
SVT Limit Testing VI. 

In Table 15A.5, the following abbreviations apply: 

• df is the time spacing, in seconds, between elements. 

• df is the frequency spacing, in hertz, between elements. 

• N is the number of elements in the array. 

• f(i) is the ith frequency element. 

• S is the signal. 

• U is the upper mask limit. 

• L is the lower mask limit. 

Limit testing covers a broad range of data testing from range detection to discontinuous mask 
testing of a swept-sine frequency response spectrum. Figure 15A.7, Figure 15A.9, Figure 15A.11, and 



TABLE 15A.5 Criteria for Upper and Lower Limits 



Input Signal Type 


Criteria on Input Limit Masks 


Waveform data type (fO, df, [signal]) 

Frequency spectrum if 0, df, [spectrum]) 

Octave spectrum, swept-sine spectrum, XT data ([X], [ Y ]) 
Identified peaks, harmonic components, multitone phases 
([frequency, amplitude]) 


df ^ 0, df s — dfu — df L , N§ — — N\j — Nf 

/0s — /0 u = /0 l> 4/s = dfu = 4 /l> Ns = = N L 

ffls = [X]u = [X] L , Ns = N\j = N l 

/(Os = /(f) u — fU) l> N s = Nu = N l 
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FIGURE 15A.7 Range detection performed in engineering units. 
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Figure 15A.13 illustrate some, but not all, of the 
different ways one can use the SVT Limit Testing 
VI in your application. 

Figure 15A.7 illustrates a range-detection test. 

Scaled waveform data and upper and lower 
limits are input to the SVT Limit Testing VI. The 
VI checks that the data fall within the envelope 
specified by the upper and lower limits. Figure 
15A.8 shows the output results for the range 
detection test. 

Figure 15A.9 shows a pass/fail test on the 
measured THD. This test only checks the upper 
limit of the measurement, therefore, only the 
upper limit is wired to the VI. The upper limit 
should have the same units as the input measure- 
ment. In this case, both the THD and the upper 
limit are expressed as percentages. Figure 15A.10 
shows the THD test output results. 

Figure 15A.11 shows a continuous mask test on a power spectrum. Formula nodes define both the 
upper and lower limits in this VI, making this a more complex test than the one in Figure 15A.9. 
Figure 15A.12 shows the output graph for the power spectrum continuous mask test. 

Figure 15A.13 shows a discontinuous mask test on a swept-sine frequency response. A discontinuous 
mask test can track and test the results at different magnitudes and ranges, as well as stop testing at 
defined intervals. For example, one might use the envelope defined by the upper and lower limit masks in 
this example for a DUT such as a notch filter. Figure 15A.14 shows the output graph for the 
discontinuous mask test. 



lO.Ctai 
Tms >] 



FIGURE 15A.8 

signal. 



Range detection test on a time-domain 



15A.5 Integration 

This Appendix discusses the integration process, including basic theory and implementation in the time 
and frequency domains. 




FIGURE 15A.9 Test scalar measurement. 
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The Sound and Vibration Toolkit contains the 
following integration Vis: 

• SVT Integration VI located on the Integra- 
tion palette for time-domain integration 

• SVT Integration (frequency) VI located on 
the Frequency Analysis » Extended 
Measurements palette for frequency- 
domain integration 

15A.5.1 Introduction to Integration 

The conversion between acceleration, velocity, and 
displacement is based on one of the fundamental 
laws in Newtonian physics, represented by the 
following equations: 




FIGURE 15A.10 Limit testing on THD measurements. 



x = 




d 2 

df 2 



(*) 



Velocity is the first derivative of displacement with respect to time. Acceleration is the first derivative of 
velocity and the second derivative of displacement with respect to time. Therefore, given acceleration, 
perform a single integration with respect to time to compute the velocity or perform a double integration 
with respect to time to compute the displacement. 

When representing the acceleration of a point by a simple sinusoid, the velocity and the displacement 
of the point are well known and represented by the following equations: 



a = A sin(wf) 

A At tt \ 

v = — — cos(o)f) = — sin cot — 

co co V 2 / 



d = — — =- sin(wf) = — j sin(mf — tt) 

CO- CO 



(15A.1) 

(15A.2) 



Note: The initial condition is arbitrarily set to zero in Equation 15A.1 and Equation 15A.2. 
The amplitude of the velocity is inversely proportional to the frequency of vibration. The amplitude of 
the displacement is inversely proportional to the square of the frequency of vibration. Furthermore, the 
phase of the velocity lags the acceleration by 90°. The phase of the displacement lags the acceleration 
by 180°. Figure 15A.15 illustrates the relationship between acceleration, velocity, and displacement. 

The integration of a sinusoid is known in closed form. Integration of an arbitrary waveform typically 
requires a numerical approach. You can use several numerical integration schemes to evaluate an integral 
in the time domain. 




FIGURE 15A.11 Continuous mask test on power spectrum. 
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In the frequency domain, you can define any 
arbitrary band-limited waveform as a sum of 
sinusoids. Because the amplitude and phase 
relationships are known for sinusoids, you can 
carry out the integration in the frequency domain. 

15A.5.2 Implementing Integration 

If you need to perform measurements on velocity 
or displacement data when you have only acquired 
acceleration or velocity data, respectively, integrate 
the measured signal to yield the desired data. You 
can perform integration either in the time domain 
as a form of signal conditioning or in the 

frequency domain as a stage of analysis. When FIGURE i 5A .12 Continuous mask test on a power 
performed in the frequency domain, integration is spectrum 
one of the extended measurements for frequency 
analysis. 

15A.5.2.1 Challenges when Integrating Vibration Data 

Converting acceleration data to velocity or displacement data presents a pair of unique challenges. First, 
measured signals typically contain some unwanted DC components. The second challenge is the fact that 
many transducers, especially vibration transducers, have lower- frequency limits. A transducer cannot 
accurately measure frequency components below the lower-frequency limit of the transducer. 

15A.5.2.1.1 DC Component 

Even though a DC component in the measured signal might be valid, the presence of a DC component 
indicates that the DUT has a net acceleration along the axis of the transducer. For a typical vibration 
measurement, the DUT is mounted or suspended in the test setup. The net acceleration of the DUT is 
zero. Therefore, any DC component in the measured acceleration is an artifact and should be ignored. 

15A.5.2.1.2 Transducers 

Most acceleration and velocity transducers are not designed to accurately measure frequency components 
close to DC (see Chapter 15). Closeness to DC is relative and depends on the specific transducer. A typical 
accelerometer can accurately measure components down to about 10 Hz. A typical velocity probe can 
accurately measure components down to 2 to 3 Hz. Inaccurately measured low-frequency vibrations can 
dominate the response when the signal is integrated because integration attenuates low-frequency 
components less than high-frequency components. 





FIGURE 15A.13 Discontinuous mask test on swept-sine frequency response. 
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15A.5.3 Time-Domain Integration 

This section presents examples of and discussion 
about time-domain integration. 

15A.5.3.1 Single-Shot Acquisition 
and Integration 




15A.5.2.1.3 Implementing Integration Using the Sound and Vibration Toolkit 

Both the SVT Integration VI and the SVT 
Integration (frequency) VI address the challenges 
of converting acceleration data to velocity or 
displacement data. 



The following example shows how one can use 
integration to convert acceleration data into 
displacement data in a single-shot acquisition 
and integration. In this example, the acquired 
waveform is sampled at 51.2 kHz and is double 
integrated. Figure 15A.16 shows the block diagram 
for the VI. 

Because the integration is implemented with 
filters, there is a transient response associated with 
integration while the filters settle. You should take 
care to avoid the transient region when making 
further measurements. Figure 15A.17 shows the 
results of a single-shot acquisition and integration 
of a 38 Hz sine wave. You can see the transient 
response in the first 200 msec of the integrated 
signal. 



FIGURE 15A.14 Discontinuous mask test on a swept- 
sine frequency response. 




FIGURE 15A.15 Integration of a 0.5 Hz sine wave. 



15A.5.3.2 Continuous Acquisition and Integration 

The more common case for time-domain integration occurs with continuous acquisition. Figure 15A.18 
shows the block diagram for a VI designed for continuous acquisition and integration. 

In this example, the high-pass cut-off frequency used for the integration is 10 Hz. Additionally, the 
integration is explicitly reset in the first iteration of the VI and performed continuously thereafter. In this 
example, this additional wiring is optional because the SVT Integration VI automatically resets the first 
time it is called and runs continuously thereafter. 

If you use the block diagram in Figure 15A.18 in a larger application that requires starting and 
stopping the data acquisition process more than once, NI suggests setting the reset filter control to 
“TRUE” for the first iteration of the while loop. Setting the reset filter control to TRUE causes the filter to 
reset every time the data acquisition process starts. Set the reset filter control to “FALSE” for subsequent 
iterations of the while loop. 




FIGURE 15A.16 Block diagram for single-shot acquisition and integration. 
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Figure 15A.19 shows the results of the continu- 
ous acquisition and integration of the same 38 Hz 
sinusoid used in the single-shot acquisition and 
integration example. 

As in single-shot acquisition and integration, 
continuous acquisition and integration has an 
initial transient response. Take care to avoid 
making additional measurements until the 
response of the filters settles. Once the filters 
settle, you can use the integrated signals for 
additional analysis. 

Figure 15A.20 shows the frequency response for 
time-domain single integration. Figure 15A.21 
shows the frequency response for time-domain 
double integration. 

In Figure 15A.20, one can see the characteristic 
20 dB per decade roll-off of the magnitude 
response of the single integration. In Figure 
15A.21, one can see the characteristic 40 dB per 
decade roll-off of the magnitude response of the 
double integration. 

Upper and lower frequency limits exist for 
which you can obtain a specified degree of 
accuracy in the magnitude response. For example, 
sampling at a rate of 51.2 kHz, the magnitude 
response of the integrator is accurate to within 
1 dB from 1.17 to 9.2 kHz for single integration 
and from 1.14 to 6.6 kHz for double integration. 
The accuracy ranges change with the sampling 
frequency and the high-pass cut-off frequency. The 
attenuation of the single integration filter at 
9.2 kHz is — 95 dB. The attenuation of the double 
integration filter at 6.6 kHz is — 185 dB. Accuracy 
at high frequencies usually is not an issue. 

15A.5.4 Frequency-Domain 
Integration 

You can use the following strategies to obtain the 
spectrum of an integrated signal: 
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FIGURE 15A.17 Transient response in single-shot 
acquisition and integration. 
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FIGURE 15A.18 Continuous acquisition and 
integration. 
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FIGURE 15A.19 Settled response of continuous 
acquisition and integration. 



Perform the integration in the time domain 
before computing the spectrum. 

Compute the spectrum before performing the integration in the frequency domain. 



The following example demonstrates the implementation of the strategies used to obtain the spectrum 
of an integrated signal. Figure 15A.22 shows the block diagram for the example VI. 

The high-pass cutoff frequency parameter of the SVT Integration VI is wired with a constant of 
10 Hz. The SVT Integration (frequency) VI does not have a high-pass cutoff frequency parameter. 
Instead, the SVT Integration (frequency) VI sets the DC component of the integrated signal to zero if 
the spectrum scale is linear or to negative infinity ( — Inf) if the spectrum scale is in decibels. 
Figure 15A.23 shows the results of integrating in the time and frequency domains. 
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The power spectrum is computed after the time- 
domain integration filters settle. The frequency- 
domain integration scales the spectrum at each 
frequency line. No settling time is necessary for the 
frequency-domain integration because integration 
filters are not involved in the frequency-domain 
integration. 

Perform frequency-domain integration in the 
following situations to maximize performance: 

• When the integrated signal is not needed in 
the time domain 

• When spectral measurements are made 

15A.6 Vibration-Level 
Measurements 



This Appendix briefly discusses the analysis 
concepts associated with performing vibration- 
level measurements and how one can use the 
Vibration Level Vis located on the Vibration Level 
palette to perform vibration-level measurements. 

15A.6.1 Measuring the Root Mean 
Square Level 

A basic requirement of vibration measurements is 
measuring the level of the signal returned by an 
accelerometer. The level of the accelerometer signal 
generally is expressed in root-mean-square (RMS) 
acceleration (g rms ). 

15A.6.1.1 Single-Shot Buffered 
Acquisition 

The block diagram in Figure 15A.24 illustrates a VI 
designed to perform a single-shot acquisition and 
compute the RMS levels. 

The sampling frequency is 10 kS/sec. A buffer 
containing 1 sec of data is returned by the read VI. 




FIGURE 15A.20 Frequency response for single 
integration. 




FIGURE 15A.21 Frequency response for double 
integration. 




FIGURE 15A.22 Integration in the time domain and in the frequency domain. 
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Perform Single Integration -o Compute Power Spectrum 



Compute Power Spectrum — > Perform Single Integration 
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FIGURE 15A.23 Power spectra of the integrated signal. 




FIGURE 15A.24 Single-shot buffered acquisition and RMS level VI. 





FIGURE 15A.25 Continuous data acquisition and RMS level VI. 

15A.6.1.2 Continuous Signal Acquisition 

One can use the block diagram in Figure 1 5A.24 with a while loop to continuously acquire signals from an 
accelerometer and display the vibration level in a chart. The block diagram in Figure 1 5A.25 illustrates how 
to measure the RMS value once every 100 msec and display the results in a strip chart. In this example, the 
RMS value is computed based on the last 100 msec of acquired data. 
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FIGURE 15A.26 Running RMS VI. 

Note: Set the restart averaging control on the SVT RMS Level VI to TRUE. Otherwise, the SVT RMS 
Level VI accumulates intermediate results to compute the RMS vibration level over the entire data 
acquisition instead of just over the last block of data. 

15A.6.2 Performing a Running RMS Level Measurement 

The SVT Running RMS Level VI returns the RMS value computed over the last N seconds, which is the 
integration time. The block diagram in Figure 15A.26 illustrates an application using the SVT Running 
RMS Level VI. The sampling frequency is 10 kS/sec. The read VI reads 1000 samples at a time. 

15A.6.3 Computing the Peak Level 

Use the SVT Peak Level VI to compute the peak level of a signal. In peak-hold averaging, the largest 
measured level value of all previous values is computed and returned until a new value exceeds the 
current maximum. The new value becomes the new maximum value and is the value returned until a new 
value exceeds it. 

15A.6.4 Computing the Crest Factor 

The crest factor is the ratio of the peak value over the RMS value of a given signal and indicates the shape 
of the waveform. The crest factor is defined by the following equation: 

p _ ^P k 

where c V rms 

F c is the crest factor. 

V pk is the peak value of the signal. 

V rms is the RMS value of the signal. 

The block diagram in Figure 15A.27 illustrates an application using the SVT Crest Factor VI. Along 
with the crest factors, the SVT Crest Factor VI also returns the peak and RMS levels. 

U lr rri .jr 
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15A.7 Frequency Analysis 

This Appendix discusses methods used by the Frequency Analysis Vis located on the Frequency Analysis 
palette for windowing, averaging, and performing frequency- domain measurements. 

The Frequency Analysis Vis offer various frequency measurements based on the discrete Fourier 
transform (DFT). 

For simplicity, the remainder of this document uses the term FFT to denote both the FFT and the DFT. 

15A.7.1 FFT Fundamentals 

The FFT resolves the time waveform into its sinusoidal components. The FFT takes a block of time-domain 
data and returns the frequency spectrum of that data. The FFT is a digital implementation of the Fourier 
transform. Thus, the FFT does not yield a continuous spectrum. Instead, the FFT returns a discrete 
spectrum where the frequency content of the waveform is resolved into a finite number of frequency lines, 
or bins. 

15A.7.1.1 Number of Samples 

The computed spectrum is completely determined by the sampled time waveform input to the FFT. If an 
arbitrary signal is sampled at a rate equal to f s over an acquisition time, T, N samples are acquired. 
Compute T with the following equation: 




where 

T is the acquisition time. 

N is the number of samples acquired. 
f s is the sampling frequency. 

Compute N with the following equation: 



N=Tf s 

where 

N is the number of samples acquired. 

T is the acquisition time. 
f s is the sampling frequency. 

15A.7.1.2 Frequency Resolution 

Because of the properties of the FFT, the spectrum computed from the sampled signal has a frequency 
resolution, d { . Calculate the frequency resolution with the following equation: 

where 

d f is the frequency resolution. 

T is the acquisition time. 
f s is the sampling frequency. 

N is the number of samples. 

Note: The frequency resolution is determined solely by the acquisition time. The frequency resolution 
improves as the acquisition time increases. 
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15A.7.1.3 Maximum Resolvable Frequency 

The sampling rate of the time waveform determines the maximum resolvable frequency. According to the 
Shannon Sampling Theorem, the maximum resolvable frequency must be half the sampling frequency 
To calculate the maximum resolvable frequency use the following equation: 



fmax Z'lyquist 



/ 

2 



where 

/max is the maximum resolvable frequency 
/tyquist is the Nyquist frequency 
/ is the sampling frequency 

15A.7.1.4 Minimum Resolvable Frequency 

The minimum resolvable frequency is 0 (DC). The term baseband analysis is often used to describe 
analysis from 0 to /Nyquist- 

15A.7.1.5 Number of Spectral Lines 

The number of lines in the spectrum is half the number of samples, N, in the waveform. Directly 
specify the number of lines in the spectrum for the Zoom FFT Vis, in the Sound and Vibration Toolkit. 
Specify the number of data samples to control the number of spectral lines for the Baseband FFT and 
the Baseband Subset Vis. 

15A.7.1.6 Relationship between Time-Domain and Frequency-Domain Specifications 
and Parameters 

Table 15A.6 summarizes the relationship of time-domain specifications to frequency-domain 
parameters. 

Use the information in Table 15A.7 if you prefer to specify the spectrum parameters and determine the 
required data-acquisition parameters from these specifications. 



TABLE 15A.6 Time-Domain Specifications to Frequency-Domain Parameters 



Time Domain 




Frequency Domain 






/slyquist 


/max Number of Lines 


d f 


fs 


fs 

2 




II 


N 

T 


fs'E b E b -N 



f s is the sampling frequency, E b is the effective bandwidth, N is the number of samples 
acquired, and T is the acquisition time. 



TABLE 15A.7 Frequency-Domain Specifications to Time-Domain Parameters 


Frequency Domain 




Time Domain 








fs 


N 




T 


fmax 

Number of lines in the spectrum 

df 


fmax 


Number of lines 


1 


Number of lines 


"eT 


E b 




fmax 



/max i s the maximum resolvable frequency, E b is the effective bandwidth, and d f is the frequency 
resolution. 
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In Table 15A.6 and Table 15A.7, E b is the ratio of the alias-free bandwidth to the sampling frequency. In 
traditional instruments, E b is typically 1/256. However, the alias-free bandwidth depends on the 
hardware used to acquire the dynamic signal. £ b can have a maximum value of 0.5. This maximum value 
corresponds to a perfect antialiasing filter. For example, if 1024 samples are input to the FFT algorithm, 
the computed spectrum has 512 nonDC spectral lines. The computed spectrum has a total of 513 lines 
including the DC component. Acquire these same 1024 samples on an instrument with a standard 1/256 
effective bandwidth, then use the equation in Table 15A.6 to find the expected number of alias-free lines 
in the computed spectrum. Complete the necessary calculations with the following equations: 

Number of lines = E h N 

Number of lines = X 1024 = 400 lines 

2.56 

E b is entirely a hardware property. However, mathematically, you can use the FFT to compute the 
frequency spectrum up to the Nyquist frequency. Remember to account for the presence or absence of an 
antialiasing filter when performing the frequency analysis. The Frequency Analysis Vis compute every 
spectral line, alias-free or not. Use the frequency range to limit the analysis to the alias-free region of the 
spectrum with FFT subset and zoom FFT measurements. Use the SVT Get Spectrum Subset VI to limit the 
analysis to the alias-free region of the spectrum with baseband FFT measurements. 

Note: Table 15A.6 shows that the sampling frequency and the block size acquired during each cycle of a 
continuous acquisition completely determine the frequency-domain parameters in baseband FFT 
analysis. However, many stand-alone instruments are operated by specifying the frequency range of 
interest and the number of lines in the FFT. Table 15A.7 shows how a stand-alone instrument uses the 
frequency range of interest and the number of lines in the FFT to determine an appropriate sampling 
frequency and block size. 

15A.7.2 Increasing Frequency Resolution 

Increasing the frequency resolution helps one to 
distinguish two individual tones that are close 
together. For example, if you analyze a signal 
that contains two tones at 1000 and 1100 Hz, use 
a sampling frequency of 10,000 Hz. Acquire data 
for 10 msec and the frequency resolution is 
100 Hz. Figure 15A.28 shows the results of this 
analysis. In this particular case, you cannot 
distinguish one tone from the other. 

Increase the acquisition time to 1 sec to achieve 
a frequency resolution of 1 Hz. Figure 15A.29 
shows the results obtained with a 1 sec acquisition 
time. You can distinguish the individual tones with 
the increased acquisition time. 

The following strategies achieve a finer frequency resolution: 

• Decrease the sampling frequency, f s . Decreasing f. usually is not practical because decreasing f. 
reduces the frequency range. 

• Increase the number of samples, N. Increasing N yields an increased number of lines over the 
original frequency range. 

Implement the decreased f s strategy with zoom FFT analysis. Use baseband FFT and FFT-subset 
analyses to implement the increased N strategy. Baseband FFT analysis and FFT-subset analysis both 
achieve the same frequency resolution. However, FFT subset analysis only computes a narrow subset of 
the spectrum. 
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FIGURE 15A.28 Power spectrum obtained with an 
acquisition time of 10 msec. 
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Refer to Section 15A.7.2.1 and Section 15A.7.2.5 
for examples that demonstrate the importance of 
frequency resolution in frequency analysis. The 
examples illustrate how to achieve a finer 
frequency resolution with the frequency analysis 
tools in the Sound and Vibration Toolkit. 

15A.7.2.1 Zoom FFT Analysis 

In some applications, it is necessary to obtain the 
spectral information with a very fine frequency 
resolution over a limited portion of the baseband 
span. In other words, you must zoom in on a 
spectral region to observe the details of that 
spectral region. Use the zoom FFT to obtain spectral information over a limited portion of the 
baseband span and with greater resolution. Just as in baseband analysis, the acquisition time determines 
the frequency resolution of the computed spectrum. The number of samples used in the transform 
determines the number of lines computed in the spectrum. 

Zoom FFT analysis achieves a finer frequency resolution than the baseband FFT. The Zoom FFT VI 
acquires multiple blocks of data and downsamples to simulate a lower sampling frequency. The block 
size is decoupled from the achievable frequency resolution because the Zoom FFT VI accumulates the 
decimated data until you acquire the required number of points. Because the transform operates on a 
decimated set of data, you only need to compute a relatively small spectrum. The data are 
accumulated, so do not think of the acquisition time as the time required to acquire one block of 
samples. Instead, the acquisition time is the time required to accumulate the required set of 
decimated samples. 

The Zoom FFT Vis complete the following steps to process the sampled data: 

1 . Modulate the acquired data to center the analysis band at 0 frequency. 

2. Filter the modulated data in the time domain to isolate the analysis band and prevent aliasing 
when the data are resampled at a lower sampling frequency. 

3. Decimate the filtered data to reduce the effective sampling frequency. 

4. Accumulate the decimated data until sufficient samples are available to compute the spectrum. 

5. Use the Discrete Zak Transform (DZT) to efficiently compute the desired spectral lines. 

6. Demodulate, or shift, the computed spectrum. 

15A.7.2.2 Frequency Resolution of the Zoom FFT Vis 

Use the Zoom FFT Vis to compute the spectrum of a signal over a narrow frequency range with an 
arbitrarily fine frequency resolution. To get an approximation of the frequency resolution seen with the 
Zoom FFT Vis, use the following formula: 

stop frequency — start freqeuncy 

frequency resolution ~ — 

number of lines 
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FIGURE 15A.29 Power spectrum obtained with an 
acquisition time of 1 sec. 



Note: The exact frequency resolution is returned as d f in the spectrum computed by the Zoom FFT Vis. 



15A.7.2.3 Zoom Measurement 



The following example demonstrates a zoom measurement of the power spectrum. 

Acquire a sine wave at 1390 Hz with a National Instruments DSA device and the VI displayed in 
Figure 15A.30. 

Acquire the signal at 51.2 kHz. The VI reads the data in blocks of 2048 samples. Compute the 
frequency resolution of this measurement using baseband analysis with the following equation: 



51,200 Hz 
2048 



= 25 Hz 
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FIGURE 15A.30 Performing a zoom power spectrum measurement. 



Use the SVT Zoom Power Spectrum VI located 
on the Zoom FFT palette to analyze a narrowband 
with a much finer frequency resolution. 
Figure 15A.31 shows the result of limiting the 
measurement to the frequency band between 1 and 
2 kHz and computing 400 lines. Derive the 
frequency resolution of the computed spectrum 
with the following equation: 




2000 - 1000 Hz 

= 2.5 Hz 

400 lines 



FIGURE 15A.31 Zoom power spectrum measurement 
results. 



15A.7.2.4 Zoom Settings 

Figure 15A.32 shows the zoom settings control used 
to acquire the zoom measurement results displayed 
in Figure 15A.31. Use this control to specify the 
frequency range, window, number of lines, and 
percent overlap used in the zoom analysis. 



15A.7.2.5 Subset Analysis 

The Baseband Subset Vis located on the Baseband 
Subset palette allow one to compute a subset of the 
baseband FFT measurement. Subset analysis uses the DZT to compute a subset of the baseband FFT. The 
frequency resolution for spectral measurements computed with the Baseband Subset Vis equals the 
frequency resolution for measurements made with the Baseband FFT Vis. The acquisition time 
determines the frequency resolution. The only way to achieve a finer frequency resolution is to increase 
the length of the time record. In the case of baseband or subset analysis, a longer time record implies a 
larger block size. 

The Baseband Subset Vis algorithm computes only the desired spectral lines. The only programming 
difference between the Baseband Subset Vis and the Baseband FFT Vis is the additional 
parameter frequency range. The frequency range parameter specifies which spectral lines the Baseband 
Subset VI computes. The computed spectral lines are always inclusive of the start frequency and the stop 
frequency. 

Note: Setting the start frequency to 0 Hz and the stop frequency to / max yields the same spectrum as the 
corresponding Baseband FFT VI. If you set the stop frequency to — 1, the baseband subset Vis return the 
Nyquist frequency as the highest frequency in the computed spectrum. 
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FIGURE 15A.32 Zoom settings control. 
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The following consideration can help you decide when to use the Baseband Subset Vis instead of the 
Baseband FFT Vis: 

• The required block size yields an acceptable frequency resolution. 

• The analysis of a narrow subset of the baseband span requires better processing performance than 
the Baseband FFT VI can provide. 

15A.8 Transient Analysis 

This Appendix discusses performing transient analysis with the Transient Analysis Vis located on the 
Transient Analysis palette. 

15A.8.1 Transient Analysis with the Sound and Vibration Toolkit 

Transient analysis is the analysis of nonstationary signals. The Transient Analysis Vis offer two different 
techniques for extracting information about transient signals. Use the short-time Fourier transform 
(STFT) for signals in which the frequency content changes relatively slowly with time. Use the shock- 
response spectrum (SRS) for shock signals. 

You can use the STFT Vis to extract frequency information as a function of time directly from the 
signal of interest. Additionally, in the case of a rotating machine where a tachometer signal is 
simultaneously acquired with the signal of interest, the STFT Vis can extract frequency information as 
a function of the rotational speed. 

The results generated by the STFT are typically displayed on a waterfall display or on a colormap. The 
STFT Vis return the information needed to properly scale the axes of the displays. You can pass the 
information directly to a Waterfall Display VI. Use property nodes for the colormap display. 

You can use the SVT SRS VI to evaluate the severity of a shock signal. The results generated by the SRS 
are typically displayed on an X-Y graph. 

Note: Other Lab VIEW toolkits are available that provide additional transient analysis capabilities. The 
Order Analysis Toolkit is designed for rotating machinery analysis and monitoring. The Signal Processing 
Toolkit has tools, such as wavelets and joint time- 
frequency analysis (JTFA), for the analysis of fast 
transients. 

15A.8.2 Performing an STFT vs. 

Time 

The STFT available in the Sound and Vibration 
Toolkit can compute multiple Fourier transforms 
on the time-domain signal with or without 
overlapping. 

For example, analyze a waveform containing 
10 sec of data acquired at 51.2 kS/sec. The signal is 
a chirp signal with the following attributes: 

• Start frequency = 10 Hz 

• End frequency = 10,000 Hz 

Figure 15A.33 shows the signal corresponding to 
the first 200 msec of the waveform. 

Figure 15A.34 shows the result of applying a 
baseband FFT on the entire waveform. 

Note: No window is applied on the signal. 
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FIGURE 15A.33 Chirp signal. 




FIGURE 15A.34 Baseband FFT on a chirp signal. 
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The spectrum is flat from 10 Hz to 10 kHz. Only 
noise is measured at frequencies above 10 kHz. 

Unfortunately, this measurement does not provide 
any information about how the frequency content 
of the signal changes with time. However, the 
STFT can reveal useful information about the time 
dependence of the frequency content. 

Instead of computing a single FFT on the whole 
data set, you can divide the data set into smaller 
blocks and compute FFTs on these smaller data FIGURE 15A35 Time se g ment contro1 - 

blocks. For example, divide the signal into 

100 msec blocks and perform an FFT on each of the blocks with the SVT STFT vs. Time VI. 

Subdivide the time-domain signal by configuring the time segment control displayed in Figure 15A.35. 

Leave from [s] and to [s] each equal to — 1.00 to ensure that the entire signal is used in the STFT 
computation. In this particular example, the — 1.00 setting in both from [s] and to [s] is equivalent to 
setting from [s] to 0 and to [s] to 10. 

Create a 100 msec time increment by setting time increment to 100.00 and time increment units (%) to 
msec. The 100 msec time increment causes the SVT STFT vs. Time VI to compute one FFT every 
100 msec. Setting time increment is independent from selecting the FFT block size. 



time segment 


from[s] 


to[s] 


Br| -1.00 


-1 00 


time ir dement 




IrJ 100.00 
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15A.8.2.1 Selecting the FFT Block Size 

In addition to the time segment, one can adjust the FFT block size. For example, analyze a chirp signal 
having the following attributes: 

• Start frequency = 10 Hz 

• End frequency = 10,000 Hz 

The measurement is performed using the following settings: 

• Acquisition time = 10 sec 

• Sampling frequency =51.2 kS/sec 

• FFT block size = 1024 samples or 512 lines (400 alias-free lines) 

• Time increment = 100 msec. 

Based on the sampling frequency of 51,200 Hz, a 1024 sample FFT requires a 20 msec block of data, 
leading to a frequency resolution of 50 Hz. 

Because the time increment is 100 msec and a 1024 sample FFT only requires a 20 msec block, only 
one block out of five is used for computation. Figure 15A.36 shows the result obtained with a 1024 
sample FFT. 
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FIGURE 15A.36 STFT using a 1024 sample block size. 
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FIGURE 15A.37 STFT using a 4096 sample block size. 

If you select an FFT Block size of 4096 samples, or 1600 alias-free lines, the resolution improves, as 
illustrated in Figure 1 5A.37. However, the increased resolution comes with the expense of extra processing. 

15A.8.2.2 Overlapping 

Overlapping is a method that uses a percentage of 
the previous data block to compute the FFT of the 
current data block. When combined with window- 
ing, overlapping maximizes the use of the entire 
data set. If no overlapping is used, the part of the 
signal close to the window edges becomes greatly 
attenuated. The attenuation of the signal near the 
window edges could result in the loss of infor- 
mation in the region near the window edges. 

Note: Set the desired overlapping rate by 
specifying % in the time increment units (%) in 
the time increment control. Refer to Figure 15A.35 
for the location of this control. No overlapping, or 0%, corresponds to a time increment of 100%. An 
overlapping of 75% corresponds to a time increment of 25%. An overlapping of 50% corresponds to a 
time increment of 50%, and so forth. The advantage of using the time increment control is that one can 
specify values greater than 100%. For example, a time increment of 200% corresponds to computing an 
FFT on every other block of data. 

Figure 15A.38 and Figure 15A.39 illustrate the overlapping process. Figure 15A.38 shows a 50% 
overlap. 

Figure 15A.39 shows the resulting subdivisions when one uses a 50% overlap and a Hamming 
window. 

15A.8.2.3 Using the SVT STFT vs. Time VI 

The following example illustrates how to use the SVT STFT vs. Time VI. Figure 15A.40 shows the block 
diagram. 

The example in Figure 15A.40 acquires 10 sec of data at a sample rate of 51.2 kHz. After scaling, the 
signal is sent to the SVT STFT vs. Time VI. The result is displayed on the intensity graph in Figure 15A.41. 

Note: Use the X scale and Y scale offset and multiplier properties to properly scale the axes of the 
intensity graph. In this example, the X scale range is 0 to 10 sec. The Y scale range is 0 to 25,600 Hz. The 
Nyquist frequency is 25,600 Hz. You can adjust the Z scale so that only the relevant part of the signal is 
displayed. In other words, you can hide noise in the displayed signal by increasing the minimum limit of 
the Z-axis. Refer to the LabVIEW Help for information about the offset and multiplier properties for 
graph controls. 
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FIGURE 15A.39 Subdivisions of the time-domain waveform. 







FIGURE 15A.40 Use of the SVT STFT vs. Time VI. 




FIGURE 15A.41 STFT vs. time graph. 

15A.8.3 Performing an STFT vs. Rotational Speed 

Analyzing the frequency content as a function of the rotational speed is helpful when dealing with 
measurements on rotating machinery. Use the SVT STFT vs. RPM (analog) VI to analyze the frequency 
content as a function of the rotational speed. 
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15A.8.3.1 Converting the Pulse Train to Rotational Speed 



Use the SVT Convert to RPM (analog) VI to 
convert a pulse train acquired by a tachometer or 
encoder to the rotational speed expressed in 
rotations per minute (RPM). 

Note: For simplicity, the remainder of this 
Appendix uses the term tachometer to denote 
both a tachometer and an encoder. 

In this example, an accelerometer is mounted at 
the test location for an engine run-up. A 
tachometer is used to measure the speed of the 
shaft and returns one pulse per revolution as a 
transistor-transistor logic (TTL) signal. Use the 
tach info control to specify the characteristics 
of the pulses generated by the tachometer. 
Figure 15A.42 shows the settings for the tach- 
ometer info control. 

Figure 15A.43 shows a simulated tachometer 
signal. 

You can use the SVT Convert to RPM 
(analog) VI to measure the rotational speed in 
RPM as a function of time. Figure 15A.44 
shows the result obtained with the SVT Convert 
to RPM (analog) VI and a simulated tachometer 
signal. 

15A.8.3.2 STFT vs. RPM 

You also can display the STFT of an input signal as 
a function of the rotational speed based on the 
tachometer signal. Two input signals are needed, 
the signal of interest and the signal from the 
tachometer. Again, an engine run-up serves as a 
good example of computing an STFT as a function 
of the rotational speed. 

During an engine run-up, the sound pressure 
close to the engine is measured with a microphone. 
Figure 15A.45 shows the signal acquired by the 
microphone. 

The signal from the tachometer is also acquired. 
The measured tachometer signal is converted to 
RPM with the SVT Convert to RPM (analog) VI. 
Figure 15A.46 shows the rotational speed as a 
function of time, as computed by the SVT Convert 
to RPM (analog) VI. 

Using the SVT STFT vs. RPM (analog) VI allows 
you to measure the frequency content of the signal 
as a function of the rotational speed of the engine. 
Figure 15A.47 displays the results obtained with 
the SVT STFT vs. RPM (analog) VI on an intensity 
graph. 
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FIGURE 15A.42 Tachometer info control. 
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FIGURE 15A.43 Tachometer signal. 




FIGURE 15A.44 Result from SVT convert to RPM 
(analog) VI. 




FIGURE 15A.45 Microphone signal obtained during 
engine run-up. 
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15A.8.4 Measuring a Shock Response Spectrum 

Obtain the SRS by applying the acquired shock 
pulse to a series of single degree of freedom 
(SDOF) systems. Plot the system maximum 
response as resonance frequency of the system. 

An SDOF mechanical system consists of the 
following components: 

• Mass, whose value is represented with the 
variable m 

• Spring, whose stiffness is represented with 
the variable k 

• Damper, whose damping coefficient is 
represented with the variable c 

The resonance frequency / N , and the critical 
damping factor, z, characterize an SDOF system, 
where 



r = 1 

N 2jt 

{ = 




FIGURE 15A.46 Rotational speed as a function of time 
during engine run-up. 




FIGURE 15A.47 Intensity graph of sound pressure 
level for an engine run-up. 



2 \[kni 

For light damping, where z is less than or equal to 
0.05, the peak value of the frequency response 
occurs in the immediate vicinity of/ N and is given 
by the following equation, where Q is the resonant 
gain: 

1 

Q_ u 

Figure 15A.48 illustrates the response of an 
single-DoF system to a half-sine pulse with a 10 g 
acceleration amplitude and 10 msec duration. The 
top graph shows the time-domain acceleration. 

The middle graph is the single-DoF system 
response with a 50 Hz resonance frequency. The 
bottom graph is the single-DoF system response 
with a 150 Hz resonance frequency. In both cases, z 
is 0.05. 

Use the signals shown in Figure 15A.48 to 
construct the SRS. For example, the maximax, the 
absolute maximum response of the calculated 
shock response signal over the entire signal 
duration, uses the absolute maximum system 
response as a function of the system natural 
frequency. Figure 15A.49 illustrates the maximax 
SRS for the same half-sine pulse. 

Note: Each computed SRS is specific to the pulse used to perform the measurement. 

You can use other types of shock spectra depending on the application. These spectra include the 
initial shock response from the system response over the pulse duration or from the residual shock 




FIGURE 15A.48 

sine shock. 



Single-DoF system response to a half- 
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spectrum from the system response after the pulse. 

You can use the positive maximum, the negative 
maximum, or the absolute maximum response 
signal value. 

The Sound and Vibration Toolkit uses 
the Smallwood algorithm to compute the 
SRS. The SVT Shock Response Spectrum 
VI also offers the ability to preprocess the 
time-domain signal to improve SRS results. 

You can remove any DC component or apply 
a low-pass filter with a selectable cut-off frequency. 

The SVT Shock Response Spectrum VI can 
compute the SRS from the absolute acceleration 
response or from the relative displacement 
response. Use the model control on the SVT 
Shock Response Spectrum VI to select the appro- 
priate response. 

Figure 15A.50 shows how to use the SVT Shock 
Response Spectrum VI. The example in Figure 
15A.50 acquires 1000 samples of data from an 
accelerometer during a shock. The shock signal triggers the acquisition. The program stores 100 samples 
before the trigger to properly capture the entire shock signal. 

Figure 15A.51 displays the acquired time-domain signal and the computed SRS. 
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FIGURE 15A.49 Half-sine pulse SRS (Maximax). 



15A.9 Waterfall Display 

This Appendix discusses using the Waterfall Display Vis located on the Waterfall Display palette. 



15A.9.1 Using the Display Vis 

Waterfall display is a visualization technique that permits the visual representation of various analyses of 
nonstationary signals, such as machine run-up, coast down, transients, and others. 

Use the Waterfall Display Vis to display FFT spectra from frequency analysis or transient analysis and 
octave spectra from octave analysis in waterfall graphs. Refer to Front Panel Displays in the LabVIEW Help 
for more information about displaying octave results. 

Specific Waterfall Display Vis display the results of frequency analysis and octave analysis in a waterfall 
graph. The waterfall display opens in an external window called the Waterfall window. 




FIGURE 15A.50 Using the SVT shock response spectrum VI. 



© 2005 by Taylor & Francis Group, LLC 





15-104 



Vibration and Shock Handbook 



Complete the following basic steps to display 
results on a waterfall graph: 

1. Initialize the display. 

2. Send data to the display. 

3. Close the waterfall display. 

Figure 15A.52 shows the Waterfall window. 

15A.9.1.1 Initializing the Display 

Use the SVL Initialize Waterfall Display VI to 
create a reference to a waterfall display. If you are 
displaying octave spectra, use the SVT Initialize 
Waterfall Display for Octave VI. Both of the 
initializing Vis also enable one to define graph 
properties, including the window title, the bounds 
of the external window, and the colors used in the 
waterfall display. 




15A.9.1.2 Sending Data to the Display 

The Waterfall window does not open until it 
receives data sent to it. Use the SVL Send Data to 
Waterfall VI to send data to a waterfall display. Use 
the SVT Send Data to Waterfall for Octave VI to 
send octave data to a waterfall display. 

The SVL Send Data to Waterfall VI is poly- 
morphic and accepts an array of spectra, such as 
that returned by a power spectrum, a two- 
dimensional (2D) array, or a STFT. 

15A.9.1.3 Waterfall Display for Frequency 
Analysis 



FIGURE 15A.51 Acquired SRS (Maximax). 




The following example shows how to accumulate figure 15A.52 Waterfall display for frequency 
20 spectra and display them in a waterfall graph. analysis. 

Figure 15A.53 shows the block diagram for the VI. 

Twenty data blocks of 1024 samples are acquired. The power spectrum is computed on each block. The 
autoindexing capability of the For Loop is used to build an array of 20 spectra. The array or spectra is sent 
to the waterfall display. Refer to the LabVIEW Help for information about autoindexing. 



15A.9.1.4 Waterfall Display for Transient Analysis 

This example illustrates how to use the waterfall display in conjunction with the Transient Analysis Vis. 
Figure 15A.54 shows the block diagram for the example VI. 




FIGURE 15A.53 Waterfall display for frequency analysis VI block diagram. 
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The data are scaled and sent to the SVT STFT vs. 

Time VI. The SVT STFT vs. Time VI returns a 2D 
array. You can use the results in the 2D array in an 
intensity graph or connect the 2D array directly to 
the SVL Send Data to Waterfall VI. Figure 15A.54 
shows the 2D array connected directly to the 
Waterfall VI. The while loop keeps the waterfall 
display open until the Stop control is set to TRUE. 

Note: Connect fO and delta f and yO and delta y 
on the SVL Send Data to Waterfall VI to ensure the 
graph shows the proper scales. 

Figure 15A.55 shows the result obtained with 
the STFT VI illustrated in Figure 15A.54. 

15A.9.1.5 Waterfall Display for Octave Spectra 

To display octave spectra in a waterfall display, use the SVT Initialize Waterfall Display for Octave and 
SVT Send Data to Waterfall for Octave Vis. Figure 15A.56 shows the block diagram for a VI displaying 
octave spectra in a waterfall display. 

Figure 15A.57 shows the waterfall display created by the VI in Figure 15A.56. 




FIGURE 15A.55 STFT waterfall display. 



15A.10 Swept-Sine Measurements 

This Appendix discusses using the swept-sine Vis located on the Swept Sine palette (see Chapter 17). The 
swept-sine measurements include dynamic measurements for stimulus level, response level, frequency 
response (gain and phase), TF1D, and individual harmonic distortion. 

15 A. 10.1 Swept-Sine Overview 

Swept sine is a technique for characterizing the frequency response of the DUT. Two techniques are 
commonly used in swept-sine measurements. The first technique slowly sweeps through a range of 




FIGURE 15A.56 Block diagram for VI displaying octave spectra. 
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frequencies in a manner similar to a chirp. Figure 
15A.58 shows an example of the excitation signal 
for this form of swept-sine measurement. 

The second technique steps through a range of 
frequencies. Figure 15A.59 shows an example of 
the excitation signal for this form of swept-sine 
measurement. The swept sine implemented in the 
Sound and Vibration Toolkit generates an exci- 
tation signal that steps through a range of test 
frequencies, similar to the signal in Figure 15A.59. 

Both techniques can yield similar results. However, 
they require very different measurement analysis 
processes. 

Swept-sine frequency-response measurements 
compare a response signal to the stimulus tone in order to compute the FRF of the DUT. The 
magnitude of the FRF is equivalent to gain and represents the ratio of the output level to the input level 
for each test frequency. The phase of the FRF is equivalent to the phase lag introduced by the DUT for 
each test frequency. 

Swept-sine measurements require a signal source. The stimulus signal is always a single tone that 
excites the DUT at the test frequency. Since the stimulus is a single tone, swept-sine analysis can measure 
the harmonic distortion while simultaneously measuring the linear response. 




J 



FIGURE 15A.57 Waterfall display for octave spectra 
analysis. 



15A.10.2 Choosing Swept-Sine vs. FFT Measurements 

The frequency response of the DUT is a useful tool. The Sound and Vibration Toolkit provides two 
distinct techniques to measure the frequency response. The swept-sine technique performs single-tone 




FIGURE 15A.58 Sweeping swept sine example. 




FIGURE 15A.59 Stepping swept sine example. 
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TABLE 15A.8 Swept Sine and FFT Differences 


Swept-Sine Frequency Response 


FFT-Based Frequency Response 


Single-tone excitation 

Can measure harmonics 

Arbitrary test frequencies 

Longer test time for many test frequencies 

Better dynamic range possibility 


Broadband excitation 
Cannot measure harmonics 
Linearly spaced frequency resolution 



measurements at each test frequency. The FFT- 
based technique measures the response over the 
entire acquisition bandwidth. Table 15A.8 lists the 
basic differences between swept-sine and FFT- 
based techniques for measuring frequency 
response. 

Swept-sine measurements offer superior 
dynamic range over FFT-based measurements 
because you can optimize the signal level and 

input ranges at each test frequency. FFT-based FIGURE 15A . 6 „ Swept-sine and FFT measurements, 
techniques must specify a signal level and input 
ranges appropriate for the maximum broadband 
response. 

Figure 15A.60 shows the simulated frequency response function for a four-DoF system. The peak at 
17.6 Hz has a magnitude roughly 1000 times larger than the peak at 5.8 Hz. To use an FFT-based 
technique, use broadband excitation to excite the entire frequency range of interest, to measure the 
frequency response. This situation forces one to set the input range so that the overall response does not 
overload the DUT or the acquisition device. Therefore, when you measure the response at 5.8 Hz, you 
lose 60 dB of measurement dynamic range. The swept-sine technique allows you to tailor the excitation 
amplitude to the specific test frequency, preserving the full measurement dynamic range. 

FFT-based measurements are limited to a linearly spaced frequency resolution determined by the 
sample rate and the block size. Refer to Appendix 15A.7 for more information on FFT-based 
measurements. When the response changes rapidly, this frequency resolution may not yield enough 
information about the dynamic response. Also, a linear resolution may yield an excessive amount of 
information in frequency regions where the dynamic response is relatively constant. Swept-sine analysis 
has the ability to test arbitrary frequency resolutions that are linear, logarithmic, or adapted to the 
dynamic response of the DUT. When the frequency resolution is adapted to the DUT dynamic response, 
you can test more frequencies in regions where the dynamic response is of interest to your application 
and fewer where it is not. 

The main benefit of swept-sine analysis is the ability to measure harmonic distortion simultaneously 
with linear response. FFT-based analysis offers a speed advantage for broadband measurements with 
many test frequencies. 




15A.10.3 Taking a Swept-Sine Measurement 

Use the SVT Initialize Swept Sine VI to create a new swept-sine task for the designated device, source 
channel settings, and acquisition channel settings. Swept sine in the Sound and Vibration Toolkit only 
supports measurements on a single device with output and input capabilities. 

Use configure swept sine Vis in the configure swept sine palette to configure the scaling, test 
frequencies, averaging, delays, and other measurement settings. These configuration Vis allow control 
over basic and advanced measurement parameters. The order in which you place the configuration Vis is 
important, as it allows you to customize a swept-sine measurement. For example, you can easily generate 
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FIGURE 15A.61 Customizing a swept-sine measurement. 



100 logarithmically spaced test frequencies in the audio range, then apply inverse A- weighted scaling to 
the excitation level by adding code similar to that in Figure 15A.61 into your swept-sine application. 

You can use the swept-sine configuration Vis to customize your swept-sine application. For example, 
to speed up a swept-sine measurement, reduce the settling or integration time specified by the SVT Set 
Swept Sine Averaging VI. You also can configure the device IEPE with the SVT Set Swept Sine Coupling 
and IEPE Excitation (DAQmx) VI. You also can reduce the block duration input to SVT Set Swept Sine 
Block Duration VI. 

Note: The minimum block duration is limited by the capabilities of the computer processing the 
measurement. A very small block duration can result in a loss of continuous processing, causing the 
swept-sine measurement to stop and return an error. 

Use the SVT Start Swept Sine VI to begin the generation and acquisition. The VI fills the device output 
buffer with zeros before writing the first test frequency excitation. 

The SVT Swept Sine Engine VI continually acquires data and processes it to remove samples acquired 
during delays, transitions, and settling periods. The SVT Swept Sine Engine VI performs measurement 
analysis on samples acquired during integration periods. The SVT Swept Sine Engine VI updates the 
excitation to excite the DUT at the next test frequency after it integrates sufficient data at the current test 
frequency. 

Note: The transition to the next excitation tone, both frequency and amplitude, always occurs at a zero 
crossing to minimize transients introduced to the DUT. 

Use the Read Swept Sine Measurements Vis in the Read Swept Sine Measurements palette to read the 
raw measurements, scale the measurements, and perform additional conversions to display and report 
the data in the desired format. 

Use the SVT Close Swept Sine VI to stop the generation and acquisition, and clear the swept- 
sine task. 



15A.10.4 Swept-Sine Measurement Example 



This example of a swept-sine application measures 
the frequency response and harmonic distortion of 
a notch filter. In this example, a NI PXI-4461 
generates the excitation signal and acquires the 
stimulus and response signals. 

Figure 15A.62 illustrates the connection scheme 
used in this example to measure the dynamic 
response of the DUT using a swept-sine measure- 
ment. The acquired stimulus signal on the analog 
input channel 0, the AI0, is the generated excitation 
signal from the analog output channel 0, AOO. 

The NI PXI-4461 converts the desired stimulus 
signal from digital data to an analog signal and 
outputs that signal on AOO. The excitation signal is 
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FIGURE 15A.62 Swept-sine measurement connection 
diagram. 
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FIGURE 15A.63 Block diagram of SVXMPL_swept sine FRF DAQmx VI. 



TABLE 15A.9 Swept Sine Measurement Steps 



Step Number 


Description 


Optional or Required 


t 


Initialize a swept-sine measurement by specifying the hardware device and 
channel settings 


Required 


2 


Specify the scaling that will be applied to the acquired stimulus and 
response data. 


Optional 


3 


Configure the source by specifying the test frequencies, amplitude, and 
whether or not the sweep automatically restarts after completion 


Required 


4 


Set the settling and integration parameters to allow sufficient time for the 
DUT to settle before the measurement is performed at the new test 
frequency and that there is sufficient integration time to achieve the 
desired level of accuracy 


Required 


5 


Set the block duration input terminal for the measurement to be small 
enough to give a reasonable test time and large enough so that it does not 
put the test computer at risk of being unable to continuously generate 
and read the signals. The smaller the block size, the faster the swept sine 
can transition from one test frequency to the next 


Optional 


6 


Explicitly set the sample rate for the measurement. The rate is automatically 
selected if this VI is not used. The same rate is used for input and output 
channels 


Optional 


7 


Specify the propagation time terminal input specific to the DAQ device 
being used for the measurement. You can measure the device 
propagation time using the SVL Measure Propagation Delay VI. 
Refer to Appendix 3, Scaling and Calibration , for more information 


Optional 


8 


Configure the harmonic distortion measurement by specifying the 
maximum harmonic to use in the computation of the THD. 
Only those harmonics specified in the harmonics to visualize 
array return individual harmonic components 


Required if 

performing distortion 
measurements 


9 


Start the swept sine to perform the hardware configuration and start the 
output and input tasks. Channel synchronization is performed 
internally in this VI 


Required 


10 


Generate the excitation and acquire the stimulus and response data at 
each test frequency 


Required 


11 


Convert the raw data to the specified format in order to display and 
report measurement results 


Required 


12 


Stop the swept-sine measurement and clear the output and input tasks 
to release the device 


Required 



connected to both the stimulus input channel AI0 and the input terminal of the DUT. The response 
signal is connected from the output terminal of the DUT to the response input channel AIL 
The DUT for this example is a notch filter centered at 1 kHz. 

Figure 15A.63 shows the block diagram of the example SVXMPL_swept sine FRF DAQmx VI, which 
ships with the Sound and Vibration Toolkit. 
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FIGURE 15A.67 THD vs. frequency results. 



Table 15A.9 documents the actions performed by the Vis in Figure 15A.63. Some steps are required 
and must be done for the VI to function correctly. The optional steps allow you to customize your 
measurement. 

The while loop in Figure 15A.63 controls the synchronized generation and acquisition. Display 
controls and measurement indicators are updated inside the while loop. This loop allows for the 
monitoring of intermediate results. 

Many of the steps in Table 15A.9 are configuration steps. Through the Sound and Vibration Toolkit 
swept-sine configuration Vis, you can specify numerous configuration parameters to achieve fine control 
of the swept-sine measurement parameters. For many applications two or three configuration Vis are 
sufficient. 

It is important to allow for the propagation delay of the DAQ or DSA device. This delay is specific to 
the device used to perform the measurement. To determine the device propagation delay, refer to the 
device documentation or measure the delay with the SVL Measure Propagation Delay VI. 

Figures 15A.64 to 15A.67 display measurement results obtained with the SVXMPL_swept sine FRF 
DAQmx VI example program. Figure 15A.64 shows the time-domain stimulus and response signals for 
the 138.49 Hz test frequency. From the time-domain data, you can see that the notch filter has attenuated 
the signal and introduced a phase shift. 

Figure 15A.65 shows the magnitude and phase responses of the notch filter at all the test frequencies in 
the magnitude and phase spectra in the Bode plot. 

In addition to measuring the frequency response, this example simultaneously measures 
the harmonic distortion at each test frequency. Figure 15A.66 shows the graph of THD vs. 
frequency. 

You expect to see a peak in the THD at the notch frequency. The peak occurs because the 
fundamental frequency is attenuated at the notch frequency. However, the graph indicates that this 
measurement has failed to accurately identify the power in the harmonic distortion components. For the 
example in Figure 15A.66, the number of integration cycles is two. More integration cycles must be 
specified to perform accurate harmonic distortion measurements. If you change the number of 
integration cycles to ten and rerun the example, you obtain the THD vs. frequency results displayed 
in Figure 15A.67. 

Now, with a sufficient number of integration cycles specified, you can see the characteristic peak in the 
THD at the center frequency of the notch filter. 
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Summary 

This chapter concerns the conditioning of signals in a vibrating system and the conversion of signals in one form 
to another as needed. Amplification, filtering, modulation, demodulation, analog/ digital conversion, voltage/ 
frequency conversion, voltage/ current conversion, linearization, bridge circuits, and signal analysis and display 
devices are presented. Hardware, software, and techniques are considered. Issues of impedance and loading 
associated with the interconnection of components are addressed. 



16-1 



© 2005 by Taylor & Francis Group, LLC 




16-2 



Vibration and Shock Handbook 



16.1 Introduction 



Signal modification is an important function in many applications of vibration. The tasks of signal 
modification may include: signal conditioning (e.g., amplification, and analog and digital filtering); signal 
conversion (e.g., analog-to-digital conversion, digital-to-analog conversion, voltage-to-frequency 
conversion, and frequency-to-voltage conversion); modulation (e.g., amplitude modulation, frequency 
modulation, phase modulation, pulse-width modulation, pulse-frequency modulation, and pulse-code 
modulation); and demodulation (the reverse process of modulation). In addition, many other types of 
useful signal modification operations can be identified. For example, sample and hold circuits are used in 
digital data acquisition systems. Devices such as analog and digital multiplexers and comparators are 
needed in many applications of data acquisition and processing. Phase shifting, curve shaping, offsetting, 
and linearization can also be classified as signal modification. This chapter describes signal conditioning 
and modification operations that are useful in vibration applications. Signal modification plays a crucial 
role in component interfacing. When two devices are interfaced, it is essential to ensure that a signal 
leaving one device and entering the other will do so at proper signal levels (voltage, current, power), in 
the proper form (analog, digital), and without distortion (loading and impedance considerations). A 
signal should be properly modified for transmission by amplification, modulation, digitizing, and so on, 
so that the signal/noise ratio of the transmitted signal is sufficiently large at the receiver. The significance 
of signal modification is clear from these observations. 

16.2 Amplifiers 

The level of an electrical signal can be represented by variables such as voltage, current, and power. 
Analogous across variables, through variables, and power variables can be defined for other types of 
signals (e.g., mechanical) as well. Signal levels at various interface locations of components in a vibratory 
system have to be properly adjusted for proper performance of these components and of the overall 
system. For example, input to an actuator should possess adequate power to drive the actuator. A signal 
should maintain its signal level above some threshold during transmission so that errors due to signal 
weakening will not be excessive. Signals applied to digital devices must remain within the specified, logic 
levels. Many types of sensors produce weak signals that have to be upgraded before they can be fed into a 
monitoring system, data processor, controller, or data logger. 

Signal amplification concerns the proper adjustment of a signal level for performing a specific task. 
Amplifiers are used to accomplish signal amplification. An amplifier is an active device that needs an 
external power source to operate. Even though active circuits, amplifiers in particular, can be developed 
in the monolithic form using an original integrated-circuit (IC) layout so as to accomplish a particular 
amplification task, it is convenient to study their performance using the operational amplifier (opamp) as 
the basic element. Of course, operational amplifiers are widely used not only for modeling and analyzing 
other types of amplifier but also as basic elements in building other kinds of amplifier. For these reasons, 
our discussion on amplifiers will revolve around the operational amplifier. 

16.2.1 Operational Amplifier 

The origin of the operational amplifier dates to the 1940s when the vacuum tube operational amplifier 
was introduced. The operational amplifier, or opamp , got its name due to the fact that originally it was 
used almost exclusively to perform mathematical operations; for example, it was used in analog 
computers. Subsequently, in the 1950s, the transistorized opamp was developed. It used discrete elements 
such as bipolar junction transistors and resistors. The opamp was still too large in size, consumed too much 
power, and was too expensive for widespread use in general applications. This situation changed in the 
late 1960s when IC opamp was developed in the monolithic form as a single IC chip. Today, the IC 
opamp, which consists of a large number of circuit elements on a substrate, typically of a single silicon 
crystal (the monolithic form), is a valuable component in almost any signal modification device. 
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An opamp could be manufactured in the 
discrete-element form using perhaps ten bipolar 
junction transistors and as many discrete resistors; 
alternatively (and preferably), it may be manufac- 
tured in the modern monolithic form as an IC chip 
that may be equivalent to over 100 discrete 
elements. In any form, the device has an input 
impedance, Z an output impedance, Z a , and a gain, 

K. Hence, a schematic model for an opamp can be 
given as in Figure 16.1(a). The conventional 
symbol of an opamp is shown in Figure 16.1(b). 

Typically, there are about six terminals (lead 
connections) to an opamp. For example, there 
may be two input leads (a positive lead with voltage 
v ip and a negative load with voltage v in ), an output 
lead (voltage v 0 ), two bipolar power supply leads 
(+v s and — v s ), and a ground lead. 

Note from Figure 16.1(a) that, under open-loop 
(no feedback) conditions 

v 0 =KVi (16.1) 

in which the input voltage, v ; , is the differential input voltage defined as the algebraic difference between 
the voltages at the positive and negative lead; thus 

V; = v ip - v in (16.2) 

The open loop voltage gain K is very high (10 5 to 10 9 ) for a typical opamp. Furthermore, the input 
impedance, Z ; , could be as high as 1 Mfl and the output impedance is low, of the order of 10 fl. Since v 0 
is typically 1 to 10 V, from Equation 16. 1 it follows that V; s 0 since K is very large. Hence, from Equation 
16.2, we have v ip s v in . In other words, the voltages at the two input leads are nearly equal. Now, if we 
apply a large voltage differential v ; (say, 1 V) at the input then, according to Equation 16.1, the output 
voltage should be extremely high. This never happens in practice, however, since the device saturates 
quickly beyond moderate output voltages (of the order of 15 V). 

From Equation 16.1 and Equation 16.2, it is clear that if the negative input lead is grounded 
(i.e., v in = 0), then 

v 0 = Kv ip (16.3) 

and, if the positive input lead is grounded (i.e., v ip = 0) 

v 0 = ~Kv in (16.4) 

Accordingly, V; p is termed noninverting input and v in is termed inverting input. 

Example 16.1 

Consider an opamp having an open-loop gain of 1 X 10 5 . If the saturation voltage is 15 V, determine the 
output voltage in the following cases: 

1 . 5 /TV at the positive lead and 2 /TV at the negative lead. 

2. -5 pN at the positive lead and 2 pN at the negative lead. 

3. 5 /TV at the positive lead and — 2 pN at the negative lead. 

4. -5 pN at the positive lead and — 2 pN at the negative lead. 

5. 1 V at the positive lead and negative lead grounded. 

6. 1 V at the negative lead and positive lead grounded. 
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FIGURE 16.1 Operational amplifier: (a) a schematic 
model; (b) conventional symbol. 
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TABLE 16.1 Solution to Example 16.1 



V ip 


^in 


Vj 


Vo 


5 fCV 


2/rV 


3 /jlV 


0.3 V 


-5/rV 


2/rV 


7 /jlV 


-0.7 V 


5/rV 


— 2 /aV 


7 /rV 


0.7 V 


— 5 /aV 


-2 /rV 


— 3 /tV 


-0.3 V 


1 V 


0 


1 V 


15 V 


0 


1 V 


-IV 


-15 V 



Solution 

This problem can be solved using Equation 16.1 and Equation 16.2. The results are given in Table 16.1. 
Note that, in the last two cases, the output will saturate and Equation 16.1 will no longer hold. 

Field effect transistors (FET), for example, metal oxide semiconductor field effect transistors 
(MOSFET), could be used in the IC form of an opamp. The MOSFET type has advantages over many 
other types; for example, such opamps have higher input impedance and more stable output (almost 
equal to the power supply voltage) at saturation. This makes the MOSFET opamps preferable over 
bipolar junction transistor opamps in many applications. 

In analyzing operational amplifier circuits under unsaturated conditions, we use the following two 
characteristics of an opamp: 

1. Voltages of the two input leads should be (almost) equal. 

2. Currents through each of the two input leads should be (almost) zero. 

As explained earlier, the first property is credited to high open-loop gain and the second property to 
high input impedance in an operational amplifier. We shall repeatedly use these two properties to obtain 
input -output equations for amplifier systems. 

16.2.2 Use of Feedback in Opamp 

The operation amplifier is a very versatile device, primarily due to its very high input impedance, low 
output impedance, and very high gain. FFowever, it cannot be used without modification as an amplifier 
because it is not very stable, as shown in Figure 16.1. Two factors that contribute to this problem are: 

1 . Frequency response 

2. Drift 

Stated in another way, opamp gain, K, does not remain constant; it can vary with the frequency of the 
input signal (i.e., frequency-response function is not flat in the operating range); also, it can vary with 
time (i.e., drift). The frequency- response problem arises due to circuit dynamics of an operational 
amplifier. This problem is usually not severe unless the device is operated at very high frequencies. The 
drift problem arises due to the sensitivity of gain, K , to environmental factors such as temperature, light, 
humidity, and vibration, and as a result of variation of K due to aging. Drift in an opamp can be 
significant and steps should be taken to remove that problem. 

It is virtually impossible to avoid drift in gain and frequency-response error in an operational 
amplifier. Flowever, an ingenious way has been found to remove the effect of these two problems at 
the amplifier output. Since gain K is very large, by using feedback we can virtually eliminate its effect at 
the amplifier output. This closed loop form of an opamp is preferred in almost every application. 
In particular, the voltage follower and charge amplifier are devices that use the properties of high Z ; , 
low Z a , and high K of an opamp, along with feedback through a precision resistor, to eliminate 
errors due to nonconstant K. In summary, the operational amplifier is not very useful in its open-loop 
form, particularly because gain, K , is not steady. However, since K is very large, the problem can be 
removed by using feedback. It is this closed-loop form that is commonly used in the practical applications 
of an opamp. 
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In addition to the nonsteady nature of gain, there are other sources of error that contribute to the less 
than ideal performance of an operational amplifier circuit. Noteworthy are: 

1. offset current present at input leads due to bias currents that are needed to operate the solid-state 
circuitry 

2. offset voltage that might be present at the output even when the input leads are open 

3. unequal gains corresponding to the two input leads (i.e., the inverting gain not equal to the 
noninverting gain) 

Such problems can produce nonlinear behavior in opamp circuits, and they can be reduced by proper 
circuit design and through the use of compensating circuit elements. 

16.2.3 Voltage, Current, and Power Amplifiers 

Any type of amplifier can be constructed from scratch in the monolithic form as an IC chip, or in the 
discrete form as a circuit containing several discrete elements such as discrete bipolar junction transistors 
or discrete FETs, discrete diodes, and discrete resistors. However, almost all types of amplifiers can also be 
built using operational amplifier as the basic element. Since we are already familiar with opamps and 
since opamps are extensively used in general amplifier circuitry, we prefer to use the latter approach, 
which uses discrete opamps for the modeling of general amplifiers. 

If an electronic amplifier performs a voltage amplification function, it is termed a voltage amplifier. 
These amplifiers are so common that, the term “amplifier” is often used to denote a voltage amplifier. A 
voltage amplifier can be modeled as 

v a = K v Vi (16.5) 

in which 

v 0 = output voltage 
V; = input voltage 
K v = voltage gain 

Voltage amplifiers are used to achieve voltage compatibility (or level shifting) in circuits. 

Current amplifiers are used to achieve current compatibility in electronic circuits. A current amplifier 
may be modeled by 

<o = K ih ( 16 - 6 ) 

in which 

i Q = output current 
i ; = input current 
K[ = current gain 

Note that voltage follower has K w = 1 and, hence, it may be considered to be a current amplifier. Also, 
it provides impedance compatibility and acts as a buffer between a low-current (high-impedance) output 
device (the device that provides the signal) and a high-current (low- impedance) input device (the device 
that receives the signal) that are interconnected. Hence, the name buffer amplifier or impedance 
transformer is sometimes used for a current amplifier with unity voltage gain. 

If the objective of signal amplification is to upgrade the associated power level, then a power amplifier 
should be used for that purpose. A simple model for a power amplifier is 

p 0 = (16.7) 

in which 

p a = output power 
pi = input power 
K p = power gain 
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It is easy to see from Equation 16.5 to Equation 16.7 that 

K p = K V K { (16.8) 

Note that all three types of amplification could be achieved simultaneously from the same amplifier. 
Furthermore, a current amplifier with unity voltage gain (for example, a voltage follower) is a power 
amplifier as well. Usually, voltage amplifiers and current amplifiers are used in the first stages of a signal 
path (e.g., sensing, data acquisition, and signal generation) where signal levels and power levels are 
relatively low. Power amplifiers are typically used in the final stages (e.g., actuation, recording, and 
display) where high signal levels and power levels are usually required. 

Figure 16.2(a) shows an opamp-based voltage amplifier. Note the feedback resistor, Rf, that serves the 
purposes of stabilizing the opamp and providing an accurate voltage gain. The negative lead is grounded 
through an accurately known resistor, R. To determine the voltage gain, recall that the voltages at the two 
input leads of an opamp should be virtually equal. The input voltage, v ; , is applied to the positive lead of 




FIGURE 16.2 (a) A voltage amplifier; (b) a current amplifier; (c) a charge amplifier. 
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the opamp. Then the voltage at point A should also be equal to V;. Next, recall that the current through 



the input lead of an opamp is virtually zero. Hence, by writing the current balance equation for the node 
point A, we have 



Note the JC V depends on R and R { and not on the opamp gain. Hence, the voltage gain can be accurately 
determined by selecting the two resistors, R and R f , precisely. Also note that the output voltage has the 
same sign as the input voltage. Hence, this is a noninverting amplifier. If the voltages are of the opposite 
sign, we will have an inverting amplifier. 

A current amplifier is shown in Figure 16.2(b). The input current, z ; , is applied to the negative lead of 
the opamp as shown and the positive lead is grounded. There is a feedback resistor R f connected to the 
negative lead through the load R L . The resistor R { provides a path for the input current since the opamp 
takes in virtually zero current. There is a second resistor R through which the output is grounded. This 
resistor is needed for current amplification. To analyze the amplifier, note that the voltage at point A (i.e., 
at the negative lead) should be zero because the positive lead of the opamp is grounded (zero voltage). 
Furthermore, the entire input current, z ; , passes through resistor, _R f , as shown. Hence, the voltage at 
point B is Rff. Consequently, current through resistor R is Rfi-JR, which is positive in the direction 
shown. It follows that the output current, z 0 , is given by 



This gain can be accurately set using the high-precision resistors, R and R { . 

16.2.3.1 Charge Amplifiers 

The principle of capacitance feedback is utilized in charge amplifiers. These amplifiers are commonly 
used for conditioning the output signals from piezoelectric transducers. A schematic diagram for the 
charge amplifier is shown in Figure 16.2(c). The feedback capacitance is denoted by Cf and the 
connecting cable capacitance by C c . The charge amplifier views the sensor as a charge source ( q ), even 
though there is an associated voltage. Using the fact that charge = voltage X capacitance, a charge 
balance equation can be written: 



v 0 ~ Vj = n 

R f R 



This gives the amplifier equation 




(16.9a) 



Hence, the voltage gain is given by 




(16.9b) 



. . ,R{- 

lo = k + -jr h 



or 




(16.10a) 



The current gain of the amplifier is 




(16.10b) 




(16.11) 



From this, we obtain 



K 



K 



O 



(K + l)C f + C c q 



(16.12a) 
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If the feedback capacitance is large in comparison with the cable capacitance, the latter can be neglected. 
This is desirable in practice. In any event, for large values of gain, K, we have the approximate 
relationship 

Vo=~4r {16.12b) 

Note that the output voltage is proportional to the charge generated at the sensor and depends only on 
the feedback parameter, Cf. This parameter can be appropriately chosen in order to obtain the required 
output impedance characteristics. Actual charge amplifiers also have a feedback resistor, R f , in parallel 
with the feedback capacitor, Cf. Then, the relationship corresponding to Equation 16.12a becomes a first- 
order ordinary differential equation, which in turn determines the time constant of the charge amplifier. 
This time constant should be high. If it is low, the charge generated by the piezoelectric sensor will leak 
out quickly, giving erroneous results at low frequencies. 



16.2.4 Instrumentation Amplifiers 

An instrumentation amplifier is typically a special-purpose voltage amplifier dedicated to a particular 
instrumentation application. Examples include amplifiers used for producing the output from a bridge 
circuit (bridge amplifier) and amplifiers used with various sensors and transducers. An important 
characteristic of an instrumentation amplifier is the adjustable gain capability. The gain value can be 
adjusted manually in most instrumentation amplifiers. In more sophisticated instrumentation 
amplifiers, gain is programmable and can be set by means of digital logic. Instrumentation amplifiers 
are normally used with low- voltage signals. 

16.2.4.1 Differential Amplifier 

Usually, an instrumentation amplifier is also a differential amplifier (sometimes termed difference 
amplifier). Note that in a differential amplifier both input leads are used for signal input, whereas in a 
single-ended amplifier one of the leads is grounded and only one lead is used for signal input. Ground- 
loop noise can be a serious problem in single-ended amplifiers. Ground-loop noise can be effectively 
eliminated by using a differential amplifier, because noise loops are formed with both inputs of the 
amplifier using a differential amplifier allows that these noise signals are subtracted at the amplifier 
output. Since the noise level is almost the same for both inputs, it is canceled out. Note that any other 
noise (e.g., 60 Hz line noise) that might enter both inputs with the same intensity will also be canceled 
out in the output of a differential amplifier. 

A basic differential amplifier that uses a single opamp is shown in Figure 16.3(a). The input-output 
equation for this amplifier can be obtained in the usual manner. For instance, since current through the 
opamp is negligible, current balance at point B gives 



v i2 v b _ 

R ~ Rf 



(i) 



in which v B is the voltage at B. Similarly, current balance at point A gives 

v 0 ~ Va _ Va ~ Vjl 
R t R 



(ii) 



Now, we use the property 



v A = 



(iii) 



for an operational amplifier to eliminate v A and v B from Equation i and Equation ii. This gives 

Vq _ (v 0 R/Rt + Vji) 

(1+R/R f ) (1+R/Rf) 
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FIGURE 16.3 (a) A basic differential amplifier; (b) a basic instrumentation amplifier, 

or 

V 0 = y (v ,2 - V,,) (16.13) 

Two things are clear from Equation 16.13. First, the amplifier output is proportional to the difference 
between, and not the absolute value of, the two inputs v n and v i2 . Second, voltage gain of the amplifier is 
R{/R- This is known as the differential gain. Note that the differential gain can be accurately set by using 
high-precision resistors R and R { . 

The basic differential amplifier, shown in Figure 16.3(a) and discussed above, is an important 
component of an instrumentation amplifier. In addition, an instrumentation amplifier should possess 
the adjustable gain capability. Furthermore, it is desirable to have a very high input impedance and very 
low output impedance at each input lead. An instrumentation amplifier that possesses these basic 
requirements is shown in Figure 16.3(b). The amplifier gain can be adjusted using the precisely variable 
resistor, R 2 . Impedance requirements are provided by two voltage-follower- type amplifiers, one for each 
input, as shown. The variable resistance, 8 R 4 , is necessary to compensate for errors due to unequal 
common-mode gain. Let us first consider this aspect and then obtain an equation for the instrumentation 
amplifier. 



16.2.4.2 Common Mode 

The voltage that is “common” to both input leads of a differential amplifier is known as the common- 
mode voltage. This is equal to the smaller of the two input voltages. If the two inputs are equal, then the 
common-mode voltage is obviously equal to each one of the two inputs. When v ;i = v i2 , ideally, the 
output voltage v 0 should be zero. In other words, ideally, common-mode signals are rejected by a 
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differential amplifier. However, since the operational amplifiers are not ideal and since they usually do 
not have exactly identical gains with respect to the two input leads, the output voltage v D will not be zero 
when the two inputs are identical. This common-mode error can be compensated for by providing a 
variable resistor with fine resolution at one of the two input leads of the differential amplifier. As shown 
in Figure 16.3(b), to compensate for the common-mode error (i.e., to achieve a satisfactory level of 
common-mode rejection), first the two inputs are made equal and then 5 R 4 is varied carefully until the 
output voltage level is sufficiently small (minimum). Usually, the 8_R 4 that is required to achieve this 
compensation is small compared with the nominal feedback resistance R 4 . 

Since ideally 8 R 4 = 0, we shall neglect 8_R 4 in the derivation of the instrumentation amplifier equation. 
Now, note from the basic characteristics of an opamp with no saturation (voltages at the two input leads 
have to be almost identical) that, in Figure 16.3(b), the voltage at point 2 should be v l2 and the voltage at 
point 1 should be v ;i . Furthermore, current through each input lead of an opamp is negligible. Hence, 
current through the circuit path B — > 2 — > 1 — * A has to be the same. This gives the current continuity 
equations 

Ui - Vj2 = U2 - Ul = Ul - Vk 
R] R 2 R\ 

in which V A and V B are the voltages at points A and B, respectively. Hence, we obtain the two equations 

,Ri. , 

Us = U2 + ^-(Vi2 - Ul) 

K 2 

]£ 

Ut = i'll - -ty- Oi2 - Ui) 

K 2 



Now, by subtracting the second equation from the first, we have the equation for the first stage of the 
amplifier; thus 



Us - v A 



(-t) 



IT- KU2 ~ Ul) 



(i) 



From the previous result (see Equation 16.13) for a differential amplifier, we have (with 8 R 4 = 0) 

U> = -^-(Us “ v A ) (ii) 

k 3 

Note that only the resistor R 2 is varied to adjust the gain (differential gain) of the amplifier. In 
Figure 16.3(b), the two input opamps (the voltage-follower opamps) do not have to be exactly identical 
as long as the resistors .Rj and R 2 are chosen so that they are accurate. This is so because the opamp 
parameters such as open-loop gain and input impedance do not enter the amplifier equations provided 
that their values are sufficiently high, as noted earlier. 



16.2.5 Amplifier Performance Ratings 

Main factors that affect the performance of an amplifier are: 

1. Stability 

2. Speed of response (bandwidth, slew rate) 

3. Unmodeled signals 

We have already discussed the significance of some of these factors. 

The level of stability of an amplifier, in the conventional sense, is governed by the dynamics of the 
amplifier circuitry and may be represented by a time constant. However, a more important consideration 
for an amplifier is the “parameter variation” due to aging, temperature, and other environmental factors. 
Parameter variation is also classified as a stability issue in the context of devices such as amplifiers, 
because it pertains to the steadiness of the response when the input is maintained steady. Of particular 
importance is temperature drift. This may be specified as drift in the output signal per unit change in 
temperature (e.g., /TV/ 0 C). 
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The speed of response of an amplifier dictates the ability of the amplifier to faithfully respond to 
transient inputs. Conventional time-domain parameters such as rise time may be used to represent this. 
Alternatively, in the frequency domain, speed of response may be represented by a bandwidth parameter. 
For example, the frequency range over which the frequency-response function is considered constant 
(flat) may be taken as a measure of bandwidth. Since there is some nonlinearity in any amplifier, 
bandwidth can depend on the signal level itself. Specifically, small-signal bandwidth refers to the 
bandwidth that is determined using small input signal amplitudes. 

Another measure of the speed of response is the slew rate. Slew rate is defined as the largest possible rate 
of change in the amplifier output for a particular frequency of operation. Since, for a given input 
amplitude, the output amplitude depends on the amplifier gain, slew rate is usually defined for unity gain. 

Ideally, for a linear device, the frequency-response function (transfer function) does not depend on the 
output amplitude (i.e., the product of the DC gain and the input amplitude). However, for a device that 
has a limited slew rate, the bandwidth, or the maximum operating frequency at which output distortions 
may be neglected, will depend on the output amplitude. The larger the output amplitude, the smaller the 
bandwidth for a given slew rate limit. 

We have noted that stability problems and frequency-response errors are prevalent in the open-loop 
form of an operational amplifier. These problems can be eliminated using feedback because the effect of 
the open-loop transfer function on the closed loop transfer function is negligible if the open-loop gain is 
very large, which is the case for an operational amplifier. 

Unmodeled signals can be a major source of amplifier error. Unmodeled signals include: 

1. Bias currents 

2. Offset signals 

3. Common-mode output voltage 

4. Internal noise 

In analyzing operational amplifiers, we assume that the current through the input leads is zero. This is 
not strictly true because bias currents for the transistors within the amplifier circuit have to flow through 
these leads. As a result, the output signal of the amplifier will deviate slightly from the ideal value. 

Another assumption that we make in analyzing opamps is that the voltage is equal at the two input 
leads. However, in practice, offset currents and voltages are present at the input leads, due to minute 
discrepancies inherent to the internal circuits within an opamp. 

16.2.5.1 Common-Mode Rejection Ratio 

Common-mode error in a differential amplifier was discussed earlier. We noted that ideally the common- 
mode input voltage (the voltage common to both input leads) should have no effect on the output 
voltage of a differential amplifier. However, since a practical amplifier has imbalances in the internal 
circuitry (for example, gain with respect to one input lead is not equal to the gain with respect to the 
other input lead and, furthermore, bias signals are needed for operation of the internal circuitry), there 
will be an error voltage at the output that depends on the common-mode input. The common-mode 
rejection ratio (CMRR) of a differential amplifier is defined as 

Kv 

CMRR = — — (16.14) 

ktcm 

in which 

K = gain of the differential amplifier (i.e., differential gain) 

v cm = common-mode voltage (i.e., voltage common to both input leads) 

v 0 cm = common-mode output voltage (i.e., output voltage due to common-mode input voltage) 

Note that, ideally, v ocm = 0 and CMRR should be infinity. It follows that the larger the CMRR, the 
better the differential amplifier performance. 

The three types of unmodeled signals mentioned above can be considered as noise. In addition, there 
are other types of noise signals that degrade the performance of an amplifier. For example, ground-loop 
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noise can enter the output signal. Furthermore, stray capacitances and other types of unmodeled circuit 
effects can generate internal noise. Usually in amplifier analysis, unmodeled signals (including noise) can 
be represented by a noise voltage source at one of the input leads. Effects of unmodeled signals can be 
reduced by using suitably connected compensating circuitry, including variable resistors that can be 
adjusted to eliminate the effect of unmodeled signals at the amplifier output (e.g., see 8_R 4 in Figure 
16.3(b)). Some useful information about operational amplifiers is summarized in Box 16.1. 



Box 16.1 

Operational Amplifiers 



Ideal Opamp Properties: 

• Infinite open-loop differential gain 

• Infinite input impedance 

• Zero output impedance 

• Infinite bandwidth 

• Zero output for zero differential input 

Ideal Analysis Assumptions: 



Voltages at the two input leads are equal. 
Current through either input lead is zero. 



Definitions: 

• Open-loop gain = 

• Input impedance = 



Output voltage 



Voltage difference at input leads 



with no feedback 



Voltage between an input lead and ground 



with other input lead 



Current through that lead 
grounded and the output in open circuit 

Voltage between output lead and ground in open circuit 

Output impedance = — — 

Current through that lead 

with normal input conditions 

Bandwidth = frequency range in which the frequency response is flat (gain is constant) 
Input bias current = average (DC) current through one input lead 
Input offset current = difference in the two input bias currents 

Differential input voltage = voltage at one input lead with the other grounded when the 
output voltage is zero 

Output voltage when input leads are at the same voltage 

Common-mode gain = 

Common input voltage 

Open loop differential gain 

Common-mode rejection ratio (CMRR) = 

Common-mode gam 

Slew rate = speed at which steady output is reached for a step input 
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16.2.6 Component Interconnection 

When two or more components are interconnected, the behavior of the individual components in the 
overall system can deviate significantly from their behavior of each component when they operate 
independently. The matching of components in a multicomponent system should be done carefully in 
order to improve system performance and accuracy, particularly with respect to their impedance 
characteristics. This is particularly true in vibration instrumentation. 

16.2.6.1 Impedance Characteristics 

When components such as measuring instruments, digital processing boards, process (plant) hardware, 
and signal-conditioning equipment are interconnected, it is necessary to match impedances properly at 
each interface in order to realize the devices’ rated performance level. One adverse effect of improper 
impedance matching is the loading effect. For example, in a measuring system, the measuring instrument 
can distort the signal that is being measured. The resulting error can far exceed other types of 
measurement error. Loading errors will result from connecting a measuring device with low input 
impedance to a signal source. 

Impedance can be interpreted either in the traditional electrical sense or in the mechanical sense, 
depending on the signal that is being measured. For example, a heavy accelerometer can introduce an 
additional dynamic load that will modify the actual acceleration at the monitoring location. Similarly, a 
voltmeter can modify the currents (and voltages) in a circuit. In mechanical and electrical systems, 
loading errors can appear as phase distortions as well. Digital hardware also can produce loading errors. 
For example, an ADC board can load the amplifier output from a strain-gage bridge circuit, thereby 
significantly affecting digitized data. 

Another adverse effect of improper impedance consideration is inadequate output signal levels, which 
can make signal processing and transmission very difficult. Many types of transducers (e.g., piezoelectric 
accelerometers, impedance heads, and microphones) have high output impedances in the order of a 
thousand megohms. These devices generate low output signals, and they require conditioning to step up 
the signal level. Impedance-matching amplifiers, which have high input impedances (megohms) and low 
output impedances (a few ohms), are used for this purpose (e.g., charge amplifiers are used in 
conjunction with piezoelectric sensors). A device with a high input impedance has the further advantage 
that it usually consumes less power {v 2 /R is low) for a given input voltage. The fact that a low input 
impedance device extracts a high level of power from the preceding output device may transpire to be the 
reason for a loading error. 

16.2.6.2 Cascade Connection of Devices 

Consider a standard two-port electrical device. The output impedance, Z a , of such a device is defined as 
the ratio of the open-circuit (i.e., no-load) voltage at the output port to the short-circuit current at the 
output port. 

Open-circuit voltage at the output is the output voltage present when there is no current flowing at the 
output port. This is the case if the output port is not connected to a load (impedance). As soon as a load 
is connected at the output of the device, a current will flow through it and the output voltage will drop to 
a value less than that of the open-circuit voltage. To measure open-circuit voltage, the rated input voltage 
is applied at the input port and maintained constant, and the output voltage is measured using 
a voltmeter that has a very high (input) impedance. To measure short-circuit current, a very 
low-impedance ammeter is connected at the output port. 

The input impedance, Z„ is defined as the ratio of the rated input voltage to the corre- 
sponding current through the input terminals while the output terminals are maintained as an open 
circuit. 

Note that these definitions are associated with electrical devices. A generalization is possible that 
includes both electrical and mechanical devices; one must interpret voltage and velocity as across 
variables, and current and force as through variables. Then, mechanical mobility can be used in place of 
electrical impedance in the associated analysis. 
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Example 16.2 

Input impedance, Z ; , and output impedance, Z Q , 
can be represented schematically as in Figure 
16.4(a). Note that v 0 is the open-circuit output 
voltage. When a load is connected at the output 
port, the voltage across the load will be different 
from v 0 . This is caused by the presence of a current 
through Z D . In the frequency domain, v ; and v Q are 
represented by their respective Fourier spectra. The 
corresponding transfer relation can be expressed in 
terms of the complex frequency-response (trans- 
fer) function G (jw) under open-circuit (no-load) 
conditions: 



v D = GVj (16.15) 

Now, consider two devices connected in cascade, 
as shown in Figure 16.4(b). It can be easily verified 
that the following relations apply: 



v 0 = GVj 



+ C 

Input Vj 


G Z 0 
\ +-WA- 

z i| v G 


Output 


(a) 







'i 


— i G > - -m- 

J> + 7 
7 S* v ^ol 

Z il> V 0 i 


— + G2 + -m_ 
Z i2§V i2 V c Z °2 













FIGURE 16.4 (a) Schematic representation of input 

impedance and output impedance; (b) the influence of 
cascade connection of devices on the overall impedance 
characteristics. 



Vol = GiV; 



(i) 



v i2 = 



Z ol + Z i2 



(ii) 



v 0 = G 2 v i2 



(hi) 



These relations can be combined to give the overall input/output relation 



Z i 2 

Z ol + Z i 2 



G 2 G in 



(16.16a) 



We see from Equation 16.16a that the overall frequency- transfer function differs from the ideally 
expected product (GiGi) by the factor 



z i 2 = 1 

Z ol + Z i 2 Z ol /Z l2 + 1 



(16.16b) 



Note that cascading has “distorted” the frequency-response characteristics of the two devices. If 
Z 0 i/Z i2 « 1, this deviation becomes insignificant. From this observation, it can be concluded that, when 
frequency-response characteristics (i.e., dynamic characteristics) are important in a cascaded device, 
cascading should be done such that the output impedance of the first device is much smaller than the 
input impedance of the second device. 



16.2.6.3 AC-Coupled Amplifiers 

The DC component of a signal can be blocked off by connecting that signal through a capacitor. (Note 
that the impedance of a capacitor is l/(j<wC) and, hence, at zero frequency there will be an infinite 
impedance.) If the input lead of a device has a series capacitor, we say that the input is AC coupled and, if 
the output lead has a series capacitor, then the output is AC coupled. Typically, an AC-coupled amplifier 
has a series capacitor both at the input lead and the output lead. Hence, its frequency-response function 
will have a high-pass characteristic; in particular, the DC components will be filtered out. Errors due 
to bias currents and offset signals are negligible for an AC-coupled amplifier. Furthermore, in an 
AC-coupled amplifier, stability problems are not very serious. 
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16.3 Analog Filters 
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Unwanted signals can seriously degrade the 
performance of a vibration monitoring and 
analysis system. External disturbances, error com- 
ponents in excitations, and noise generated 
internally within system components and instru- 
mentation are such spurious signals. A filter is a 
device that allows only the desirable part of a signal 
to pass through, rejecting the unwanted part. 

In typical applications of acquisition and 
processing of a vibration signal, the filtering task 
requires allowing certain frequency components 
through and filtering out certain other frequency 
components in the signal. In this context, we can 
identify four broad categories of filters: 

1. Low-pass filters 

2. Fligh-pass filters 

3. Band-pass filters 

4. Band-reject (or notch) filters 

The ideal frequency-response characteristic of 
each of these four types of filter is shown in Figure 
16.5. Note that only the magnitude of the 
frequency-response function is shown. 

It is understood, however, that the phase 
distortion of the input signal also should be 
small, within the pass band (the allowed frequency 
range). Practical filters are less than ideal. Their 
frequency-response functions do not exhibit sharp 
cutoffs as in Figure 16.5 and, furthermore, some 
phase distortion will be unavoidable. 

A special type of band-pass filter that is 
widely used in acquisition and monitoring of 
vibration signals (e.g., in vibration testing) is the 
tracking filter. This is simply a band-pass filter 
with a narrow pass band that is frequency 
tunable. The center frequency (the mid-value) of 
the pass band is variable, usually by coupling it 
to the frequency of a carrier signal. In this 
manner, signals whose frequency varies with 
some basic variable in the system (e.g., rotor 
speed, frequency of a harmonic excitation signal, 
frequency of a sweep oscillator) can be accu- 
rately tracked in the presence of noise. The 

inputs to a tracking filter are the signal that is being tracked and the variable tracking frequency 
( carrier input). A typical tracking filter that can simultaneously track two signals is schematically 
shown in Figure 16.6. 

Filtering can be achieved using digital filters as well as analog filters. Before digital signal 
processing became efficient and economical, analog filters were exclusively used for signal filtering 
and they are still widely used. In an analog filter, the signal is passed through an analog circuit. 



FIGURE 16.5 Ideal filter characteristics: (a) low-pass 
filter; (b) high-pass filter; (c) band-pass filter; (d) band- 
reject (notch) filter. 



Input Channel 1 



ww 



Output Channel 1 
> 




wv 



Output Channel 2 

Vx/v 



Carrier Input 
(Tracking Frequency) 

FIGURE 16.6 Schematic representation of a two- 
channel tracking filter. 
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The dynamics of the circuit will be such that the desired signal components will be passed through 
and the unwanted signal components will be rejected. Earlier versions of analog filters employed 
discrete circuit elements such as discrete transistors, capacitors, resistors, and even discrete 
inductors. Since inductors have several shortcomings, including susceptibility to electromagnetic 
noise, unknown resistance effects, and large size. These days, they are rarely used in filter circuits. 
Furthermore, owing to well-known advantages of IC devices, analog filters in the form of 
monolithic IC chips are today extensively used in modem applications and are preferred over 
discrete-element filters. Digital filters that employ digital signal processing to achieve filtering are 
also widely used nowadays. 



16.3.1 Passive Filters and Active Filters 

Passive analog filters employ analog circuits containing only passive elements, such as resistors and 
capacitors (and sometimes inductors). An external power supply is not needed in a passive filter. 
Active analog filters employ active elements and components, such as transistors and operational 
amplifiers in addition to passive elements. Since external power is needed for the operation of the 
active elements and components, an active filter is characterized by the need of an external power 
supply. Active filters are widely available in a monolithic IC form and are usually preferred over 
passive filters. 

Advantages of active filters include the following: 

1 . Loading effects are negligible because active filters can provide a very high input impedance and 
very low output impedance. 

2. They can be used with low-level signals because signal amplification and filtering can be provided 
by the same active circuit. 

3. They are widely available in a low cost and compact IC form. 

4. They can be easily integrated with digital devices. 

5. They are less susceptible to noise from electromagnetic interference than passive filters. 
Commonly mentioned disadvantages of active filters are the following: 

1 . They need an external power supply. 

2. They are susceptible to “saturation”-type nonlinearity at high signal levels. 

3. They can introduce many types of internal noise and unmodeled signal errors (offset, bias 
signals, etc.). 

Note that advantages and disadvantages of passive filters can be directly inferred from the dis- 
advantages and advantages of active filters as given above. 

16.3.1.1 Number of Poles 

Analog filters are dynamic systems and they can be represented by transfer functions, assuming 
linear dynamics. The number of poles of a filter is the number of poles in the associated transfer 
function. This is also equal to the order of the characteristic polynomial of the filter transfer 
function (i.e., order of the filter). Note that poles (or eigenvalues) are the roots of the characteristic 
equation. 

In our discussion, we will show simplified versions of filters, typically consisting of a single filter stage. 
The performance of such a basic filter can be improved at the expense of circuit complexity (and an 
increased pole count). Only simple discrete-element circuits are shown for passive filters. Simple 
operational-amplifier circuits are given for active filters. Even here, much more complex devices are 
commercially available, but our purpose is to illustrate underlying principles rather than to provide 
descriptions and data sheets for commercial filters. 
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16.3.2 Low-Pass Filters 

The purpose of a low-pass filter is to allow through all signal components below a certain (cutoff) 
frequency and block all signal components above that cutoff. Analog low-pass filters are widely used as 
antialiasing filters in digital signal processing. An error known as aliasing will enter the digitally processed 
results of a signal if the original signal has frequency components above half the sampling frequency. (Half 
the sampling frequency is called the Nyquist frequency.) Hence, aliasing distortion can be eliminated if, 
prior to sampling and digital processing, the signal is filtered using a low-pass filter with its cutoff set at 
Nyquist frequency. This is one of numerous applications of analog low-pass filters. Another typical 
application would be to eliminate high-frequency noise in a measured vibration response. 

A single-pole, passive low-pass filter circuit is shown in Figure 16.7(a). An active filter corresponding 
to the same low-pass filter is shown in Figure 16.7(b). It can be shown that the two circuits have identical 
transfer functions. Hence, it might seem that the opamp in Figure 16.7(b) is redundant. This is not true, 
however. If two passive filter stages, each similar to Figure 16.7(a), are connected together, the overall 
transfer function is not equal to the product of the transfer functions of the individual stages. The reason 
for this apparent ambiguity is the circuit loading that arises due to the fact that the input impedance of 
the second stage is not sufficiently larger than the output impedance of the first stage. However, if two 
active filter stages, similar to those in Figure 16.7(b), are connected together, such loading errors will be 
negligible because the opamp with feedback (i.e., a voltage follower) introduces a very high input 
impedance and very low output impedance, while maintaining the voltage gain at unity. 

To obtain the filter equation for the scenario depicted in Figure 16.7(a), note that, since the output is 
open circuit (zero load current), the current through capacitor C is equal to the current through resistor 
R. Hence, 

^ dv Q _ v ; - v 0 
df R 



or 



where the filter time constant is 



dv Q 

T yr +v “ =vi 



t = RC 



From Equation 16.17, it follows that the filter transfer function is 



V; G(S) (TS + 1) 



(16.17) 



(16.18) 



(16.19) 



From this transfer function, it is clear that an analog low-pass filter is essentially a lag circuit (i.e., it 
provides a phase lag). 

It can be shown that the active filter stage in Figure 16.7(b) has the same input/output equation. 
First, since current through an opamp lead is almost zero, we have from the previous analysis of the 
passive circuit stage 



V; (-rs -HI) 

in which v A is the voltage at the node point A. Now, since the opamp with feedback resistor is in fact a 
voltage follower, we have 

— = 1 (ii) 

Vh 



Next, by combining Equation i and Equation ii, we obtain Equation 16.19, as required. As mentioned 
earlier, a main advantage of the active filter version is that the resulting loading error is negligible. 
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FIGURE 16.7 A single-pole low-pass filter: (a) a passive filter stage; (b) an active filter stage; (c) the frequency- 
response characteristic; (d) a two-pole, low-pass Butterworth filter. 

The frequency-response function corresponding to Equation 16.19 is obtained by setting s = jw; thus 



G( jo») 



1 

(TJCO+ 1 ) 



(16.20) 



This gives the response of the filter when a sinusoidal signal of frequency, a>, is applied. The 
magnitude lG(jw)l of the frequency-transfer function gives the signal amplification and phase angle 
AG(jco) gives the phase lead of the output signal with respect to the input. The magnitude curve 
{Bode magnitude curve ) is shown in Figure 16.7(c). Note from Equation 16.20 that, for small 
frequencies (i.e., u> <C 1/t), the magnitude is approximately unity. Hence, 1/r can be considered the 
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cutoff frequency co c : 

1 

co c — — (16.21) 

T 



Example 16.3 

Show that the cutoff frequency given by Equation 16.21 is also the half-power bandwidth for the low-pass 
filter. Show that, for frequencies much larger than this, the filter transfer function on the Bode magnitude 
plane (i.e., log magnitude vs. log frequency) can be approximated by a straight line with slope — 20 dB/ 
decade. This slope is known as the roll-off rate. 

Solution 

The frequency corresponding to half power (or 1/2 magnitude) is given by 

1 _ 1 
I t}w+ ll 72 

or 

1 _ 1 
t 2 co 2 + 1 ~~ 2 

or 

2 2,, n 

TO) + 1=2 



or 



2 2 

T CO 



= 1 



Hence, the half-power bandwidth is 




This is identical to the cutoff frequency given by Equation 16.11. 

Now, for co 1/t (i.e., ra 3> 1) Equation 16.20 can be approximated by 

G(jco) = ’ 

TjCO 

This has the magnitude 

lG(iw)l = — 

TOO 



In the log scale 



logiolG(jw)! = -log 10 co - log 10 r 



(16.22) 



It follows that the log 10 (magnitude) vs. log 10 (frequency) curve is a straight line with slope — 1. In other 
words, when frequency increases by a factor of ten (i.e., a decade), the log 10 magnitude decreases by 
unity (i.e., by 20 dB). Hence, the roll-off rate is — 20 dB/decade. These observations are shown in 
Figure 16.7(c). Note that an amplitude change by a factor of 72 (or power by a factor of 2) corresponds to 
3 dB. Hence, when the DC (zero-frequency) magnitude is unity (0 dB), the half power magnitude 
is — 3 dB. 

Cutoff frequency and the roll-off rate are the two main design specifications for a low-pass filter. 
Ideally, we would like a low-pass filter magnitude curve to be flat until the required pass-band limit 
(cutoff frequency) and then roll off very rapidly. The low-pass filter shown in Figure 16.7 only 
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approximately meets these requirements. In particular, the roll-off rate is not as large as is desirable. We 
would like a roll-off rate of at least —40 dB/decade and, preferably, —60 dB/decade in practical filters. 

This can be realized by using a higher order filter (i.e., a filter having many poles). The low-pass 
Butterworth filter is a widely used filter of this type. 

16.3.2.1 Low-Pass Butterworth Filter 

A low-pass Butterworth filter having two poles can provide a roll-off rate of — 40 dB/decade, and one 
having three poles can provide a roll-off rate of — 60 dB/decade. Furthermore, the steeper the slope of the 
roll-off, the flatter is the filter magnitude curve within the pass band. 

A two-pole, low-pass Butterworth filter is shown in Figure 16.7(d). We could construct a two-pole 
filter simply by connecting two single-pole stages of the type shown in Figure 16.7(b). Then, we would 
require two opamps, whereas the circuit shown in Figure 16.7(d) achieves the same objective by using 
only one opamp (i.e., at a lower cost). 

Example 16.4 

Show that the opamp circuit in Figure 16.7(d) is a low-pass filter having two poles. What is the transfer 
function of the filter? Estimate the cutoff frequency under suitable conditions. Show that the roll-off rate 
is — 40 dB/decade. 



Solution 



To obtain the filter equation, we write the current balance equations. Specifically, the sum of the currents 
through 1?! and C 1 passes through R 2 . The same current passes through C 2 because current through the 
opamp lead must be zero. Flence, 



V; ~ Va 

R, 



d 



+ Cl df (V| 



Va) = 



Va - Vb 

r 2 



, dv B 
2 d t 



(i) 



Also, since the opamp with a feedback resistor R t is a voltage follower (with unity gain), we have 

v B = v 0 (ii) 



From Equation i and Equation ii, we obtain 

V; - v A , ^ dv Q _ ^ dv A _ ^ dv 0 
R { +Ll df 1 dt ° 2 df 

va ~ v 0 _ r dv 0 
R 2 1 dt 

Now, defining the constants 

T i = R] C] 
t 2 = k 2 C 2 
r 3 = RiC 2 



(hi) 



(iv) 



(16.23) 

(16.24) 

(16.25) 



and introducing the Laplace variable, s, we can eliminate v A by substituting Equation iv into Equation iii; 
thus 



Vo = 1 _ tv?, 

V; [ti t 2 s 2 + (t 2 + r 3 )s +1] [s 2 + 2 £w 2 + w 2 ] 



(16.26) 



This second-order transfer function becomes oscillatory if (r 2 + t 3 ) 2 < 4t 1 t 2 . Ideally, we would like to 
have a zero resonant frequency, which corresponds to a damping ratio value f = l/y/2. Since the 
undamped natural frequency is 



co 



n 



l 






(16.27) 
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the damping ratio is 



i= 



Tj + T 3 

7 4t 1 t 2 



and the resonant frequency is 



«r = -\/ 1 “ 2f 2 w„ 

we have, under ideal conditions (i.e., for o> r = 0), 

O2 + t 3 ) 2 = 2tiT 2 



(16.28) 



(16.29) 



(16.30) 



The frequency-response function of the filter is (see Equation 16.26) 



G(jw) = 



[col ~ co 2 + 2j£w„w] 



(16.31) 



Now, for co -C co n , the filter frequency response is flat with a unity gain. For co » co n , the filter frequency 
response can be approximated by 



G(jco) = 



CO 



2 

n 



CO 



2 



In a log (magnitude) vs. log (frequency) scale, this function is a straight line with slope equals to — 2. 
Hence, when the frequency increases by a factor of ten (i.e., one decade), the log 10 (magnitude) drops by 
2 units (i.e., 40 dB). In other words, the roll-off rate is — 40 dB/decade. Also, co n can be taken as the filter 
cutoff frequency. Hence, 

1 

co c = (16.32) 

It can be easily verified that, when f = 1/72, the frequency is identical to the half-power bandwidth (i.e., 
the frequency at which the transfer function magnitude becomes 1/72). 

Note that, if two single-pole stages (of the type shown in Figure 16.7(b)) are cascaded, the resulting 
two-pole filter has an overdamped (nonoscillatory) transfer function, and it is not possible to achieve 
C= 1/72, as in the present case. Also, note that a three-pole, low-pass Butterworth filter can be 
obtained by cascading the two-pole unit shown in Figure 16.7(d) with a single-pole unit as shown in 
Figure 16.7(b). Higher order low-pass Butterworth filters can be obtained in a similar manner by 
cascading an appropriate selection of basic units. 



16.3.3 High-Pass Filters 

Ideally, a high-pass filter allows through it all signal components above a certain (cutoff) frequency and 
blocks off all signal components below that frequency. A single-pole, high-pass filter is shown in Figure 16.8. 
As for the low-pass filter that was discussed earlier, the passive filter stage (Figure 16.8(a)) and the active 
filter stage (Figure 16.8(b)) have identical transfer functions. The active filter is desirable, however, because 
of its many advantages, including negligible loading error due to the high input impedance and low output 
impedance of the opamp voltage follower that is present in this circuit. 

The filter equation is obtained by considering current balance in Figure 16.8(a), noting that the output 
is in open circuit (zero load current). Accordingly, 
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FIGURE 16.8 A single-pole high-pass filter: (a) a passive filter stage; (b) an active filter stage; (c) frequency- 
response characteristic. 

or 



in which the filter time constant is 



dv Q dv ; 

T ^r +v ° = T d7 



r= RC 



(16.33) 



(16.34) 



Introducing the Laplace variable, s, the filter transfer function is obtained as 






(16.35) 



Note that this corresponds to a lead circuit (i.e., an overall phase lead is provided by this transfer 
function). The frequency-response function is 



G(jw) = — 



TJCO 



(16.36) 



(t)u> + 1 ) 

Since its magnitude is zero for w«1/t and is unity for co 1 It, we have the cutoff frequency 

(o c — — (16.37) 

T 

Signals above this cutoff frequency are allowed undistorted by an ideal high-pass filter, and signals 
below the cutoff are completely blocked off. The actual behavior of the basic high-pass filter discussed 
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above is not perfect, as observed from the frequency-response characteristic shown in Figure 16.8(c). 
It can be easily verified that the half-power bandwidth of the basic high-pass filter is equal to the cutoff 
frequency given by Equation 16.37, as in the case of the basic low-pass filter. The roll-up slope of the 
single-pole high-pass filter is 20 dB/decade. Steeper slopes are desirable. Multiple-pole, high-pass 
Butterworth filters can be constructed to give steeper roll-up slopes and reasonably flat pass-band 
magnitude characteristics. 



16.3.4 Band-Pass Filters 

An ideal band-pass filter passes all signal components within a finite frequency band and blocks off 
all signal components outside that band. The lower frequency limit of the pass band is called the 
lower cutoff frequency (<w cl ), and the upper frequency limit of the band is called the upper cutoff 
frequency (w c2 ). 

The most straightforward way to form a band-pass filter is to cascade a high-pass filter of cutoff 
frequency (o cl with a low-pass filter of cutoff frequency a> c2 . Such an arrangement is shown in Figure 16.9. 
The passive circuit shown in Figure 16.9(a) is obtained by connecting the circuits shown in Figure 16.7(a) 
and Figure 16.8(a). The passive circuit shown in Figure 16.9(b) is obtained by connecting a voltage 
follower opamp circuit to the original passive circuit. Passive and active filters have the same transfer 
function, assuming that loading problems are not present in the passive filter. Since loading errors can be 
serious in practice, however, the active version is preferred. 



(a) 



Input 

v i 



0 WW 

c. 



X 

X 




Output 
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Output 
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FIGURE 16.9 Band-pass filter: (a) a basic passive filter stage; (b) a basic active filter stage; (c) frequency-response 
characteristic. 
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To obtain the filter equation, first consider the high-pass portion of the circuit shown in Figure 16.9(a). 
Since the output is open circuit (zero current), we have from Equation 16.35: 

^ = T25 (i) 

v A (t 2 s + 1) 

in which 



t 2 = R 2 C 2 (16.38) 

Next, writing the current balance at node A of the circuit, we have 



K ~ V A 

Ri 



, dv A 
1 df 



d 



+ C 2 dt (VA 



v D ) 



(ii) 



Introducing the Laplace variable, s, we obtain 

= (ns + r 3 s + l)v A - t 3 sv q 



in which 



(iii) 



T i — R iCi 



and 



(16.39) 



t 3 = RjQ (16.40) 

Now, on eliminating v A by substituting Equation i in Equation iii, we obtain the band-pass filter transfer 
function 



= G(s) = 



Ji s_ 

[TiT 2 S 2 + (n + t 2 + r 3 )s + 1] 



We can show that the roots of the characteristic equation 

t,t 2 s 2 + (n + t 2 + t 3 )s 4-1 = 0 



(16.41) 



(16.42) 



are real and negative. The two roots are denoted by — <w cl and ~(o c2 and they provide the two cutoff 
frequencies shown in Figure 16.9(c). It can be verified that, for this basic band-pass filter, the roll-up 
slope is +20 dB/decade and the roll-down slope is —20 dB/decade. These slopes are not sufficient in 
many applications. Furthermore, the flatness of the frequency response within the pass band of the basic 
filter is not adequate either. More complex (higher order) band-pass filters with sharper cutoffs and 
flatter pass bands are commercially available. 



16.3.4.1 Resonance-Type Band-Pass Filters 

There are many applications where a filter with a very narrow pass band is required. The tracking filter 
mentioned in the beginning of the section on analog filters is one such application. A filter circuit with a 
sharp resonance can serve as a narrow-band filter. Note that the cascaded RC circuit shown in Figure 16.9 
does not provide an oscillatory response (the filter poles are all real) and, hence, it does not form a 
resonance-type filter. A slight modification to this circuit using an additional resistor, R 1 , as shown in 
Figure 16.10(a), will produce the desired effect. 

To obtain the filter equation, note that, for the voltage follower unit 

v A = v Q (i) 
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(b) ®cl®r®c2 Frequency (0 



FIGURE 16.10 A resonance-type narrow-band-pass filter: (a) an active filter stage; (b) frequency-response 
characteristic. 
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It can be shown that, unlike Equation 16.41, the present characteristic equation 

TiT 2 s 2 + (Tj + t 2 + t 3 )s + 2 = 0 (16.44) 



can possess complex roots. 

Example 16.5 

Verily that the band-pass filter shown in Figure 16.10(a) can have a frequency response with a resonant 
peak as shown in Figure 16.10(b). Verify that the half-power bandwidth Aw of the filter is given by 2£w r 
at low damping values. (Note: f = damping ratio and w r = resonant frequency.) 

Solution 

We may verify that the transfer function given by Equation 16.43 can have a resonant peak by showing 
that the characteristic equation (Equation 16.44) can have complex roots. For example, if we use 
parameter values C t =2, C 2 = 1, = 1, and R 2 = 2, we have Tj = 2, t 2 = 2, and r 3 = 1. The 

corresponding characteristic equation is 

4s 2 + 5s + 2 = 0 



It has the roots 



5 

8 




is obviously complex. 

To obtain an expression for the half-power bandwidth of the filter, note that the filter transfer function 
may be written as 



G(s) = 



ks 

(s 2 + 2£w„s + co 2 n ) 



(16.45) 



in which 



w„ = undamped natural frequency 
£ = damping ratio 
k = a gain parameter 

The frequency-response function is given by 

kjio 

G(jw) = — ~ = 

[wj; - w 2 + 2jfw„w] 



(16.46) 



For low damping, resonant frequency w r = w„. The corresponding peak magnitude M is obtained by 
substituting w = w„ in Equation 16.46 and taking the transfer function magnitude; thus 



M = 



k 

2 Cu>n 



(16.47) 



At half-power frequencies, we have 



lG(jw)l = 



M 

Tl 



or 



ka> k 

^/(w 2 — w 2 ) 2 + 4£ 2 w 2 w 2 2s[it,u> n 
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This gives 



(col - co) 2 = 4 £ 2 (o 2 n co 2 (16.48) 

the positive roots of which provide the pass band frequencies co cl and co c2 . Note that the roots are given by 

co 2 n — co 2 = ±2fco„co 



Hence, the two roots, w cl and co c , satisfy the following two equations: 



Wei + 2 £co n co a - col = 0 
(O c2 - 2 C( 0 n ( 0 c 2 - col = 0 

Accordingly, by solving these two quadratic equations and selecting the appropriate sign, we obtain 

co c l = ~£ c ° n + ^jco 2 n + £ 2 col (16.49) 

"c 2 = £“>„ + yjcol + gcif n (16.50) 



The half-power bandwidth is 



Aw = co C 2 - w cl = 2 fco n 



Now, since co n = co r , for low £ we have 



Aw = 2 £w r 



(16.51) 

(16.52) 



A notable shortcoming of a resonance-type filter is that the frequency response within the 
bandwidth (pass band) is not flat. Hence, quite nonuniform signal attenuation takes place inside the 
pass band. 



16.3.5 Band-Reject Filters 

Band-reject filters, or notch filters, are commonly used to filter out a narrow band of noise components 
from a signal. For example, 60 Hz line noise in signals can be eliminated by using a notch filter with a 
notch frequency of 60 Hz. 

An active circuit that could serve as a notch filter is shown in Figure 16.11(a). This is known as the 
Twin T circuit because its geometric configuration resembles two T-shaped circuits connected together. 
To obtain the filter equation, note that the voltage at point P is v a because of unity gain of the voltage 
follower. Now, we write the current balance at nodes A and B; thus 



-^= 20 ^ 
R dt 



+ 



~ Vq 
R 






Next, since the current through the positive lead of the opamp (voltage follower) is zero, we have the 
current through point P as 



Vb ~ Vq 
R 




Oo - V A ) 



These three equations are written in the Laplace form as 

n = 2 (ts + l)v B - v D 
TSV; = 2 (75 + 1)V A - TSV 0 
V B = (T5 + 1)V 0 - TSV A 



(i) 

(ii) 

(iii) 
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R t 
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Magnitude 




FIGURE 16.11 A notch filter: (a) an active Twin T filter circuit; (b) frequency-response characteristic. 



in which 



r — RC 



(16.53) 



Finally, eliminating v A and v B in Equation i to Equation iii, we obtain 

— = G(s) = Jf $2 + 1) 

V; (t^S 2 + 4TS + 1) 

The frequency-response function of the filter is 



G(jw) = 



(1 — i^ar) 

(1 — t 2 co 2 + 4j tco) 



(16.54) 



(16.55) 



with s = jco. Note that the magnitude of this function becomes zero at frequency 

1 

co 0 — — (16.56) 

T 

This is known as the notch frequency. The magnitude of the frequency-response function of the notch 
filter is sketched in Figure 16.11(b). It is noticed that any signal component at frequency co a will be 
completely eliminated by the notch filter. Sharp roll-down and roll-up are needed to allow the other 
(desirable) signal components through without too much attenuation. 

Whereas the previous three types of filters achieve their frequency- response characteristics through the 
poles of the filter transfer function, a notch filter achieves its frequency-response characteristic through 
its zeros (roots of the numerator polynomial equation). Some useful information about filters is 
summarized in Box 16.2. 
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Box 16.2 

Filters 

Active Filters (Need External Power) 

Advantages: 

• Smaller loading errors (have high input impedance and low output impedance, and hence 
do not affect the input circuit conditions and output signals) 

• Lower cost 

• Better accuracy 

Passive Filters (No External Power, Use Passive Elements) 

Advantages: 

• Useable at very high frequencies (e.g., radio frequency) 

• No need for a power supply 

Filter Types 

• Low pass: Allows frequency components up to cutoff and rejects the higher frequency 
components 

• High pass: Rejects frequency components up to cutoff and allows the higher frequency 
components 

• Band pass: Allows frequency components within an interval and rejects the rest 

• Notch (or band reject): Rejects frequency components within an interval (usually narrow) 
and allows the rest 

Definitions 

• Filter order: Number of poles in the filter circuit or transfer function 

• Antialiasing filter: Low-pass filter with cutoff at less than half the sampling rate (i.e., Nyquist 
frequency), for digital processing 

• Butterworth filter: A high-order filter with a very flat pass band 

• Chebyshev filter: An optimal filter with uniform ripples in the pass band 

• Sallen-Key filter: An active filter whose output is in phase with input 



16.4 Modulators and Demodulators 



Sometimes signals are deliberately modified to maintain the accuracy during signal transmission, 
conditioning, and processing. In signal modulation, the data signal, known as the modulating signal, is 
used to vary a property (such as amplitude or frequency) of a carrier signal. We say that the carrier signal 
is modulated by the data signal. After transmitting or conditioning the modulated signal, the data signal 
is usually recovered by removing the carrier signal. This is known as demodulation or discrimination. 

Many modulation techniques exist, and several other types of signal modification (e.g., digitizing) 
could be classified as signal modulation even though they might not be commonly termed as such. Four 
types of modulation are illustrated in Figure 16.12. In amplitude modulation (AM), the amplitude of a 
periodic carrier signal is varied according to the amplitude of the data signal (modulating signal), 
frequency of the carrier signal [carrier frequency) being kept constant. Suppose that the transient signal 
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FIGURE 16.12 (a) Modulating signal (data signal); (b) amplitude-modulated (AM) signal; (c) frequency- 



modulated (FM) signal; (d) pulse-width-modulated (PWM) signal; (e) pulse-frequency-modulated (PFM) signal. 
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shown in Figure 16.12(a) is used as the modulating signal. A high-frequency sinusoidal signal is used as 
the carrier signal. The resulting amplitude-modulated signal is shown in Figure 16.12(b). Amplitude 
modulation is used in telecommunications, radio and TV signal transmission, instrumentation, and 
signal conditioning. The underlying principle is useful in other applications such as fault detection and 
diagnosis in rotating machinery. 

In frequency modulation (FM), the frequency of the carrier signal is varied in proportion to the 
amplitude of the data signal (modulating signal), while the amplitude of the carrier signal is kept 
constant. If the data signal shown in Figure 16.12(a) is used to frequency modulate a sinusoidal carrier 
signal, then the result will appear as shown in Figure 16.12(c). Since information is carried as frequency 
rather than amplitude, any noise that might alter the signal amplitude will have virtually no effect on the 
transmitted data. Hence, FM is less susceptible to noise than AM. Furthermore, since the carrier 
amplitude is kept constant in FM, signal weakening and noise effects that are unavoidable in long- 
distance data communication will have less effect than in the case of AM, particularly if the data signal 
level is low in the beginning. However, more sophisticated techniques and hardware are needed for signal 
recovery (demodulation) in FM transmission, because FM demodulation involves frequency 
discrimination rather than amplitude detection. Frequency modulation is also widely used in radio 
transmission and in data recording and replay. 

In pulse-width modulation (PWM), the carrier signal is a pulse sequence. The pulse width is changed in 
proportion to the amplitude of the data signal, while keeping the pulse spacing constant. This is 
illustrated in Figure 16.12(d). Pulse-width modulated signals are extensively used in controlling electric 
motors and other mechanical devices such as valves (hydraulic, pneumatic) and machine tools. Note 
that, in a given short time interval, the average value of the pulse-width modulated signal is an estimate of 
the average value of the data signal in that period. Hence, PWM signals can be used directly in controlling 
a process without one having to demodulate it. Advantages of PWM include better energy efficiency (less 
dissipation) and better performance with nonlinear devices. For example, a device may stick at low 
speeds due to Coulomb friction. This can be avoided by using a PWM signal that provides the signal 
amplitude that is necessary to overcome friction while maintaining the required average control signal, 
which might be very small. 

In pulse-frequency modulation (PFM) as well, the carrier signal is a pulse sequence. In this method, 
the frequency of the pulses is changed in proportion to the data signal level, while the pulse width is 
kept constant. PFM has the advantage of ordinary frequency modulation. Additional 
advantages result due to the fact that electronic circuits (digital circuits, in particular) can handle 
pulses very efficiently. Furthermore, pulse detection is not susceptible to noise because it involves 
distinguishing between the presence and absence of a pulse rather than accurate determination of 
the pulse amplitude (or width). PFM may be used in place of PWM in most applications with 
better results. 

Another type of modulation is phase modulation (PM). In this method, the phase angle of the carrier 
signal is varied in proportion to the amplitude of the data signal. 

Conversion of discrete (sampled) data into the digital (binary) form is also considered to be 
modulation. In fact, this is termed pulse-code modulation (PCM). In this case, each discrete data sample is 
represented by a binary number containing a fixed number of binary digits (bits). Since each digit in the 
binary number can take only two values, 0 or 1, it can be represented by the absence or presence of a 
voltage pulse. Hence, each data sample can be transmitted using a set of pulses. This is known as 
encoding. At the receiver, the pulses have to be interpreted (or decoded) in order to determine the data 
value. As with any other pulse technique, PCM is quite immune to noise because decoding involves 
detection of the presence or absence of a pulse rather than determination of the exact magnitude of the 
pulse signal level. Also, since pulse amplitude is constant, long-distance signal transmission (of this 
digital data) can be accomplished without the danger of signal weakening and associated distortion. Of 
course, there will be some error introduced by the digitization process itself, which is governed by the 
finite word size (or dynamic range) of the binary data element. This is known as quantization error and is 
unavoidable in signal digitization. 
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In any type of signal modulation, it is essential to preserve the algebraic sign of the modulating signal 
(data). Different types of modulators handle this in different ways. For example, in PCM an extra sign bit 
is added to represent the sign of the transmitted data sample. In AM and FM, a phase-sensitive 
demodulator is used to extract the original (modulating) signal with the correct algebraic sign. Note that, 
in these two modulation techniques, a sign change in the modulating signal can be represented by a 180° 
phase change in the modulated signal. This is not noticeable in Figure 16.12(b) and (c). In PWM and 
PFM, a sign change in the modulating signal can be represented by changing the sign of the pulses, as 
shown in Figure 16.12(d) and (e). In PM, a positive range of phase angles (say 0 to n) can be assigned for 
the positive values of the data signal and a negative range of phase angles (say — 7r to 0) can be assigned 
for the negative values of the signal. 

16.4.1 Amplitude Modulation 

Amplitude modulation can naturally enter into many physical phenomena. More important, perhaps, is 
the deliberate (artificial) use of AM to facilitate data transmission and signal conditioning. Let us first 
examine the related mathematics. 

Amplitude modulation is achieved by multiplying the data signal (modulating signal), x(t), by a high 
frequency (periodic) carrier signal, x c (t). Hence, amplitude-modulated signal, x a (f), is given by 

x. d (t) = x(t)x c (t) (16.57) 

Note that the carrier could be any periodic signal such as one which is harmonic (sinusoidal), square 
wave, or triangular. The main requirement is that the fundamental frequency of the carrier signal ( carrier 
frequency), f., be significantly larger (say, by a factor of five or ten) than the highest frequency of interest 
( bandwidth ) of the data signal. Analysis can be simplified by assuming a sinusoidal carrier frequency; 
thus 

x c (t) = a c cos 27r/ c f (16.58) 

16.4.1.1 Modulation Theorem 

Modulation theorem is also known as the frequency-shifting theorem, and it relates the fact that if a signal 
is multiplied by a sinusoidal signal, the Fourier spectrum of the product signal is simply the Fourier 
spectrum of the original signal shifted through the frequency of the sinusoidal signal. In other words, the 
Fourier spectrum, X a (f), of the amplitude-modulated signal, x a (t), can be obtained from the Fourier 
spectrum, X(f), of the data signal, x(t), simply by shifting through the carrier frequency, / c . 

To mathematically explain the modulation theorem, we use the definition of the Fourier integral 
transform to obtain 

r oo 

X 3 (f) = a c x(t) cos 2rrf c t exp(— j27r/f)df 
J -00 

However, since 

cos 2Tr/ c f = — [exp(]27r/ c t) + exp(— j2-7r/ c f)] 

we have 

If 00 If 00 

X d (/) = -a c x(t) exp[— j27T {f — f c )t]dt + —a c x(t) exp[-)2ir(f + f c )t]dt 

Z J -00 l J -00 

x a (f)= \a c \X(f -f c ) + X(f+f c )\ (16.59) 

Equation 16.59 is the mathematical statement of the modulation theorem. It is illustrated by an example 
in Figure 16.13. Consider a transient signal, x(t), with a (continuous) Fourier spectrum, X(f), whose 
magnitude, IX(/")I, is as shown in Figure 16.13(a). If this signal is used to modulate the AM of a 
high-frequency sinusoidal signal, the resulting modulated signal, x a (f), and the magnitude of its 
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FIGURE 16.13 Illustration of the modulation theorem: (a) a transient data signal and its Fourier spectrum 
magnitude; (b) amplitude-modulated signal and its Fourier spectrum magnitude; (c) a sinusoidal data signal; 
( d) amplitude modulation by a sinusoidal signal. 

Fourier spectrum are as shown in Figure 16.13(b). It should be kept in mind that the magnitude has been 
multiplied by aJ2. Note that the data signal is assumed to be band limited, with bandwidth^,. Of course, 
the theorem is not limited to band-limited signals but, for practical reasons, we need to have some upper 
limit on the useful frequency of the data signal. Also for practical reasons (not for the theorem itself), the 
carrier frequency, f c , should be several times larger than f, so that there is a reasonably wide frequency 
band from 0 to (f. — f b ), within which the magnitude of the modulated signal is virtually zero. The 
significance of this should be clear when we discuss applications of amplitude modulation. 

Figure 16.13 shows only the magnitude of the frequency spectra. It should be remembered, however, 
that every Fourier spectrum has a phase angle spectrum as well. This is not shown for conciseness, but 
clearly the phase-angle spectrum is also similarly affected (frequency shifted) by AM. 

16.4.1.2 Side Frequencies and Side Bands 

The modulation theorem, as described above, assumed transient data signals with associated continuous 
Fourier spectra. The same ideas are applicable to periodic signals (with discrete spectra) as well. The case 
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of periodic signals is merely a special case of what was discussed above. This case can be analyzed by using 
Fourier integral transform itself, from the beginning. If this method is chosen, however, we will have to 
cope with impulsive spectral lines. Alternatively, Fourier series expansion could be employed to avoid the 
introduction of impulsive discrete spectra into the analysis. However, as shown in Figure 16.13(c) and 
(d), no analysis is actually needed for the periodic signal case because a final answer can be deduced from 
the transient signal results. Specifically, each frequency component, f a , that has amplitude a/2 in the 
Fourier series expansion of the data signal will be shifted by ±/ c to the two new frequency locations 
f. + fo and ~fc + fo with an associated amplitude aa c /4. The negative frequency component —f a should 
also be considered in the same way, as illustrated in Figure 16.13(d). Note that the modulated signal does 
not have a spectral component at carrier frequency, f c , but rather on each side of it, at f. ± f a . Hence, 
these spectral components are termed side frequencies. When a band of side frequencies is present, we 
have a side band. Side frequencies are very useful in fault detection and diagnosis of rotating machinery. 



16.4.2 Application of Amplitude Modulation 

The main hardware component of an amplitude modulator is an analog multiplier. They are 
commercially available in the monolithic IC form, or one can be assembled using IC opamps and 
other discrete circuit elements. A schematic representation of an amplitude modulator is shown in 
Figure 16.14. In practice, to achieve satisfactory modulation, other components such as signal 
preamplifiers and filters are needed. 

There are many applications of AM. In some applications, modulation is performed intentionally. In 
others, modulation occurs naturally as a consequence of the physical process, and the resulting signal is 
used to meet a practical objective. Typical applications of AM include the following: 

1. Conditioning of general signals (including DC, transient, and low-frequency) by exploiting the 
advantages of AC signal conditioning hardware 

2. Improvement of the immunity of low-frequency signals to low-frequency noise 

3. Transmission of general signals (DC, low-frequency, etc.) by exploiting the advantages of AC 
signals 

4. Transmission of low-level signals under noisy conditions 

5. Transmission of several signals simultaneously through the same medium (e.g., same telephone 
line, same transmission antenna, etc.) 

6. Fault detection and diagnosis of rotating machinery 

The role of AM in many of these applications should be obvious if one understands the frequency- 
shifting property of AM. Several other types of application are also feasible due to the fact that the power 
of the carrier signal can be increased somewhat arbitrarily, irrespective of the power level of the data 
(modulating) signal. Let us discuss, one by one, the six categories of application mentioned above. 

AC signal conditioning devices such as AC amplifiers are known to be more “stable” than their DC 
counterparts. In particular, drift problems are not as severe and nonlinearity effects are lower in AC signal 
conditioning devices. Hence, instead of conditioning a DC signal using DC hardware, we can first use the 
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FIGURE 16.14 Representation of an amplitude modulator. 
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signal to modulate a high-frequency carrier signal. Then, the resulting high-frequency modulated signal 
may be conditioned more effectively using AC hardware. 

The frequency-shifting property of AM can be exploited in making low-frequency signals immune to 
low-frequency noise. Note from Figure 16.13 that, by AM, low-frequency spectrum of the modulating 
signal can be shifted into a very high-frequency region by choosing a sufficiently large carrier frequency, f c . 
Then, any low-frequency noise (within the band 0 to f. — / b ) will not distort the spectrum of the modulated 
signal. Hence, this noise can be removed by a high-pass filter (with cutoff at/ c — f b ) without affecting the 
data. Finally, the original data signal can be recovered by demodulation. Note that the frequency of a noise 
component can be within the bandwidth, / b , of the data signal and, hence, if AM is not employed, noise can 
directly distort the data signal. 

Transmission of AC signals is more efficient than that of DC signals. Advantages of AC transmission 
include lower problems with energy dissipation. Hence, a modulated signal can be transmitted over long 
distances more effectively than could the original data signal alone. Furthermore, transmission of low- 
frequency (large wave-length) signals requires large antennas. Hence, when AM is employed (with an 
associated reduction in signal wave length), the size of broadcast antenna can be effectively reduced. 

Transmission of weak signals over long distances is not desirable because signal weakening and 
corruption by noise could produce disastrous results. By increasing the power of the carrier signal to a 
sufficiently high level, the strength of the modulated signal can be elevated to an adequate level for long- 
distance transmission. 

It is impossible to transmit two or more signals in the same frequency range simultaneously using a 
single telephone line. This problem can be resolved by using carrier signals with significantly different 
carrier frequencies to modulate the amplitude of the data signals. By choosing carrier frequencies that are 
sufficiently farther apart, the spectra of the modulated signals can be made nonoverlapping, thereby 
making simultaneous transmission possible. Similarly, with AM, simultaneous broadcasting by several 
radio (AM) broadcast stations in the same broadcast area has become possible. 

16.4.2.1 Fault Detection and Diagnosis 

A use of the AM principle that is particularly important in the practice of mechanical vibration is in the 
fault detection and diagnosis of rotating machinery. In this method, modulation is not deliberately 
introduced, but rather results from the dynamics of the machine. Flaws and faults in a rotating machine 
are known to produce periodic forcing signals at frequencies higher than, and typically at an integer 
multiple of, the rotating speed of the machine. For example, backlash in a gear pair will generate forces at 
the tooth-meshing frequency (equal to the number of teeth X gear rotating speed). Flaws in roller 
bearings can generate forcing signals at frequencies proportional to the rotating speed times the number 
of rollers in the bearing race. Similarly, blade passing in turbines and compressors and eccentricity and 
unbalance in rotors can produce forcing components at frequencies that are integer multiples of the 
rotating speed. The resulting vibration response will be an amplitude-modulated signal, where the 
rotating response of the machine modulates the high-frequency forcing response. This can be confirmed 
experimentally by Fourier analysis (fast Fourier transform or FFT) of the resulting vibration signals. For a 
gear box, for example, it will be noticed that, instead of obtaining a spectral peak at the gear tooth- 
meshing frequency, two side bands are produced around that frequency. Faults can be detected by 
monitoring the evolution of these side bands. Furthermore, since side bands are the result of modulation 
of a specific forcing phenomenon (e.g., gear-tooth meshing, bearing-roller hammer, turbine-blade 
passing, imbalance, eccentricity, misalignment, etc.), one can trace the source of a particular fault (i.e., 
diagnose the fault) by studying the Fourier spectrum of the measured vibrations. 

Amplitude modulation is an integral part of many types of sensors. In these sensors, a high-frequency 
carrier signal (typically the AC excitation in a primary winding) is modulated by the motion. Actual 
motion can be detected by demodulation of the output. Examples of sensors that generate modulated 
outputs are differential transformers (LVDT, RVDT), magnetic-induction proximity sensors, eddy- 
current proximity sensors, AC tachometers, and strain-gage devices that use AC bridge circuits. 
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Signal conditioning and transmission is facilitated by AM in these cases. However, the signal has to be 
demodulated at the end for most practical purposes such as analysis and recording. 

16.4.3 Demodulation 

Demodulation, or discrimination or detection, is the process of extracting the original data signal from a 
modulated signal. In general, demodulation must be phase sensitive in the sense that the algebraic sign of 
the data signal should be preserved and determined by the demodulation process. In full-wave 
demodulation, an output is generated continuously. In half-wave demodulation, no output is generated 
for every alternate half-period of the carrier signal. 

A simple and straightforward method of demodulation is by the detection of the envelope of the 
modulated signal. For this method to be feasible, the carrier signal must be quite powerful (i.e., the signal 
level has to be high) and the carrier frequency also should be very high. An alternative method of 
demodulation that generally provides more reliable results involves the further step of modulation 
performed on the already-modulated signal, followed by low-pass filtering. This method will be 
explained by referring to Figure 16.13. 

Consider the amplitude-modulated signal, x a (f), shown in Figure 16.13(b). If this signal is multiplied 
by the sinusoidal carrier signal, 2/a c cos 277 f c t, we obtain 

2 

x(t) = — x a (f)cos 27r/ c f (16.60) 

a c 

Now, by applying the modulation theorem (Equation 16.59) to Equation 16.60, we obtain the Fourier 
spectrum of x(t) as 

X(f) = l - \ \a c {X(f - 2/ c ) + X(f)} + l -a c {X{f ) + X(f + 2/ c )}l 
2 fl c |_ 2 2 J 

or 

X(f) = X(f) +\x(f- 2/ c ) + l -X{f + 2 f c ) (16.61) 

The magnitude of this spectrum is shown in Figure 16.15(a). Note that we have recovered the spectrum, 
X(f), of the original data signal, except for the two side bands that are present at locations far removed 
(centered at ±2/ c ) from the bandwidth of the original signal. Hence, we can easily use a low-pass filter on 
this signal, x(t), using a filter with cutoff at f b to recover the original data signal. A schematic 
representation of this method of amplitude demodulation is shown in Figure 16.15(b). 





FIGURE 16.15 Amplitude demodulation: (a) spectrum of the signal after the second modulation; (b) demodulation 
schematic diagram (modulation + filtering). 
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16.5 Analog -Digital Conversion 

Data-acquisition systems in machine condition monitoring, fault detection and diagnosis, and vibration 
testing employ digital computers for various tasks including signal processing, data analysis and 
reduction, parameter identification, and decision making. Typically, the measured response (output) of a 
dynamic system is available in the analog form as a continuous signal (function of continuous time). 
Furthermore, typically, the excitation signals (inputs) for a dynamic system have to be provided in the 
analog form. 

Inputs to a digital device, say from a digital computer, and outputs from a digital device are necessarily 
present in the digital form. Hence, when a digital device is interfaced with an analog device, the interface 
hardware and associated driver software must perform several important functions. Two of the most 
important interface functions are digital-to-analog conversion (DAC) and analog-to-digital conversion 
(ADC). A digital output from a digital device has to be converted into the analog form for it to be fed into 
an analog device such as actuator or analog recording or display unit. Also, an analog signal has to be 
converted into the digital form according to an appropriate code before it is read by a digital processor or 
computer. Digital-to-analog converters are simpler and lower in cost than analog-to-digital converters. 
Furthermore, some types of analog-to-digital converters employ a digital-to-analog converter to perform 
their function. For these reasons, we will first discuss DAC. 

16.5.1 Digital-to-Analog Conversion 

The function of a DAC is to convert a sequence of digital words stored in a data register (called a DAC 
register), typically in straight binary form, into an analog signal. The data in the DAC register may come 
from a data bus of a computer. Each binary digit (bit) of information in the register may be present as a 
state of a bistable (two-stage) logic device, which can generate a voltage pulse or a voltage level to 
represent that bit. For example, the off state of a bistable logic element, the absence of a voltage pulse, a 
low level of a voltage signal, or no change in a voltage level can represent binary 0. Then, the on state of a 
bistable device, the presence of a voltage pulse, a high level of a voltage signal, or a change in a voltage level 
will represent binary 1 . The combination of these bits, which form the digital word in the DAC register, 
will correspond to some numerical value for the output signal. The purpose of DAC is to generate an 
output voltage (signal level) that has this numerical value and maintain the value until the next digital 
word is converted. Since a voltage output cannot be arbitrarily large or small, for practical reasons, some 
form of scaling will have to be employed in the DAC process. This scale will depend on the reference 
voltage, v re f, used in the particular DAC circuit. 

A typical DAC unit is an active circuit in the IC form, which may consist of a data register (digital 
circuits), solid-state switching circuits, resistors, and operational amplifiers powered by an external 
power supply that can provide a reference voltage. The reference voltage will determine the maximum 
value of the output ( full-scale voltage). An IC chip that represents the DAC is usually one of many 
components mounted on a printed circuit (PC) board. This PC board maybe identified by several names 
including input/output (I/O) board, I/O card, interface board, and data acquisition and control board. 
Typically, the same board will provide both DAC and ADC capabilities for many output and input 
channels. 

There are many types and forms of DAC circuits. The form will depend mainly on the manufacturer, 
the requirements of the user, or of the particular application. Most DACs are variations of two basic 
types: the weighted (or summer or adder) type and the ladder type. The latter type of DAC is more 
desirable, though the former can be somewhat simpler and less expensive. 

16.5.1.1 DAC Error Sources 

For a given digital word, the analog output voltage from a DAC is not exactly equal to what is given by the 
analytical formulas. The difference between the actual output and the ideal output is the error. The DAC 
error can be normalized with respect to the full-scale value. 
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There are many causes of DAC error. Typical error sources include parametric uncertainties and 
variations, circuit time constants, switching errors, and variations and noise in the reference voltage. 
Several types of error sources and representations are discussed below. 

1. Code ambiguity: In many digital codes (for example, in the straight binary code), incrementing a 
number by a least significant bit (LSB) will involve more than one bit-switching. If the speed of 
switching from 0 to 1 is different from that for 1 to 0, and if switching pulses are not applied to the 
switching circuit simultaneously, the bit-switchings will not take place simultaneously. For 
example, in a 4-bit DAC, incrementing from decimal 2 to decimal 4 will involve changing the 
digital word from 0011 to 0100. This requires two bit-switchings from 1 to 0 and one bit-switching 
from 0 to 1 . If 1 to 0 switching is faster than the 0 to 1 switching, then an intermediate value given 
by 0000 (decimal 0) will be generated, with a corresponding analog output. Hence, there will be a 
momentary code ambiguity and associated error in the DAC signal. This problem can be reduced 
(and eliminated in single bit increments) if a gray code is used to represent the digital data. 
Improved switching circuitry will also help reduce this error. 

2. Settling time: The circuit hardware in a DAC unit will have some dynamics, with associated time 
constants and perhaps oscillations (underdamped response). Hence, the output voltage cannot 
instantaneously settle to its ideal value upon switching. The time required for the analog output to 
settle within a certain band (say ±2% of the final value or ±1/2 resolution), following the 
application of the digital data, is termed settling time. Naturally, settling time should be smaller for 
better (faster and more accurate) performance. As a guideline, the settling time should be 
approximately half the data arrival time. Note that the data arrival time is the time interval 
between the arrival of two successive data values, and is given by the inverse of the data arrival rate. 

3. Glitches: Switching of a circuit will involve sudden changes in magnetic flux due to current 
changes. This will induce voltages that produce unwanted signal components. In a DAC circuit, 
these induced voltages due to rapid switching can cause signal spikes that will appear in the 
output. The error due to these noise signals is not significant at low conversion rates. 

4. Parametric errors: Resistor elements in a DAC might not be precise, particularly when resistors 
within a wide range of magnitudes are employed, as in the case in a weighted-resistor DAC. These 
errors appear in the analog output. Furthermore, aging and environmental changes (primarily, 
change in temperature) will change the values of circuit parameters, resistance in particular. This 
also will result in DAC error. These types of error, which are due to the imprecision of circuit 
parameters and variations of parameter values, are termed parametric errors. Effects of such errors 
can be reduced by several ways, including the use of compensation hardware (and perhaps 
software) and directly, by using precise and robust circuit components and employing good 
manufacturing practices. 

5. Reference voltage variations: Since the analog output of a DAC is proportional to the reference 
voltage, v re f , any variations in the voltage supply will directly appear as an error. This problem can 
be overcome by using stabilized voltage sources with sufficiently low output impedance. 

6. Monotonicity: Clearly, the output of a DAC should change by its resolution (8y = v ref /2") for each 
step of one LSB increment in the digital value. This ideal behavior might not exist in some real 
DACs due to errors such as those mentioned above. At least the analog output should not decrease 
as the value of the digital input increases. This is known as the monotonicity requirement that 
should be met by a practical DAC. 

7. Nonlinearity: Suppose that the digital input to a DAC is varied from [0 0... 0] to [1 1...1] in 
steps of one LSB. Ideally the analog output should increase in constant jumps of 8y = v re f/2", 
giving a staircase-shaped analog output. If we draw the best linear fit for this ideally montonic 
staircase response, it will have a slope equal to the resolution/step. This slope is known as the 
ideal scale factor. Nonlinearity of a DAC is measured by the largest deviation of the DAC 
output from this best linear fit. Note that, in the ideal case, the nonlinearity is limited to half 
the resolution (l/2)8y. 
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One cause of nonlinearity is clearly the faulty bit-transitions. Another cause is circuit nonlinearity in 
the conventional sense. Specifically, owing to nonlinearities in circuit elements such as opamps and 
resistors, the analog output will not be proportional to the value of the digital word dictated by the bit- 
switchings (faulty or not). This latter type of nonlinearity can be accounted for by using calibration. 

16.5.2 Analog-to-Digital Conversion 

Analog signals, which are continuously defined with respect to time, have to be sampled at discrete time 
points and the sample values have to be represented in the digital form (according to a suitable code) to 
be read into a digital system such as a microcomputer. An ADC is used to accomplish this. For example, 
since response measurements of dynamic systems are usually available as analog signals, these signals 
have to be converted into the digital form before passing on to a signal analysis computer. Hence, the 
computer interface for the measurement channels should contain one or more ADCs. 

DACs and ADCs are usually situated on the same digital interface board. However, the ADC process is 
more complex and time consuming than the DAC process. Furthermore, many types of ADCs use DACs 
to accomplish the analog-to-digital conversion. Hence, ADCs are usually more costly than and their 
conversion rate is usually slower than that of DACs. Several types of ADCs are commercially available. 
The principle of operation varies depending on the type. 

16.5.3 Analog-to-Digital Converter Performance Characteristics 

For ADCs that use a DAC internally, the same error sources that were discussed previously for DACs 
apply. Code ambiguity at the output register is not a problem because the converted digital quantity is 
transferred instantaneously to the output register. Code ambiguity in the DAC register can still cause 
error in ADCs that use a DAC. Conversion time is a major factor as it is much larger for an ADC. In 
addition to resolution and dynamic range, quantization error will be applicable to an ADC. These 
considerations that govern the performance of an ADC are discussed below. 

16.5.3.1 Resolution and Quantization Error 

The number of bits, n, in an ADC register determines the resolution and dynamic range of the ADC. For 
an n-bit ADC, the output register size is n bits. Hence, the smallest possible increment of the digital 
output is one LSB. The change in the analog input that results in a change of one LSB at the output is the 
resolution of the ADC. The range of digital outputs is from 0 to 2" — 1 for the unipolar (unsigned) case. 
This represents the dynamic range. Hence, as for a DAC, the dynamic range of an n-bit ADC is given by 
the ratio 



DR =2” - 1 



(16.62) 



or, in decibels 



DR = 20 log 10 (2" - 1) dB (16.63) 

The full-scale value of an ADC is the value of the analog input that corresponds to the maximum digital 
output. 

Suppose that an analog signal within the dynamic range of the ADC is converted. Since the analog 
input (sample value) has infinitesimal resolution and the digital representation has a finite resolution 
(one LSB), an error is introduced in the ADC process. This is known as the quantization error. A digital 
number increments in constant steps of 1 LSB. If an analog value falls at an intermediate point within a 
single-LSB step, then there is a quantization error. Rounding of the digital output can be accomplished as 
follows. The magnitude of the error when quantized up is compared with that when quantized down, 
say, using two hold elements and a differential amplifier. Then, we retain the digital value corresponding 
to the lower error magnitude. If the analog value is below the 1/2 LSB mark, then the corresponding 
digital value is represented by the value in the beginning of the step. If the analog value is above the 1/2 
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LSB mark, then the corresponding digital value is the value at the end of the step. It follows that, with this 
type of rounding, the quantization error does not exceed 1/2 LSB. 

16.5.3.2 Monotonicity, Nonlinearity, and Offset Error 

Considerations of monotonicity and nonlinearity are important for an ADC as well as for a DAC. The 
input is an analog signal and the output is digital in the case of ADC. Disregarding quantization error, the 
digital output of an ADC will increase in constant steps in the shape of an ideal staircase when the analog 
input is increased from zero in steps of the device resolution (8y). This is the ideally monotonic case. The 
best straight-line fit to this curve has a slope equal to 1/Sy (LSB/V). This is the ideal gain or ideal scale 
factor. However, there will still be an offset error of 1/2 LSB because the best linear fit will not pass through 
the origin. Adjustments can be made for this offset error. 

Incorrect bit-transitions can take place in an ADC due to various errors that might be present and due 
to circuit malfunctions. The best linear fit under such faulty conditions will have a slope different from 
the ideal gain. The difference is the gain error. Nonlinearity is the maximum deviation of the output from 
the best linear fit. It is clear that, with perfect bit transitions, in the ideal case, a nonlinearity of 1/2 LSB 
will be present. Nonlinearities larger than this result from incorrect bit-transitions. As in the case of DAC, 
another source of nonlinearity in an ADC is the existence of circuit nonlinearities that would deform the 
analog input signal before being converted into the digital form. 

16.5.3.3 Analog-to-Digital Converter Conversion Rate 

It is clear that ADC is much more time consuming than DAC. The conversion time is a very important 
factor because the rate at which conversion can take place governs many aspects of data acquisition, 
particularly in real-time applications. For example, the data sampling rate has to synchronize with the 
ADC conversion rate. This, in turn, will determine the Nyquist frequency (half the sampling rate) which 
is the maximum value of useful frequency present in the sampled signal. Furthermore, the sampling rate 
will dictate storage and memory requirements. Another important consideration related to the ADC 
conversion rate is the fact that a signal sample must be maintained at that value during the entire process 
of conversion into the digital form. This requires a hold circuit and this circuit should be able to perform 
accurately at the largest possible conversion time for the particular ADC unit. 

The total time taken to convert an analog signal will depend on other factors besides the time taken for 
conversion from sampled data to digital data. For example, in multiple-channel data acquisition, the time 
taken to select the channel has to be counted. Furthermore, time needed to sample the data and time 
needed to transfer the converted digital data into the output register have to be included. The conversion 
rate for an ADC is the inverse of the overall time needed for a conversion cycle. Typically, however, 
conversion rate depends primarily on the bit conversion time in the case of one comparison-type 
ADC and on the integration time in the case of an integration-type ADC. A typical time period for a 
comparison step or counting step in an ADC is Af = 5 /xsec. Hence, for an eight-bit successive- 
approximation ADC the conversion time is 40 /xsec. The corresponding sampling rate is in the order of 
(less than) 1/40 X ICC 6 = 25 X 10 3 samples/sec (or 25 kHz). The maximum conversion rate for an eight- 
bit counter ADC is about 5 X (2 8 — 1) = 1275 /xsec. The corresponding sampling rate would be of the 
order of 780 samples/sec. Note that this is considerably slow. The maximum conversion time for a dual- 
slope ADC can be still larger (slower). 

16.5.4 Sample-and-Hold Circuitry 

In typical applications of data acquisition that use ADC, the analog input to ADC can be very transient. 
Furthermore, ADC is not instantaneous (conversion time is much larger than the DAC time). 
Specifically, the incoming analog signal might be changing at a rate higher than the ADC conversion rate. 
Then, the input signal value will vary during the conversion period and there will be an ambiguity as to 
the input value corresponding to a digital output value. Hence, it is necessary to sample the analog input 
signal and maintain the input to the ADC at this value until the ADC is completed. In other words, 
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FIGURE 16.16 A sample and hold circuit. 

since we are typically converting analog signals that can vary at a high speed, it is often necessary to 
sample and hold (S/H) the input signal for each ADC cycle. Each data sample must be generated and 
captured by the S/H circuit on the issue of the “start conversion” (SC) control signal, and the captured 
voltage level has to be maintained constant until the “conversion complete” (CC) control signal is issued 
by the ADC unit. 

The main element in an S/H circuit is the holding capacitor. A schematic diagram of a S/H circuit is 
shown in Figure 16.16. The analog input signal is supplied through a voltage follower to a solid-state 
switch. The switch typically uses a field-effect transistor (FET), such as the metal-oxide semiconductor 
field effect transistor (MOSFET). 

The switch is closed in response to a “sample pulse” and is opened in response to a “hold pulse.” Both 
control pulses are generated by the control logic unit of the ADC. During the time interval between these 
two pulses, the holding capacitor is charged to the voltage of the sampled input. This capacitor voltage is 
then supplied to the ADC through a second voltage follower. 

The functions of the two voltage followers are now explained. When the FET switch is closed in 
response to a sample command (pulse), the capacitor must be charged as quickly as possible. The 
associated time constant (charging time constant) t c is given by 

t c = R S C (16.64) 

in which 

R s = source resistance 
C = capacitance of the holding capacitor 

Since r c must be very small for fast charging and, since C is fixed by the holding requirements (typically 
C is of the order of 100 pF where 1 pF = IX 10~ 12 F), we need a very small source resistance. The 
requirement is met by the input voltage follower (which is known to have a very low output impedance), 
thereby providing a very small R s . Furthermore, since a voltage follower has a unity gain, the voltage at 
the output of this input voltage follower is equal to the voltage of the analog input signal, as required. 

Next, once the FET switch is opened in response to a hold command (pulse), the capacitor should not 
discharge. This requirement is met due to the presence of the output voltage follower. Since the input 
impedance of a voltage follower is very high, the current through its leads is almost zero. Because of this, 
the holding capacitor has a virtually zero discharge rate under hold conditions. Furthermore, we like the 
output of this second voltage follower to be equal to the voltage of the capacitor. This condition is also 
satisfied due to the fact that a voltage follower has a unity gain. Hence, the sampling will be almost 
instantaneous and the output of the S/H circuit will be maintained (almost) constant during the holding 
period due to the presence of the two voltage followers. Note that the practical S/H circuits are zero-order- 
hold devices by definition. 
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16.5.5 Digital Filters 

A filter is a device that eliminates undesirable frequency components in a signal and passes only the 
desirable frequency components through. In analog filtering, the filter is a physical, dynamic system, 
typically an electric circuit. The signal to be filtered is applied (input) to this dynamic system. The output 
of the dynamic system is the filtered signal. It follows that any physical dynamic system can be interpreted 
as an analog filter. 

An analog filter can be represented by a differential equation with respect to time. It takes an analog 
input signal, u(t), that is defined continuously in time, f, and generates an analog output, y(t). A digital 
filter is a device that accepts a sequence of discrete input values (say, sampled from an analog signal at 
sampling period Af). 

{u k } = {uo,u u u 2 , ...} (16.65) 

and generates a sequence of discrete output values: 

{yjcf = (16.66) 

Hence, a digital filter is a discrete-time system and it can be represented by a difference equation. 

An nth order linear difference equation can be written in the form 

a o 7k + fli/i-i H F a n yk-„ = b 0 Uk + b l u k _ l + b b m u k - m (16.67) 

This is a recursive algorithm in the sense that it generates one value of the output sequence using previous 
values of the output sequence and all values of the input sequence up to the present time point. Digital 
filters represented in this manner are termed recursive digital filters. There are filters that employ digital 
processing, in which a block (a collection of samples) of the input sequence is converted in a one-shot 
computation into a block of the output sequence. Such filters are not recursive filters. Nonrecursive filters 
usually employ digital Fourier analysis, the FFT algorithm in particular. We restrict our discussion below 
to recursive digital filters. Our intention in the present section is to give a brief (and nonexhaustive) 
introduction to the subject of digital filtering. 

16.5.5.1 Software Implementation and Hardware Implementation 

In digital filters, signal filtering is accomplished through digital processing of the input signal. The 
sequence of input data (usually obtained by sampling and digitizing the corresponding analog signal) is 
processed according to the recursive algorithm of the particular digital filter. This generates the output 
sequence. This digital output can be converted into an analog signal using a DAC if so desired. 

A recursive digital filter is an implementation of a recursive algorithm that governs the particular 
filtering (e.g., low-pass, high-pass, band-pass, and band- reject). The filter algorithm can be implemented 
either by software or by hardware. In software implementation, the filter algorithm is programmed into a 
digital computer. The processor (e.g., the microprocessor) of the computer can process an input data 
sequence according to the run-time filter program stored in the memory (in machine code) to generate 
the filtered output sequence. 

Digital processing of data is accomplished by means of logic circuitry that can perform basic arithmetic 
operations such as addition. In the software approach, the processor of a digital computer makes use of 
these basic logic circuits to perform digital processing according to the instructions of a software program 
stored in the computer memory. Alternatively, a hardware digital processor can be put together to 
perform a somewhat complex, yet fixed, processing operation. In this approach, the program of 
computation is said to be in hardware. The hardware processor is then available as an IC chip whose 
processing operation is fixed and cannot be modified. The logic circuitry in the IC chip is designed to 
accomplish the required processing function. Digital filters implemented by this hardware approach are 
termed hardware digital filters. 

The software implementation of digital filters has the advantage of flexibility; the filter algorithm can 
be easily modified by changing the software program that is stored in the computer. If, on the other hand, 
a large number of filters of a particular (fixed) structure are needed commercially, then it is economical to 
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design the filter as an IC chip and replicate the chip in mass production. In this manner, very low-cost 
digital filters can be produced. A hardware filter can operate at a much faster speed than a software filter 
because, in the former case, processing takes place automatically through logic circuitry in the filter chip 
without having to access the processor, a software program, and various data items stored in the memory. 
The main disadvantage of a hardware filter is that its algorithm and parameter values cannot be modified, 
and the filter is dedicated to a fixed function. 



16.6 Bridge Circuits 

A full bridge is a circuit having four arms which are connected in a lattice form. Four nodes are formed in 
this manner. Two opposite nodes are used for the excitation (voltage or current supply) of the bridge and 
the remaining two opposite nodes provide the bridge output. 

A bridge circuit is used to make some form of measurement. Typical measurements include change in 
resistance, change in inductance, change in capacitance, oscillating frequency, or some variable 
(stimulus) that causes these. There are two basic methods of making the measurement: 

1. Bridge balance method 

2. Imbalance output method 

A bridge is said to be balanced when the output voltage is zero. In the bridge-balance method, we start 
with a balanced bridge. Then, when one is preparing to make a measurement, the balance of the bridge 
will be upset due to the associated variation, resulting in a nonzero output voltage. The bridge can be 
balanced again by varying one of the arms of the bridge (assuming, of course, that some means is 
provided for the fine adjustments that may be required). The change that is required to restore the 
balance provides the measurement. In this method, the bridge can be balanced precisely using a 
servo device. 

In the imbalance output method, we usually start with a balanced bridge. However, the bridge is not 
balanced again after undergoing the change due to the variable that is being measured. Instead, the 
output voltage of the bridge due to the resulting imbalance is measured and used as an indication of the 
measurement. 

There are many types of bridge circuits. If the supply to the bridge is DC, then we have a DC bridge. 
Similarly, an AC bridge has an AC excitation. A resistance bridge has only resistance elements in its 
four arms. An impedance bridge has impedance elements consisting of resistors, capacitors, and 
inductors in one or more of its arms. If the bridge excitation is a constant-voltage supply, we 
have a constant-voltage bridge. If the bridge supply is a constant current source, we have a constant- 
current bridge. 



16.6.1 Wheatstone Bridge 

The Wheatstone bridge is a resistance bridge with a constant DC voltage supply (i.e., a constant-voltage 
resistance bridge). A Wheatstone bridge is used in strain-gage measurements, and also in force, torque, 
and tactile sensors that employ strain-gage techniques. Since a Wheatstone bridge is used primarily in the 
measurement of small changes in resistance, it could be used in other types of sensing applications as well 
(for example, in resistance temperature detectors or RTDs). 

Consider the Wheatstone bridge circuit shown in Figure 16.17(a). The bridge output, v D , may be 
expressed as 



(RiRi R2R3) 

(Ri + J? 2 )(T?3 + R 4 ) Vref 



(16.68) 
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Note that the bridge-balance requirement is 

(16.69) 



*1 

r 2 



«3 

^4 



Suppose that R 1 = R 2 = R } = R 4 = R in the 
beginning. The bridge is balanced according to 
Equation 16.69 and then R l is increased by 8.R. For 
example, R l may represent the only active strain 
gage and the remaining three elements in the 
bridge are identical, dummy elements. Then, in 
view of Equation 16.68, the change in output due 
to the change 8 R is given by 

d2i 



Sv n = 



[(R + 8 R)R - R z 
(R + SR + R)(R + R) 



V re f - 0 



Sv 0 

Vref 



8 R/R 



(4 + 28 R/R) 



(16.70) 



Note that the output is nonlinear in 8 R/R. 

If, however, 8 R/R is assumed to be small 
in comparison to 2, we have the linearized 

relationship. 

Sv Q 8 R 

v ref 4 R 



(16.71) 



The error due to linearization, which is a 
measure of nonlinearity, may be given as the 
percentage 

( Linearized output \ 

1 - — % 

Actual output / 

(16.72) 

Lienee, from Equation 16.70 and Equation 16.71, 
we have 
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FIGURE 16.17 (a) Wheatstone bridge (the constant- 

voltage resistance bridge); (b) the constant-current 
bridge. 



8 R 



N P = 50 — % 



(16.73) 



16.6.2 Constant-Current Bridge 

When large resistance variations 8 R are required for a measurement, the Wheatstone bridge may not be 
satisfactory due to its nonlinearity, as indicated by Equation 16.70. The constant-current bridge has less 
nonlinearity and is preferred in such applications. However, it requires a current-regulated power supply, 
which is typically more costly than a voltage-regulated power supply. 

As shown in Figure 16.17(b), the constant-current bridge uses a constant-current excitation, i re f, 
instead of a constant-voltage supply. Note that the output equation for the constant-current bridge can 
be determined from Equation 16.68 simply by knowing the voltage at the current source. Suppose that 
this is the voltage, v re f, with the polarity as shown in Figure 16.17(a). Now, since the load current is 
assumed small (high-impedance load), the current through R 2 is equal to the current through R 1 and is 
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given by 

Vref 

(R 1 +R 2 ) 



Similarly, current through R 4 and R } is given by 

Vid 

(R 3 + Ri) 



Accordingly, 



or 



hef 



Vref 



v ref , v ref 

(Ri+R 2 ) (R 3 + Rd 



(Rj + R2KR3 + R4) ■ 

(K+R^+R^+Rd W 



(16.74) 



Substituting Equation 16.74 in Equation 16.68, we have the output equation for the constant-current 
bridge; thus, 



(R1R4 RjRj) ■ 
(R 1 +R 2 +R 3 + Ry te£ 



(16.75) 



Note that the bridge-balance requirement is again given by Equation 16.69. 

To estimate the nonlinearity of a constant-current bridge, suppose that R Y = R 2 = R 3 = R 4 = R in the 
beginning and R 1 is changed by 8 R while the other resistors remain inactive. Again, R l will represent the 
active element (the sensing element) and may correspond to an active strain gage. The change in output, 
8v 0 , is given by 

[(R + bR)R-R 2 ] . 

V ° (R + 8R + R + R + R) ‘ ref 



or 



8v 0 _ 8 R/R 

Ri re f (4 + 8 R/R) 



(16.76) 



By comparing the denominator on the RHS of this equation with Equation 16.70, we observe that the 
constant-current bridge is more linear. Specifically, using the definition given by Equation 16.72, the 
percentage nonlinearity may be expressed as 

8 R 

N =25 — % (16.77) 

P R 



It is noted that the nonlinearity is halved by using a constant-current excitation instead of a constant- 
voltage excitation. 



16.6.3 Bridge Amplifiers 

The output from a resistance bridge is usually very small in comparison to the reference, and it has to be 
amplified in order to increase the voltage level to a useful value (for example, in system monitoring or 
data logging). A bridge amplifier is used for this purpose. This is typically an instrumentation amplifier or 
a differential amplifier. The bridge amplifier is modeled as a simple gain, fC a , that multiplies the bridge 
output. 

16.6.3.1 Half-Bridge Circuits 

A half bridge may be used in some applications that require a bridge circuit. A half bridge has only two 
arms and the output is tapped from the mid-point of the two arms. The ends of the two arms are excited 
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Output 



by a positive voltage and a negative voltage. 

Initially, the two arms have equal resistances so 
that, nominally, the bridge output is zero. One of 
the arms has the active element. Its change in 
resistance results in a nonzero output voltage. It is 
noted that the half-bridge circuit is somewhat 
similar to a potentiometer circuit. 

A half-bridge amplifier consisting of a resistance 
half-bridge and an output amplifier is shown in 
Figure 16.18. The two bridge arms have resistances 
Rf and R 2 , and the amplifier uses a feedback 
resistance R { . To obtain the output equation, we 

use the two basic facts for an unsaturated opamp; the voltages at the two leads are equal (due to high 
gain) and current in both leads is zero (due to high input impedance). Hence, voltage at node A is zero 
and the current balance equation at node A is 




FIGURE 16.18 A half bridge with an output amplifier. 



Aef _j_ ( Ael) _j_ q 

Ri R 2 Rf 



This gives 




(16.78) 



Now, suppose that initially R l = R 2 = R and the active element R l changes by 8 R. The corresponding 
change in output is 



8v n = R f — - 



V R R + mJ 



V ref - 0 



or 



Bv 0 Rf 8 R/R 

v re f R ( 1 T 8 R! R ) 



(16.79) 



Note that R { /R is the amplifier gain. Now, in view of Equation 16.72, the percentage nonlinearity of the 
half-bridge circuit is 



8 R 

N b = 100 — % 
p R 



(16.80) 



It follows that the nonlinearity of a half-bridge circuit is worse than that of the Wheatstone bridge. 



16.6.4 Impedance Bridges 

An impedance bridge contains general impedance elements, Z t , Z 2 , Z 3 , and Z 4 , in its four arms, as shown 
in Figure 16.19(a). The bridge is excited by an AC supply, v ref . Note that v ref represents a carrier signal 
and the output, v OJ has to be demodulated if a transient signal representative of the variation in one of the 
bridge elements is needed. Impedance bridges can be used, for example, to measure capacitances in 
capacitive sensors and changes of inductance in variable-inductance sensors and eddy-current sensors. 
Also, impedance bridges can be used as oscillator circuits. An oscillator circuit can serve as a constant- 
frequency source of a signal generator (in vibration testing) or it can be used to determine an unknown 
circuit parameter by measuring the oscillating frequency. 
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Analyzing using frequency-domain concepts, it 
is seen that the frequency spectrum of the 
impedance-bridge output is given by 



v 0 (w) = 



(ZjZ 4 Z 2 Z 3 ) 
(Zj+Z 2 )(Z 3 +Z 4 ) 



V re f(w) 



(16.81) 



This reduces to Equation 16.68 in the DC case of a 
Wheatstone bridge. The balanced condition is 
given by 



Zi_ = Z3 

z 2 z 4 



(16.82) 



This is used to measure an unknown circuit 
parameter in the bridge. Let us consider two 
examples. 



16.6.4.1 Owen Bridge 

The Owen bridge shown in Figure 16.19(b) maybe 
used to measure the inductance L 4 or capacitance 
C 3 , by the bridge-balance method. To derive the 
necessary equation, note that the voltage -current 
relation for an inductor is 

di 

v = L— (16.83) 




and for a capacitor it is 



i=C- (16.84) 

It follows that the voltage/current transfer function 
(in the Laplace domain) for an inductor is 

— =Ls (16.85) 

i(s) 



and that for a capacitor is 



Ks) _ 1 

i(s) Cs 



(16.86) 



Accordingly, the impedance of an inductor element 
at frequency co is 

Z L = j coL (16.87) 




(c) v ref 

FIGURE 16.19 (a) General impedance bridge; 

(b) Owen bridge; (c) Wien-bridge oscillator. 



and the impedance of a capacitor element at 
frequency co is 




(16.88) 
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Applying these results to the Owen bridge, we have 

2! = 



1 



ju)C l 

z 2 = r 2 

Z 3 = R 3 + — 



1 



jcoC 3 
Z 4 = R 4 + j a>L 4 

in which a> is the excitation frequency. Now, from Equation 16.82, we have 

■ „ (R 4 + jcoL 4 ) = R 2 (r 3 + . ) 

jcoQ \ j(oC 3 ) 

By equating the real parts and the imaginary parts of this equation, we obtain the two equations 

u 



C, 



— RiR 3 



and 



Hence, we have 



and 



Cl 



^2 

C 3 



L 4 — CiR 2 R 3 



C 3 = C, 



r 4 



(16.89) 



(16.90) 



It follows that I 4 and C 3 can be determined with the knowledge of R 2 , R 3 , and R 4 under balanced 
conditions. For example, with fixed Cj and R 2 , an adjustable R 3 could be used to measure the variable L 4 , 
and an adjustable R 4 could be used to measure the variable C 3 . 

16.6.4.2 Wien-Bridge Oscillator 

Now consider the Wien-bridge oscillator shown in Figure 16.19(c). For this circuit, we have 

Z l = R 1 

z 2 = r 2 

1 

Z 3 — R 3 + 7 



jwC 3 



1 

24 



1 

Ra 



+ jwC 4 



Hence, from Equation 16.82, the bridge-balance requirement is 
Equating the real parts, we obtain 

R] _ R^ . C 4 
Ri ~ Ra Q 



(16.91) 
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and, by equating the imaginary parts, we obtain 

0 = coC 4 R 3 



1 

wC 3 R 4 



Hence, 



V C 3 C 4 -R 3 -R 4 



(16.92) 



Equation 16.92 tells us that the circuit is an oscillator whose natural frequency is given by this equation 
under balanced conditions. If the frequency of the supply is equal to the natural frequency of the circuit, 
large-amplitude oscillations will take place. The circuit can be used to measure an unknown resistance 
(e.g., in strain-gage devices) by first measuring the frequency of the bridge signals at resonance (natural 
frequency). Alternatively, an oscillator that is excited at its natural frequency can be used as an accurate 
source of periodic signals (a signal generator). 



16.7 Linearizing Devices 

Nonlinearity is present in any physical device, to varying levels. If the level of nonlinearity in a system 
(component, device, or equipment) can be neglected without exceeding the error tolerance, then the 
system can be assumed to be linear. 

In general, a linear system is one that can be expressed as one or more linear differential equations. Note 
that the principle of superposition holds for linear systems. Specifically, if the system response to an input, 
U\, is y 1 and the response to another input, u 2 , is y 2 , then the response to a 1 u 1 + a 2 u 2 is a l y l + a 2 y 2 . 

Nonlinearities in a system can appear in two forms: 

1 . Dynamic manifestation of nonlinearities 

2. Static manifestation of nonlinearities 

The useful operating region of many systems can exceed the frequency range where the frequency- 
response function is flat. The operating response of such a system is said to be dynamic. Examples include 
a typical dynamic system (e.g., automobile, aircraft, chemical process plant, robot), actuator (e.g., 
hydraulic motor), and controller (e.g., PID control circuitry). Nonlinearities of such systems can 
manifest themselves in a dynamic form such as the jump phenomenon (also known as the fold 
catastrophe), limit cycles, and frequency creation. Design changes, extensive adjustments, or reduction of 
the operating signal levels and bandwidths are generally necessary to reduce or eliminate these dynamic 
manifestations of nonlinearity. In many instances, such changes are not practical and we have to 
somehow manage with the presence of these nonlinearities under dynamic conditions. Design changes 
might involve replacing conventional gear drives with devices such as harmonic drives in order to reduce 
backlash, replacing nonlinear actuators with linear actuators, and using components that have negligible 
Coulomb friction and that make small motion excursions. 

A wide majority of sensors, transducers, and signal- modification devices are expected to operate in the 
flat region of the frequency-response function. The input/output relation of these types of devices, in the 
operating range, is expressed (modeled) as a static curve rather than a differential equation. Nonlinearities 
in these devices will manifest themselves in the static operating curve in many forms. These 
manifestations include saturation, hysteresis, and offset. 

In the first category of systems (plants, actuators, and compensators), if a nonlinearity is exhibited in 
the dynamic form, proper modeling and control practices should be employed in order to avoid 
unsatisfactory degradation of the system performance. In the second category of systems (sensors, 
transducers and signal modification devices), if nonlinearities are exhibited in the “static” operating 
curve, again the overall performance of the system will be degraded. Hence, it is important to “linearize” 
the output of such devices. Note that, in dynamic manifestations, it is not realistic to linearize the output 
because the response is in the dynamic form. The solution in that case is either to minimize nonlinearities 



© 2005 by Taylor & Francis Group, LLC 




16-50 



Vibration and Shock Handbook 



through design modifications and adjustments so 
that a linear approximation would be valid, or to 
take the nonlinearities into account in system 
modeling and control. In the present section, we 
are not concerned with this aspect. Instead, we are 
interested in the linearization of devices in the 
second category, whose operating characteristics 
can be expressed by static input-output curves. 

Linearization of a static device can be attempted 
by making design changes and adjustments, as in 
the case of dynamic devices. However, since the 
response is static, and since we normally deal with 
an available (fixed) device whose internal hard- 
ware cannot be modified, we should consider ways 
of linearizing the input -output characteristic by 
modifying the output itself. 

Static linearization of a device can be made in 
three ways: 

1 . Linearization using digital software 

2. Linearization using digital (logic) hardware 

3. Linearization using analog circuitry 

In the software approach to linearization, the output of the device is read into a processor with 
software-programmable memory and the output is modified according to the program instructions. In 
the hardware approach, the device output is read by a device having fixed logic circuitry that processes 
(modifies) the data. In the analog approach, a linearizing circuit is directly connected at the output of the 
device so that the output of the linearizing circuit is proportional to the input of the device. We shall 
discuss these three approaches in the rest of this section, heavily emphasizing the analog-circuit 
approach. 

Hysteresis-type static nonlinearity characteristics have the property that the input- output curve is not 
one to one. In other words, one input value may correspond to more than one (static) output value, and 
one output value may correspond to more than one input value. Let us disregard these types of 
nonlinearities. Our main concern is the linearization of a device having a single-valued static response 
curve that is not a straight line. An example of a typical nonlinear input -output characteristic is 
shown in Figure 16.20(a). Strictly speaking, a straight-line characteristic with a simple offset, as shown in 
Figure 16.20(b), is also a nonlinearity. In particular, note that superposition does not hold for an input- 
output characteristic of this type, given by 





FIGURE 16.20 (a) A general static nonlinear charac- 

teristic; (b) an offset nonlinearity. 



y = ku + c (16.93) 

It is very easy, however, to linearize such a device because the simple addition of a DC component will 
convert the characteristic into the linear form given by 

y = ku (16.94) 

This method of linearization is known as offsetting. Linearization is more difficult in the general case 
where the characteristic curve could be much more complex. 

16.7.1 Linearization by Software 

If the nonlinear relationship between the input and the output of a nonlinear device is known, the input 
can be “computed” for a known value of the output. In the software approach of linearization, system 
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composed of a processor and memory that can be programmed using software (i.e., a digital computer) is 
used to compute the input using output data. Two approaches can be used. They are 

1 . Equation inversion 

2. Table lookup 

In the first method, the nonlinear characteristic of the device is known in the analytic (equation) form: 

y=f(u) (16.95) 

in which 

u = device input 
y = device output 

Assuming that this is a one-to-one relationship, a unique inverse given by the equation 

u=f~\y) (16.96) 

can be determined. This equation is programmed into the read-and-write memory (RAM) of the 
computer as a computation algorithm. When the output values, y, are supplied to the computer, the 
processor will compute the corresponding input values, u, using the instructions (executable program) 
stored in the RAM. 

In the table lookup method, a sufficiently large number of pairs of values (y, u) are stored in the 
memory of the computer in the form of a table of ordered pairs. These values should cover the entire 
operating range of the device. When a value for y is entered into the computer, the processor scans the 
stored data to check whether that value is present. If so, the corresponding value of u is read and this is 
the linearized output. If the value ofy is not present in the data table, then the processor will interpolate 
the data in the vicinity of the value and will compute the corresponding output. In the linear interpolation 
method, the area of the data table where the y value falls is fitted with a straight line and the 
corresponding u value is computed using this straight line. Higher order interpolations use nonlinear 
interpolation curves such as quadratic and cubic polynomial equations (splines). 

Note that the equation inversion method is usually more accurate than the table lookup method and it 
does not need excessive memory for data storage. However, it is relatively slow because data are 
transferred and processed within the computer using program instructions that are stored in the memory 
and that typically have to be accessed in a sequential manner. The table lookup method is fast. Since the 
accuracy depends on the number of stored data values, this is a memory-intensive method. For better 
accuracy, more data should be stored. However, since the entire data table has to be scanned to check for 
a given data value, this increase in accuracy is derived at the expense of speed as well as memory 
requirements. 

16.7.2 Linearization by Hardware Logic 

The software approach to linearization is flexible in the sense that the linearization algorithm can be 
modified (e.g., improved, changed) simply by modifying the program stored in the RAM. Furthermore, 
highly complex nonlinearities can be handled by the software method. As mentioned before, the method 
is relatively slow, however. 

In the hardware logic method of linearization, the linearization algorithm is permanently 
implemented in the IC form using appropriate digital logic circuitry for data processing, and memory 
elements (e.g., flip-flops). Note that the algorithm and numerical values of parameters (except input 
values) cannot be modified without redesigning the IC chip, because a hardware device typically does not 
have programmable memory. Furthermore, it will be difficult to implement very complex linearization 
algorithms by this method and, unless the chips are mass produced for an extensive commercial market, 
the initial cost of chip development will make the production of linearizing chips economically infeasible. 
In bulk production, however, the per-unit cost will be very small. Furthermore, since the access of stored 
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program instructions and extensive data manipulation are not involved, the hardware method of 
linearization can be substantially faster than the software method. 

A digital linearizing unit that has a processor and a read-only memory (ROM), whose program cannot 
be modified, also lacks the flexibility of a programmable software device. Hence, such a ROM-based 
device also falls into the category of hardware logic devices. 

16.7.3 Analog Linearizing Circuitry 

Three types of analog linearizing circuitry can be identified: 

1. Offsetting circuitry 

2. Circuitry that provides a proportional output 

3. Curve shapers 

We will describe each of these categories now. 

An offset is a nonlinearity that can be easily removed using an analog device. This is accomplished by 
simply adding a DC offset of equal value to the response, but in the opposite direction. Deliberate 
addition of an offset in this manner is known as offsetting. The associated removal of original offset is 
known as offset compensation. There are many applications of offsetting. Unwanted offsets such as those 
present in ADC and DAC results can be removed by analog offsetting. Constant (DC) error components 
such as steady-state errors in dynamic systems due to load changes, gain changes, and other disturbances 
can be eliminated by offsetting. Common-mode error signals in amplifiers and other analog devices can 
also be removed by offsetting. In measurement circuitry such as potentiometer (ballast) circuits, where 
the actual measurement signal is a change, 8v 0 , in a steady output signal, v Q , the measurement can be 
completely wiped out due to noise. To reduce this problem, first the output should be offset by — v 0 so 
that the net output is Sv Q and not v D + 8v 0 . This output is subsequently conditioned by filtering and 
amplification. Another application of offsetting is the additive change of scale of a measurement, for 
example from a relative scale (e.g., velocity) to an absolute scale. In summary, some of the applications of 
offsetting are: 

1. Removal of unwanted offsets and DC components in signals (e.g., in ADC, DAC, signal 
integration). 

2. Removal of steady-state error components in dynamic system responses (e.g., due to load changes 
and gain changes in Type 0 systems. Note: Type 0 systems are open-loop systems having no free 
integrators). 

3. Rejection of common-mode levels (e.g., in amplifiers and filters). 

4. Error reduction when a measurement is an increment of a large steady output level (e.g., in ballast 
circuits for strain-gage and RTD sensors). 

5. Scale changes in an additive manner (e.g., conversion from relative to absolute units or from 
absolute to relative units). 

We can remove unwanted offsets in the simple manner as discussed above. Let us now consider more 
complex nonlinear responses that are nonlinear in the sense that the input-output curve is not a straight 
line. Analog circuitry can be used to linearize this type of response as well. The linearizing circuit used 
will generally depend on the particular device and the nature of its nonlinearity. Hence, often linearizing 
circuits of this type have to be discussed with respect to a particular application. For example, such 
linearization circuits are useful in transverse-displacement capacitative sensor. Several useful circuits are 
described below. 

Consider the type of linearization that is known as curve shaping. A curve shaper is a linear device 
whose gain (output/ input) can be adjusted so that response curves with different slopes can be obtained. 
Suppose that a nonlinear device having an irregular (nonlinear) input -output characteristic is to be 
linearized. First, we apply the operating input simultaneously to the device and the curve shaper, and 
the gain of the curve shaper is adjusted such that it closely matches that of the device in a small range 
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of operation. Now, the output of the curve shaper can be utilized for any task that requires the device 
output. The advantage here is that linear assumptions are valid with the curve shaper, which is not the 
case for the actual device. When the operating range changes, the curve shaper must be returned to the 
new range. Comparison (calibration) of the curve shaper and the nonlinear device can be done off line 
and, once a set of gain values corresponding to a set of operating ranges is determined in this manner for 
the curve shaper, it is possible to completely replace the nonlinear device with the curve shaper. Then the 
gain of the curve shaper can be adjusted depending on the actual operating range during system 
operation. This is known as gain scheduling. Note that we can replace a nonlinear device with a linear 
device (curve shaper) within a multicomponent system in this manner without greatly sacrificing the 
accuracy of the overall system. 

16.7.4 Offsetting Circuitry 

Common-mode outputs and offsets in amplifiers 
and other analog devices can be minimized by 
including a compensating resistor that can provide 
fine adjustments at one of the input leads. 

Furthermore, the larger is the feedback signal 
level in a feedback system, the smaller is the steady- 
state error. Hence, steady-state offsets can be 
reduced by reducing the feedback resistance 
(thereby increasing the feedback signal). Further- 
more, since a ballast (potentiometer) circuit 
provides an output of v a + Sv 0 and a bridge 
circuit provides an output of Sv 0 , the use of a bridge circuit can be interpreted as an offset compensation 
method. 

The most straightforward way of offsetting is by using a differential amplifier (or a summing amplifier) 
to subtract (or add) a DC voltage to the output of the nonlinear device. The DC level has to be variable so 
that various levels of offset can be provided using the same circuit. This is accomplished by using an 
adjustable resistance at the DC input lead of the amplifier. 

An operational- amplifier circuit for offsetting is shown in Figure 16.21. Since the input, y , is 
connected to the negative lead of the opamp, we have an inverting amplifier, and the input signal will 
appear in the output, v a , with its sign reversed. This is also a summing amplifier because two signals can 
be added together by this circuit. If the input, y, is connected to the positive lead of the opamp, we will 
have a noninverting amplifier. 

The DC voltage, y e f, provides the offsetting voltage. The resistor, R c (compensating resistor), is 
variable so that different values of offset can be compensated using the same circuit. To obtain the circuit 
equation, we write the current balance equation for node A, using the usual assumption that the current 
through an input lead is zero for an opamp because of very high input impedance; thus 

^ref ~ V A = fA_ 

Rc Ro 



R 




FIGURE 16.21 An inverting amplifier circuit for offset 
compensation. 



or 

_ Rq 

Va (R q + R c ) Vref 

Similarly, the current balance at node B gives 

Vj ~ H Vq ~ Vb = 

R R 



or 

v 0 = — y + 2 v b 



(i) 



(ii) 
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Since v A = v B for the opamp (because of very high open-loop gain), we can substitute Equation i into 
Equation ii. Then, 



, 2 R a 

V n — V\ V rp f 

° (R 0 +R c ) 



(16.97) 



Note the sign of v ; is reversed at the output (because this is an inverting amplifier). This is not a problem 
because polarity can be reversed at input or output in connecting this circuit to other circuitry, thereby 
recovering the original sign. The important result here is the presence of a constant offset term on the 
RHS of Equation 16.97. This term can be adjusted by picking the proper value for R c so as to compensate 
for a given offset in v ; . 



Active 

Element 




16.7.5 Proportional-Output Circuitry 

An operational-amplifier circuit may be employed 
to linearize the output of a capacitive transverse- 
displacement sensor. In constant-voltage and 
constant-current resistance bridges and in a 
constant- voltage half bridge, the relation between 
the bridge output, 5v 0 , and the measurand (the 
change in resistance in the active element) is 
nonlinear. The nonlinearity is least for the 
constant-current bridge and it is highest for the 
half bridge. Since 8 R is small compared with R, 
however, the nonlinear relations can be linearized 
without introducing large errors. However, the 
linear relations are inexact and are not suitable if 
8 R cannot be neglected in comparison to R. Under 

these circumstances, the use of a linearizing circuit would be appropriate. 

One way to obtain a proportional output from a Wheatstone bridge is to feed back a suitable factor 
of the bridge output into the bridge supply, v ref . Another way is to use the opamp circuit shown in 
Figure 16.22. This should be compared with the Wheatstone bridge shown in Figure 16.17(a). Note 
that R represents the only active element (e.g., an active strain gage). 

First, let us show that the output equation for the circuit in Figure 16.22 is similar to Equation 16.68. 
Using the fact that the current through an input lead of an unsaturated opamp can be neglected, we have 
the following current balance equations for nodes A and B: 

Vref - V A 



FIGURE 16.22 A proportional-output circuit for an 
active resistance element (strain gage). 



Vref 



R4 

V B 



R* 



A 



_ Va_ 

Ri 

Vq ~ VB 

Ri 



= 0 



Hence, 



v A : 



R? 



(R2+R4) 



Vref 



and 



v B = 



R I V r el A R-$ V„ 

(Ri+R 3 ) 



Now, using the fact v A = v B for an opamp, we obtain 

R lVref A R ) V Q _R 2 

(R] AR,) (i 2 AH 4 ) 1 ' rcf 
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Accordingly, we have the circuit output equation 



v 



O 



{R2R3 R1R4) 

R 3 {R 2 +R A ) Vref 



(16.98) 



Note that this relation is quite similar to the Wheatstone bridge equation (Equation 16.68). The balance 
condition (i.e., v D = 0) is again given by Equation 16.69. 

Suppose that R 1 = R 2 = R 2 = R 4 = R in the beginning (the circuit is balanced), so v 0 = 0. Then 
suppose that the active resistance is changed by 8 R (say, owing to a change in strain in the strain gage 
R { ). Then, using Equation 16.98, we can write an expression for the charge in circuit output as 



8v 



O 



[R 2 - R(R + 8 R)] 
R(R + R) 



v ref - 0 



or 



8v 0 1 8 jR 

V ref 2 R 



(16.99) 



By comparing this result with Equation 16.71, we observe that the circuit output, 8v 0 , is proportional to 
the measurand, 8 R. Furthermore, note that the sensitivity of the circuit in Figure 16.22 (1/2) is double 
that of a Wheatstone bridge that has one active element (1/4), which is a further advantage of the 
proportional-output circuit. The sign reversal is not a drawback because it can be accounted for by 
reversing the load polarity. 

16.7.5.1 Curve-Shaping Circuitry 

A curve shaper can be interpreted as an amplifier 
whose gain is adjustable. A typical arrangement for 
a curve-shaping circuit is shown in Figure 16.23. 

The feedback resistance, R t , is adjustable by some 
means. For example, a switching circuit with a 
bank of resistors (say, connected in parallel 
through solid-state switches as in the case of 
weighted-resistor DAC) can be used to switch the 
feedback resistance to the required value. Auto- 
matic switching can be realized by using Zener 
diodes that will start conducting at certain voltage 
levels. In both cases (external switching by switch- 
ing pulses or automatic switching using Zener 
diodes), amplifier gain is variable in discrete steps. Alternatively, a potentiometer can be used as R { so 
that the gain can be continuously adjusted (manually or automatically). 

The output equation for the curve-shaping circuit shown in Figure 16.23 is obtained by writing the 
current balance at node A, noting that v A = 0; thus 



Resistance Switching 
Circuit 




FIGURE 16.23 A curve-shaping circuit. 
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R Vi 



It follows that the gain (Rf/R) of the amplifier can be adjusted by changing R t . 



(16.100) 



© 2005 by Taylor & Francis Group, LLC 



16-56 



Vibration and Shock Handbook 



16.8 Miscellaneous Signal Modification Circuitry 

In addition to the signal modification devices discussed so far in this chapter, there are many other types 
of circuitry that are used for signal modification and related tasks. Examples are phase shifters, voltage- 
to-frequency converters, frequency-to-voltage converters, voltage-to-current converts, and peak-hold 
circuits. The objective of the present section is to discuss briefly several of such miscellaneous circuits and 
components that are useful in the instrumentation of dynamic systems. 



16.8.1 Phase Shifters 



A sinusoidal signal given by 

v = v a sin (cot + <p) (16.101) 

has the following three representative parameters: 

v a = amplitude 
co = frequency 
4> = phase angle 



R 




Note that the phase angle represents the time 

reference (starting point) of the signal. The phase FIGURE 16 ’ 24 A Phase-shifter circuit, 

angle is an important consideration only when two 
or more signal components are compared. The 

Fourier spectrum of a signal is presented as its amplitude (magnitude) and the phase angle with respect 
to the frequency. 

Phase-shifting circuits have many applications. When a signal passes through a system, its phase 
angle changes due to dynamic characteristics of the system. Consequently, the phase change provides 
very useful information about the dynamic characteristics of the system. Specifically, for a linear 
constant-coefficient system, this phase shift is equal to the phase angle of the frequency-response 
function ( frequency-transfer function) of the system at that particular frequency. This phase-shifting 
behavior is, of course, not limited to electrical systems and is equally exhibited by other types of 
systems including mechanical vibrating systems. The phase shift between two signals can be 
determined by converting the signals into the electrical form (using suitable transducers) and shifting 
the phase angle of one signal through known amounts, using a phase-shifting circuit, until the two 
signals are in phase. 

Another application of phase shifters is in signal demodulation. For example, one method of 
amplitude demodulation involves processing the modulated signal together with the carrier signal. This, 
however, requires the modulated signal and the carrier signal to be in phase. Usually, however, since the 
modulated signal has already transmitted through electrical circuitry having impedance characteristics, 
its phase angle has changed. Then, it is necessary to shift the phase angle of the carrier until the two 
signals are in phase, so that demodulation can be performed accurately. Hence, phase shifters are used in 
demodulating, for example, when demodulating FVDT displacement-sensor outputs. 

A phase-shifter circuit, ideally, should not change the signal amplitude while changing the phase angle 
by a required amount. Practical phase shifters can introduce some degree of amplitude distortion (with 
respect to frequency) as well. A simple phase-shifter circuit can be constructed using resistance ( R ) and 
capacitance (C) elements. A resistance or a capacitor of such an RC circuit is made fine-adjustable so as to 
obtain a variable phase shifter. 

An opamp-based phase shifter circuit is shown in Figure 16.24. We can show that this circuit provides 
a phase shift without distorting the signal amplitude. The circuit equation is obtained by writing the 
current balance equations at nodes A and B, noting, as usual, that the current through the opamp leads 
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can be neglected due to high input impedance; thus 

n ~ v a = c dv >\ 

Rc df 

n - Vb Vq - Vb = 0 
R R 

On simplifying and introducing the Laplace variable, we obtain 

= (ts + l)v A 

and 

1 

V B = 2 (V i + V ° ) 

in which, the circuit time constant, r, is given by 



(i) 



(h) 



t=R c C 

Since v A = v B as a result of very high gain in the opamp, by substituting Equation ii into Equation i, we 
obtain 

Vi = ^(TS+ 1)(V; + V 0 ) 

It follows that the transfer function G(s) of the circuit is given by 

v 0 (1 — ts) 

— = G(s) = y— — £ (16.102) 

V; (1 + TS) 



It is seen that the magnitude of the frequency- response function G(jco) is 

lG(jw)l = 



-J\ + t 2 w 2 
VT+ t 2 co 2 



lG(jw)l = 1 



and the phase angle of GQco) is 



(16.103) 



2G(jw) = —tan 1 ra — tan 1 toj 



or 

AG(jco) = —2 tan -1 tco = —2 tan” 1 R c Cco (16.104) 

As needed, the transfer function magnitude is unity, indicating that the circuit does not distort the signal 
amplitude over the entire bandwidth. Equation 16.104 gives the phase lead of the output, v 0 , with respect 
to the input, V;. Note that this angle is negative, indicating that actually a phase lag is introduced. The 
phase shift can be adjusted by varying the resistance, R c . 



16.8.2 Voltage-to-Frequency Converter 

A voltage-to-frequency converter (VFC) generates a periodic output signal whose frequency is 
proportional to the level of an input voltage. Since such an oscillator generates a periodic output 
according to the voltage excitation, it is also called a voltage-controlled oscillator (VCO). 

A common type of VFC uses a capacitor. The time needed for the capacitor to be charged to a fixed 
voltage level will depend on the charging voltage (it is inversely proportional). Suppose that this voltage is 
governed by the input voltage. Then, if the capacitor is made to periodically charge and discharge, we 
have an output whose frequency (inverse of the charge- discharge period) is proportional to the charging 
voltage. The output amplitude will be given by the fixed voltage level to which the capacitor is charged in 
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Reference Level 




FIGURE 16.25 A voltage-to-frequency converter (voltage-controlled oscillator): (a) circuit; (b) output signal. 

each cycle. Consequently, we have a signal with a fixed amplitude and a frequency that depends on the 
charging voltage (input). 

A VFC (or VCO) circuit is shown in Figure 16.25(a). The voltage-sensitive switch closes when the 
voltage across it exceeds a reference level, v s , and it opens again when the voltage across it falls below a 
lower limit, v o (0). Th e programmable unijunction transistor (PUT) is such a switching device. 

Note that the polarity of the input voltage, v ; , is reversed. Suppose that the switch is open. Then, 
current balance at node A of the opamp circuit gives 

v ; dv Q 
R C dt 

As usual, v A = voltage at positive lead = 0 because the opamp has a very high gain, and current through 
the opamp leads = 0 because the opamp has a very high input impedance. The capacitor charging 
equation can be integrated for a given value of v ; . This gives 

v° (t) = j^ v i t + v °(°) 

The switch is closed when the voltage across the capacitor v Q (f) equals the reference level v s . Then, 
the capacitor will be immediately discharged through the closed switch. Hence, the capacitor charging 
time, T, is given by 

v s = - l -v i T + v o (0) 
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Accordingly, 



T = 



RC 

n 



(v s 



v o (0)) 



(16.105) 



The switch opens again when the voltage across the capacitor drops to v o (0), and the capacitor again 
begins to charge from v o (0) up to v s . This charging and instantaneous discharge cycle repeats periodically. 
The corresponding output signal is as shown in Figure 16.25(b). This is a periodic ( sawtooth ) wave with 
period T. The frequency of oscillation of the output (1/T) is given by 



f = 



Vi 

RC(v s - v o (0)) 



(16.106) 



It is seen that the oscillator frequency is proportional to the input voltage v r The oscillator amplitude 
is v s , which is fixed. 

VCOs have many applications. One application is in analog- to- digital conversion. In the VCO type 
analog-to-digital converters, the analog signal is converted into an oscillating signal using a VCO. Then, 
the oscillator frequency is measured using a digital counter. This count, which is available in the digital 
form, is representative of the input analog signal level. Another application is in digital voltmeters. 
Here, the same method as for ADC is used. Specifically, the voltage is converted into an oscillator signal 
and its frequency is measured using a digital counter. The count can be scaled and displayed to provide 
the voltage measurement. A direct application of the VCO is apparent from the fact it is actually a 
frequency modulator, providing a signal whose frequency is proportional to the input (modulating) 
signal. Hence, the VCO is useful in applications that require frequency modulation. Also, a VCO can be 
used as a signal (wave) generator for variable-frequency applications; for example, it can be used for 
excitation inputs for shakers in vibration testing, excitations for frequency-controlled DC motors, and 
pulse signals for translator circuits of stepping motors. 



16.8.3 Frequency-to-Voltage Converter 

A frequency-to-voltage converter (FVC) generates an output voltage whose level is proportional to 
the frequency of its input signal. One way to obtain a FVC is to use a digital counter to count the 
signal frequency and then use a DAC to obtain a voltage proportional to the frequency. A schematic 
representation of this type of FVC is shown in Figure 16.26(a). 



(a) 




Voltage 

Output 



Charging 

Voltage 




Threshold 

(b) Signal 



FIGURE 16.26 Frequency-to-voltage converters: (a) digital counter method; (b) capacitor charging method. 
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An alternative FVC circuit is schematically shown in Figure 16.26(b). In this method, the frequency 
signal is supplied to a comparator along with a threshold voltage level. The sign of the comparator output 
will depend on whether the input signal level is larger or smaller than the threshold level. The first sign 
change (negative to positive) in the comparator output is used to trigger a switching circuit that will 
respond by connecting a capacitor to a fixed charging voltage. This will charge the capacitor. The next 
sign change (positive to negative) of the comparator output will cause the switching circuit to short the 
capacitor, thereby instantaneously discharging it. This charging -discharging process will be repeated in 
response to the oscillator input. Note that the voltage level to which the capacitor is charged each time 
will depend on the switching period (charging voltage is fixed), which is in turn governed by the 
frequency of the input signal. Hence, the output voltage of the capacitor circuit will be representative of 
the frequency of the input signal. Since the output is not steady due to the ramp-like charging curve and 
instantaneous discharge, a smoothing circuit is provided at the output to remove the noisy ripples. 

Applications of FVC include demodulation of frequency-modulated signals, frequency measurement 
in mechanical vibration applications, and conversion of pulse outputs in some types of sensors and 
transducers into analog voltage signals. 

16.8.4 Voltage-to-Current Converters 

Measurement and feedback signals are usually 
transmitted as current levels in the range of 4 to 
20 mA rather than as voltage levels. This is 
particularly useful when the measurement site is 
not close to the monitoring room. Since the 
measurement itself is usually available as a voltage, 
it has to be converted into current by using a 
voltage-to-current converter (VCC). For example, 
pressure transmitters and temperature transmit- 
ters in operability testing systems provide current 
outputs that are proportional to the measured 
values of pressure and temperature. 

There are many advantages to transmitting current rather than voltage. In particular, the voltage level 
will drop due to resistance in the transmitting path, but the current through a conductor will remain 
uncharged unless the conductor is branched. Hence, current signals are less likely to acquire errors due to 
signal weakening. Another advantage of using current instead of voltage as the measurement signal is that 
the same signal can be used to operate several devices in series (for example, a display, a plotter, and a signal 
processor simultaneously), without causing errors through signal weakening due to the power lost at each 
device, because the same current is applied to all devices. AVCC should provide a current proportional to 
an input voltage without being affected by the load resistance to which the current is supplied. 

An operational-amplifier-based voltage-to-current convert circuit is shown in Figure 16.27. Using the 
fact that the currents through the input leads of an unsaturated opamp can be neglected (due to very high 
input impedance), we write the current summation equations for the two nodes, A and B, thus: 

Vk = v p ~ v A 

R R 

and 

v i ~ V B . V P — V B 

-p- + —1 — = 

Accordingly, we have 

2v a = v P (i) 




FIGURE 16.27 A voltage-to-current converter. 
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and 



Vi - 2 v b + v P = ft 0 (ii) 

Now, using the fact that v A = v B for the opamp (due to very high gain), we substitute Equation i into 
Equation ii. This gives 

i 0 =j (16.107) 

in which 

i a = output current 

V; = input voltage 

It follows that the output current is proportional to the input voltage, irrespective of the value of the load 
resistance, R L , as required for a VCC. 

16.8.5 Peak-Hold Circuits 

Unlike a S/H circuit that holds every sampled value 
of the signal, a peak-hold circuit holds only the 
largest value reached by the signal during the 
monitored period. Peak holding is useful in a 
variety of applications. In signal processing for 
shock and vibration studies, what are known as 
response spectra (e.g., a shock response spectrum) are 
determined by using a response spectrum analyzer 
that exploits a peak holding scheme. Suppose that 
a signal is applied to a simple oscillator (a single- 
degree-of-freedom second-order system with no 
zeros) and the peak value of the response (output) is determined. A plot of the peak output as a function 
of the natural frequency of the oscillator, for a specified damping ratio, is known as the response 
spectrum of the signal for that damping ratio. Peak detection is also useful in machine monitoring and 
alarm systems. In short, when just one representative value of a signal is needed in a particular 
application, the peak value is a leading contender. 

Peak detection of a signal can be conveniently done using digital processing. For example, the signal 
may be sampled and the previous sample value replaced by the present sample value if and only if the 
latter is larger than the former. By sampling and then holding one value in this manner, the peak value of 
the signal is retained. Note that, usually, the time instant at which the peak occurs is not retained. 

Peak detection can be done using analog circuitry as well. This is, in fact, the basis of analog spectrum 
analyzers. Apeak-holding circuit is shown in Figure 16.28. The circuit consists of two voltage followers. The 
first voltage follower has a diode at its output that is forward biased by the positive output of the voltage 
follower and reverse-biased by a low-leakage capacitor, as shown. The second voltage follower presents the 
peak voltage that is held by the capacitor to the circuit output at a low output impedance, without loading 
the previous circuit stage (capacitor and first voltage follower). To understand the operation of the circuit, 
suppose that the input voltage, V;, is larger than the voltage to which capacitor is charged (v). Since the 
voltage at the positive lead of the opamp is V; and the voltage at the negative lead is v, the first opamp will be 
saturated. Since the differential input to the opamp is positive under these conditions, the opamp output 
will be positive. The output will charge the capacitor until the capacitor voltage, v, equals the input voltage, 
V; . This voltage ( call it v Q ) is in turn supplied to the second voltage follower which presents the same value to 
its output (gain = 1 for a voltage follower), but at a very low impedance level. Note that the opamp output 
remains at the saturated value only for a very short time (the time taken by the capacitor to charge). Now, 
suppose that v ; is smaller than v. Then, the differential input of the opamp will be negative, and the opamp 
output will be saturated at the negative saturation level. This will reverse bias the diode. Hence, the output 
of the first opamp will be in open circuit, and as a result the voltage supplied to the output voltage follower 




FIGURE 16.28 A peak-holding circuit. 
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would still be the capacitor voltage and not the output of the first opamp. It follows that the voltage level of 
the capacitor (and hence the output of the second voltage follower) would always be the peak value of the 
input signal. The circuit can be reset by discharging the capacitor through a solid-state switch that is 
activated by an external pulse. 



16.9 Signal Analyzers and Display Devices 

Vibration signal analysis may employ both analog and digital procedures. Since signal analysis results in 
extracting various useful bits of information from the signal, it is appropriate to consider the topic within 
the present context of signal modification as well. Here, we will introduce digital signal analyzers. 

Signal display devices also make use of at least some signal processing. This may involve filtering and 
change of the signal level and format. More sophisticated signal display devices, particularly digital 
oscilloscopes, can carry out more complex signal analysis functions such as those normally available with 
digital signal analyzers. Oscilloscopes as well are introduced in the present section, though they may be 
treated under vibration instrumentation. 

Signal-recording equipment commonly employed in vibration practice includes digital storage devices 
such as hard drives, floppy disks, and CD-ROMs, analog devices like tape recorders, strip-chart recorders 
and X—Y plotters, and digital printers. Tape recorders are used to record vibration data (transducer 
outputs) that are subsequently reproduced for processing or examination. Often, tape-recorded 
waveforms are also used to generate (by replay) signals that drive vibration test exciters (shakers). Tape 
recorders use tapes made of a plastic material that has a thin coating of a specially treated ferromagnetic 
substance. During the recording process, magnetic flux proportional to the recorded signal is produced 
by the recording head (essentially an electromagnet), which magnetizes the tape surface in proportion to 
the signal variation. Reproduction is the reverse process, whereby an electrical signal is generated at the 
reproduction head by electromagnetic induction in accordance with the magnetic flux of the magnetized 
(recorded) tape. Several signal-conditioning circuitries are involved in the recording and reproducing 
stages. Recording by FM is very common in vibration testing. 

Strip-chart recorders are usually employed to plot time histories (that is, quantities that vary with 
time), although they also may be used to plot such data as frequency-response functions and 
response spectra. In these recorders, a paper roll unwinds at a constant linear speed, and the writing head 
moves across the paper (perpendicular to the paper motion) proportionally to the signal level. There are 
many kinds of strip-chart recorders, which are grouped according to the type of writing head that is 
employed. Graphic-level recorders, which use ordinary paper, employ such heads as ink pens or brushes, 
fiber pens, and sapphire styli. Visicoders are simple oscilloscopes that are capable of producing 
permanent records; they employ light-sensitive paper for this. Several channels of input data can be 
incorporated with a visicoder. Obviously, graphic-level recorders are generally limited by the number of 
writing heads possible (typically, one or two), but visicoders can have many more input channels 
(typically, 24). Performance specifications of these devices include paper speed, frequency range of 
operation, dynamic range, and power requirements. 

In vibration experimentation, X-Y plotters are generally employed to plot frequency data ( for example, 
PSD, frequency- response functions, response spectra, transmissibility curves), although they also can be 
used to plot time-history data. Many types of X- Y plotter are available, most of them using ink pens and 
ordinary paper. There are also hard-copy units that use heat-sensitive paper in conjunction with a heating 
element as the writing head. The writing head in an X- Y plotter is moved in the X and ^directions on the 
paper by two input signals that form the coordinates for the plot. In this manner, a trace is made on 
stationary plotting paper. Performance specifications of X- Y plotters are governed by such factors as 
paper size; writing speed (in./sec, cm/sec); dead band (expressed as a percentage of the full scale), which 
measures the resolution of the plotter head; linearity (expressed as a percentage of the full scale), which 
measures the accuracy of the plot; minimum trace separation (in., cm) for multiple plots on the same 
axes; dynamic range; input impedance; and maximum input (mV/in., mV/cm). 
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Today, the most widespread signal recording device is in fact the digital computer (memory, storage) 
and printer combination. This and the other (analog) devices used in signal recording and display make 
use of some signal modification to accomplish their functions. However, we will not discuss these devices 
in the present section. 

16.9.1 Signal Analyzers 

Modern signal analyzers employ digital techniques of signal analysis to extract useful information that is 
carried by the signal. Digital Fourier analysis using FFT is perhaps the single common procedure that is 
used in the vast majority of signal analyzers. As we have noted before, Fourier analysis will produce the 
frequency spectrum of a time signal. It should be clear, therefore, why the terms digital signal analyzer, 
FFT analyzer, frequency analyzer, spectrum analyzer, and digital Fourier analyzer are to some extent 
synonymous as used in the commercial instrumentation literature. 

A signal analyzer typically has two (dual) or more (multiple) input signal channels. To generate results 
such as frequency response (transfer) functions, cross spectra, coherence functions, and cross-correlation 
functions, we need at least two data signals and hence a dual-channel analyzer. 

In hardware analyzers, digital circuitry rather than software is used to carry out the mathematical 
operations. Clearly, these are very fast but less flexible (in terms of programmability and functional 
capability) for this reason. Digital signal analyzers, regardless of whether they use the hardware or the 
software approach, employ some basic operations. These operations, carried out in sequence, are: 

1. Antialias filtering (analog) 

2. Analog-to-digital conversion (i.e., single sampling) 

3. Truncation of a block of data and multiplication by a window function 

4. FFT analysis of the block of data 

We have noted the following facts. If the sampling period of the ADC is A T (i.e., the sampling 
frequency is 1/AT) then the Nyquist frequency / c = 1/2AT. This Nyquist frequency is the upper limit of 
the useful frequency content of the sampled signal. The cutoff frequency of the antialiasing filter should 
be set at f c or less. If there are N data samples in the block of data that is used in the FFT analysis, the 
corresponding record length is T — TV- AT. Then, the spectral lines in the FFT results are separated at a 
frequency spacing of AT = 1/T. In view of the Nyquist frequency limit, there will be only N/2 useful 
spectral lines of FFT result. 

Strictly speaking, a real-time signal analyzer should analyze a signal instantaneously and continuously 
as the signal is received by the analyzer. This is usually the case with an analog signal analyzer. However, in 
digital signal analyzers, which are usually based on digital Fourier analysis, a block of data (i.e., N samples 
of record length T) is analyzed together to produce N/2 useful spectral lines (at frequency spacing 1/T). 
This is, then, not a truly real-time analysis. For practical purposes, if the speed of analysis is sufficiently 
fast, the analyzer may be considered real time, which is usually the case with hardware analyzers and also 
modern, high-speed software analyzers. 

The bandwidth B of a digital signal analyzer is a measure of its speed of signal processing. Specifically, 
for an analyzer that uses N data samples in each block of signal analysis, the associated processing time 
may be given by 



T r = 



N 

~B 



(16.108) 



Note that the larger the B, the smaller the T c . The analyzer is considered real-time if the analysis time (T c ) 
of the data record is less than the generation time (T = N-AT) of the data record. Hence, we need 



T c < T 
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or 



or 



N 

~B 



< T 



— < N-AT 
B 



or 

^<B (16.109) 

In other words, a real-time analyzer has a bandwidth greater than its sampling rate. 

A multichannel digital signal analyzer can analyze one or more signals simultaneously and generate 
(and display) results such as Fourier spectra, power spectral densities, cross spectral densities, frequency- 
response functions, coherence functions, autocorrelations, and cross correlations. They are able to 
perform high-resolution analysis on a small segment of the frequency spectrum of a signal. This is termed 
zoom analysis. Essentially, in this case, the spectral line spacing, A F, is decreased while keeping the 
number of lines (N), and hence the number of time data samples, the same. That means the record length 
(T = 1/AF) has to be increased in proportion, for zoom analysis. 



16.9.2 Oscilloscopes 

An oscilloscope is used to observe one or two signals separately or simultaneously. Amplitude, frequency, 
and phase information of the signals can be obtained using an oscilloscope. In this sense, the oscilloscope 
is a signal modification as well as a measurement (monitoring) and display device. Both analog and 
digital oscilloscopes are available. A typical application of an oscilloscope is to observe (monitor) 
experimental data such as vibration signals of machinery as obtained from transducers. They are also 
useful in observing and examining vibration test results, such as frequency-response plots, PSD curves, 
and response spectra. Typically, only temporary records are available on an analog oscilloscope screen. 
The main component of an analog oscilloscope is the cathode-ray tube (CRT), which consists of an 
electron gun (cathode) that deflects an electron ray according to the input-signal level. The oscilloscope 
screen has a coating of electron-sensitive material, so that the electron ray that impinges on the screen 
leaves a temporary trace on it. The electron ray sweeps across the screen horizontally, so that waveform 
traces can be recorded and observed. Usually, two input channels are available. Each input may be 
observed separately, or the variations in one input may be observed against those of the other. In this 
manner, signal phasing can be examined. Several sensitivity settings for the input-signal-amplitude scale 
(in the vertical direction) and sweep-speed selections are available on the panel. 

16.9.2.1 Triggering 

The voltage level of the input signal deflects the electron gun proportionally in the vertical (y-axis) 
direction on the CRT screen. This alone will not show the time evolution of the signal. The true time 
variation of the signal is achieved by means of a sawtooth signal that is generated internally in the 
oscilloscope and used to move the electron gun in the horizontal (x-axis) direction. As the name implies, 
the sawtooth signal increases linearly in amplitude until a threshold value then suddenly drops to zero, 
and then repeats this cycle again. In this manner, the observed signal is repetitively swept across the screen 
and a trace of it can be observed as a result of the temporary retention of the illumination of the electron 
gun on the fluorescent screen. The sawtooth signal may be controlled (triggered) in several ways. For 
example, the external trigger mode uses an external signal from another channel (not the observed 
channel) to generate and synchronize the sawtooth signal. In the line trigger mode, the sawtooth signal is 
synchronized with the AC line supply (60 or 50 Hz). In the internal trigger mode, the observed signal 
(which is used to deflect the electron beam in the y direction) itself is used to generate (synchronize) the 
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sawtooth signal. Since the frequency and the phase of the observed signal and the trigger signal are 
perfectly synchronized in the last case, the trace on the oscilloscope screen will appear stationary. Careful 
observation of a signal can be made in this manner. 

16.9.2.2 Lissajous Patterns 

Suppose that two signals, * and y, are provided to the two channels of an oscilloscope. If they are used to 
deflect the electron beam in the horizontal and the vertical directions, respectively, a pattern known as 
Lissajous pattern will be observed on the oscilloscope screen. Useful information about the amplitude 
and phasing of the two signals may be observed by means of these patterns. Consider sine waves x and y. 
Several special cases of Lissajous patterns are given below. 

1. Same frequency, same phase: Here, 

x = x a sin(tof + (f>) 
y = y a sin (cot + <j>) 



Then we have 



x y 

x 0 y a 



which gives a straight-line trace with a positive slope, as shown in Figure 16.29(a). 




FIGURE 16.29 Some Lissajous patterns: (a) equal frequency and in-phase; (b) equal frequency and 90° out-of- 
phase; (c) equal frequency and 180° out-of-phase; (d) equal frequency and 8 out-of-phase; (e) integral frequency ratio. 
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2. Same frequency, 90° out-of-phase: Here, 

x = x a sin(wt + <f) 

y = y a sin(wf + (f>+ ir/2) = y a cos(cot + <f>) 



Then we have 




= 1 



which gives an ellipse, as shown in Figure 16.29(b). 

3. Same frequency, 180° out-of-phase: Here, 

x = x a sin(wf + 4 > ) 



y = y Q sin(wf + cf+ tt) = -y a sin(wf + <j>) 



Hence, 



x y 

1 

-^o To 



= 0 



which corresponds to a straight line with a negative slope, as shown in Figure 16.29(c). 

4. Same frequency, 0 out-of-phase: 



x = x a sin(wf + <f > ) 



y = y a sin (cot + 4>+ 0) 



When u>t + f = 0, y = /intercept = To sin 0. 
Hence, 



sin 0 = 



^intercept 

To 



In this case, we obtain a tilted ellipse as shown in Figure 16.29(d). The phase difference 6 is obtained 
from the Lissajous pattern. 

5. Integral frequency ratio: 

co y Number of /-peaks 

co x Number of x-peaks 

Three examples are shown in Figure 16.29(e). 

co y 2 co y 3 oiy 3 

co x 1 ’ u> x 1 ’ to x 2 



Note: The above observations are true for narrowband signals as well. Broadband random signals produce 
scattered (irregular) Lissajous patterns. 



16.9.2.3 Digital Oscilloscopes 

The basic uses of a digital oscilloscope are quite similar to those of a traditional analog oscilloscope. 
The main differences stem from the manner in which information is represented and processed 
“internally” within the oscilloscope. Specifically, a digital oscilloscope first samples a signal that arrives 
at one of its input channels and stores the resulting digital data within a memory segment. This is 
essentially a typical ADC operation. This digital data may be processed to extract and display the 
necessary information. The sampled data and the processed information may be stored on a floppy 
disk, if needed, for further processing using a digital computer. Also, some digital oscilloscopes have the 
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communication capability so that the information may be displayed on a video monitor or printed to 
provide a hard copy. 

A typical digital oscilloscope has four channels so that four different signals maybe acquired (sampled) 
into the oscilloscope and displayed. Also, it has various triggering options so that the acquisition of a 
signal may be initiated and synchronized by means of either an internal or an external trigger. Apart from 
the typical capabilities that are possible with an analog oscilloscope, a digital oscilloscope can 
automatically provide other useful features such as the following: 

1 . Automatic scaling of the acquired signal 

2. Computation of signal features such as frequency, period, amplitude, mean, root-mean-square 
(rms) value, and rise time 

3. Zooming into regions of interest of a signal record 

4. Averaging of multiple signal records 

5. Enveloping of multiple signal records 

6. FFT capability, with various window options and antialiasing 

These various functions are menu selectable. Typically, first a channel of the incoming data (signal) is 
selected and then an appropriate operation on the data is chosen from the menu (through menu 
buttons). 
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Summary 

Vibration testing involves application of a vibration excitation to a test object and monitoring the resulting 
response. The first step in vibration testing is the generation of a test excitation according to some specification 
or objective. The applied excitation and the corresponding responses are measured at designated locations of 
the test object. Analysis of the test data will generate useful information about the tested object , which may 
be applicable in design development , manufacture, and utilization of the object. This chapter presents the 
basics of the planning of vibration tests, test signal representation and generation, vibration testing, and test 
data acquisition. 



17.1 Introduction 

Vibration testing is usually performed by applying a vibratory excitation to a test object and monitoring 
the structural integrity of the object and its performance of its intended function. The technique may be 
useful in several stages: (1) design development, (2) production, and (3) utilization of a product. In the 
initial design stage, the design weaknesses and possible improvements can be determined through 
the vibration testing of a preliminary design prototype or a partial product. In the production stage, the 
quality of the workmanship of the final product can be evaluated using both destructive and 
nondestructive vibrating testing. A third application termed product qualification, is intended for 
determining the adequacy of a product of good quality for a specific application (e.g., the seismic 
qualification of a nuclear power plant) or a range of applications. 
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The technology of vibration testing has evolved rapidly since World War II and the technique has 
been successfully applied to a wide spectrum of products ranging from small printed circuit boards 
and microprocessor chips to large missiles and structural systems. Until recently, however, much of the 
signal processing that was required in vibration testing was performed through analog methods. In 
these methods, the measured signal is usually converted into an electric signal, which in turn is passed 
through a series of electrical or electronic circuits to achieve the required processing. Alternatively, 
motion or pressure signals can be used in conjunction with mechanical or hydraulic (e.g., fluidic) 
circuits to perform analog processing. Today’s complex test programs require the capability for the fast 
and accurate processing of a large number of measurements. The performance of analog signal 
analyzers is limited by hardware costs, size, data handling capacity and computational accuracy. Digital 
processing for the synthesis and analysis of vibration test signals and for the interpretation and 
evaluation of test results, began to replace the classical analog methods in late 1960s. Today, special- 
purpose digital analyzers with real-time digital Fourier analysis capability are commonly used in 
vibration testing applications. The advantages of incorporating digital processing into vibration testing 
include: flexibility and convenience with respect to the type of the signal that can be analyzed and the 
complexity of the nature of processing that can be handled; increased speed of processing, accuracy 
and reliability; reduction in operational costs; practically unlimited repeatability of processing; and 
reduction in the overall size and weight of the analyzer. 

Vibration testing is usually accomplished using a shaker apparatus, as shown by the schematic diagram 
in Figure 17.1. The test object is secured to the shaker table in a manner representative of its installation 
during actual use (service). In-service operating conditions are simulated while the shaker table is 
actuated by applying a suitable input signal. The shakers of different types, with electromagnetic, 
electromechanical, or hydraulic actuators, are available. The shaker device may depend on the test 
requirement, availability, and cost. More than one signal may be required to simulate three-dimensional 
characteristics of the vibration environment. The test input signal is either stored on an analog magnetic 
tape or generated in real-time by a signal generator. The capability of the test object or a similar unit to 
withstand a “predefined” vibration environment is evaluated by monitoring the dynamic response 
(accelerations, velocities, displacements, strains, etc.) and functional operability variables (e.g., 
temperatures, pressures, flow rates, voltages, currents). Analysis of the response signals will aid in 
detecting existing defects or impending failures in various components of the test equipment. The 
control sensor output is useful in several ways, particularly in feedback control of the shaker, frequency- 
band equalization in real-time of the excitation signal, and the synthesizing of future test signals. 




FIGURE 17.1 A typical vibration-testing arrangement. 
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The excitation signal is applied to the shaker through a shaker controller, which usually has a built-in 
power amplifier. The shaker controller compares the “control sensor” signal from the shaker-test object 
interface with the reference excitation signal from the signal generator. The associated error is used to 
control the shaker motion so as to push this error to zero. This is termed “equalization.” Hence, a shaker 
controller serves as an equalizer as well. 

The signals that are monitored from the test object include test response signals and operability signals. 
The former category of signals provides the dynamic response of the test object, and may include 
velocities, accelerations, and strains. The latter category of signals are used to check whether the test 
object performs in-service functions (i.e., it operates properly) during the test excitation, and may 
include flow rates, temperatures, pressures, currents, voltages, and displacements. The signals may be 
recorded in a computer or a digital oscilloscope for subsequent analysis. When using an oscilloscope or a 
spectrum analyzer, some analysis can be done on line and the results are displayed immediately. 

The most uncertain part of a vibration test program is the simulation of the test input. For example, 
the operating environment of a product such as an automobile is not deterministic and will depend on 
many random factors. Consequently, it is not possible to generate a single test signal that can completely 
represent all various operating conditions. As another example, in seismic qualification of equipment, the 
primary difficulty stems from the fact that the probability of accurately predicting the recurrence of an 
earthquake at a given site during the design life of the equipment is very small and that of predicting the 
nature of the ground motions if an earthquake were to occur is even smaller. In this case, the best that one 
can do is to make a conservative estimate for the nature of the ground motions due to the strongest 
earthquake that is reasonably expected. The test input should have (1) amplitude , (2) phasing, (3) 
frequency content, and (4) damping characteristics comparable to the expected vibration environment if 
satisfactory representation is to be achieved. A frequency-domain representation of the test inputs and 
responses can, in general, provide better insight regarding their characteristics than can a time domain 
representation, namely, a time history. Fortunately, frequency-domain information can be derived from 
time domain data by using Fourier transform techniques. 

In vibration testing, Fourier analysis is used in three principal ways: first, to determine the frequency 
response of the test object in prescreening tests; second, to represent the vibration environment by its 
Fourier spectrum or its power spectral density (PSD) so that a test input signal can be generated to 
represent it; and third, to monitor the Fourier spectrum of the response at key locations in the test object 
and at control locations of the test table and use the information diagnostically or in controlling the 
exciter. 

The two primary steps of a vibration testing scheme are: 

Step 1: Specify the test requirements; 

Step 2: Generate a vibration test signal that conservatively satisfies the specifications of Step 1. 



17.2 Representation of a Vibration Environment 

A complete knowledge of the vibration environment in which a device will be operating is not available to 
the test engineer or the test program planner. The primary reason for this is that the operating 
environment is a random process. When performing a vibration test, however, either a deterministic or a 
random excitation can be employed to meet the test requirements. This is known as the test environment. 

Based on the vibration-testing specifications or product qualification requirements, the test 
environment should be developed to have the required characteristics of (1) intensity (amplitude), (2) 
frequency content (effect on the test-object resonances and the like), (3) decay rate (damping), and (4) 
phasing (dynamic interactions). Usually, these parameters are chosen to represent conservatively the 
worst possible vibration environment that is reasonably expected during the design life of the test object. 
So long as this requirement is satisfied, it is not necessary for the test environment to be identical to the 
operating vibration environment. 
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In vibration testing, the excitation input (test environment) can be represented in several ways. The 
common representations are (1) by time signal, (2) by response spectrum, (3) by Fourier spectrum, and 
(4) by PSD function. Once the required environment is specified by one of these forms, the test should be 
conducted either by directly employing them to drive the exciter or by using a more conservative 
excitation when the required environment cannot be exactly reproduced. 

17.2.1 Test Signals 

Vibration testing may employ both random and deterministic signals as test excitations. Regardless of its 
nature, the test input should conservatively meet the specified requirements for that test. 

17.2.1.1 Stochastic vs. Deterministic Signals 

Consider a seismic time-history record. Such a ground-motion record is not stochastic. It is true that 
earthquakes are random phenomena and the mechanism by which the time history was produced is a 
random process. Once a time history is recorded, however, it is known completely as a curve of response 
value versus time (a deterministic function of time). Therefore, it is a deterministic set of information. 
However, it is also a “sample function” of the original stochastic process, the earthquake, by which it was 
generated. Hence, valuable information about the original stochastic process itself can be determined by 
analyzing this sample function on the basis of the ergodic hypothesis (see Section 17.2.3). Some may 
think that an irregular time-history record corresponds to a random signal. It should be remembered that 
some random processes produce very smooth signals. As an example, consider the sine wave given by 
a sin(wt-F </>). Let us assume that the amplitude a and the frequency w are deterministic quantities 
and the phase angle cf> is a random variable. This is a random process. Every time this particular 
random process is activated, a sine wave is generated that has the same amplitude and frequency but, 
generally, a different phase angle. Nevertheless, the sine wave will always appear as smooth as a 
deterministic sine wave. 

In a vibration-testing program, if we use a recorded time history to derive the exciter, it is a 
deterministic signal, even if it was originally produced by a random phenomenon such as an earthquake. 
Also, if we use a mathematical expression for the signal in terms of completely known (deterministic) 
parameters, it is again a deterministic signal. If the signal is generated by some random mechanism 
(whether computer simulation or physical) in real time, however, and if that signal is used as the 
excitation in the vibration test simultaneously as it is being generated, then we have a truly random 
excitation. Also, if we use a mathematical expression (with respect to time) for the excitation signal for 
which some of the parameters are not known numerically and the values are assigned to them during the 
test in a random manner, we again have a truly random test signal. 

17.2.2 Deterministic Signal Representation 

In vibration testing, time signals that are completely predefined can be used as test excitations. They 
should be capable, however, of subjecting the test object to the specified levels of intensity, frequency, 
decay rate, and phasing (in the case of simultaneous multiple test excitations). 

Deterministic excitation signals (time histories) used in vibration testing are divided into two broad 
categories: single-frequency signals and multifrequency signals. 

17.2.2.1 Single-Frequency Signals 

Single-frequency signals have only one predominant frequency component at a given time. For the entire 
duration, however, the frequency range covered is representative of the frequency content of the vibration 
environment. For seismic-qualification purposes, for example, this range should be at least 1 to 33 Hz. 
Some typical single-frequency signals that are used as excitation inputs in vibration testing of equipment 
are shown in Figure 17.2. The signals shown in the figure can be expressed by simple mathematical 
expressions. This is not a requirement, however. It is acceptable to store a very complex signal in a storage 
device and subsequently use it in the procedure. In picking a particular time history, we should give 
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FIGURE 17.2 Typical single-frequency test signals: (a) sine sweep; (b) sine dwell; (c) sine decay; (d) sine beat; 
( e) sine beat with pause. 



proper consideration to its ease of reproduction and the accuracy with which it satisfies the test 
specifications. Now, let us describe mathematically the acceleration signals shown in Figure 17.2. 

17.2.2.2 Sine Sweep 

We obtain a sine sweep by continuously varying the frequency of a sine wave. Mathematically, 

u(t ) = a sin[co(f)f + </>] (17.1) 
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The amplitude, a, and the phase angle, <fi, are usually constants and the frequency, co(t), is a function of 
time. Both linear and exponential variations of frequency over the duration of the test are in common 
usage, but exponential variations are more common. For the linear variation (see Figure 17.3), we have 



co(t) — co min + (w max - M min ) — 

1 d 



(17.2) 



in which 



ct) m in = lowest frequency in the sweep 
<w max = highest frequency in the sweep 
T d = duration of the sweep 

For the exponential variation (see Figure 17.3), we have 

log[ — 1 = flogf^l 

L "min J Id L "min J 



(17.3) 



or 

"(f) = w min [ — T /Td (17.4) 

L "min J 

This variation is sometimes incorrectly called logarithmic variation. This confusion arises because of its 
definition using Equation 17.3 instead of Equation 17.4. It is actually an inverse logarithmic (i.e., 
exponential) variation. Note that the logarithm in Equation 17.3 can be taken to any arbitrary base. If 
base ten is used, the frequency increments are measured in decades (multiples of ten); if base two is used, 
the frequency increments are measured in octaves (multiples of two). Thus, the number of decades in the 
frequency range from (iq to a> 2 is given by log 10 (to 2 /&q); for example, with uq = 1 rad/sec and 
(x) 2 = 100 rad/sec, we have log 10 (w 2 /"i) = 2, which corresponds to two decades. Similarly, the number of 
octaves in the range uq to co 2 is given by log 2 (&q/&q). Then, with co 1 = 2 rad/sec and co 2 = 32 rad/sec we 
have log 2 (a> 2 /"i) = 4, a range of four octaves. Note that these quantities are ratios and have no physical 
units. The foregoing definitions can be extended for smaller units; for instance, one-third octave 
represents increments of 2 1/3 . Thus, if we start with 1 rad/sec and increment the frequency successively by 
one-third octave, we obtain 1, 2 1/3 , 2 2/3 , 2, 2 4/3 , 2 5/3 , 2 2 , and so on. It is clear, for example, that there are 
four one-third octaves in the frequency range from 2 2 ' 3 to 2 2 . Note that co is known as the angular 
frequency (or radian frequency) and is usually measured in units of radians per second (rad/sec). 




FIGURE 17.3 Frequency variation in some single-frequency vibration-test signals. 
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The more commonly used frequency is the cyclic frequency which is denoted by f This is measured in 
hertz (Hz), which is identical to cycles per second (cps). It is clear that 

/= - (17.5) 

2tt 

This is true because there are 2 tt radians in one cycle. 

So that all important vibration frequencies of the test object (or its model) are properly excited, the 
sine sweep rate should be as slow as is feasible. Typically, rates of one octave per minute or slower are 
employed. 

17.2.2.3 Sine Dwell 

Sine-dwell signal is the discrete version of a sine sweep. The frequency is not varied continuously but is 
incremented by discrete amounts at discrete time points. This is shown graphically in Figure 17.3. 
Mathematically, for the rth time interval, the dwell signal is 

u(t) = a sin(&yf + T r - 1 < t < T r (17.6) 



in which a) r , a, and cf> are kept constant during the time interval (T r _!, T r ). The frequency can be 
increased by a constant increment or the frequency increments can be made bigger with time 
(exponential-type increment). The latter procedure is more common. Also, the dwelling-time interval is 
usually made smaller as the frequency is increased. This is logical because, as the frequency increases, the 
number of cycles that occur during a given time also increases. Consequently, steady-state conditions 
may be achieved in a shorter time. 

Sine-dwell signals can be specified using either a graphical form (see Figure 17.3) or a tabular form, 
giving the dwell frequencies and corresponding dwelling-time intervals. The amplitude is usually kept 
constant for the entire duration (0, T d ), but the phase angle, <f>, may have to be changed with each 
frequency increment in order to maintain the continuity of the signal. 

17.2.2.4 Decaying Sine 

Actual transient vibration environments (e.g., seismic ground motions) decay with time as the vibration 
energy is dissipated by some means. This decay characteristic is not present, however, in sine-sweep and 
sine-dwell signals. Sine-decay representation is a sine dwell with decay (see Figure 17.2). For an 
exponential decay, the counterpart of Equation 17.6 can be written as 

u(t) = a exp(— A r f) sin(w,.f + 4> r ), T r - l < t < T r (17.7) 



The damping parameter (the inverse of the time constant), A, is typically increased with each frequency 
increment in order to represent the increased decay rates of a dynamic environment (or increased modal 
damping) at higher frequencies. 

17.2.2.5 Sine Beat 

When two sine waves having the same amplitude but different frequencies are mixed together (added or 
subtracted), a sine beat is obtained. This signal is considered to be a sine wave having the average 
frequency of the two original waves, which is amplitude-modulated by a sine wave of frequency equal to 
half the difference of the frequencies of the two original waves. The amplitude modulation produces a 
transient effect which is similar to that caused by the damping term in the sine-decay equation (Equation 
17.7). The sharpness of the peaks becomes more prominent when the frequency difference of the two 
frequencies is made smaller. 

Consider two cosine wave having frequencies (co r + A co r ) and (cu r — A co r ) and the same amplitude a/2. 
If the first signal is subtracted from the second (that is, it is added with a 180° phase shift from the first 
wave), we obtain 



M(f) 



a 

2 



[cos(w r 



Aa> r )t — cos(w r + A <w r )f] 



(17.8) 
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By straightforward use of trigonometric identities, we obtain 

u(f) = a(sin w r f)(sin A co r t), T r _ t < t < T r (17.9) 

This is a sine wave of amplitude, a, and frequency, w, modulated by a sine wave of frequency Aw,.. Sine- 
beat signals are commonly used as test excitation inputs in vibration testing. Usually, the ratio w r /Aw r is 
kept constant. A typical value used is 20, in which case we obtain 10 cycles per beat. Here, cycles refer to 
the cycles at the higher frequency, w r , and a beat occurs at each half cycle of the smaller frequency, Aw r . 
Thus, a beat is identified by a peak of amplitude a in the modulated wave and the beat frequency is 2Aw r . 

As in the case of a sine dwell, the frequency, w r , of a sine-beat excitation signal is incremented at 
discrete time points, T r , so as to cover the entire frequency interval of interest (w min , w max ). It is a 
common practice to increase the size of the frequency increment and decrease the time duration at a 
particular frequency, for each frequency increment, just as is done for the sine dwell. The reasoning for 
this is identical to that given for sine dwell. The number of beats for each duration is usually kept 
constant (typically at a value over seven). A sine-beat signal is shown in Figure 17.2(d). 

17.2.2.6 Sine Beat with Pauses 

If we include pauses between sine-beat durations, we obtain a sine-beat signal with pauses. 
Mathematically, we have 



f a(sin w r f)(sin Aw r t), for T r - l < t < T' r , 
u(t) = ] (17.10) 

(. 0, for T' r < t < T r 

This situation is shown in Figure 17.2(e). When a sine-beat signal with pauses is specified as a test 
excitation, we must give the frequencies, the corresponding time intervals, and the corresponding pause 
times. Typically, the pause time is also reduced with each frequency increment. 

The single -frequency signal relations described in this section are summarized in Table 17.1. 

17.2.2.7 Multifrequency Signals 

In contrast to single-frequency signals, multifrequency signals usually appear irregular and can have 
more than one predominant frequency component at a given time. Three common examples of 
multifrequency signals are aerodynamic disturbances, actual earthquake records, and simulated road 
disturbance signals used in automotive dynamic tests. 



TABLE 17.1 Typical Single-Frequency Signals Used in Vibration Testing 



Single Frequency Acceleration Signal 


Mathematical Expression 


Sine sweep 


u(t ) = a sin[co(t)f + c ft] 
aXt)= co min + (a> max - co min )t/T d (linear) 
/ &) \ t,Td 

ft)(f) = o) min ( max ) (exponential) 

V "min / 


Sine dwell 


u(t ) = a sin(w r t + (f ) r ) T r _ x < t < T r , r = 1, 2, n 


Decaying sine 


u(t ) = a exp(— \ r t) sin (u) r t + (f ) r ) T r _ x < t < T r , r = 1,2, n 


Sine beat 


u(t ) = fl(sin o) r t) (sin A co r t) T r _ x < t < T r , r = 1,2, n, 
(jo r /Ao) r = constant 


Sine beat with pauses 


f tits in fti r f)(sin A&i r t), for T r , < t < T r ' 
u(t) = l 

(. = 0, for T' r < t < T r 



© 2005 by Taylor & Francis Group, LLC 



Vibiation Testing 



17-9 



17.2.2.8 Actual Excitation Records 

Typically, actual excitation records such as overhead guideway vibrations are sample functions of random 
processes. By analyzing these deterministic records, however, characteristics of the original stochastic 
processes can be established, provided that the records are sufficiently long. This is possible because of the 
ergodic hypothesis. Results thus obtained are not quite accurate, because the actual excitation signals are 
usually nonstationary random processes and hence are not quite ergodic. Nevertheless, the information 
obtained by a Fourier analysis is useful in estimating the amplitude, phase, and frequency-content 
characteristics of the original excitation. In this manner, we can choose a past excitation record that can 
conservatively represent the design-basis excitation for the object that needs to be tested. 

Excitation time histories can be modified to make them acceptably close to a design-basis excitation by 
using spectral-raising and spectral-suppressing methods. In spectral-raising procedures, a sine wave of 
required frequency is added to the original time history to improve its capability of excitation at that 
frequency. The sine wave should be properly phased such that the time of maximum vibratory motion in 
the original time history is unchanged by the modification. Spectral suppressing is achieved, essentially, 
by using a narrowband reject filter for the frequency band that needs to be removed. Physically, this is 
realized by passing the time history signal through a linearly damped oscillator that is tuned to the 
frequency to be rejected and connected in series with a second damper. The damping of this damper is 
chosen to obtain the required attenuation at the rejected frequency. 

17.2.2.9 Simulated Excitation Signals 

Random-signal-generating algorithms can be easily incorporated into digital computers. Also, physical 
experiments can be developed that have a random mechanism as an integral part. A time history from 
any such random simulation, once generated, is a sample function. If the random phenomenon is 
accurately programmed or physically developed so as to conservatively represent a design-basis 
excitation, a signal from such a simulation may be employed in vibration testing. Such test signals are 
usually available either as analog records on magnetic tapes or as digital records on a computer disk. 
Spectral-raising and spectral-suppressing techniques, mentioned earlier, also may be considered as 
methods of simulating vibration test excitations. 

Before we conclude this section, it is worthwhile to point out that all test excitation signals considered 
in this section are oscillatory. Though the single-frequency signals considered may possess little 
resemblance to actual excitations on a device during operation, they can be chosen to possess the 
required decay, magnitude, phase, and frequency-content characteristics. During vibration testing, these 
signals, if used as excitations, will impose reversible stresses and strains on the test object, whose 
magnitudes, decay rates, and frequencies are representative of those that would be experienced during 
actual operation during the design life of the test object. 

17.2.3 Stochastic Signal Representation 

To generate a truly stochastic signal, a random phenomenon must be incorporated into the signal- 
generating process. The signal has to be generated in real time, and its numerical value at a given time is 
unknown until that time instant is reached. A stochastic signal cannot be completely specified in advance, 
but its statistical properties may be prespecified. There are many ways of obtaining random processes, 
including physical experimentation (for example, by tossing a coin at equal time steps and assigning a 
value to the magnitude over a given time step depending on the outcome of the toss), observation of 
processes in nature (such as outdoor temperature), and digital-computer simulation. The last procedure 
is the one commonly used in signal generation associated with vibration testing. 

17.2.3.1 Ergodic Random Signals 

A random process is a signal that is generated by some random (stochastic) mechanism. Generally, each 
time the mechanism is operated, a different signal (sample function) is generated. The likelihood of any 
two sample functions becoming identical is governed by some probabilistic law. The random process is 
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denoted by X(t ), and any sample function by x(t). It should be remembered that no numerical 
computations can be made on X(t) because it is not known for certain. Its Fourier transform, for 
instance, can be written as an analytical expression but cannot be computed. Once a sample function, 
x(t), is generated, however, any numerical computation can be performed on it because it is a completely 
known function of time. This important difference may be somewhat confusing. 

At any given time, f, , X(t^ is a random variable that has a certain probability distribution. Consider a 
well-behaved function, f{X(t{)}, of this random variable (which is also a random variable). Its expected 
value (statistical mean) is denoted E[f{X(t{)}]. This is also known as the ensemble average because it 
is equivalent to the average value at t l of a collection (ensemble) of a large number of sample functions 
of X(t). 

Now, consider the function f{x(t)} of one sample function x(t) of the random process. Its temporal 
(time) mean is expressed by 



lim 

T— oo 



2TJ- 



f{x(t)}dt 



Now, if 



Elf{X( A)}] = lim ’ f f{x(t)}dt (17.11) 

r-^oo 21 J -t 

then the random signal is said to be ergodic. Note that the right-hand side of Equation 17.11 does not 
depend on time. Hence, the left-hand side also should be independent of the time point t ] . 

As a result of this relation (known as the ergodic hypothesis), we can obtain the properties of a random 
process merely by performing computations using one of its sample functions. The ergodic hypothesis is 
links the stochastic domain of expectations and uncertainties and the deterministic domain of real 
records and actual numerical computations. Digital Fourier computations, such as correlation functions 
and spectral densities, would not be possible for random signals if not for this hypothesis. 

17.2.3.2 Stationary Random Signals 

If the statistical properties of a random signal, X(t), are independent of the time point considered, it 
is stationary. In particular, A(t, ) will have a probability density that is independent of t ] , and the 
joint probability of X(t t ) and X(t 2 ) will depend only on the time difference, t 2 — t 1 . Consequently, the 
mean value E[X(t)] of a stationary random signal is independent of t, and the autocorrelation function 
defined by 



E[X(t)X(t+ t)] = <Mt) (17.12) 

which depends on r and not on t . Note that ergodic signals are always stationary, but the converse is not 
always true. 

Consider Parseval’s theorem: 




(17.13) 



This can be interpreted as an energy integral, and its value is usually infinite for random signals. An 
appropriate measure for random signals is its power. This is given by its root-mean-square (RMS) value 
E[X(t) 2 ]. PSD <P(f) is the Fourier transform of the autocorrelation function 4>(t) and, similarly, the latter 
is the inverse Fourier transform of the former. Hence, 

r oo 

<Mf)= < 5x*(/)exp(j2ir/T)d/ (17.14) 

J -00 
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Now, from Equation 17.12 and Equation 17.14, we obtain 

r oo 

RMS value = £[X(f) 2 ] = ^(0) = 4 >«(/) df (17.15) 

J -00 

It follows that the RMS value of a stationary random signal is equal to the area under its PSD curve. 

17.2.3.3 Independent and Uncorrelated Signals 

Two random signals X(t) and 7(f) are independent if their joint distribution is given by the product of 
the individual distributions. A special case is that of uncorrelated signals, which satisfy 

E\X(tf)Y(t 2 )\ = EIXitOMYiU)] (17.16) 

Consider the stationary case, with mean values 

AC = E[X(t)] 



tty = E[Y(t)] 

The autocovariance functions are given by 

<P«(t) = E[{X(t) - n x }{X(t + r) - ix x \\ = <t> xx (T) - a q 

Vyy(T) — E[{Y(t) - fly}{Y(t - r) - A fy}] = ^yy(t) ~ fly 
and the cross-covariance function is given by 

Vxy(T) = E[{X(t) - A l x }{Y(t - r) - A ly}] = 0x)/( T ) “ MaM, 
For uncorrelated signals (Equation 17.16) 

r/Cy i D Ax My 

and from Equation 17.21 it follows that 

<Pa 7 (t) = 0 

The correlation-function coefficient is defined by 

<fV(T) 



Pxy(T) = 



y/Vxx(0)<Pyy(0) 



which satisfies 



-1 ^ Pxy(T) - 1 



(17.17) 

(17.18) 

(17.19) 

(17.20) 

(17.21) 

(17.22) 

(17.23) 

(17.24) 

(17.25) 



For uncorrelated signals, p xy (T) = 0. This function measures the degree of correlation of the two signals. 

The correlation of two random signals, X(t) and 7(f), is measured in the frequency domain by its 
ordinary coherence function 



, \<P xv (f )\ 2 

y ( f') — — 

yxyj) &XX 



(17.26) 



which satisfies the condition 



0 =S y x y(f) £ 1 



(17.27) 



17.2.3.4 Transmission of Random Excitations 

When the excitation input to a system is a random signal, the corresponding system response will also be 
random. Consider the system shown by the block diagram in Figure 17.4(a). The response of the system 
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Delay 




FIGURE 17.4 Combined response of a system to various random excitations: (a) system excited by a single input; 
(b) response to several random excitations; (c) response to a delayed excitation. 



is given by the convolution integral 



Y(t) = h( tl )U(t - f,)df, 



in which the response PSD is given by the Fourier transform 

<P yy (f) = 3{E[Y(t)Y(t + T)]} 



(17.28) 



(17.29) 



Now, by using Equation 17.28 in Equation 17.29, in conjunction with the definition of Fourier transform, 
we can write 

roo r roo roo ~t 

®yy(f) = J drexp(— ;2 tt/t)£|J ^ dtJkt^Uit - h) J _ dt 2 h(t 2 )U{t + r- t 2 ) J 

which can be expressed as 

roo roo roo 

®yy(f) = d h h(ti) dt 2 h(t 2 ) dTexp(-j2r i/t)^„(t+ t, - t 2 ) 

J -00 J -00 J -00 

Now, by letting t 1 = r+ t l — t 2 , we can write 

®yy(f) = [J ^ h(t ] )exp(j2 r nft ] )dt ] J ^ ^( ^ 2 ) exp ( — j 2 'ir/t 2 ) d t 2 J ^ <t> uu {.r')exp{-)2Ttf T')dT j 



Note that 17(f) is assumed to be stationary. 

Next, since the frequency-response function is given by the Fourier transform of the impulse response 
function, we obtain 

< P„(f) = H*(f)H(f)& uu (f) (17.30) 
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in which H*(f ) is the complex conjugate of H(f). Alternatively, if \H(f)\ denotes the magnitude of the 
complex quantity, we can write 

0 yy (f)=\H(f)\ 2 <P uu (f) (17.31) 

By using Equation 17.30 or Equation 17.31, we can determine the PSD of the system response from the 
PSD of the excitation if the system-frequency-response function is known. 

In a similar manner, it can be shown that the cross-spectral density function may be expressed as 

Vuyif) = H(f)0 uu (f) (17.32) 

Now, consider r stationary, independent, random excitations, U 1 , U 2 , ..., U r , (which are assumed to have 
zero-mean values, without loss of generality) applied to r subsystems, having transfer functions 
H!(s),H 2 (s), ...,H r (s), as shown in Figure 17.4(b). The total response, Y , consists of the sum of individual 
responses, Yj, Y 2 , ..., Y r . It can be shown that Y ] , Y 2 , ■■■,Y r are also stationary, independent, zero-mean, 
random processes. By definition, we have 



= TOM + ■ ■ ■ + Y r {t)}{Y,{t + r) + ■ ■ ■ + Y r (t + T)}] 


(17.33) 


Now, for independent, zero-mean Y ; , Equation 17.33 becomes 




<M T ) = ElYMY^t + r)] + ■ ■ ■ + E\Y r (t)Y r (t + r)] 


(17.34) 


Since Y ; are stationary, we have 




<Mt) = (fry 1 y 1 ( T ) H b <f>y,y r (T) 


(17.35) 


On Fourier transformation, we obtain 




%if) = <2W/) + ' ' • + 0 y,yS f) 


(17.36) 


In view of Equation 17.31, it can be written 




%(f) = X lH,(/)l 2 «'„,, i (/) 

i—l 


(17.37) 


from which the response PSD can be determined if the input PSDs are known. 

If all inputs, I/;(f)> have identical probability distributions (for example, when they are generated by 
the same mechanism), the corresponding PSDs will be identical. Note that this does not imply that the 
inputs are equal. They could be dependent, independent, correlated, or uncorrelated. In this case, 
Equation 17.37 becomes 


<v/) = |x 


(17.38) 


in which <?„„(/) is the common input PSD. 

Finally, consider the linear combination of two excitations, Uf(t) and U r (t), with the latter excitation 
delayed in time by rbut otherwise identical to the former. This situation is shown in Figure 17.4(c). From 
Laplace transform tables, it is seen that the Laplace transforms of the two signals are related by 


U r (s) = exp(— Ts)U f (s) 


(17.39) 


From Equation 17.39, it follows that (see Figure 17.4(c)): 




Y(s) = (Aj exp (-Ts) + A 2 )H(s)U f (s) 


(17.40) 


Consequently, we have 




®yy(f) = 1(^1 exp(-j2-7T/T) + A 2 )H(f)\ 2 <P uu (f) 


(17.41) 



From this result, the net response can be determined when the phasing between the two excitations is 
known. This has applications, for example, in determining the response of a vehicle to road disturbances 
at the front and rear wheels. 
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17.2.4 Frequency-Domain Representations 

In this section, we shall discuss the Fourier spectrum method and the PSD method of representing a test 
excitation. These are frequency-domain representations. 

17.2.4.1 Fourier Spectrum Method 

Since the time domain and the frequency domain are related through Fourier transformation, a time 
signal can be represented by its Fourier spectrum. In vibration testing, a required Fourier spectrum may 
be given as the test specification. Then, the actual input signal that is used to excite the test object 
should have a Fourier spectrum that envelops the required Fourier spectrum. The generation of a signal 
to satisfy this requirement might be difficult. Usually, digital Fourier analysis of the control sensor signal 
is necessary to compare the actual (test) Fourier spectrum with the required Fourier spectrum. If the 
two spectra do not match in a certain frequency band, the error (i.e., the difference in the two spectra) is 
fed back to correct the situation. This process is known as frequency-band equalization. Also, the sample 
step of the time signal in the digital Fourier analysis should be adequately small to cover the frequency 
range of interest in that particular vibration testing application. Advantages of using digital Fourier 
analysis in vibration testing include flexibility and convenience with respect to the type of the signal that 
can be analyzed, availability of complex processing capabilities, increased speed of processing, accuracy 
and reliability, reduction in the test cost, practically unlimited repeatability of processing, and reduction 
in the overall size and weight of the analyzer. 

17.2.4.2 Power Spectral Density Method 

The operational vibration environment of equipment is usually random. Consequently, a stochastic 
representation of the test excitation appears to be suitable for a majority of vibration-testing situations. 
One way of representing a stationary random signal is by its PSD. As noted before, the numerical 
computation of the PSD is not possible, however, unless the ergodicity is assumed for the signal. Using 
the ergodic hypothesis, we can compute the PSD of a random signal simply by using one sample function 
(one record) of the signal. 

Three methods of determining the PSD of a random signal are shown in Figure 17.5. From 
Parseval’s theorem (Equation 17.13), we notice that the mean square value of a random signal may be 
obtained from the area under the PSD curve. This suggests the method shown in Figure 17.5(a) for 
estimating the PSD of a signal. The mean square value of a sample of the signal in the frequency 
band, A/, having a certain center frequency is obtained by first extracting the signal components in 
the band and then squaring them. This is done for several samples and averaged to obtain a high 
accuracy. It is then divided by A/. By repeating this for a range of center frequencies, an estimate for 
the PSD is obtained. 



Approximate 




Approximate 




FIGURE 17.5 Some methods of PSD determination: (a) the filtering, squaring, and averaging method; (b) using an 
autocorrelation function; (c) using direct FFT. 
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In the second scheme, shown in Figurel7.5(b), correlation function is first computed digitally. Its 
Fourier transform (by fast Fourier transform, or FFT) gives an estimate of the PSD. 

In the third scheme, shown in Figure 17.5(c), the PSD is computed directly using FFT. Here, the 
Fourier spectrum of the sample record is computed and the PSD is estimated directly, without first 
computing the autocorrelation function. 

In these numerical techniques of computing PSD, a single sample function will not give the required 
accuracy, and averaging results for a number of sample records is usually needed. In real-time digital 
analysis, the running average and the current estimate are normally computed. In the running average, it 
is desirable to give a higher weighting to the more recent estimates. The fluctuations about the local 
average in the PSD estimate could be reduced by selecting a larger filter bandwidth, A/ (see Figure 17.6), 
and a large record length T. A measure of this fluctuation is given by 



1 

B -7Wf 



(17.42) 



It should be noted that increasing A f results in reduction of the precision of the estimates while 
improving the appearance. To offset this, T must be increased further, or averaging must be done for 
several sample records. 

Generating a test-input signal with a PSD that satisfactorily compares with the required PSD can be a 
tedious task if one attempts to do it manually by mixing various signal components. A convenient 
method is to use an automatic multiband equalizer. By this means, the mean amplitude of the signal in 
each small frequency band of interest can be made to approach the spectrum of the specified vibration 
environment (see Figure 17.7). Unfortunately, this type of random-signal vibration testing can be more 
costly than testing with deterministic signals. 



17.2.5 Response Spectrum 

Response spectra are commonly used to represent signals associated with vibration testing. A given signal 
has a certain fixed response spectrum, but many different signals can have the same response spectrum. 
For this reason, as will be clear shortly, the original signal cannot be reconstructed from its response 
spectrum (unlike in the case of a Fourier spectrum). This is a disadvantage. However, the physical 
significance of a response spectrum makes it a good representation for a test signal. 
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Probability Distribution 




Reference Power Spectrum 



FIGURE 17.7 Generation of a specified random vibration environment. 

If a given signal is applied to a single-degree-of-freedom (single-DoF) oscillator (of a specific natural 
frequency), and the response of the oscillator (mass) is recorded, we can determine the maximum (peak) 
value of that response. Suppose that we repeat the process for a number of different oscillators (having 
different natural frequencies) and then plot the peak response values thus obtained against the 
corresponding oscillator natural frequencies. This procedure is shown schematically in Figure 17.8. For 
an infinite number of oscillators (or for the same oscillator with continuously variable natural 
frequency), we get a continuous curve, which is called the response spectrum of the given signal. It is 
obvious, however, that the original signal cannot be completely determined from the knowledge of its 
response spectrum alone. As shown in Figure 17.8, for instance, another signal, when passed through a 
given oscillator, might produce the same peak response. 

Note that we have assumed the oscillators to be undamped; the response spectrum obtained using 
undamped oscillators corresponds to f = 0. If all the oscillators are damped, however, and have the same 
damping ratio, f, the resulting response spectrum will correspond to that particular £. It is, therefore, 
clear that £ is also a parameter in the response-spectrum representation. We should specify the damping 
value as well when we represent a signal by its response spectrum. 




FIGURE 17.8 Definition of the response spectrum of a signal. 
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17.2.5.1 Displacement, Velocity, and Acceleration Spectra 



It is clear that a motion signal can be represented 
by the corresponding displacement, velocity, or 
acceleration. First, consider a displacement signal, 
u(t). The corresponding velocity signal is u(t) and 
the acceleration is u(t). 

Now consider an undamped simple oscillator, 
which is subjected to a support displacement u(t), 
as shown in Figure 17.9. As usual, assuming that 



the displacements are measured with respect to a 
static equilibrium configuration, the gravity effect 
can be ignored. Then, the equation of motion is 


given by 




my d = k(u - y d ) 


(17.43) 


or 




3>d + = «n«(0 


(17.44) 




FIGURE 17.9 Undamped simple oscillator subjected 
to a support excitation. 



where the (undamped) natural frequency is given by 




(17.45) 



Suppose that the support (displacement) excitation, u(t), is a unit impulse 8(f). Then, the corresponding 
(displacement) response y is called the impulse-response function, and is denoted by h(t). It is known 
that h(t) is the inverse Laplace transform (with zero initial condition) of the transfer function of the 
system (Equation 17.44), as given by 



H(s) = 



(s + or„) 



(17.46) 



The impulse-response function (to an impulsive support excitation) for an undamped, single-DoF 
oscillator having natural frequency co n is given by 

h(t) = co n sin (o n t (17.47) 



The displacement response yd(t) of this oscillator, when excited by the displacement signal u(t), is given 
by the convolution integral 



y d (f) = w n u(t ) sin co n (t — T)dr 



(17.48) 

The “velocity” response of the same oscillator, when excited by the velocity signal, u(t), is given by 

r oo 

y v (t) = co n I m(t) sin a) n (t — r)dr (17.49) 

and the “acceleration” response when excited by the acceleration signal, u(t), is 

roo 

y a (f) = &>„ I «(t) sin w„(l — r)dr (17.50) 

These results immediately follow from Equation 17.44. Specifically, differentiate Equation 17.44 once to 
obtain 



j>v + <4y y = ar„u(t) 



(17.51) 
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and differentiate again, to obtain 



in which 



Ta + = CO 2 „u(t) 


(17.52) 


II 


(17.53) 


ya df 2 dt 


(17.54) 



If the peak value of y d (t) is plotted against co n , we get the displacement -spectrum curve of the displace- 
ment signal, u(t). If the peak value ofy v (t) is plotted against co n , we get the velocity- spectrum curve of the 
displacement signal, u(t). If the peak value ofy a (t) is plotted against co n , we get the acceleration- spectrum 
curve of the displacement signal, u(t). Now consider Equation 17.49. Integration by parts gives 

roo 

y v (f) = [w„«(T)sin co n (t — t)]“ + of n u(t)c os w„(f — T)dr (17.55) 

J o 



The initial and final conditions for u(t) are assumed to be zero. It follows that the first term in 
Equation 17.55 vanishes. The second term is co n [y d (t + Tr/2co n — t)], which is clear by noting that 
sin a> n (t + tt/ 2w„ — r) is equal to cos co n (t — t);; thus 



>v(0 = 




(17.56) 



If we integrate Equation 17.50 by parts twice, and apply the end conditions as before, we obtain 



y a (t) = -a>ly d (t) 



(17.57) 



By taking the peak values of response time histories, we see from Equation 17.56 and Equation 17.57 that 

v(w„) = w„d (co n ) (17.58) 

a(w n ) = w 2 d(io n ) (17.59) 



in which d(co n ), v(w„), and a(co„) represent the displacement spectrum, the velocity spectrum, and the 
acceleration spectrum, respectively, of the displacement time history, u(t). It follows from Equation 17.58 
and Equation 17.59 that 

a(co n ) = (o n v(co n ) (17.60) 



17.2.5.2 Response-Spectra Plotting Paper 

Response spectra are usually plotted on a frequency-velocity coordinate plane or on a frequency- 
acceleration coordinate plane. Values are normally plotted in logarithmic scale, as shown in Figure 17.10. 
First, consider the axes shown in Figure 17.10(a). Obviously, constant velocity lines are horizontal for this 
coordinate system. From Equation 17.58, the constant-displacement line corresponds to 

v(co n ) = cco„ 

By taking logarithms of both sides, we obtain 

log v(co„) = log oj n + log c 

It follows that the constant-displacement lines have a slope of + 1 on the logarithmic frequency- velocity 
plane. Similarly, from Equation 17.60, the constant-acceleration lines correspond to 

«>„v(w„) = c 
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H ence , _ Format 1 

log v(w„) = -log w„ + log c 

It follows that the constant-acceleration lines have 
a slope of negative one on the logarithmic 
frequency-velocity plane. Similarly, it can be 
shown from Equation 17.59 and Equation 17.60 
that, on the logarithmic frequency- acceleration 
plane (Figure 17.10(b)), the constant-displacement 
lines have a slope of + 2, and the constant- velocity 
lines have a slope of + 1. 

On the frequency-velocity plane, a point 
corresponds to a specific frequency and a specific 
velocity. The corresponding displacement at the 
point is obtained (Equation 17.58) by dividing the 
velocity value by the frequency value at that point. 

The corresponding acceleration at that point is 
obtained (Equation 17.60) by multiplying the 
particular velocity value by the frequency value. 

Any units may be used for displacement, velocity, 
and acceleration quantities. A typical logarithmic 
frequency-velocity plotting sheet is shown in 
Figure 17.11. Note that the sheet is already 
graduated on constant displacement, velocity, 
and acceleration lines. Also, a period axis 
(period = 1/cyclic frequency) is given for conven- 
ience in plotting. A plot of this type is called a 
nomograph. 

17.2.5.3 Zero-Period Acceleration 

Frequently, response spectra are specified in terms of accelerations rather than velocities. This is 
particularly true in vibration testing associated with product qualification, because typical operational 
disturbance records are usually available as acceleration time histories. No information is lost because the 
logarithmic frequency- acceleration plotting paper can be graduated for velocities and displacements as 
well. It is, therefore, clear that an acceleration quantity (peak) on a response spectrum has a 
corresponding velocity quantity (peak), and a displacement quantity (peak). In vibration testing, 
however, the motion variable that is in common usage is the acceleration. Zero-period acceleration (ZPA) 
is an important parameter that characterizes a response spectrum. It should be remembered, however, 
that zero-period velocity or zero-period displacement can be similarly defined. 

ZPA is defined as the acceleration value (peak) at zero period (or infinite frequency) on a response 
spectrum. Specifically, 

ZPA = lim a(co n ) (17.61) 

(O n —> oo 

Consider the damped simple oscillator equation (for support motion excitation): 

y + 2 £co„y + w n y = co 2 n u(t) (17.62) 

By differentiating Equation 17.62 throughout, either once or twice, it is seen, as in Equation 17.51 
and Equation 17.52, that if u and y initially refer to displacements, then the same equation is valid 
when both of them refer to either velocities or accelerations. Let us consider the case in which 
u and y refer to input and response acceleration variables, respectively. Consider a sinusoidal 





FIGURE 17.10 Response-spectra plotting formats: 
(a) frequency-velocity plane; (b) frequency- accelera- 
tion plane. 
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signal, u(f), given by 



u(t) = A sin cot 



(17.63) 



The resulting response, y(t), neglecting the transient components (that is, the steady-state value), is 
given by 



y(t) =A ” ==sin(ft)f + </>) 

M - co 2 ) 2 + 4 ?u>W 



(17.64) 
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FIGURE 17.11 
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Hence, the acceleration-response spectrum, given 
by a(co„) = [y(f)] max , for a sinusoidal signal of 
frequency, co, and amplitude, A, is 



«(w„) = A 



vWi ~ u>2 ) 2 + 4 



(17.65) 



A plot of this response is shown in Figure 17.12. 
Note that a(0) = 0. Also, 

ZPA = lim a(a> n ) = A (17.66) 

00 




FIGURE 17.12 Response spectrum and ZPA of a sine 
It is worth observing that at the point co n = a> signal. 

(i.e., when the excitation frequency, (o , is equal to 
the natural frequencies, a> n , of the simple 

oscillator), we have a(a> n ) = A/(2£), which corresponds to an amplification by a factor of l/(2£) 
over the ZPA value. 



17.2.5.4 Uses of Response Spectra 

In vibration testing, response-spectra curves are employed to specify the dynamic environment to which 
the test object is required to be subjected. This specified response spectrum is known as the required 
response spectrum (RRS). In order to satisfy conservatively the test specification, the response spectrum of 
the actual test input excitation, known as the test response spectrum (TRS), should envelop the RRS. 
Note that, when response spectra are used to represent excitation input signals in vibration testing, the 
damping value of the hypothetical oscillators used in computing the response spectrum has no bearing 
on the actual damping that is present in the test object. In this application, the response spectrum is 
merely a representation of the shaker-input signal and, therefore, does not depend on system damping. 

Another use of response spectra is in estimating the peak value of the response of a multi-DoF or 
distributed-parameter system when it is excited by a signal whose response spectrum is known. To 
understand this concept, we recall the fact that, for a multi-DoF or truncated (approximated) 
distributed-parameter system having distinct natural frequencies, the total response can be expressed as a 
linear combination of the individual modal responses. Specifically, the response y(t) can be written 



y(t) = I a, •«(«,•) exp 

>=i 




sin (W;t + <j>;) 



(17.67) 



in which the spectrum, fl(w,), is comprised of the amplitude contributions from each mode (simple 
oscillator equation), with “damped” natural frequency, w ; . Hence, a(coj) corresponds to the value of the 
response spectrum at frequency w ; . The linear combination parameters, a h depend on the modal- 
participation factors and can be determined from system parameters. Since the peak values of all terms in 
the summation on the right-hand side of Equation 17.67 do not occur at the same time, we observe that 

r 

[y(0]peak ^ I a,a(w ; ) (17.68) 

;=i 



It follows that the right-hand side of the inequality (Equation 17.68) is a conservative upper-bound 
estimate (i.e., the absolute sum) for the peak response of the multi-DoF system. Some prefer to make the 
estimate less conservative by taking the square root of sum of the squares (SRSS): 



[y(f)] S Rss — 




(17.69) 
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The latter method, however, has the risk of giving an estimate that is less than the true value. Note 
that, in this application, the damping value associated with the response spectrum is directly related 
to modal damping of the system. Hence, the response spectrum, a(w ; ), should correspond to the 
same damping ratio as that of the mode considered within the summation of the inequality 
(Equation 17.68). If all modal damping ratios, are identical or nearly so, the same response 
spectrum could be used to compute all terms in the inequality 17.68. Otherwise, different response- 
spectra curves should be used to determine each quantity, «(«;), depending on the applicable modal 
damping ratio, 

17.2.6 Comparison of Various Representations 

In this section, we shall state some major advantages and disadvantages of the four representations of the 
vibration environment that we have discussed. 

Time-signal representation has several advantages. It can be employed to represent either 
deterministic or random vibration environment. It is an exact representation of a single excitation 
event. Also, when performing multiexcitation (multiple shaker) vibration testing, phasing between the 
various inputs can be conveniently incorporated simply by delaying each excitation with respect to the 
others. There are also disadvantages to time-signal representation. Since each time history represents 
just one sample function (a single event) of a random environment, it may not be truly representative of 
the actual vibration excitation. This can be overcome by using longer signals, which, however, will 
increase the duration of the test, which is limited by test specifications. If the random vibration is truly 
ergodic (or at least stationary), this problem will not be as serious. Furthermore, the problem does not 
arise when testing with deterministic signals. An extensive knowledge of the true vibration environment 
to which the test object is subjected is necessary, however, in order to conclude that it is stationary or that 
it could be represented by a deterministic signal. In this sense, time-signal representation is difficult to 
implement. 

The response-spectrum method of representing a vibration environment has several advantages. It is 
relatively easy to implement. Since the peak response of a simple oscillator is used in its definition, it is 
representative of the peak response or structural stress of simple dynamic systems; hence, there is a direct 
relation to the behavior of the physical object. An upper bound for the peak response of a multi-DoF 
system can be conveniently obtained by the method outlined in Section 17.2.5.4. Also, by considering the 
envelope of a set of response spectra at the same damping value, it is possible to use a single response 
spectrum to conservatively represent more than one excitation event. The method also has disadvantages. 
It employs deterministic signals in its definition. Sample functions (single events) of random vibrations 
can be used, however. It is not possible to determine the original vibration signal from the knowledge of 
its response spectrum, because it uses the peak value of response of a simple oscillator (more than one 
signal can have the same response spectrum). Thus, a response spectrum cannot be considered a 
complete representation of a vibration environment. Also, characteristics such as the transient nature and 
the duration of the excitation event cannot be deduced from the response spectrum. For the same reason, 
it is not possible to incorporate information on excitation-signal phasing into the response-spectrum 
representation. This is a disadvantage in multiple excitation testing. 

Fourier spectrum representation also has advantages. Since the actual dynamic environment signal can 
be obtained by inverse transformation, it has the same advantages as for the time-signal representation. 
In particular, since a Fourier spectrum is generally complex, phasing information of the test excitation 
can be incorporated into Fourier spectra, in multiple excitation testing. Furthermore, by considering an 
envelope Fourier spectrum (like an envelope response spectrum), it can be employed to represent 
conservatively more than one vibration environment. Also, it gives frequency-domain information (such 
as information about resonances), which is very useful in vibration testing situations. The disadvantages 
of Fourier spectrum representation include the following. It is a deterministic representation but, as in the 
response-spectrum method, a sample function (a single event) of a random vibration can be represented 
by its Fourier spectrum. Transient effects and event duration are hidden in this representation. Also, it is 
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somewhat difficult to implement, because complex procedures of multiband equalization might be 
necessary in the signal synthesis associated with this representation. 

PSD representation has the following advantages. It takes the random nature of a vibration 
environment into account. As in response-spectrum and Fourier-spectrum representations, by taking an 
envelope PSD, it can be used to represent conservatively more than one environment. It can display 
important frequency-domain characteristics, such as resonances. Its disadvantages include the following. 
It is an exact representation only for truly stationary or ergodic random environments. In nonstationary 
situations, as in seismic ground motions, significant error could result. Also, it is not possible to obtain 
the original sample function (dynamic event) from its PSD. Hence, the transient characteristics and 
duration of the event are not known from its PSD. Since mean square values, not peak values, are 
considered, PSD representation is not structural-stress-related. Furthermore, since PSD functions are real 
(not complex), we cannot incorporate phasing information into them. This is a disadvantage in multiple 
excitation testing situations, but this problem can be overcome by considering either the cross spectrum 
(which is complex) or the cross correlation in each pair of test excitations. 

Random vibration testing is compared with sine testing (single-frequency, deterministic excitations) in 
Box 17.1. A comparison of various representations of test excitations is given in Box 17.2. 



Box 17.1 

Random Testing vs. Sine Testing 

Advantages of Random Testing: 

1 . More realistic representation of the true environment 

2. Many frequencies are applied simultaneously 

3. All resonances, natural frequencies, and mode shapes are excited simultaneously 

Disadvantages of Random Testing: 

1. Needs more power for testing 

2. Control is more difficult 

3. More costly 

Advantages of Sine Testing: 

Appropriate for: 

1. Fatigue testing of products that operate primarily at a known speed (frequency) under 
in-service conditions 

2. Detecting sensitivity of a device to a particular excitation frequency 

3. Detecting resonances, natural frequencies, modal damping, and mode shapes 

4. Calibration of vibration sensors and control systems 

Disadvantages of Sine Testing: 

1 . Usually not a good representation of the true dynamic environment 

2. Because vibration energy is concentrated at one frequency, it can cause failures that would 
not occur in service (particularly single-resonance failures) 

3. Since only one mode is excited at a time, it can hide multiple-resonance failures that might 
occur in service 
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Box 17.2 

Comparison of Test Excitation 
Representations 



Property 


Time Signal 


Response Spectrum 


Fourier Spectrum 


Power Spectral Density 


True representation 
of a deterministic 
environment? 


Yes 


Yes 


Yes 


No 


True representation 

of a random environment? 


One sample 
function 


One sample 
function 


One sample 
function 


Yes 


Frequency- time reversible? 


Yes 


No 


Yes 


No 


Signal phasing possible for 
multiaxis testing? 


Yes 


No 


Yes 


No 


Good representation of peak 
amplitude/stress events? 


Yes 


Yes 


No 


No 


Explicit accounting for 
modal responses 


No 


Yes 


Yes 


Yes 



In practice, the generation of an excitation signal for vibration testing may not follow any one of the 
analytical procedures and may incorporate a combination of them. For example, a combination of sine- 
beat signals of different frequencies with random phasing is one practical approach to the generation of a 
multifrequency, pseudo-random excitation signal. This approach is summarized in Box 17.3. 

17.3 Pretest Procedures 

The selection of a test procedure for the vibration testing of an object should be based on technical 
information regarding the test object and its intended use. Vendors usually prefer to use more 
established, conventional testing methods and are generally reluctant to incorporate modifications and 

Box 17.3 

Test Signal Generation 

Steps: 

1. Generate a set of sine beats at discrete frequencies of interest for the vibration test, having 
specified amplitudes. 

2. Phase shift (time shift) the signal components from Step 1 according to a random number 
generator. 

3. Sum the signal components from Step 2. 
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improvements. This is primarily due to economic reasons, convenience, testing-time limitation, 
availability of the equipment and facilities (test-lab limitations), and similar factors. Regulatory agencies, 
however, usually modify their guidelines from time to time, and some of these requirements are 
mandatory. 

Before conducting a vibration test on a test object, it is necessary to follow several pretest procedures. 
Such procedures are necessary in order to conduct a meaningful test. Some important pretest procedures 
include the following: 

1 . Understanding the purpose of the test 

2. Studying the service functions of the test object 

3. Acquiring information on the test object 

4. Planning the test program 

5. Conducting pretest inspection of the test object 

6. Resonance-searching to gather dynamic information about the test object 

7. Mechanically aging the test object 

In the following sections, we shall discuss each of the first five items of these procedures to emphasize 
how they can contribute to a meaningful test. The last two items will be considered separately, in 
Section 17.4 on Testing Procedures. 

17.3.1 Purpose of Testing 

As noted before, vibration testing is useful in various stages of (1) design and development, (2) 
production and quality assurance, and (3) qualification and utilization of a product. Depending on the 
outcome of a vibration test, design modifications or corrective actions can be recommended for a 
preliminary design or a partial product. To determine the most desirable location (in terms of minimal 
noise and vibration), for the compressor in a refrigerator unit, for example, a resonance-search test could 
be employed. As another example, vibration testing can be employed to determine vibration-isolation 
material requirements in structures for providing adequate damping. Such tests fall into the first category 
of system development tests. They are beneficial for the designer and the manufacturer in improving the 
quality of performance of the product. Government regulatory agencies do not usually stipulate the 
requirements for this category of tests, but they sometimes stipulate minimal requirements for safety and 
performance levels of the final product, which can indirectly affect the development-test requirements. 
Custom-made items are exceptions for which the customers could stipulate the design-test requirements. 

For special-purpose products, it is sometimes also necessary to conduct a vibration test on the final 
product before its installation for service operation. For mass-produced items, it is customary to select 
representative samples form each batch of the product for these tests. The purpose of such test is to detect 
any inferiorities in the workmanship or in the materials used. These tests fall into the second category, 
quality-assurance tests. These usually consist of a standard series of routine tests that are well established 
for a given product. 

Distribution qualification and seismic qualification of devices and components are good examples of 
the use of the third category, qualification tests. A high-quality product such as a valve actuator, for 
instance, which is thoroughly tested in the design-development stage and at the final production stage, 
will need further dynamic tests or analysis if it is to be installed in a nuclear power plant. The purpose in 
this testing is to determine whether the product (valve actuator) will be crucial for system-safety-related 
functions. Government regulatory agencies usually stipulate basic requirements for qualification tests. 
These tests are necessarily application-oriented. The vendor or the customer might employ more 
elaborate test programs than those stipulated by the regulatory agency, but at least the minimum 
requirements set by the agency should be met before commissioning the plant. 

The purpose of any vibration test should be clearly understood before incorporating it into a test 
program. A particular test might be meaningless under some circumstances. If it is known, for instance, 
that no resonances below 35 Hz exist in a particular piece of equipment that requires seismic 
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qualification, then it is not necessary to conduct a resonance search because the predominant frequency 
content of seismic excitations occurs below 35 Hz. If, however, the test serves a dual purpose, such as 
mechanical aging in addition to resonance detection, then it may still be conducted even if there are no 
resonances in the predominant frequency range of excitation. 

If testing is performed on one test item selected from a batch of products to assure the quality of the 
entire batch or to qualify the entire batch, it is necessary to establish that all items in the batch are of 
identical design. Otherwise, testing of all items in the batch might be necessary unless some form-design 
similarity can be identified. “Qualification by similarity” is done in this manner. 

The nature of the vibration testing that is employed will be usually governed by the test purpose. 
Single-frequency tests, using deterministic test excitations, for example, are well suited for design- 
development and quality-assurance applications. The main reason for this choice is that the test-input 
excitations can be completely defined; consequently, a complete analysis can be performed with relative 
ease, based on existing theories and dynamic models. Random or multifrequency tests are more realistic 
in a qualification test, however, because under typical service conditions, the dynamic environments to 
which an object is subjected are random and have multiple frequencies by nature (for example, seismic 
disturbances, ground-transit road disturbances, aerodynamic disturbances). Since random-excitation 
tests are relatively more expensive and complex in terms of signal generation and data processing, single- 
frequency tests might also be employed in qualification tests. Under some circumstances, single- 
frequency testing could add excessive conservatism to the test excitation. It is known, for instance, that 
single-frequency tests are justified in the qualification of line-mounted equipment (i.e., equipment 
mounted on pipe lines, cables, and similar “line” structures), which can encounter in-service 
disturbances that are amplified because of resonances in the mounting structure. 



17.3.2 Service Functions 

For product qualification by testing, it is required that the test object remain functional and maintain its 
structural integrity when subjected to a certain prespecified dynamic environment. In seismic 
qualification of equipment, for instance, the dynamic environment is an excitation that adequately 
represents the amplitude, phasing, frequency content, and transient characteristics (decay rate and signal 
duration) of the motions at the equipment-support locations, caused by the most severe seismic 
disturbance that has a reasonable probability of occurring during the design life of the equipment. 
Monitoring the proper performance of in-service functions (functional-operability monitoring) of a test 
object during vibration testing can be crucial in the qualification decision. 

The intended service functions of the test object should be clearly defined prior to testing. For active 
equipment, functional operability is necessary during vibration testing. For passive equipment, however, 
only structural integrity need be maintained during testing. 

17.3.2.1 Active Equipment 

Equipment that should perform a mechanical motion (for example, valve closure, relay contact) or that 
produces a measurable signal (for example, an electrical signal, pressure, temperature, flow) during the 
course of performing its intended functions is termed active equipment. Some examples of active 
equipment are valve actuators, relays, motors, pumps, transducers, control switches, and data recorders. 

17.3.2.2 Passive Equipment 

Passive equipment typically performs containment functions and consequently should maintain a 
certain minimum structural strength or pressure boundary. Such equipment usually does not perform 
mechanical motions or produce measurable response signals, but it may have to maintain 
displacement tolerances. Some examples of passive equipment are piping, tanks, cables, supporting 
structures, and heat exchangers. 
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17.3.2.3 Functional Testing 

When defining the intended functions of an object for test purposes, the following information should be 
gathered for each active component of the object that will be tested: 

1 . The maximum number of times a given function should be performed during the design life of the 
equipment 

2. The best achievable precision (or monitoring tolerance) for each functional- operability parameter 
and the time duration for which a given precision is required 

3. Mechanisms and states of malfunction or failure 

4. Limits of the functional-operability parameters (electrical signals, pressures, temperatures, flow 
rates, mechanical displacements and tolerances, relay chatter, and so forth) that correspond to a 
state of malfunction or failure 

It should be noted that, under a state of malfunction, the object will not perform the intended function 
properly. Under a failure state, however, the object will not perform its intended function at all. 

For objects consisting of an assembly of several crucial components, it should be determined how a 
malfunction or failure of one component could result in the malfunction or failure of the entire unit. In 
such cases, any hardware redundancy (that is, when component failure does not necessarily cause unit 
failure) and possible interactive and chain effects (such as failure in one component overloading another, 
which could result in subsequent failure of the second component, and so on) should be identified. In 
considering functional precision, it should be noted that high precision usually means increased 
complexity of the test procedure. This is further complicated if a particular level of precision is required 
at a prescribed instant. 

It is a common practice for the test object supplier (the customer) to define the functional test, 
including acceptance criteria and tolerances for each function, for the benefit of the test engineer. This 
information eventually is used in determining acceptance criteria for the tests of active equipment. 
Complexity of the required tests also depends on the precision requirements for the intended functions 
of the test object. 

Examples of functional failure are sensor and transducer (measuring instrumentation) failure, actuator 
(motors, valves, and so forth) failure, chatter in relays, gyroscopic and electronic-circuit drift, and 
discontinuity of electrical signals because of short-circuiting. It should be noted that functional failures 
caused by mechanical excitation are often linked with the structural integrity of the test object. Such 
functional failures are primarily caused in two situations: (1) when displacement amplitude exceeds a 
certain critical value once or several times, or (2) when vibrations of moderate amplitudes occur for an 
extended period of time. Functional failures in the first category include, for example, short-circuiting, 
contact errors, instabilities and nonlinearities (in relays, amplifier outputs, etc.). Such failures are usually 
reversible, so that, when the excitation intensity drops, the system will function normally. Under the 
second category, slow degradation of components will occur because of aging, wear, and fatigue, which 
can cause drift, offset, etc., and subsequent malfunction or failure. This kind of failure is usually 
irreversible. We must emphasize that the first category of functional failure can be better simulated using 
high-intensity single-frequency testing and shock testing, and the second category by multifrequency or 
broadband random testing and low-intensity single-frequency testing. 

For passive devices, a damage criterion should be specified. This could be expressed in terms of 
parameters such as cumulative fatigue, deflection tolerances, wear limits, pressure drops, and leakage 
rates. Often, damage or failure in passive devices can be determined by visual inspection and other 
nondestructive means. 

17.3.3 In formation Acquisition 

In addition to information concerning service functions, as discussed in the previous section, and 
dynamic characteristics determined from a resonance search, as will be discussed later in this chapter, 
there are other characteristics of the test object that need to be studied in the development of a vibration 
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testing program. In particular, there are characteristics that cannot be described in exact quantitative 
terms. In determining the value of a piece of equipment, for instance, the monetary value (or cost) might 
be relatively easy to estimate, whereas it can be very difficult to assign a dollar value to its significance 
under service conditions. One reason for this is that a particular piece of equipment alone may not 
determine the proper operation of a complex system. Interaction of a particular unit with other 
subsystems in a complex operation would determine the importance attached to it and, hence, its value. 
In this sense, the true value of a test object is a relatively complex consideration. The service function of 
the test object is also an important consideration in determining its value. The value of a test object is 
important in planning a test program, because the cost of a test program and the effort expended therein 
are governed mainly by this factor. 

Many features of a test object that are significant in planning a test program can be deduced from 
manufacturer’s data for the particular object. The following information is representative: 

1. Drawings (schematic or to scale when appropriate) of principal components and the whole 
assembly, with the manufacturer’s name, identification numbers, and dimensions clearly 
indicated 

2. Materials used, design strengths, fatigue life, and so on, of various components, and factors 
determining the structural integrity of the unit 

3. Component weight and total weight of the unit 

4. Design ratings, capacities, and tolerances for in-service operation of each crucial component 

5. Description of the intended functions of each component and of the entire unit, clearly indicating 
the parameters that determine functional operability of the unit 

6. Interface details (inter-component as well as for the entire assembly), including in-service 
mounting configurations and mounting details 

7. Details of the probable operating site or operating environment (particularly with respect to the 
excitation events if product qualification is intended) 

8. Details of any previous testing or analysis performed on that unit or a similar one 

Scale drawings and component-weight information describe the size and geometry of the test object. 
This information is useful in determining the following: 

1. The locations of sensors (accelerometers, strain gages, stroboscopes, and the like) for monitoring 
dynamic response of the test object during tests; 

2. The necessary ratings for vibration test (shaker) apparatus (power, force, stroke, bandwidth, and 
so on); 

3. The degree of dynamic interaction between the test object and the test apparatus; 

4. The level of coupling between various DoFs and modal interactions in the test object; 

5. The assembly level of the test object (for example, whether it can be treated as a single component, 
as a subsystem consisting of several components, or as an independent, stand-alone system) 

In general, as the size and the assembly level increase, the tests become increasingly complex and difficult 
to perform. To test heavy, complex test objects, we require a large test apparatus with high power ratings 
and the capability of multiple excitation locations. In this case, the number of operability parameters that 
are monitored and the number of observation (sensor) locations also will increase. 

17.3.3.1 Interface Details 

The dynamics of a piece of equipment depend on the way the equipment is attached to its support 
structure. In addition to the mounting details, the dynamic response of equipments is affected by other 
interfacing linkages, such as wires, cables, conduits, pipes, and auxiliary instrumentation. In the vibration 
testing of equipment, such interface characteristics should be simulated appropriately. Dynamics of the 
test fixture and the details of the test object -fixture interface are very important considerations that affect 
the overall dynamics of the test object. If the interface characteristics are not properly represented during 
testing, a nonuniform test could result, in which case some parts of the test object are be overtested and 
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other parts undertested. This situation can bring about failures that are not representative of the failures 
that could take place in actual service. In effect, the testing could become meaningless if interface details 
are not simulated properly. 

The test fixture is a structure attached to the shaker table and used to mount the test object 
(see Figure 17. 13). Test-fixture dynamics can significantly modify the shaker-table motion before reaching 
the test object. Such modifications include filtering of the shaker motion and the introduction of auxiliary 
(cross-axis) motions. In the test set-up shown in Figure 17.13, for example, the direct motion will be 
modified to some extent by fixture dynamics. In addition, some transverse and rotational motion 
components will be transmitted to the test object by the test fixture because of its overhang. 

To minimize interface-dynamic effects in vibration testing situations, an attempt should be made to ( 1 ) 
make the test fixture as light and as rigid as is feasible; (2) simulate in-service mounting conditions at the 
test object -fixture interface; and (3) simulate other interface linkages, such as cables, conduits, and 
instrumentation, to represent in-service conditions. Very often, the design of a proper test fixture can be a 
costly and time-consuming process. A trade-off is possible by locating the control sensors (accelerometers) 
at the mounting locations of the test object, and then using the error between the actual and the desired 
excitations through feedback to control the mounting-location excitations during testing. 

17.3.3.2 Effect of Neglecting Interface Dynamics 

We shall consider a simplified model to study some important effects of neglecting interface dynamics. In 
the model shown in Figure 17.14, the equipment and the mounting interface are modeled separately as 
single-DoF systems. Capital letters are used to denote the equipment parameters (mass, M; stiffness, K\ 
and damping coefficient, C). When mounting- interface dynamics are included, the model appears as in 
Figure 17.14(a). When the mounting-interface dynamics are neglected, we obtain the single-DoF model 
shown in Figure 17.14(b). Note that, in the latter case, the shaker motion, u(t), is directly applied to the 
equipment mounts whereas, in the former case, it is applied through the interface. If the equipment 
response in the two cases is denoted by y and y, respectively, one can see, by considering the system- 
frequency transfer functions, Y(cl>)/U(co) and Y(to)/U(co), that 

Y(to) Ms 2 ( Cs + K ) ( mr + cs+k ) 

— - = , , + (17.70) 

Y(oj) (Ms 2 + Cs + K) ( cs + k ) (cs + k) 

with s = jai. The following nondimensional parameters are defined: 

m 

Mass ratio a = — (17.71) 

M 
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FIGURE 17.14 A simplified model to study the effect of interface dynamics: (a) with interface dynamics; 
(b) without interface dynamics. 



Natural frequency ratio f3 = 



<*>„ 

a, 



(17.72) 



Normalized excitation frequency co = —— 

ll n 



(17.73) 



in which the natural frequency (undamped) of the equipment is 




and the mounting-interface natural frequency is 




Then, Equation 17.70 can be written 

Y(a>) _ (/3 2 + 2)£/3cd — fit 2 ) tu(l + 2jZ&5) 

Y(co) (fi 2 + 2)£f3(S) a((3 2 + 2j£/3tD)(l + 2jZw - dr) 



(17.74) 



(17.75) 



(17.76) 



in which £ and Z denote the damping ratios of the interface and the equipment, respectively. 

The ratio Y(co)/Y(co) is representative of the equipment-response amplification when interface- 
dynamic effects are neglected for a harmonic excitation. Figure 17.15 shows eight curves, corresponding 
to Equation 17.76, for the parameter combinations given in Table 17.2. Interpretation of the results 
becomes easier when peak values of the response ratios are compared for various parameter 
combinations. Sample results are given Table 17.2. 

17.3.3.3 Effects of Damping 

By comparing the cases from Case 1 to Case 4 in Table 17.2 with the cases from Case 5 to Case 8, 
respectively (comparing Case 1 with Case 5 and so forth), we see that increasing the interface damping 
has reduced the peak response (a favorable effect), irrespective of the values of the interface mass and 
natural frequency (cr and /3 values). 



© 2005 by Taylor & Francis Group, LLC 



Vibration Testing 



17-31 




FIGURE 17.15 Response amplification when interface dynamic interactions are neglected. 



17.3.3.4 Effects of Inertia 

By comparing the cases from Case 1 to Case 4 in Table 17.2 with the cases from Case 5 to Case 8, 
respectively, we see that the interface inertia has a favorable effect in decreasing dynamic interaction, 
irrespective of the interface damping and natural frequency. 



TABLE 17.2 Response Amplification Caused by Neglecting Interface Dynamics 



Case (Curve No.) 




Parameter Combination 




Peak Value of Response Ratio 




i 


a 


|8 


Z 




i 


0.1 


2.0 


2.0 


0.1 


l.n 


2 


0.1 


0.5 


0.5 


0.1 


38.80 


3 


0.1 


0.5 


2.0 


0.1 


2.77 


4 


0.1 


2.0 


0.5 


0.1 


17.80 


5 


0.2 


2.0 


2.0 


0.2 


0.89 


6 


0.2 


0.5 


0.5 


0.2 


18.40 


7 


0.2 


0.5 


2.0 


0.2 


1.71 


8 


0.2 


2.0 


0.5 


0.2 


5.98 
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17.3.3.5 Effect of Natural Frequency 

By comparing the cases from Case 1 to Case 4 in Table 17.2 with the cases from Case 5 to Case 8, 
respectively, we see that increasing the interface natural frequency has a favorable effect in decreasing 
dynamic interactions, irrespective of the interface damping and inertia. 

17.3.3.6 Effect of Excitation Frequency 

All the response plots (see Figure 17.15) diverge to oo as u> increases. This indicates that, at very high 
excitation-input frequencies, dynamic-testing results can become meaningless because of the interactions 
with interface dynamics. 

It can be concluded that, to reduce dynamic interactions caused by a mechanical interface, we should 
(1) increase interface damping as much is feasible, (2) increase interface mass as much is feasible, (3) 
increase interface natural frequency as much as is feasible, and (4) avoid testing at relatively high 
frequencies of excitation. It should be noted that, in the foregoing analysis and discussion, the mechanical 
interface was considered to include test fixtures and the shaker table as well. 

17.3.3.7 Other Effects of Interface 

The type of vibration test used sometimes depends on the mechanical interface characteristics. An example 
is the testing of line-mounted equipment. Single-frequency testing is preferred for such equipment so as to 
add a certain degree of conservatism because, as a result of interface resonances, line-mounted equipment 
could be subjected to higher levels of narrowband excitation through the support structure. 

In vibration testing of multicomponent equipment cabinets, it is customary to test the empty cabinet 
first, with the components replaced by dummy weights, and then to test the individual components 
separately, using different test excitations depending on the component locations and their mounting 
characteristics. Mechanical interface details of individual components are important in such situations. 
As a result, interface information is an important constituent of the pretest information that is collected 
for a test object. 

Most of the interface data, particularly information related to size and geometry (for example, mass, 
dimensions, configurations, and locations) , can be gathered simply by observing the test object and using 
scale drawings supplied by the manufacturer. Knowledge of the size and number of anchor bolts used or the 
weld thickness, for example, can be obtained in this manner. When analysis is also used to augment testing, 
however, it is often necessary to know the loads transmitted (forces, moments, and so on), relative 
displacements, and stiffness values at the mechanical interface under in-service conditions. These must be 
determined by tests, by analysis (static or dynamic) of a suitable model, or from manufacturer’s data. 

17.3.4 Test-Program Planning 

The test program to which a test object is subjected depends on several factors including the following: 

1. The objectives and specific requirements of the test 

2. In-service conditions, including equipment-mounting features, the vibration environment, and 
specifications of the test environment 

3. The nature of the test object, including complexity, assembly level, and functional-operability 
parameters to be monitored 

4. Test-laboratory capabilities, available testing apparatus, past experience, conventions, and 
established practices of testing 

Some of these factors are based on solid technical reasons, whereas others depend on economics, 
convenience, and personal likes and dislikes. 

Initially, it is not necessary to develop a detailed test procedure; this is required only at the stage of actual 
testing. In the initial stage it is only necessary to select the appropriate test method, based on factors such as 
those listed in the beginning of this section. Before conducting the tests, however, a test procedure should 
be prepared in sufficient detail. In essence, this is a pretest requirement. 
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Objectives and specific requirements of a test depend on such considerations as whether the test is 
conducted at the design stage, the quality-control stage or the utilization stage. The objective of a 
particular test could be to verify the outcome of a previously conducted test. In that case, it is 
necessary to assess the adequacy of one or a series of tests conducted at an earlier time (for instance, 
when the specifications and government regulations were less stringent). Often, this could be done by 
analysis alone. Some testing might be necessary at times, but it usually is not necessary to repeat the 
entire test program. If the previous tests were conducted for the frequency range 1 to 25 Hz, for 
example, and the present specifications require a wider range of 1 to 35 Hz, it might be adequate 
merely to demonstrate (by analysis or testing) that there are no significant resonances in the test 
object in the 25 to 35 Hz range. 

If it is necessary to qualify the test object for several different dynamic environments, a generic test 
that represents (conservatively, but without the risk of overtesting) all these environments could be 
used. For this purpose, special test-excitation inputs must be generated, taking into account the 
variability of the excitation characteristics under the given set of environments. Alternatively, 
several tests might be conducted if the dynamic environments for which the test object is to be 
qualified are significantly different. Operating-basis earthquake (OBE) tests and safe-shutdown 
earthquake (SSE) tests in seismic qualification of nuclear power plant equipment, for example, 
represent two significantly different test conditions. Consequently, they cannot be represented 
by a single test. When qualifying an equipment for several geographic regions or locations, 
however, we might be able to combine all OBE tests into a single test and all SSE tests into another 
single test. 

Another important consideration in planning a test program is the required accuracy for the test, 
including the accuracy for the excitation inputs, response and operability measurements, and analysis. 
This is related to the value of the test object and the objectives of the test. 

When it is required to evaluate or qualify a group of equipment by testing a sample, it is first necessary 
to establish that the selected sample unit is truly representative of the entire group. When the items in the 
batch are not identical in all respects, some conservatism could be added to the tests to minimize the 
possibility of an incorrect qualification decision. It might be necessary to test more than one sample unit 
in such situations. 

When planning a test procedure, we should clearly identify the standards, government regulations, and 
specifications that are applicable to a particular test. The pertinent sections of the applicable documents 
should be noted, and proper justification should be given if the tests deviate from regulatory-agency 
requirements. 

The excitation input that is employed in a vibration test depends on the in-service vibration 
environment of the test object. The number of tests needed will also depend on this to some extent. Test 
orientation depends mainly on the mounting features and the mechanical interface details of the test 
object under in-service conditions. Mounting features might govern the nature of the test excitations 
used for a particular test. 

Two distinct mounting types can be identified for most equipment: (1) line-mounted equipment and (2) 
floor-mounted equipment. Line-mounted equipment is equipment that is mounted upright or hanging 
from pipelines, cables, or similar line structures that are not rigid. Generally, devices such as valves, 
nozzles, valve actuators, and transducers are to be considered line-mounted equipment. Any equipment 
that is not line-mounted is considered floor-mounted. The supporting structure is considered to be 
relatively rigid in this case. Examples of such mounting structures are floors, walls, and rigid frames. 
Typical examples of floor-mounted equipment include motors, compressors, and cabinets of relays and 
switchgear. 

Wide-band floor disturbances are filtered by line structures. Consequently, the environmental 
disturbances to which line-mounted equipment is subjected are generally narrowband disturbances. 
Accordingly, vibration testing of line-mounted equipment is best performed using narrowband 
random test excitations or single-frequency deterministic test excitations. Higher test intensities can 
be necessary for line-mounted equipment, because any low-frequency resonances that are be present 
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in the mounting structure (which is relatively flexible in this case) can amplify the excitations before 
reaching the equipment. 

Floor-mounted equipment often requires relatively wide-band random test excitations. As an example, 
consider a pressure transducer mounted on (1) a rigid wall, (2) a rigid I-section frame, (3) a pressurized 
gasline, or (4) a cabinet. In cases (1) and (2), wide-band random excitations with response spectra 
approximately equal to the floor-response spectra can be employed for vibration testing of the pressure 
transducer. For cases (3) and (4), however, flexibility of the support structure should be taken into 
consideration in developing the RRS specifications for vibration testing. In case (3), a single-frequency 
deterministic test, such as a sine-beat test or a sine-dwell test, can be employed, giving sufficient attention 
to testing at the equipment-resonant frequencies. In case (4), single-frequency tests can also be employed 
if the cabinet is considerably flexible and not rigidly attached to a rigid structure (a floor or a wall). 
Alternatively, a wide-band test on the cabinet itself, with the pressure transducer mounted on it, could be 
used. 

Size, complexity, assembly level, and related features of a test object can significantly complicate 
and extend the test procedure. In such cases, testing the entire assembly might not be practical and 
testing of individual components or subassemblies might not be adequate because, in the in-service 
dynamic environment, the motion of a particular component could be significantly affected by the 
dynamics of other components in the assembly, the mounting structure, and other interface 
subsystems. 

Functional-operability parameters to be monitored during testing should be predetermined. They 
depend on the purpose of the test, the nature of the test object, and the availability and 
characteristics of the sensors that are required to monitor these parameters. Malfunction or failure 
criteria should be related in some way to the monitored operability parameters; that is, each 
operability parameter should be associated with one or several components in the test object that are 
crucial to its operation. 

The decision of whether to perform an active test (for example, whether a valve should be cycled during 
the test) and determination of the actuation time requirements (for example, the number of times the 
valve is cycled and at what instants during the test) should be made at this stage. The loading conditions 
for the test (that is, in-service loading simulation) also should be defined. 

An important nontechnical factor that determines the nature of a vibration test is the availability 
of hardware (test apparatus) in the test laboratory. This is especially true when nonconventional 
vibration tests are required. Some specifications require three-DoF test inputs, for example, but most 
test laboratories have only one-DoF or two-DoF test machines. When two-DoF or one-DoF tests are 
used in place of three-DoF tests, it is first required to determine what additional orientations of the 
test object should be tested in order to add the required conservatism. Additionally, it should be 
verified by analysis or testing that the modified series of tests does not cause significant undertesting 
or overtesting of certain parts of the test object. Otherwise, some other form of justification should 
be provided for replacing the test. 

Test plans prepared in the pretest stage should include an adequate description of the following 
important items: 

1. Test purpose 

2. Test-object details 

3. Test environment, specifications, and standards 

4. Functional-operability parameters and failure or malfunction criteria 

5. Pretest inspection 

6. Aging requirements 

7. Test outline 

8. Instrumentation requirements 

9. Data-processing requirements 

10. Methods of evaluation of the test results 
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17.3.4.1 Testing of Cabinet-Mounted Equipment 

In the vibration testing of cabinet-mounted or panel-mounted equipment, the following is a standard 
procedure. 



Step 1: Test the cabinet or panel with the equipment replaced by a dummy weight. 

Step 2: Obtain the cabinet response at equipment-mounting locations and, based on these 
observations, develop the required vibration environment for testing (the RRS) of the 
equipment. 

Step 3: Test the equipment separately, using the excitations developed in Step 2. 



This procedure may not be satisfactory if there is a considerable degree of dynamic interaction 
between the equipment and the mounting cabinet. This could be illustrated by using a simplified 
model to represent cabinet-mounted equipment. The cabinet and the equipment are represented 
separately by single-DoF systems, as shown in Figure 17.16. Cabinet parameters are represented by 
upper-case letters and equipment parameters by lower-case letters. The cabinet responds when the 
equipment is replaced by a dummy weight of equal mass, which is denoted by y(t). The test 
excitation applied to the cabinet base is denoted by u(f). It can be shown that the frequency- 
response ratio in the two cases is given by 

Y(co) _ [ms 2 (cs + k)]/(ms 2 + cs + k) + MS 2 + Cs + K ^ ^ 

Y(co) (M + m)s 2 + Cs + K ( ' } 



with s = jci>. Using the nondimensional parameters defined by the equations from Equation 17.71 to 
Equation 17.75, we obtain 



Y(co) _ (j«) 2 a(2f/3jm + fi 1 ) + (jw) 2 + 2Z)w + 1 
Y(w) (1 + a)(jto) 2 + 2Z)u> + 1 



(17.78) 



in which £ denotes the equipment damping ratio and Z denotes the cabinet damping ratio. 

The ratio Y(co)/Y(co) represents the amplification in the cabinet response when the equipment is 
replaced by a dummy weight for a harmonic excitation. Figure 17.17 shows eight curves obtained for the 
a, (3, and Z combinations, as given in Table 17.2. Notice that the best response is obtained in Curve 6. 
It can be concluded that a dummy test procedure for cabinet-mounted equipment is satisfactory when 




FIGURE 17.16 A simplified model for (a) an equipment cabinet test system; (b) a dummy-weight cabinet test 
system. 
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(b) Normalized Frequency 

FIGURE 17.17 Cabinet response amplification in dummy- weight tests. 

the equipment inertia and natural frequency are small in comparison to the values for the cabinet. Also, 
increasing the damping level has a favorable effect on test results. 

17.3.5 Pretest Inspection 

Pretest inspection of a test object is important at least for two major reasons. First, if the equipment 
supplied for testing is different from the piece of equipment or the group of equipment that is required to 
be qualified, then these differences must be carefully observed and recorded in sufficient detail. In 
particular, deviations in the model number, mounting features and other details of the mechanical 
interface, geometry, size, and significant dynamic features should be recorded. Second, before testing, the 
test object should be inspected for any damage, deficiencies, or malfunctions. Structural integrity usually 
can be determined by visual inspection alone. To determine malfunctions by operability monitoring, 
however, the test object must be actuated and the operating environment should be simulated. 

If the equipment supplied for testing is not identical to that required to be tested, adequate 
justification must be provided for the differences to guarantee that the objectives of the test can be 
achieved by testing the equipment that is supplied. Otherwise, the test should be abandoned pending the 
arrival of the correct test object. 
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If any structural failure or operation malfunction is noted during pretest inspection, no corrective 
action should be taken by the test laboratory personnel unless those actions are notified to and fully 
authorized by the supplier of the test object. Otherwise, the test should be abandoned and the customer 
should be promptly notified of the anomalies. 

It is important that the functional-operability pretest inspection is performed in the same functional 
environment as that is experienced under normal in-service conditions. When monitoring functional- 
operability parameters, it is necessary to guarantee that the monitoring instrumentation meets the 
required accuracy. Instrumentation data should be provided to the customer for review. This assures that 
the observed malfunction is real and not merely apparent, caused by a malfunction in the monitoring 
instrumentation and channels. The monitoring-equipment accuracy should be higher than that required 
for the operability parameter itself. 

Justification is needed if some components in the test object are not actuated and monitored during 
pretest inspection. Also, the warm-up period and the total time of actuation should be justified. In 
particular, if the proper operation of the equipment is governed by the continuity of a parameter (such as 
an electrical signal), the time duration of monitoring should be noted. If, however, the proper function is 
governed by a change of state (such as the opening or closing of a valve, a switch, or a relay), the number 
of cycles of actuation is important. 



17.4 Testing Procedures 

Vibration testing may involve pretesting prior to the main tests. The objectives of pretesting may be 
(1) exploratory, in order to obtain dynamic information such as natural frequencies, mode shapes 
and damping about the test object; (2) preconditioning, in order to age or pass the “infant-mortality” 
stage so that the main test will be realistic and correspond to normal operating conditions. In the present 
section, we will describe both pretesting and main testing in an integrated manner. 



17.4.1 Resonance Search 

Vibration test programs usually require a resonance-search pretest. This is typically carried out at a lower 
excitation intensity than that used for the main test in order to minimize the damage potential 
(overtesting). The primary objective of a resonance-search test is to determine resonant frequencies of 
the test object. More elaborate tests are employed, however, to determine mode shapes and modal 
damping ratios in addition to resonant frequencies. Such frequency-response data on the test object are 
useful in planning and conducting the main test. 

Frequency-response data usually are available as a set of complex frequency-response functions. 
There are tests that determine the frequency-response functions of a test object, and simpler tests 
are available to determine resonant frequencies alone. Some of the uses of frequency-response data 
are given below. 

1. A knowledge of the resonant frequencies of the test object is important in conducting the main 
test. More attention should be given, for example, when performing a main test in the vicinity 
of resonant frequencies. In the resonance neighborhoods, lower sweep rates should be used if 
sine sweep is used in the main test, and larger dwell periods should be used if a sine dwell is 
part of the main test. Frequency-response data give the most desirable frequency range for 
conducting main tests. 

2. From frequency-response data, it is possible to determine the most desirable test excitation 
directions and the corresponding input intensities. 

3. The degree of nonlinearity and the time variance in the system parameters of the test 
object can be estimated by conducting more than one frequency-response test at different 
excitation levels. If the deviation in the frequency-response functions thus obtained is 
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sufficiently small, then a linear, time-invariant dynamic model is considered satisfactory in the 
analysis of the test object. 

4. If no resonances are observed in the test object over the frequency range of interest, as 
determined by the operating environment for a given application, then a static analysis will be 
adequate to qualify the test object. 

5. A set of frequency-response functions can be considered a dynamic model for the test 
specimen. This model can be employed in further studies of the test specimen by analytical 
means. 

17.4.2 Methods of Determining Frequency-Response Functions 

Three methods of determining frequency-response functions are outlined here. 

17.4.2.1 Fourier Transform Method 

If y(t) is the response at location B of the test object, when a transient input, u(t), is applied at location A, 
then the frequency-response function, H(f), between locations A and B is given by the ratio of the 
Fourier integral transforms of the output, y(t), and the input, u(t): 

Y(f ) 

H W = U(f} (17-79) 

In particular, if u(t) is a unit impulse, then U(f) = 1 and, hence, H(f) = Y(f). 

17.4.2.2 Spectral Density Method 

If the input excitation is a random signal, the frequency-response function between the input point and 
the output point can be determined as the ratio of the cross-spectral density, 4> u/ (/), of the input, u(t), 
and the output, y(t), and the PSD, 4> u „(/), of the input: 

H(f) = (17.80) 



17.4.2.3 Harmonic Excitation Method 

If the input signal is sinusoidal (harmonic) with frequency, /, the output also will be sinusoidal with 
frequency, /, at steady state but with a change in the phase angle. Then, the frequency-response function 
is obtained as a magnitude function and a phase-angle function. The magnitude, lff(/)l, is equal to the 
steady-state amplification of the output signal, and the phase angle, AH(f), is equal to the steady-state 
phase lead of the output signal. This pair of curves, the magnitude plot and the phase angle plot, is called 
a Bode plot or Bode diagram. 

17.4.3 Resonance-Search Test Methods 

There are three basic types of resonance-search test methods. They are categorized according to the 
nature of the excitation used in the test; specifically, (1) impulsive excitation, (2) initial displacement, or 
(3) forced vibration. The first two categories are free-vibration tests; that is, response measurements are 
made on free decay of the test object following a momentary (initial) excitation. Typical tests belonging 
to each of these categories are described in the following sections. 

17.4.3.1 Hammer (Bump) Test and Drop Test 

In a resonance search using the impulsive-excitation method, an impulsive force (a large magnitude 
of force acting over a very short duration) is applied at a suitable location of the test object, and the 
resulting transient response of the object is observed, preferably at several locations. This is 
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equivalent to applying an initial velocity to the test object and letting it vibrate freely. By Fourier 
analysis of the response data, it is possible to obtain the resonant frequencies, corresponding mode 
shapes, and modal damping. 

Hammer tests and drop tests belong to the impulsive-excitation category. A schematic diagram of the 
hammer-test arrangement is shown in Figure 17.18. A schematic diagram of the drop-test arrangement is 
shown in Figure 17.19. The angle of swing of the hammer or the drop height of the object determines the 
intensity of the applied impulse. Alternatively, the impulse can be generated using explosive cartridges 
(for relatively large structures) located suitably in the test object, or by firing small projectiles at the test 
object. The response is monitored at several locations of the test object. The response at the point of 
application of the impulse is always monitored. Response analysis can be done in real time, or the 
response can be recorded for subsequent analysis. A major concern in these tests is making sure that all 
significant resonances in the required frequency range are excited under the given excitation. Several tests 
for different configurations of the test object might be necessary to achieve this. 

Proper selection of the response-monitoring locations is also important in obtaining meaningful test 
results. By changing the impulsive-force intensity and repeating the test, any significant nonlinear (or 
time-variant-parameter) behavior of the test object can be determined. A common practice is to monitor 
the impulsive-force signal during impact. In this way, poor impacts (for example, low- intensity impacts 
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FIGURE 17.19 Schematic diagram of a drop test arrangement. 
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or multiple impacts caused by the bouncing back of a hammer) can be detected and the corresponding 
test results can be rejected. 



17.4.3.2 Pluck Test 

A resonance search on a test object can be performed by applying a displacement initial condition (rather 
than a velocity initial condition, as in impulsive tests) to a suitably mounted test object and measuring its 
subsequent response at various locations as it executes free vibrations. By properly selecting the locations 
and the magnitudes of the initial displacements, it is sometimes possible to excite various modes of 
vibration, provided that these modes are reasonably uncoupled. 

The pluck test is the most common test that uses the initial-displacement method. A schematic 
diagram of the test set-up is shown in Figure 17.20. The test object is initially deflected by pulling it with a 
cable. When the cable is suddenly released, the test object will undergo free vibrations about its static- 
equilibrium position. The response is observed for several locations of the test object and analyzed to 
obtain the required parameters. 

In Figure 17.18 to Figure 17.20, the frequency-response function between two locations (A and B, for 
example) is obtained by analyzing the corresponding two signals, using either the Fourier transform 
method (Equation 17.79) or the spectral-density method (Equation 17.80). These frequency-domain 
techniques will automatically provide the natural-frequency and modal-damping information. 
Alternatively, modal damping can be determined using time-domain methods, for example, by 
evaluating the logarithmic decrement of the response after passing it through a filter having a center 
frequency adjusted to the predetermined natural frequency of the test object for that mode. The accuracy 
of the estimated modal-damping value can be improved significantly by such filtering methods. 

Often, the most difficult task in a natural-frequency search is the excitation of a single a mode. If two 
natural frequencies are close together, modal interactions of the two invariably will be present in the 
response measurements. Because of the closeness of the frequencies, the response curve will display a beat 
phenomenon, as shown in Figure 17.21, which makes it difficult to determine damping by the 
logarithmic-decrement method. It is difficult to distinguish between decay caused by damping and rapid 
drop-off caused by beating. In this case, one of the frequency components must be filtered out, using a 
very narrowband-pass filter, before computing damping. 

The required testing time for the impulsive-excitation and initial-displacement test methods is 
relatively small in comparison with forced-vibration test durations. For this reason, these former 
(free-vibration) tests are often preferred in preliminary (exploratory) testing before the main tests. 
The directions and locations of impact or initial displacements should be properly chosen, however, 
so that as many significant modes as possible will be excited in the desired frequency range. If the 
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FIGURE 17.20 Diagram of a pluck test arrangement. 
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FIGURE 17.21 Beat phenomenon resulting from interaction of closely spaced modes. 

impact is applied at a node point, (of a particular mode, for instance) it will be virtually impossible 
to detect that mode from the response data. Sometimes, a large number of monitoring locations are 
necessary to accurately determine mode shapes of the test object. This depends primarily on the size 
and dynamic complexity of the test object and the particular mode number. This, in turn, 
necessitates the use of more sensors (accelerometers and the like) and recorder channels. If a 
sufficient number of monitoring channels is not available, the test will have to be repeated, each 
time using a different set of monitoring locations. Under such circumstances, it is advisable to keep 
one channel (monitoring location) unchanged and to use it as the reference channel. In this manner, 
any deviations in the test-excitation input can be detected for different tests and properly adjusted or 
taken into account in subsequent analysis (for example, by normalizing the response data). 

17.4.3.3 Shaker Tests 

A convenient method of resonance search is by 
using a continuous excitation. A forced excitation, 
which typically is a sinusoidal signal or a random 
signal, is applied to the test object by means of a 
shaker, and the response is continuously mon- 
itored. The test set-up is shown schematically in 
Figure 17.22. For sinusoidal excitations, signal 
amplification and phase shift over a range of 
excitations will determine the frequency-response 
function. For random excitations, Equation 17.80 
may be used to determine the frequency-response 
function. 

One or several portable exciters (shakers) or a 
large shaker table similar to that used in the main 
vibration test can be employed to excite the test 
object. The number and the orientations of the shakers and the mounting configurations and monitoring 
locations of the test object should be chosen depending on the size and complexity of the test object, the 
required accuracy of the resonance-search results, and the modes of vibration that need to be excited. The 
shaker-test method has the advantage of being able to control the nature of the test-excitation input (for 
example, frequency content, intensity, and sweep rate), although it might be more complex and costly. 
The results from shaker tests are more accurate and more complete. 

Test objects usually display a change in resonant frequencies when the shaker amplitude is 
increased. This is caused by inherent nonlinearities in complex structural systems. Usually, the 




FIGURE 17.22 Schematic diagram of a shaker test for 
resonance search. 
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change appears as a spring-softening effect, which results in lower resonant frequencies at higher 
shaker amplitudes. If this nonlinear effect is significant, the resonant frequencies for the main test 
level cannot be accurately determined using a resonance search at low intensity. Some form of 
extrapolation of the test results, or analysis using an appropriate dynamic model, might be necessary 
in this case to determine the resonant-frequency information that might be required to perform the 
main test. 

17.4.4 Mechanical Aging 

Before performing a qualification test, it is usually necessary to age the test object to put it into a 
condition that represents its state following its operation for a predetermined period under in-service 
conditions. In this manner, it is possible to reduce the probability of burn-in failure (infant mortality) 
during testing. Some tests, such as design-development tests and quality-assurance tests, might not 
require prior aging. 

The nature and degree of aging that is required depends on such factors as the intended function of the 
test object, the operating environment, and the purpose of the dynamic test. In qualification tests, it may 
be necessary to demonstrate that the test object still has adequate capability to withstand an extreme 
dynamic environment toward the end of its design life (that is, the period in which it can be safely 
operated without requiring corrective action). In such situations, it is necessary to age the test object to 
an extreme deterioration state, representing the end of the design life of the test object. 

Test objects are aged by subjecting them to various environmental conditions (for example, high 
temperatures, radiation, humidity, and vibrations). Usually, it is not practical to age the equipment at the 
same rate as it would age under a normal service environment. Consequently, accelerated aging 
procedures are used to reduce the test duration and cost. Furthermore, the operating environment may 
not be fully known at the testing stage. This makes the simulation of the true operating environment 
virtually impossible. Usually, accelerated aging is done sequentially, by subjecting the test equipment to 
the various environmental conditions one at a time. Under in-service conditions, however, these effects 
occur simultaneously, with the possibility of interactions between different effects. Therefore, when 
sequential aging is employed, some conservatism should be added. The type of aging used should be 
consistent with the environmental conditions and operating procedures of the specific application of the 
test object. Often these conditions are not known in advance, in which case, standardized aging 
procedures should be used. 

Our main concern in this section is mechanical aging, although other environmental conditions can 
significantly affect the dynamic characteristics of a test object. The two primary mechanisms of 
mechanical aging are material fatigue and mechanical wearout. The former mechanism plays a primary 
role if in-service operation consists of cyclic loading over relatively long periods of time. Wearout, 
however, is a long-term effect caused by any type of relative motion between components of the test 
object. It is very difficult to analyze component wearout, even if only the mechanical aspects are 
considered (that is the effects of corrosion, radiation, and the like are neglected). Some mechanical 
wearout processes resemble fatigue aging; however, they depend simultaneously on the number of cycles 
of load applications and the intensity of the applied load. Consequently, only the cumulative damage 
phenomenon, which is related to material fatigue, is usually treated in the literature. 

Although mechanical aging is often considered a pretest procedure (for example, the resonance-search 
test), it actually is part of the main test. In a dynamic qualification program, if the test object 
malfunctions during mechanical aging, this amounts to failure in the qualification test. Furthermore, 
exploratory tests, such as resonance-search tests, are sometimes conducted at higher intensities than what 
is required to introduce mechanical aging into the test object. 

17.4.4.1 Equivalence for Mechanical Aging 

It is usually not practical to age a test object under its normal operating environment, primarily because 
of time limitations and the difficulty in simulating the actual operating environment. Therefore, it may 
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be necessary to subject the test object to an accelerated aging process in a dynamic environment of higher 
intensity than that present under normal operating conditions. 

Two aging processes are said to be equivalent if the final aged condition attained by the two processes is 
identical. This is virtually impossible to realize in practice, particularly when the object and the 
environment are complex and the interactions of many dynamic causes have to be considered. In this 
case, a single most severe aging effect is used as the standard for comparison to establish the equivalence. 
The equivalence should be analyzed in terms of both the intensity and the nature of the dynamic 
excitations used for aging. 

17.4.4.2 Excitation-Intensity Equivalence 

A simplified relationship between the dynamic-excitation intensity, U, and the duration of aging, T, that 
is required to attain a certain level of aging, keeping the other environmental factors constant, may be 
given as 



T = 



c 

U 7 



(17.81) 



in which c is a proportionality constant and r is an exponent. These parameters depend on such 
factors as the nature and sequence of loading and characteristics of the test object. It follows from 
Equation 17.81 that, by increasing the excitation intensity by a factor n, the aging duration can be 
reduced by a factor of n r . In practice, however, the intensity- time relationship is much more 
complex, and caution should be exercised when using Equation 17.81. This is particularly true if the 
aging is caused by multiple dynamic factors of varying characteristics that are acting simultaneously. 
Furthermore, there is usually an acceptable upper limit to n. It is unacceptable, for example, to use a 
value that will produce local yielding or any such irreversible damage to the equipment that is not 
present under normal operating conditions. 

It is not necessary to monitor functional operability during mechanical aging. Furthermore, it can 
happen that, during accelerated aging, the equipment malfunctions but, when the excitation is removed, 
it operates properly. This type of reversible malfunction is acceptable in accelerated aging. 

The time to attain a given level of aging is usually related to the stress level at a critical location of the 
test object. Since this critical stress can be related, in turn, to the excitation intensity, the relationship 
given by Equation 17.81 is justified. 

17.4.4.3 Dynamic-Excitation Equivalence 

The equivalence of two dynamic excitations that have different time histories can be represented using 
methods employed to represent dynamic excitations (for example, response spectrum, Fourier spectrum, 
and PSD). If the maximum (peak) excitation is the factor that primarily determines aging in a given 
system under a particular dynamic environment, then response-spectrum representation is well suited 
for establishing the equivalence of two excitations. If, however, the frequency characteristics of the 
excitation are the major determining factor for mechanical aging, then Fourier spectrum representation 
is favored for establishing the equivalence of two deterministic excitations, and PSD representation is 
suited for random excitations. When two excitation environments are represented by their respective 
PSD functions, < I > 1 ( W ) and 4*2 ( w )> if the significant frequency range for the two excitations is (m 1 , co 2 ), 
then the degree of aging under the two excitations may be compared using the ratio 



A 2 



(E, (dfidoj 




(17.82) 



in which A denotes a measure of aging. If the two excitations have different frequency ranges of interest, a 
range consisting of both ranges might be selected for the integrations in Equation 17.82. 
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17.4.4.4 Cumulative Damage Theory 

Miner’s linear cumulative damage theory may be used to estimate the combined level of aging resulting 
from a set of excitation conditions. Consider m excitations acting separately on a system. Suppose that 
each of these excitations produces a unit level of aging in N l ,N 2 ,..., N m loading cycles, respectively, when 
acting separately. If, in a given dynamic environment, n l ,n 2 , loading cycles, respectively, from 

the m excitations actually have been applied to the system (possibly all excitations were acting 
simultaneously), the level of aging attained can be given by 



* = I 



Ni 



(17.83) 



The unit level of aging is achieved, theoretically, when A = 1. Equation 17.83 corresponds to Miner’s 
linear cumulative damage theory. 

Because of various interactive effects produced by different loading conditions, when some or all of the 
m excitations act simultaneously, it is usually not necessary to have A = 1 under the combined excitation 
to attain the unit level of aging. Furthermore, it is extremely difficult to estimate N n i = 1, .... m. For such 
reasons, the practical value of A in Equation 17.83 for using in attaining a unit level of aging could vary 
widely (typically, from 0.3 to 3.0). 

17.4.5 Test-Response Spectrum Generation 

A vibration test may be specified by a RRS. In this case, the response spectrum of the actual excitation 
signal, that is, the TRS, should envelop the RRS during testing. It is customary for the purchaser (the 
owner of the test object) to provide the test laboratory with a multichannel FM tape or some form of 
signal storage device containing the components of the excitation input signal that should be used in the 
test. Alternatively, the purchaser may request that the test laboratory generate the required signal 
components under the purchaser’s supervision. If sine beats are combined to generate the test excitations, 
each FM tape should be supplemented by tabulated data giving the channel number, the beat frequencies 
(Hz) in that channel, and the amplitude (g) of each sine-beat component. The RRS curve that is 
enveloped by the particular input should also be specified. 

The excitation signal that is applied to the shaker-table actuator is generated by combining the 
contents of each channel in an appropriate ratio so that the response spectrum of the excitation that is 
actually felt at the mounting locations of the test object (the TRS) satisfactorily matches the RRS supplied 
to the test laboratory. Matching is performed by passing the contents of each channel through a variable- 
gain amplifier and mixing the resulting components according to variable proportions. These operations 
are performed by a waveform mixer. The adjustment of the amplifier gains is done by trial and error. The 
phase of the individual signal components should be maintained during the mixing process. 

Each channel may contain a single-frequency component (such as sine beat) or a multifrequency signal 
of fixed duration (for example, 20 sec). If the RRS is complex, each channel may have to carry a 
multifrequency signal to achieve close matching of the TRS with the RRS. Also, a large number of 
channels might be necessary. The test excitation signal is generated continuously by repetitively playing 
the FM tape loop of fixed duration. 

In product qualification, response spectra are usually specified in units of acceleration due to 
gravity (g). Consequently, the contents in each channel of the test-input FM tape represent 
acceleration motions. For this reason, the signal from the waveform mixer must be integrated twice 
before it is used to drive the shaker table. The actuator of the exciter is driven by this displacement 
signal, and its control may be done by feedback from a displacement sensor. However, if the control 
sensor is an accelerometer, as is typical, double integration of that signal will be needed as well. In 
typical test facilities, a double integration unit is built into the shaker system. It is then possible to 
use any type of signal (displacement, velocity, acceleration) as the excitation input and to decide 
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simultaneously on the number of integrations that are necessary. If the input signal is a velocity time 
history, for example, one integration should be chosen and so on. 

The tape speed should be specified (for example, 7.5, 15 in./s) when the signals recorded on tapes are 
provided to generate input signals for vibration testing. This is important to ensure that the frequency 
content of the signal is not distorted. The speeding up of the tape has the effect of scaling up of each 
frequency component in the signal. It has also the effect, however, of filtering out very high-frequency 
components in the signal. If the excitation signals are available as digital records, then a DAC is needed to 
convert them into analog signals. 

17.4.6 Instrument Calibration 

The test procedure normally stipulates accuracy requirements and tolerances for various critical 
instruments that are used in testing. It is desirable that these instruments have current calibration records 
that are agreeable to an accepted standard. Instrument manufacturers usually provide these calibration 
records. Accelerometers, for example, may have calibration records for several temperatures (for 
example, —65, 75, 350°F) and for a range of frequencies (such as 1 to 1000 Hz). Calibration records for 
accelerometers are given in both voltage sensitivity (mV/g) and charge sensitivity (pC/g), along with 
percentage-deviation values. These tolerances and peak deviations for various test instruments should be 
provided for the purchaser’s review before they are used in the test apparatus. 

From the tolerance data for each sensor or transducer, it is possible to estimate peak error percentages 
in various monitoring channels in the test set-up, particularly in the channels used for functional- 
operability monitoring. The accuracy associated with each channel should be adequate to measure 
expected deviations in the monitored operability parameter. 

It is good practice to calibrate sensor or transducer units, such as accelerometers and associated 
auxiliary devices, daily or after each test. These calibration data should be recorded under different scales 
when a particular instrument has multiple scales, and for different instrument settings. 

17.4.7 Test-Object Mounting 

When a test object is being mounted on a shaker table, care should be taken to simulate all critical 
interface features under normal installed conditions for the intended operation. This should be done as 
accurately as is feasible. Critical interface requirements are those that could significantly affect the 
dynamics of the test object. If the mounting conditions in the test set-up significantly deviate from those 
under installed conditions for normal operation, adequate justification should be provided to show that 
the test is conservative (that is, the motions produced under the test mounting conditions are more 
severe than in in-service conditions). In particular, local mounting that would not be present under 
normal installation conditions should be avoided in the test set-up. 

In simulating in-service interface features, the following details should be considered as a minimum: 

1. Test orientation of the test object should be its in-service orientation, particularly with respect to 
the direction of gravity (vertical), available DoF, and mounting locations. 

2. Mounting details at the interface of the test object and the mounting fixture should represent in- 
service conditions with respect to the number, size, and strength of welds, bolts, nuts, and other 
hold-down hardware. 

3. Additional interface linkages, including wires cables, conduits, pipes, instrumentation (dials, 
meters, gauges, sensors, transducers, and so on), and the supporting brackets of these elements, 
should be simulated at least in terms of mass and stiffness, and preferably in terms of size as well. 

4. Any dynamic effects of adjacent equipment cabinets and supporting structures under in-service 
conditions should be simulated or taken into account in analysis. 

5. Operating loads, such as those resulting from fluid flow, pressure forces, and thermal effects, 
should be simulated if they appear to significantly affect test object dynamics. In particular, the 
nozzle loads (fluid) should be simulated in magnitude, direction, and location. 
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The required mechanical interface details of the test object are obtained by the test laboratory at the 
information-acquisition stage. Any critical interface details that are simulated during testing should be 
included in the test report. 

At least three control accelerometers should be attached to the shaker table near the mounting location 
of the test object. One control accelerometer measures the excitation-acceleration component applied to 
the test object in the vertical direction. The other two measure the excitation-acceleration components in 
two horizontal directions at right angles. The two horizontal (control) directions are chosen to be 
along the two major freedom-of-motion directions (or dynamic principal axes) of the test object. 
Engineering judgment may be used in deciding these principal directions of high response in the test 
object. Often, geometric principal axes are used. The control accelerometer signals are passed through a 
response-spectrum analyzer (or a suitably programmed digital computer) to compute the TRS in the 
vertical and two horizontal directions that are perpendicular. 

Vibration tests generally require monitoring of the dynamic response at several critical locations of 
the test object. In addition, the tests may call for the determining of mode shapes and natural 
frequencies of the test object. For this purpose, a sufficient number of accelerometers should be 
attached to various key locations in the test object. The test procedure (document) should contain a 
sketch of the test object, indicating the accelerometer locations. Also, the type of accelerometers 
employed, their magnitudes and directions of sensitivity, and the tolerances should be included in 
the final test report. 

17.4.8 Test-Input Considerations 

In vibration testing, a significant effort goes into the development of test excitation inputs. Not 
only the nature but also the number and the directions of the excitations can have a significant 
effect on the outcomes of a test. This is so because the excitation characteristics determine the 
nature of a test. 

17.4.8.1 Test Nomenclature 

We have noted that a common practice in vibration testing is to apply synthesized vibration excitation to 
a test object that is appropriately mounted on a shaker table. Customarily, only translatory excitations as 
generated by linear actuators, are employed. Nevertheless the resulting motion of the test object usually 
consists of rotational components as well. A typical vibration environment may consist of three- 
dimensional motions, however. The specification of a three-dimensional test environment is a complex 
task, even after omitting the rotational motions at the mounting locations of the test object. 
Furthermore, practical vibration environments are random and they can be represented with sufficient 
accuracy only in a probabilistic sense. 

Very often the type of testing that is used is governed mainly by the capabilities of the test laboratory to 
which the contract is granted. Test laboratories conduct tests using their previous experience and 
engineering judgment. Making extensive improvements to existing tests can be very costly and time- 
consuming, and this is not warranted from the point of view of the customer or the vendor. Regulatory 
agencies usually allow simpler tests if sufficient justification can be provided indicating that a particular 
test is conservative with respect to regulatory requirements. 

The complexity of a shaker-table apparatus is governed primarily by the number of actuators that are 
employed and the number of independent directions of simultaneous excitation that it is capable of 
producing. Terminology for various tests is based on the number of independent directions of excitation 
used in the test. It would be advantageous to standardize this terminology to be able to compare different 
test procedures. Unfortunately, the terminology used to denote different types of tests usually depends on 
the particular test laboratory and the specific application. Attempts to standardize various test methods 
have become tedious, partly because of the lack of a universal nomenclature for dynamic testing. A 
justifiable grouping of test configurations is presented in this section. Figure 17.23 illustrates the various 
test types. 
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FIGURE 17.23 Vibration-test configurations. 



In test nomenclature, the DoF refers to the number of directions of independent motions that can be 
generated simultaneously by means of independent actuators in the shaker table. According to this 
concept, three basic types of tests can be identified: 

1. Single-DoF (or rectilinear) testing is that in which the shaker table employs only one exciter 
(actuator), producing test-table motions along the axis of that actuator. The actuator may not 
necessarily be in the vertical direction. 

2. Two-DoF testing is that in which two independent actuators, oriented at right angles to each other, 
are employed. The most common configuration consists of a vertical actuator and a horizontal 
actuator. Theoretically, the motion of each actuator can be specified independently. 

3. Three-DoF testing is that in which three actuators, oriented at mutually right angles, are 
employed. A desirable configuration consists of a vertical actuator and two horizontal actuators. 
At least theoretically, the motion of each actuator can be specified independently. 

It is common practice to specify the directions of excitation with respect to the geometric 
principal axes of the test object. This practice is somewhat questionable, primarily because it does 
not take into account the flexibility and inertia distributions of the object. Flexibility and inertia 
elements in the test object have a significant influence on the level of dynamic coupling present in 
a given pair of directions. In this respect, it is more appropriate to consider dynamic principal 
axes rather than geometric principal axes of the test object. One useful definition is in terms 
of eigenvectors of an appropriate three-dimensional, frequency-response function matrix that takes 
into account the response at every critical location in the test object. The only difficulty in this 
method is that prior frequency-response testing or analysis is needed to determine the test 
input direction. For practical purposes, the vertical axis (the direction of gravity) is taken as one 
principal axis. 

The single-DoF (rectilinear) test configuration has three subdivisions, based on the orientation of 
the vibration exciter (actuator) with respect to the principal axes of the test object. It is assumed that 
one principal axis of the test object is the vertical axis and that the three principal axes are 
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mutually perpendicular. The three subdivisions are as follows: 

1. Rectilinear uniaxial testing, in which the single actuator is oriented along one of the principal axes 
of the test object 

2. Rectilinear biaxial testing, in which the single actuator is oriented on the principal plane 
containing the vertical and one of the two horizontal principal axes (the actuator is inclined to 
both principal axes in the principal plane) 

3. Rectilinear triaxial testing, in which the single actuator is inclined to all three orthogonal principal 
axes of the test object 

The two-DoF test configuration has two subdivisions, based on the orientation of the two actuators 
with respect to the principal axes of the test object, as follows: 

1. Two-DoF biaxial testing, in which one actuator is directed along the vertical principal axis and the 
other along one of the two horizontal principal axes of the test object 

2. Two-DoF triaxial testing, in which one actuator is positioned along the vertical principal axis and 
the other actuator is horizontal but inclined to both horizontal principal axes of the test object 

17.4.8.2 Testing with Uncorrelated Excitations 

Simultaneous excitations in three orthogonal directions often produce responses (accelerations, 
stresses, etc.) that are very different from that which is obtained by vectorially summing the responses 
to separate excitations acting one at a time. This is primarily because of the nonlinear, time-variant 
nature of test specimens and test apparatus, their dynamic coupling, and the randomness of excitation 
signals. If these effects are significant, it is theoretically impossible to replace a three-DoF test, for 
example, with a sequence of three single-DoF tests. In practice, however, some conservatism can be 
incorporated into two-DoF and single-DoF tests to account for these effects. These tests with added 
conservatism may be employed when three-DoF testing is not feasible. It should be clear by now that 
rectilinear triaxial testing is generally not equivalent to three-degree-freedom testing, because the 
former merely applies an identical excitation in all three orthogonal directions, with scaling factors 
(direction cosines). One obvious drawback of rectilinear triaxial testing is that the input excitation in a 
direction at right angles to the actuator is theoretically zero, and the excitation is at its maximum along 
the actuator. In three-DoF testing using uncorrelated random excitations, however, no single direction 
has a zero excitation at all times, and also the probability is zero that the maximum excitation occurs in 
a fixed direction at all times. 

Three-DoF testing is mentioned infrequently in the literature on vibration testing. A major reason 
for the lack of three-DoF testing might be the practical difficulty in building test tables that can 
generate truly uncorrelated input motions in three orthogonal directions. The actuator interactions 
caused by dynamic coupling through the test table and mechanical constraints at the table supports are 
primarily responsible for this. Another difficulty arises because it is virtually impossible to synthesize 
perfectly uncorrelated random signals to drive the actuators. Two-DoF testing is more common. In this 
case, the test must be repeated for a different orientation of the test object (for example, with a 90° 
rotation about the vertical axis), unless some form of dynamic-axial symmetry is present in the test 
object. 

Test programs frequently specify uncorrelated excitations in two-DoF testing for the two actuators. 
This requirement lacks solid justification, because two uncorrelated excitations applied at right angles do 
not necessarily produce uncorrelated components in a different pair of orthogonal directions, unless the 
mean square values of the two excitations are equal. To demonstrate this, consider the two uncorrelated 
excitations, u and v, shown Figure 17.24. The components u' and V , in a different pair of orthogonal 
directions obtained by rotating the original coordinates through an angle 6 in the counterclockwise 
direction, are given by 



u 1 = u cos d + v sin 9 



(17.84) 
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v' = — u sin 0 + v cos d (17.85) 

Without loss of generality, we can assume that u 
and v have zero means. Then, u' and v' also will 
have zero means. Furthermore, since u and v are 
uncorrelated, we have 

E{uv) = E(u)E(v) = 0 (17.86) 

From Equation 17.84 and Equation 17.85, we 
obtain 

E(u'v') = E[(u cos 6+ v sin 6) 

X(—u sin 6+ v cos &)] 

This, when expanded and substituted with 
Equation 17.86, becomes 

£(«V) = sin 6 cos 6[E(v 2 ) - E(u 2 )] (17.87) 

Since d is any general angle, the excitation components u' and v' become uncorrelated if and only if 

E(v 2 ) = E(u 2 ) (17.88) 

This is the required result. Nevertheless, a considerable effort, in the form of digital Fourier analysis, is 
expended by vibration- testing laboratories to determine the degree of correlation in test signals employed 
in two-DoF testing. 

17.4.8.3 Symmetrical Rectilinear Testing 

Single-DoF (rectilinear) testing that is performed with the test excitation applied along the line of 
symmetry with respect to an orthogonal system of three principal axes of the test object mainframe is 
termed symmetrical rectilinear testing. In product qualification literature, this test is often referred to as 
the 45° test. The direction cosines of the input orientation are (l/%/3, 1/^3, 1^3) for this test 
configuration. The single-actuator input intensity is amplified by a factor of V3 in order to obtain the 
required excitation intensity in the three principal directions. Note that symmetrical rectilinear testing 
falls into the category of rectilinear triaxial testing, as defined earlier. This is one of the widely used testing 
configurations in seismic qualification, for example. 

17.4.8.4 Geometry vs. Dynamics 

In vibration testing the emphasis is on the dynamic behavior rather than the geometry of the equipment. 
For a simple three-dimensional body that has homogeneous and isotropic characteristics, it is not 
difficult to correlate its geometry to its dynamics. A symmetrical rectilinear test makes sense for such 
systems. The equipment we come across is often much more complex, however. Furthermore, our 
interest is not merely in determining the dynamics of the mainframe of the equipment. We are more 
interested in the dynamic reliability of various critical components located within the mainframe. Unless 
we have some previous knowledge of the dynamic characteristics in various directions of the system 
components, it is not possible to draw a direct correlation between the geometry and the dynamics of the 
tested equipment. 

17.4.8.5 Some Limitations 

In a typical symmetrical rectilinear test, we deal with “black-box” equipment whose dynamics are 
completely unknown. The excitation is applied along the line of symmetry of the principal axes of the 
mainframe. A single test of this type does not guarantee excitation of all critical components located 
inside the equipment. Figure 17.25 illustrates this further. Consider the plane perpendicular to the 
direction of excitation. The dynamic effect caused by the excitation is minimal along any line on 



v 




FIGURE 17.24 Effect of coordinate transformation on 
correlation. 
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this plane. (Any dynamic effect on this plane is 

... . ,. , , Perpendicular 

caused by dynamic coupling among different body 

axes.) Accordingly, if there is a component 
(or several components) inside the equipment 
whose direction of sensitivity lies on this perpen- 
dicular plane, the single excitation might not excite 
that component. Since we deal with a black box, 
we do not know the equipment dynamics before- 
hand. Hence, there is no way of identifying the Direction of 

existence of such unexcited components. When Excitation 

the equipment is put into service, a vibration of 
sufficient intensity may easily overstress this FIGURE 17.25 Illustration of the limitation of a single 
component along its direction of sensitivity and rectilinear test, 
may bring about component failure. It is apparent 

that at least three tests, performed in three P 

orthogonal directions, are necessary to guarantee I 

excitation of all components, regardless of their 1 45° / 

direction of sensitivity. 

A second example is given in Figure 17.26. 

Consider a dual-arm component with one arm 
sensitive in the 0-0 direction and the second arm 
sensitive in the P-P direction. If component 
failure occurs when the two arms are in contact, a 
single excitation in either the 0-0 direction or 
the P-P direction will not bring about component 
failure. If the component is located inside a black 
box, such that either the 0-0 direction or the 
P-P direction is very close to the line of symmetry 
of the principal axes of the mainframe, a single 
symmetrical rectilinear test will not result in 
system malfunction. This may be true, because T „ • 

7 7 FIGURE 17.26 Illustrative example of the limitation of 

we do not have a knowledge of component , 

° r several rectilinear tests. 

dynamics in such cases. Again, under service 

conditions, a vibration of sufficient intensity can produce an excitation along the A- A direction, 
subsequently causing system malfunction. 

A further consideration in using rectilinear testing is dynamic coupling between the directions of 
excitation. In the presence of dynamic coupling, the sum of individual responses of the test object 
resulting from four symmetrical rectilinear tests is not equal to the response obtained when the 
excitations are applied simultaneously in the four directions. Some conservatism should be introduced 
when employing rectilinear testing for objects having a high level of dynamic coupling between the test 
directions. If the test-object dynamics are restrained to only one direction under normal operating 
conditions, however, then rectilinear testing can be used without applying any conservatism. 

17.4.8.6 Testing Black Boxes 

When the equipment dynamics are unknown, a single rectilinear test does not guarantee proper 
testing of the equipment. To ensure excitation of every component within the test object that has 
directional intensities, three tests should be carried out along three independent directions. The first 
test may be carried out with a single horizontal excitation, for example. The second test could then 
be performed with the equipment rotated through 90° about its vertical axis, and using the same 
horizontal excitation. The last test would be performed with a vertical excitation. 
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Alternatively, if symmetrical rectilinear tests are 
preferred, four such tests should be performed for 
four equipment orientations (for example, an 
original test, a 90° rotation, a 180° rotation, and 
a 270° rotation about the vertical axis). These tests 
also ensure excitation of all components that have 
directional intensities. This procedure might not 
be very efficient, however. The shortcoming of this 
series of four tests is that some of the components 
will be overtested. It is clear from Figure 17.27, for 
example, that the vertical direction is excited by all 
four tests. The method has the advantage, however, 
of simplicity of performance. 

17.4.8.7 Phasing of Excitations 

The main purpose of rotating the test orientation 
in rectilinear testing is to ensure that all com- 
ponents within the equipment are excited. Phasing 
of different excitations also plays an important 
role, however, when several excitations are used 
simultaneously. To explore this concept further, it 
should be noted that a random input applied in 
the A-B direction or in the B-A direction has the 
same frequency and amplitude (spectral) charac- 
teristics. This is clear because the PSD of u = PSD 
of (— a), and the autocorrelation of u = 
autocorrelation of (— u). Hence, it is seen that, if 
the test is performed along the A-B direction, it is 
of no use to repeat the test in the B-A direction. It should be understood, however, that the situation is 
different when several excitations are applied simultaneously. 

The simultaneous action of u and v is not the same as the simultaneous action of — u and v 
(see Figure 17.28). The simultaneous action of u and v is the same, however, as the simultaneous action 
of — u and — v. Obviously, this type of situation does not arise when there are no simultaneous 
excitations, as in rectilinear testing. 

17.4.8.8 Testing a Gray or White Box 

When some information regarding the true dynamics of the test object is available, it is possible to reduce 
the number of necessary tests. In particular, if the equipment dynamics are completely known, then a 
single test would be adequate. The best direction for excitation of the system in Figure 17.26, for example, 
is A- A. (Note that A- A may be lined up in any arbitrary direction inside the equipment housing. In 
such a situation, knowledge of the equipment dynamics is crucial.) This also indicates that it is very 
important to accumulate and use any past experience and data on the dynamic behavior of similar 
equipment. Any test that does not use some previously known information regarding the equipment is a 
blind test, and it cannot be optimal in any respect. As more information is available, better tests can be 
conducted. 

17.4.8.9 Overtesting in Multitest Sequences 

It is well known that increasing the test duration increases aging of the test object because of prolonged 
stressing and load cycling of various components. This is the case when a test is repeated one or more 
times at the same intensity as that prescribed for a single test. The symmetrical rectilinear test requires 
four separate tests at the same excitation intensity as that prescribed for a single test. As a result, the 




FIGURE 17.27 Directions of excitation in a sequence 
of four rectilinear tests. 
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FIGURE 17.28 Significance of excitation phasing in 
two-DoF testing. 
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equipment becomes subjected to overtesting, at least in certain directions. The degree of overtesting is 
small if the tests are performed in only three orthogonal directions. In any event, a certain amount of 
dynamic coupling is present in the test-object’s structure and, to minimize overtesting in these sequential 
tests, a smaller intensity than that prescribed for a single test should be employed. The value of the 
intensity-reduction factor clearly depends on the characteristics of the test object, the degree of reliability 
expected, and the intensity value itself. More research is necessary to develop expressions for intensity- 
reduction factors for various test objects. 



17.5 Some Practical Information 



Some useful practical information on vibration testing of products is given here. 
TABLE 17.3 Random Vibration Tests for a Product Development Application 


Vibration Test 


Root-Mean- Square Peak Value of the 


Minimum Times 


Minimum 


Vibration Axes 




Value of 


Excitation 


the Random 


Duration of 






Excitation (g) 


PSD (g 2 /Hz) 


Vibration is Applied 


Vibration (min) 




A 


2.7 


0.01 


i 


60 


Major horizontal 












axis 


B 


6.0 


0.05 


2 


30 


Major horizontal 












axis 


C 


3.2 


0.01 


1 


15 


All three 


D 


5.8 


0.02 


1 


15 


All three 


E 


4.9 


0.01 


1 


15 


All three 


F 


6.3 


0.04 


2 


5 


All three 



TABLE 17.4 Capabilities of Five Commercial Control Systems for Vibration-Test Shakers 




System 


A 


B 


c 


D 


E 


Random test 


Yes 


Yes 


Yes 


Yes 


Yes 


Sine test 


Yes 


Yes 


Optional 


No 


Yes 


Transient and 


Yes 


Yes 


Optional 


No 


Yes 


shock tests 


Hydraulic shaker 


OK 


OK 


OK 


OK 


OK 


Preprogrammed 


Max. 63 


Max. 25 


Max. 99 


10 per disk 


Not given 


test set-ups 


Amplitude 

scheduling 


32 Levels and 
duration 


Min. start: — 25 dB; 

min. step: 0.25 dB; 
can pick step 
durations 


10 Levels over 
60 dB 


0.5 dB steps; 
can pick 
no. of steps 
and rate 


No 


On-line reference 


Yes 


No 


Yes 


No 


No 


modification 


Use of measured 
spectra as 


Yes 


Yes ( measurement - 
pass feature) 


Yes 


No 


No 


reference 


Transmissibility 


Yes 


Measurement 

option 


Yes 


No 


Yes 


Coherence 


Yes 


Measurement 

option 


No 


No 


Yes 


Correlation 


Yes 


No 


No 


No 


Yes 


Shock response 


Yes 


Yes 


Optional 


No 


Yes 


spectrum 


Sine on random 


Yes 


Sine bursts 


Optional 


No 


No 


Random on random 


Yes 


No 


Optional 


No 


No 
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TABLE 17.5 Important Hardware Characteristics of Five Systems for Shaker Control 



System 


A 


B 


c 


D 


E 


Reference spectrum 


40 


32 


50 


10 


45 


break points 


Spectrum resolution 
(number of 
spectral lines) 


Can pick 100, 200, 
400, 600, 800 lines 


Can pick 64, 128, 256, 512 lines 
(optional 1024 lines) 


Can pick 100, 200, 400, 
800 lines 


200 Lines 10 Hz spacing 


Pick any number: 10 to 
1000 lines (optional 
2048 lines) 


Nature or random 
drive signal 


Not given 


Gaussian, periodic 
pseudo-random 


Gaussian 


Gaussian 


Pseudo-random 


Measured signal 


RMS, peak-hold 


Arithmetic peak-hold 


True power 


Peak pick 


No 


averaging 


Operator interface 


Keyboard, menu- 
driven RS 232 


Keyboard, push button, 
dialog, set-up 


Keyboard, push button, 
dialog, menu-driven 


Keyboard 10 soft keys, 
dialog 


Keyboard 


Output devices 


CRT screen, hard copy, 
video print, digital plot 


Standard or graphics 
terminal, X—Y 
record printer, digital plot 


Graphics terminal, video 
hard copier, digital plotter, 
X—Y recorder 


Like IBM PC, Mono- 
chrome-9^ Epson printer 


Graphics terminal printer, 
hard copy, X—Y plotter 


Memory 


128K 


64K 


128K 


64K 


32K std, 64K option 


Mass storage 


Floppy drive 0.5 MB; 
hard drive 10 MB 


One floppy drive, 256K 


Hard + floppy 8, 20, 30B 


Two floppy drives 360K 
each 


Two floppy drives 256K 
each 


Number of 
measurements 


2 standard; 16 optional 


2 standard; 4 optional, 
multiplexer optional 


1 standard; 16, 31 optional 


1 standard; 4 optional 


Not given 


(control input) 
channels 


Number of controller 


One 


One 


One 


One 


One 


output channels 
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TABLE 17.6 Specifications of Five Shaker Control Systems 



System 


A 


B 


c 


D 


E 


Accelerometer signal 
(controller input) 


± 125 mV to ± 8 V 
full scale 


10 mV RMS a to ± 8 V max. 
typically > 500 mV RMS 


Max. 10 V peak, 3.5 V, RMS 


1 to 1000 mV/g user 
picked 


Not given 


Controller output 
signal 


2.4 V RMS (random) 
20 V peak to peak 
(sine and random) 


20 V P—P max. 50 mA max. 


20 V P—P max. 


10 V peak 3 V RMS 


Not given 


Input frequency ranges 


Random: DC to 200, 

500 Hz, 1, 2, 3, 4, 8 kHz;. 
Sine: 1-8 Hz; shock: 
10-125 Hz, 

312 Hz,..., 5kHz 


Seven ranges max. ffeq.: 
500 Hz- 5 kHz, min. 
freq = 1 line 


100, 500 Hz, 1, 2, 4, 5, 10 kHz 


10-2000 Hz 


10-5000 Hz 


Control loop time 


2.1 sec (2 kHz, 200 lines) 


0.3 sec, 64 lines; 0.9 sec, 256 lines, 
3 sec, 1024 lines (2kHz) 


4 sec, 100 lines, 8 sec, 
200 lines (2 kHz) 


2 sec 


2.5 sec for 256 lines 
at 2 kHz 


Equalization time 
for 10 dB range 
Resolution 


Within ± 3 dB in two loops 
12 bit 


2 or 3 loops 
12 bit 


Within ± 1 dB in one loop 


Within ± 1 dB in 6 sec 


Not given 
12 bit 


Dynamic range 


65 dB 


65 dB 


72 dB 


60 dB 


— 


Control accuracy 


± 1 dB at Q = 30, ±2 dB 
at Q = 50 (100 Hz 
Resonance 
at 1 octave/min 


±1 dB (at 90% confidence) 


± ldB over 72 dB 


±1 dB 


± 1 dB (at 95% confidence) 


Sine sweep rate 


OK 


0.1-100 oct/min (log) 

1 Hz-100 kHz/min (linear) 


0.1-100 oct/min max.; 
0.1 Hz-6 kHz/min 


N/A 


0.001-10 oct/min; 
1-6000 Hz/min 



a RMS, root-mean-square. 
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17.5.1 Random Vibration Test Example 

Table 17.3 lists several random vibration tests in the frequency range of 0 to 500 Hz in an application 
related to product development. 

17.5.2 Vibration Shakers and Control Systems 

Table 17.4 lists capabilities of five commercial control systems that may be used for shaker control in 
random vibration testing of products. 

Table 17.5 summarizes important hardware characteristics of the five control systems. 

Table 17.6 gives some important specifications of the five control systems. 
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Summary 

In experimental modal analysis (EMA), first the modal information (natural frequencies, modal damping ratios, 
and mode shapes) of a test object is determined through experimentation, and this information is then used to 
determine a model for the test object. Once an “experimental model” is obtained in this manner, it may be used in a 
variety of practical uses including system analysis, fault detection and diagnosis, design, and control. This chapter 
presents some standard techniques and procedures associated with EMA. 

18.1 Introduction 



Experimental modal analysis (EMA) is basically a procedure of “experimental modeling.” The primary 
purpose here is to develop a dynamic model for a mechanical system, using experimental data. In this 
sense, EMA is similar to “model identification” in control system practice, and may utilize somewhat 
related techniques of “parameter estimation.” It is the nature of the developed model, which may 
distinguish EMA from other conventional procedures of model identification. Specifically, EMA 
produces a modal model as the primary result, which consists of: 



1. Natural frequencies 

2. Modal damping ratios 

3. Mode shape vectors 



Once a modal model is known, standard results of modal analysis maybe used to extract an inertia (mass) 
matrix, a damping matrix, and a stiffness matrix, which constitute a complete dynamic model for the 
experimental system, in the time domain. Since EMA produces a modal model (and in some cases a 
complete time-domain dynamic model) for a mechanical system from test data of the system, its uses can be 
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extensive. In particular, EMA is useful in mechanical systems, primarily with regard to vibration, in: 

1. Design 

2. Diagnosis 

3. Control 

In the area of design, the following three approaches that utilize EMA should be mentioned: 

1. Component modification 

2. Modal response specification 

3. Substructuring 

In component modification, we modify (i.e., add, remove, or vary) inertia (mass), stiffness, and 
damping parameters in a mechanical system and determine the resulting effect on the modal 
response (natural frequencies, damping ratios, and mode shapes) of the system. In modal response 
specification, we establish the best changes, from the design point of view, in system parameters (inertia, 
stiffness, and damping values and their degrees of freedom (DoF), in order to give a “specified” 
(prescribed) change in the modal response. In substructuring, two or more subsystem models 
are combined using dynamic interfacing components, and the overall model is determined. Some of the 
subsystem models used in this manner can be of analytical origin (e.g., finite element models). 

Diagnosis of problems (faults, performance degradation, component deterioration, impending failure, 
etc.) of a mechanical system requires condition monitoring of the system, and analysis and evaluation of 
the monitored information. Often, analysis involves extraction of modal parameters using monitored 
data. Diagnosis may involve the establishment of changes (both gradual and sudden), patterns, and 
trends in these system parameters. 

Control of a mechanical system may be based on modal analysis. Standard and well-developed 
techniques of modal control are widely used in mechanical system practice. In particular, vibration 
control, both active and passive, can use modal control. In this approach, the system is first expressed as a 
modal model, then control excitations, parameter adaptations, and so on are established that result in a 
specified (derived) behavior in various modes of the system. Of course, techniques of EMA are 
commonly used here, both in obtaining a modal model from test data and in establishing modal 
excitations and parameter changes that are needed to realize a prescribed behavior in the system. 

The standard steps of EMA are as follows: 

1. Obtain a suitable (admissible) set of test data, consisting of forcing excitations and motion 
responses for various pairs of DoF of the test object. 

2. Compute the frequency transfer functions (the frequency response functions) of the pairs of test 
data, using Fourier analysis. Digital Fourier analysis using Fast Fourier Transform (FFT) is the 
standard way of accomplishing this. Either software-based (computer) equipment or hardware- 
based instrumentation may be used. 

3. Curve fit analytical transfer functions to the computed transfer functions. Determine natural 
frequencies, damping ratios, and residues for various modes in each transfer function. 

4. Compute mode shape vectors. 

5. Compute inertia (mass) matrix M, stiffness matrix K, and damping matrix C. 

Some variations of these steps is possible in practice, and Step 5 is omitted in some situations. In 
the present chapter, we will study some standard techniques and procedures associated with the 
process of EMA. 

18.2 Frequency-Domain Formulation 

Frequency-domain analysis of vibrating systems is very useful in a wide variety of applications. 
The analytical convenience of frequency- domain methods results from the fact that differential 
equations in the time domain become algebraic equations in the frequency domain. Once the 
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necessary analysis is performed in the frequency domain, it is often possible to interpret the results 
without having to transform them back to the time domain through inverse Fourier transformation. 
In the context of the present chapter, frequency-domain representation is particularly important 
because it is the frequency transfer functions that are used for extracting the necessary modal 
parameters. 

For the convenience of notation, we shall develop the frequency- domain results using the Laplace 
variable, s. As usual, the straightforward substitution of 5 = ja> or s = ;2tt/ gives the corresponding 
frequency-domain results. 



18.2.1 Transfer-Function Matrix 

Let us consider a linear mechanical system that is represented by 

My + Cy + Ky = f(f) (18.1) 

where 

f(f) = forcing excitation vector («th order column) 
y = displacement response vector («th order column) 

M = mass (inertia) matrix (n X n ) 

C = damping (linear viscous) matrix (n X n) 

K = stiffness matrix (n X n) 

If the assumption of proportional damping is made, the coordinate transformation 

y = '»Fq (18.2) 

decouples Equations 18.1 into the canonical form of modal equations 

Mq + Cq + Kq = 3p T f(f) (18.3) 

where 

= modal matrix (n X n) of n independent modal vector vectors [ilq , i|f 2 , . • • , i|t„] 

M = diagonal matrix of modal masses M ; 

C = diagonal matrix of modal damping constants C, 

K = diagonal matrix of modal stiffnesses Kj 

Specifically, we have 

M='P t M'I' (18.4) 

C=’'P T OP (18.5) 

K='P t IOI' (18.6) 

If the modal vectors are assumed to be M-normal, then we have 

M ; = 1 
K; = CO] 

and furthermore, we can express C, in the convenient form 

C ; = 2 

where 

coi = undamped natural frequency 
= modal damping ratio 
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By Laplace transformation of the response canonical equations of modal motion (Equation 18.3), 
assuming zero initial conditions, we obtain 



s 2 + 2£to[S + co[ 



S 2 + 2£u) 2 S -f 0 ) 2 



s 2 + 2£co n s + af n J 



Q(s) = 'P F(s) 



(18.7) 



Laplace transforms of the modal response (or generalized coordinate) vector, q(f), and the forcing 
excitation vector, f ( t) , are denoted by the column vectors, Q(s) and F(s), respectively. The square matrix 
on the left-hand side of Equation 18.7 is a diagonal matrix. Its inverse is obtained by inverting the 
diagonal elements. Consequently, the following modal transfer relation results: 



Q(s) : 



G, 



0 



0 



3p T F(s) 



(18.8) 



in which the diagonal elements are the damped simple-oscillator transfer functions 

1 



G,(s) : 



[j 2 + 2£;0>;S + COj] 



for i = 1,2 



(18.9) 



Note that coj, the ith undamped natural frequency (in the time domain), is only approximately equal to 
the frequency of the ith resonance of the transfer function (in the frequency domain), as given by 



w r ; = yj 1 - 2£ 2 w ; 



(18.10) 



As we have discussed before, and as is clear from Equation 18.10, the approximation improves for 
decreasing modal damping. Consequently, in most applications of EMA, the resonant frequency is taken 
to be equal (approximately) to the natural frequency for a given mode. 

From the time-domain coordinate transformation (Equation 18.2), the Laplace domain coordinate 
transformation relation is obtained as 



Y(s) = 'PQ(s) 

Substitute Equation 18.8 into Equation 18.11; thus 

Gi 0 

I 

Y(s) = 



(18.11) 



M' x F(s) 



(18.12) 



Equation 18.12 is the excitation -response (input- output) transfer relation. It is clear that the nX n 
transfer function matrix, G, for the n-DoF system is given by 



'G, 



0 



G(s) = 3p 



hi' 1 



(18.13) 
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Notice in particular that G(s) is a symmetric matrix; specifically 



G‘(s) = G(s) 



(18.14) 



which should be clear from the matrix transposition property, (ABC) T = C T B T A T . 

An alternative version of Equation 18.13 that is extensively used in EM A can be obtained by using the 
partitioned form (or assembled form) of the modal matrix in Equation 18.13. Specifically, we have 



G(s) = M*!, »|i 2 , •••,»!»„ 



0 



■">r 

aZ 



o 



G„JL^J 



(18.15) 



On multiplying out the last two matrices on the right-hand side of Equation 18.15 term by term, the 
following intermediate result is obtained: 



G(S) = [»|l 1 ,«|l2.---.»l»n] 



G 2 » |»2 



L G„»!»„ J 



Note that G ; are scalars while i|t, are column vectors. The two matrices in this product can be multiplied 
out now to obtain the matrix sum 



n 

G(s) = + G 2 i|f 2 «|rl + h G„v|<„i|<^ = ^ G r v|i r v|<^ (18.16) 

r— 1 



in which is the rth modal vector that is normalized with respect to the mass matrix. Notice that each 
term i]/,^ in the summation (Equation 18.16) is an n X n matrix with the element corresponding to its 
ith row and A:th column being (i/';i/'j : ) r . The ikth element of the transfer matrix G(s) is the transfer function 
Gjjt(s), which determines the transfer characteristics between the response location, i, and the excitation 
location, k. From Equation 18.16, this is given by 



Gft(s) - ^ G r (ipiijj k ) r — 



WMr 



■[ [s 2 + 2f r u> r s + w 2 ] 



(18.17) 



with s = ju> = j2irf in the frequency domain. Note that (i//,) r is the ith element of the rth modal vector, 
and is a scalar quantity. Similarly, (ifi4>k)r > s the product of the ith element and the A:th element of the rth 
modal vector, and is also a scalar quantity. This is the numerator of each modal transfer function within 
the right-hand side summation of Equation 18.17, and is the residue of the pole (eigenvalue) of that 
mode. 

Equation 18.17 is useful in EMA. Essentially, we start by determining the residues of the poles 

in an admissible set of measured transfer functions. We can determine the modal vectors in this manner. 
In addition, by analyzing the measured transfer functions, the modal damping ratios, £ ; , and the natural 
frequencies, to ; , can be estimated. From these results, an estimate for the time-domain model (i.e., the 
matrices M, K, and C) can be determined. 



18.2.2 Principle of Reciprocity 

By the symmetry of transfer matrix, as given by Equation 18.14, it follows that 

Gjk(s) = Gkfs) (18.18) 
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This fact is further supported by Equation 18.17. This symmetry can be interpreted as Maxwell’s principle 
of reciprocity. To understand this further, consider the complete set of transfer relations given by Equation 
18.12 and Equation 18.13: 

Yj(s) = G n (s)Fds) + G u (s)F 2 (s) + ■ ■ ■ + G In (s)F„(s) 

Y 2 (5) = G 21 (s)F!(s) + G 22 (s)F 2 (s) + ■■■ + G 2n (s)F„(s) 

(18.19) 



Y„(s) — G n i (s)iq (s) + G n2 (s)F 2 (s) + b G, m (s)E„(s) 

Note that the diagonal elements, G n , G 22 , ..., G n „, are driving-point transfer functions (or autotransfer 
functions) and the rest are cross-transfer functions. Suppose that a single excitation, F k (s), is applied at the 
kth DoF with all the other excitations set to zero. The resulting response at the ith DoF is given by 

Y,(s) = G ik (s)F k (s) (18.20) 

Similarly, when a single excitation, Ffs), is applied at the ith DoF, the resulting response at the fcth DoF is 
given by 

Y *(s) = G ki (s)Fi(s) (18.21) 

In view of the symmetry that is indicated by Equation 18.18, it follows from Equation 18.20 and 
Equation 18.2.1 that if the two separate excitations, F k (s) and F,(s), are identical then the corresponding 
responses, Yfs) and Y k (s), are also identical. In other words, the response at the ith DoF due to a single 
force at the kth DoF is equal to the response at the kth DoF when the same single force is applied at the ith 
DoF. This is the frequency-domain version of the principle of reciprocity. 



Example 18.1 

Consider the two-DoF system shown in Figure 18.1. Assume that the excitation forces, f(t) and/,(f), act 
at the y 1 and y 2 DoFs, respectively. The equations of motion are given by 



" m 0 " c 0 " 2k —k " 

y y+ 

0 m J |_ 0 c J L 2 k 



y = m 



(i) 



This system has proportional damping (specifically, it is clear that C is proportional to M) and hence 
possesses the same real modal vectors as does the undamped system. Let us first obtain the transfer 
matrix in the direct manner. By taking the Laplace transform (with zero initial conditions) of the 
equations of motion (i), we have 

[ ms 2 + cs + 2k —k | 

Y(s) = F(s) (ii) 

— k ms 1 + cs + 2k J 
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Hence, in the relation Y(s) = G(s)F(s), the transfer matrix G is given by 



G(s) = 



ms 2 + cs + 2k 
-k 



-k 

ms 2 + cs + 2k . 



1 I" ms 2 + cs + 2k k I 

[(ms 2 + cs + 2k) 2 -k 2 ]\_ fc ms 2 + cs + 2k \ 

The characteristic polynomial A (s) of the system is 

A(s) = (ms 2 + cs + 2k) 2 — k 2 = (ms 2 + cs + k)(ms 2 4- cs + 3 k) 
and is common to the denominator of all four transfer functions in the matrix. Specifically, 

ms 2 + cs + 2k 



Gn(s) — G 2 2 (s) : 



Ms) 



G 12 (s) - G 2l (s) - — 



(hi) 

(iv) 

(v) 

(vi) 



This result implies that the characteristic equation characterizes the entire system (particularly, 
the natural frequencies and damping ratios) and, no matter what transfer function is measured 
(or analyzed), the same natural frequencies and modal damping are obtained. 

We can put these transfer functions into the partial fraction form. For example, 

ms~ -f cs “h 2k A,s + A 2 A^s -T A* 

~ + - — ^4 (vii) 



(ms 2 + cs + k)(ms 2 + cs + 3 k) (ms 2 + cs + k) (ms 1 + cs + 3 k) 

By comparing the numerator coefficients, we find that = A 3 = 0 (this is the case when the modes are 
real; with complex modes, A± ¥= 0 and A 3 A 0 in general) and A 2 = A 4 = 1/2. These results are 
summarized below: 



Gn(s) — G 22 (s) — 
G 12 (s) = G 21 (s) = 



1/(2 m) 
2£i«hs- 
1/(2 m) 



+ 



[s 2 + 2^[WjS + <w 2 ] [s 2 + 2£ 2 a> 2 s + ct^] 



1/(2 m) 
2£ 2 co 2 s - 
1/(2 m) 



[s 2 + 2£ 1 Cl) 1 S + to 2 ] [s 2 + 2^2 to 2 $ + to 2 ] 



(viii) 

(ix) 



with 



toj = y/k/m, to 2 = V3 k/m, ^ = c /V4 mk, and i 2 = c /\l\2mk 



By comparing the residues (numerators) of these expressions with the relation expressed in Equation 
18.17, we can determine the M-normal modal vectors. Specifically, by examining G n : 



(«A?)i = ~y~ > 

2m 



(tfh = - - 

2m 



and by examining at G 12 : 



(Mi)i = , 

2m 



(</'l*A: 2)2 = - — 
2 m 



We need consider only two admissible transfer functions (e.g., Gn and Gi 2 , or Gn and G 2 i, or G l2 and 
G 22 , or G 2 i and G 22 ) in order to completely determine the modal vectors. Specifically, we obtain 



MJi/^1 ,»d [*■]=’ 

L *A2 Ji l/'Jlni L J2 



H\[2m 

-l/yjlm 



Note that the modal masses are unity for these modal vectors. Also, there is an arbitrariness in the sign. 
As usual, we have overcome this problem by making the first element of each modal vector positive. 
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18.3 Experimental Model Development 



We have noted that the process of extracting modal data (natural frequencies, modal damping, and mode 
shapes) from measured excitation -response data is termed experimental modal analysis. Modal testing 
and the analysis of test data are the two main steps of EM A. Information obtained through EMA is useful 
in many applications, including the validation of analytical models for dynamic systems, fault diagnosis 
in machinery and equipment, in situ testing for requalification to revised regulatory specifications, and 
design development of mechanical systems. 

In the present development, it is assumed that the test data are available in the frequency domain as a 
set of transfer functions. In particular, suppose that an admissible set of transfer functions is available. 
The actual process of constructing or computing these frequency transfer functions from measured 
excitation -response (input-output) test data (in the time domain) is known as model identification in 
the frequency domain. This step should precede the actual modal analysis in practice. Numerical analysis 
(or curve fitting) is the basic tool used for this purpose, and it will be discussed in a later section. 

The basic result used in EMA is Equation 18.17 with s = jco or s = ;2 tt/ for the frequency-transfer 
functions. For convenience, however, the following notation is used: 



n 

Gj k (co) = X 

r= 1 



(’Aife)r 

[of — CO 2 + 2 jf r co r (o\ 



(18.22) 



G ik (f ) = X 

r= 1 





4 it 2 [/ i 2 ~f + 2 jCrfrf] 



(18.23) 



where co and / are used in place of jco and ;2Tr/ in the function notation GQ. As already observed in 
Example 18.1, it is not necessary to measure all n 2 transfer functions in the n X n transfer function matrix, 
G, in order to determine the complete modal information. Owing to the symmetry of G it follows that at 
most only 1/2 n(n + 1) transfer functions are needed. In fact, it can be “shown by construction” (i.e., in 
the process of developing the method itself) that only n transfer functions are needed. These n transfer 
functions cannot be chosen arbitrarily, however, even though there is a wide choice for the admissible set 
of n transfer functions. A convenient choice is to measure any one row or any one column of the transfer 
function matrix. It should be clear from the following development that any set of transfer functions that 
spans all n DoF of the system would be an admissible set provided that only one autotransfer function is 
included in the minimal set. Hence, for example, all the transfer functions on the main diagonals or on 
the main cross diagonal of G, do not form an admissible set. 

Suppose that the kth column ( G ik ,i = 1,2 of the transfer function matrix is measured by 
applying a single forcing excitation at the kth DoF and measuring the corresponding responses at all n 
DoF in the system. The main steps in extracting the modal information from this data are given below: 

1. Curve fit the (measured) n transfer functions to expressions of the form given by Equation 18.22. 
In this manner determine the natural frequencies co r , the damping ratios £ r , and the residues 

for the set of modes r = 1, 2, and so on. 

2. The residues of a diagonal transfer function (i.e., point transfer functions or autotransfer 
function), G kk , are (i ifyi, (i/^) 2 , ..., (i /<£)„. From these, determine the fcth row of the modal matrix; 

(fr k ) 2 , ..., {ikkln- Note that M-normality is assumed. However, the modal vectors are 
arbitrary up to a multiplier of — 1. Hence, we may choose this row to have all positive elements. 

3. The residues of a nondiagonal transfer function, that is, a cross-transfer function, G k+ik are 
(if'k+i'l'kh’ (4'k+i l l J kh-> ■■■’(4 , k+i4'k)n- By substituting the values obtained in Step 2 into these values, 
determine the k + z'th row of the modal matrix; l^k+di^'fk+di^ •, (4’k+i)n- The complete modal 
matrix i s obtained by repeating this step for i = 1 , 2, . . . , n — k and i = — 1,— 2, ...,— k+ l. 
Note that the associated modal vectors are M-normal. 



The procedure just outlined for determining the modal matrix verifies, by construction, that only n 
transfer functions are needed to extract the complete modal information. It further reveals that it is not 
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essential to perform the transfer function measure- 
ments in a row fashion or column fashion. A 
diagonal element (i.e., a point transfer function, or 
an autotransfer function) should always be 
measured. The remaining n — 1 transfer functions 
must be off diagonal but otherwise can be chosen 
arbitrarily, provided that all n DoF are spanned 
either as an excitation point or as a measurement 
location (or both). This guarantees that no 
symmetric transfer function elements are 
included. This defines a minimal set of transfer 
function measurements. An admissible set of more 
than n transfer functions can be measured in 
practice so that redundant measurements 



An Admissible Set 
A Minimal Set 
An Inadmissible Set 




G = 



FIGURE 18.2 A nonminimal admissible set, a minimal 
set, and inadmissible set of possible transfer function 
measurements. 



so that redundant measurements are 
available in addition to the minimal set that is required. Such redundant data are useful for checking 
the accuracy of the modal estimates. Examples for an admissible (nonminimal) set, a minimal set, and an 
inadmissible set of transfer functions matrix elements are shown schematically in Figure 18.2. Note that 
the inadmissible set in this example contains 1 1 transfer function measurements but the sixth DoF is not 
covered by this set. On the other hand, a minimal set requires only six transfer functions. 



18.3.1 Extraction of the Time-Domain Model 

Once the complete modal information is extracted by modal analysis, it is possible, at least in theory, to 
determine a time-domain model (M, K, and C matrices) for the system. To obtain the necessary 
equations, first premultiply by C'P' T ) _1 and postmultiply by Equation 18.4, Equation 18.5, and 
Equation 18.6 to obtain 

M = 0P T )“ 1 M'P“ 1 (18.24) 

where M = I = identity matrix 

K= (^ T ) _1 K^P 1 (18.25) 

c = ('If T r 1 OP _1 (18.26) 

Since the modal matrix is nonsingular because M is assumed nonsingular in the dynamic models that 
we use (i.e., each DoF has an associated mass, or the system does not possess static modes), the inverse 
transformations given by the equations from Equation 18.24 to Equation 18.26 are feasible. It appears, 
however, that two matrix inversions are needed for each result. Since M, K, and C matrices are diagonal, 
their inverse is given by inverting the diagonal elements. This fact can be used to obtain each result 
through just one matrix inversion. 

Equation 18.24, Equation 18.25, and Equation 18.26 are written as 



m = ('i'M -1 'i' T r l 


(18.27) 


K = ('I'KT 1 'I' T )“ 1 


(18.28) 


c = (iKr 1 ^ 1 ) -1 


(18.29) 


Note that for the present M-normal case 




M 1 = I 


(18.30) 


K 1 = diag[l/wj, 1/wi, ..., l/toj;] 


(18.31) 


C" 1 = diag[l/(2£ lWl ), 1/(2 f 2 co 2 ), ..., 1/(2 f n a> n )\ 


(18.32) 
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By substituting the equations from Equation 18.30 to Equation 18.32 into the equations from Equation 
18.27 to Equation 18.29, we obtain the relations that can be used in computing the time-domain model: 

M=(^pip T ) _1 (18.33) 





( 


"1/01? 


0 


\ 


K = 




1/ Ct>2 




\Jr T 




V 


0 


1 lco 2 n _ 


/ 



(18.34) 





/ 


" 1/(2 & o » j ) 


0 


\ 


c = 


Ip 


1 /( 2 & o » 2 ) 




\p T 




V 


0 


1/(2 £„(*„)_ 


/ 



Alternatively, only one matrix inversion (that of 'P) is needed if we use the fact that 



Then, 



(18.35) 



p»Jr T ) 1 = pi[r 




M = ('I^ 1 ) t M'I '“ 1 


(18.36) 


K = ('I^ 1 ) T iOI'~ 1 


(18.37) 


c = Oir-yop -1 


(18.38) 



The main steps of EM A are summarized in Box 18.1. In practice, frequency-response data are less 
accurate at higher resonances. Some of the main sources of error are as follows: 

( 1 ) Aliasing distortion in the frequency domain, due to finite sampling rate of data, will distort high- 
frequency results during digital computation. 

(2) Inadequate spectral-line resolution (or frequency resolution) and frequency coverage 
(bandwidth) can introduce errors at high-frequency resonances. The frequency resolution is 
fixed both by the signal record length (T) and the type of time window used in digital Fourier 
analysis, but the resonant peaks are sharper for higher frequencies. Frequency coverage depends 
on the data sampling rate. 

(3) Low signal-to-noise ratio (SNR) at high frequencies, in part due to noise and poor dynamic 
range of equipment and in part due to low signal levels, will result in data measurement errors. 
Signal levels are usually low at high frequencies because inertia in a mechanical system acts as a 
low-pass filter 1 /(mco 2 ). 

(4) Computations involving high order matrices (multiplication, inversion, etc.) will lead to 
numerical errors in complex systems with many DoF. 

It is customary, therefore, to extract modal information only for the first several modes. In that case, it 
is not possible to recover the mass, stiffness, and damping matrices. Even if these matrices are computed, 
their accuracy is questionable due to their sensitivity to the factors listed above. 



18.4 Curve Fitting of Transfer Functions 

Parameter estimation in vibrating systems can be interpreted as a technique of experimental modeling. 
This process requires experimental data in a suitable form, preferably excitation -response data, and is 
often represented as a set of transfer functions in the frequency domain. Parameter estimation using 
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Box 18.1 

Main Steps of Experimental 
Modal Analysis 



1. Measure an admissible set of excitation (it) and response (y) signals. (Cover all DoF; one 
response measurement should be for the excitation location.) 

2. Group the signals, assign windows, and filter the signals. 

3. Compute transfer functions using FFT and the spectral density method: 



G = 0/0 

VJ uy uy' ^u, 



4. Compute ordinary coherence functions 



\0 | 2 

2 _ 

Yu 



uy 0 0 

^ uu yy 

and choose the accurate transfer functions on this basis ( y u) , close to 1 =t accept; y uy close 
to 0 =t reject). 

5. Curve fit n admissible transfer functions to expressions: 

>k [ w r “ W 2 + 2jg r (O r (o\ 

Hence, extract: 

Residues ((//,i/^) r mode shapes vectors »|i r which are M-normal; 

Natural frequencies (undamped), co r ; 

Modal damping ratios (viscous), f r . 

6. Form the modal matrix 4* = [ilq, i|i 2 ,*!»„]; 

Compute 'P -1 . 

7. Modal mass matrix M = I; 

Modal stiffness matrix K = diag[w 2 , w ..., w 2 ]; 

Modal damping matrix C = diag[2fj 2£ 2 u> 2 , ...,2^„w„]; 

8. Compute the system model: 

Mass matrix M = (<P -1 )'<P -1 ; 

Stiffness matrix K = (3p _1 ) T Kfl r_1 ; 

Damping matrix C = (' V P~ 1 )C V P _1 . 



measured response data is termed model identification or, simply, identification in the literature on 
systems and control. We shall present a parameter estimation procedure that involves frequency transfer 
functions, which is particularly useful in EMA. 

18.4.1 Problem Identification 

Transfer functions that are computed from measured time histories using digital Fourier analysis 
(e.g., FFT) cannot be directly used in the modal analysis computations. The data must be available 
as analytical transfer functions. Therefore, it is important to represent the computed transfer 
functions with suitable analytical expressions. This is done, in practice, either by curve fitting 
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a suitable transfer function model into the computed data or by simplified methods such as “peak 
picking.” Accordingly, this conversion of data is an experimental modeling technique. 

Identification of transfer function models from measured data is an essential step in EMA. Apart from 
that, it has other important advantages. In particular, analytical transfer function plots clearly identify 
system resonances and generate numerical values for the corresponding parameters (resonant 
frequencies, damping, phase angles, and magnitudes) in a convenient manner. This form represents a 
significant improvement over the crude transfer function plots, which are normally far less presentable 
and rather difficult to interpret. 

18.4.2 Single- and Multi-Degree-of-Freedom Techniques 

Several single-DoF techniques exist for extracting analytical parameters from experimental transfer 
functions. In particular, the methods of curve fitting (circle fitting) and peak picking are considered here. 
In a single-DoF method, only one resonance is considered at a time. 

Single-DoF curve fitting, or more correctly, single-resonance curve fitting is the term used to denote any 
curve fitting procedure that fits a quadratic (second-order) transfer function into each resonance in the 
measured transfer function, one at a time. In the case of closely spaced modes (or closely spaced 
resonances), the associated error can be very large. The accuracy is improved if expressions of a higher 
order than quadratic are used for this purpose, but unacceptable errors can still exist. In peak picking, 
each resonance of experimental transfer function data is examined individually; the resonant frequency 
and the damping constant corresponding to that resonance are determined by comparing with an 
analytical single-DoF transfer function. 

In multi-DoF curve fitting, or more appropriately, multiresonance curve fitting, all resonances (or 
modes) of importance are considered simultaneously and fitted into an analytical transfer function of 
suitable order. This method is generally more accurate but computationally more demanding than the 
single-resonance method. In choosing between the single-resonance and multiresonance methods, the 
required accuracy should be weighted against the cost and speed of computation. 

18.4.3 Single-Degree-of-Freedom Parameter Extraction in 
the Frequency Domain 

The theory of curve fitting by a circle (i.e., circle fitting) for each resonance of an experimentally 
determined transfer function is presented first. Next, the peak picking method will be described. 

18.4.3.1 Circle-Fit Method 

It can be shown that the mobility transfer function (velocity/force) of a single-DoF system with linear 
viscous damping, when plotted on the Nyquist plane of real axis and imaginary axis for the frequency 
transfer function, is a circle. Similarly, it can be shown that the receptance or dynamic flexibility or 
compliance transfer function (displacement/force) of a single-DoF system with hysteretic damping, when 
plotted on the Nyquist plane, is also a circle. Note that, for hysteretic damping, the damping constant (in 
the time domain) is not actually a constant but is inversely proportional to the frequency of motion. 
However, in this case, in the frequency domain, the damping term will be independent of frequency. The 
fact that such circle representations are possible for transfer functions of a single-DoF system maybe used 
in fitting a circle to a transfer function that is computed from experimental data. This will lead to 
determining the analytical parameters for the transfer function. This approach is illustrated now through 
analytical development. 

Case of Viscous Damping 

Consider a single-DoF system with linear, viscous damping, as given by 

my + cy + ky = f(t) (18.39) 
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where m, k, and c are the mass, stiffness, and damping constants of the system elements, respectively, /(f) 
is the excitation force, and y is the displacement response. Equation 18.39 may be expressed in the 
standard form: 

y + 2 £(o„y + co 2 „y = —/(f) (18.40) 

m 



Receptance 



Mobility 



m 

F(s ) 



1 

m[s 2 + 2 £a) n s + col] 



with s = jco 



(18.41) 



V(s) _ 57(5) 
F(s) F(s) 



s 

m[s 2 + 2 £w n s + coj,] 



with s = jco 



(18.42) 



Consider the mobility (velocity/force) transfer function given by 



G(s) = 



s 

s 2 + 2£co n s + or n 



(18.43) 



where the constant parameter, m, in Equation 18.42 has been omitted, without loss of generality. In the 
frequency domain (s = jco), we have 



G(jco) = — 
coz 



j°> 

co 2 + 2jgco n co 



(18.44) 



Multiply the numerator and the denominator of G(jco) in Equation 18.44 by the complex conjugate of the 
denominator (i.e., col ~ co 2 — 2 j£co n co). Then, the denominator is converted to the square of its original 
magnitude, as given by 

A = ( col - w 2 ) 2 + (2 £co n co) 2 (18.45) 



and the frequency transfer function (Equation 18.44) is converted into the form 



jco r 2 2 1 

G(jco) = — [co n - co - 2j£co n co] 



G(jco) = Re 4- j Im where Re = 



2/tt>„ al- 



and Im = . (co n — co 2 ) 



Now, we can write 



Re - 



1 



8 Cco-co 2 - 4 £-cof,(o- ~ (col ~ w ) 4 £ 2 co-co 2 - (co~ n - or ) 2 



4 £co„ 4£co n A 

Hence, in view of Equation 18.47 we have 



4/w„A 



r i i 2 2 

Re — +Im 2 = 

4/w„ J 



2 _ I 4 - (col - co 1 ) 1 r , "W* - " 2 ) 2 



4/w„A 



+ - 



A 2 



(18.46) 

(18.47) 



16 ^ color 1 — 8 cj 1 of n oj 2 (of n — or ) 1 + (col ~ w 2 ) 4 + 16/ 2 w 2 w 2 (w 2 — co 2 ) 2 



2Pt 2 



[4 C" color + (op, ~ w 2 ) 2 ] 
16/ 2 w 2 A 2 



16/ 2 w 2 A 2 

A 2 _ 1 

16/ 2 w 2 A 2 16/ 2 w 2 



= R 2 



It follows that the transfer function, G(jco), represents a circle in the real -imaginary plane, with the 
following properties: 

Circle radius R = (18.48) 

4 £co n 
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Circle center = 



( Hh, ' °) 



(18.49) 



Now, we may reintroduce the constant parameter, 
m, back into the transfer function, as in Equation 
18.42. Then, we have 



Circle radius R = , 

4 £co n m 



Center = 




(18.50) 



A sketch of this circle is shown in Figure 18.3(a). As 
mentioned before, the plane formed by the real and 
imaginary parts of G(jco) as the Cartesian x and y 
axes, respectively, is the Nyquist plane. The plot of 
G(jco) on this plane is the Nyquist diagram. Itfollows 
that the Nyquist diagram of the mobility function 
(Equation 18.42 or Equation 18.44) is a circle. 



Case of Hysteretic Damping 

Consider a single-DoF system with hysteretic 
damping. The equation motion is given by 

h 

my-\ y+ky = f(t) 

7 c/ 7 J (18.51) 

with /(f) =/ 0 sin cot 




FIGURE 18.3 (a) Circle fit of a mobility function with 

viscous damping; (b) circle fit of a receptance function 
with hysteretic damping. 



Note the frequency dependent damping constant, with the hysteretic damping parameter, h, in the time 
domain. The receptance function, G(jco), is given by 

G °' W)= (k-mU+jh 



Note that the damping term, jh, is independent of frequency in the frequency domain for this case. As for 
the case of viscous damping, we can easily show that the Nyquist plot of this transfer function is a circle with 



Radius = — 

2 h 



and Center = I 0, — — 



(°- 4 ) 



(18.52) 



A sketch of the resulting circle is shown in Figure 18.3(b). 

In general, for a multi-DoF viscous-damped system we have the “mobility” function 



G, k (jai) =juY< 






[co 2 — co 2 + 2j£ r (o r (o] 



(18.53) 



If the resonances are not closely spaced we can assume that, near each resonance (r) 



Ga. = constant offset (complex) + single DoF mobility function 



= constant offset + 






+ 2 / c r oo t oj 



(18.54) 



We can curve fit each resonance r to a circle this way and thereby extract the (t l>jip k )r value (the residue) 
from the radius of the circle fit. 

Note: This method cannot be used if the resonances are closely spaced and consequently if significant 
modal interactions are present. 



© 2005 by Taylor & Francis Group, LLC 




Experimental Modal Analysis 



18-15 



18.4.3.2 Peak-Picking Method 

The peak-picking method is also a single-DoF method in view of the fact that each resonance of an 
experimentally determined transfer function is considered separately. The approach is to compare the 
resonance region with an analytical transfer function of a damped single-DoF system. One of three types of 
transfer functions, receptance, mobility, and accelerance as listed in Table 18.1, can be used for this 
purpose. Note that, when the level of damping is small, it can be assumed (approximately) that the 
resonance is at the undamped natural frequency co n = \fkfm. Substituting this value for co in each of 
the frequency transfer functions, we can determine the transfer function value at resonance, denoted by 
G pea k( j'to). It is noted from Table 18.1 that this function value in general depends on the damping constant 
and the natural frequency. Since co n is known directly from the peak location of the transfer function, it is 
possible to compute c (or the damping ratio, £) by first determining the corresponding peak magnitude. 

Specifically, from Table 18.1, it is clear that we should pick the imaginary part of the frequency transfer 
function for receptance or accelerance data and the real part of the transfer function for mobility data. 
Then, we pick the peak value of the chosen part of the transfer function and the frequency at the peak. 

Table 18.2 gives normalized expressions for the three frequency transfer functions, receptance = 
displacement/force; mobility = velocity/force; accelerance = acceleration/force, in the frequency 
domain, in the case of a single-DoF mechanical system with (1) viscous damping and (2) 
hysteretic damping. It may be verified that their Nyquist diagrams are circles (either exactly or 
approximately), thereby enabling one to use the circle-fit method. 

Note that r = to/co n , where co is the excitation frequency and co n is the undamped natural frequency; 
£ is the damping ratio in the case of viscous damping; and d = h/k where h is the hysteretic damping 
parameter and k is the system stiffness. 

Peak picking is good in cases where modes are well separated and lightly damped. It does not 
work when the system is highly damped (or overdamped) or when the damping is zero (infinite 
peak). It is a quick approach that is appropriate for initial evaluations and trouble shooting. 



TABLE 18.1 Some Frequency Transfer Functions Used in Peak Picking 

Single-DoF system my + cy + ky = f(t) 



Receptance (dynamic flexibility, compliance) 
Displacement y 



G'(jw) = 



Mobility G m (jco) 



■ - 

Velocity v 



Force/ 



Acceleration a 

Accelerance G (jw) = 

Force / 

Resonant peaks G pcak (jft>) (occur approximately 
at w = a>„ for light damping) 



ms 2 + cs + k 



with s = jco 



ms 2 + cs + k 
s ? 



with s = jco 



— , with s = jco 

ms + cs + k 



C r _ _ J 
'-'peak 

v C(jt) n 

/'-■m 1 

^peak 



C a — 

'-'peak 



C 

j(x) n 



TABLE 18.2 Normalized Frequency Response Functions for Single-DoF Curve Fitting 



Frequency Response Function 


With Viscous Damping 


With Hysteretic Damping 


Receptance 


i 


i 


+ 

V. 

1 


1 — r 2 + jd 


Mobility 


jr 


jr 


1 - r 2 + 2 j£r 


1 — r 2 + jd 


Accelerance 


—r 2 


-r 2 


r? 

+ 

V. 

1 


1 — r 2 + id 
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18.4.4 Multi-Degree of Freedom Curve Fitting 

We shall now discuss a general multiresonance curve fitting method. The corresponding single-resonance 
method should also be clear from this general procedure. Note that many different versions of problem 
formulation and algorithm development are possible for least squares curve fitting, but the results should 
be essentially the same. The method presented here is a frequency-domain method as we are dealing with 
experimentally determined frequency transfer functions. In a comparable time-domain method, 
a suitable analytical expression of the complex exponential form is fitted into the experimental impulse 
response function obtained by the inverse Fourier transformation of measured transfer function. 
That method acquires additional error due to truncation ( leakage ) and finite sampling rate ( aliasing ) 
during the inverse FFT. 



18.4.4.1 Formulation of the Method 



The objective of the present multiresonance (multi-DoF) curve fitting procedure is to fit the computed 
(measured) transfer function data into an analytical expression of the form 



G(s) = 



[b 0 + b t s + F 

[flo + a l s + • • • + cip-\sP 1 + s^] 



for m < p 



(18.55) 



The data for curve fitting are the N complex transfer function values [G t , G 2> . . . , G N ] computed at discrete 
frequencies [co l , co 2 , co N ], Typically, if 1024 samples of time history were used in the FFT 
computations to determine the transfer function, we would have 512 valid spectral lines of transfer 
function data. However, near the high-frequency end, these data values become excessively distorted due 
to the aliasing error; only a part of the 512 spectral lines will be usable, typically the first 400 lines. In that 
case, we have N = 400. This value can be doubled by doubling the FFT block size (to 2048 words in the 
buffer), thereby doubling the record length or the sampling rate. It is acceptable to leave out part of the 
computed transfer function, not for poor accuracy but because that part falls outside the frequency band 
of interest in that particular modal analysis problem. A less wasteful practice is to pick the sampling rate 
of the measured time-history data to reflect the highest frequency of interest in the modal analysis. 

The (complex) error in the estimated value at each frequency point (spectral line), ooj, is given by 



n [bo + 4- (- b m s ”'] 

e: = G(coj) — G: = b —4 

[a 0 + fljS; + b ap-iS? +sP] 

with s = ja>. 

The characteristic equation of the dynamic model is given by 

A (s) = fl 0 + a l s + • ■ • + is? 1 + = 0 



(18.56) 



(18.57) 



Its roots are the eigenvalues of the system. For damped systems, they occur in complex conjugates with 
negative real parts (note: p = 2 X number of DoFs, in typical cases). For systems with rigid-body modes, 
zero eigenvalues will also be present. However, since there is some damping in the system and since the 
lowest frequency that is tested and analyzed is normally greater than zero even for systems with rigid- 
body modes, we have 

A (jco) ¥= 0 (18.58) 



in the frequency range of interest. Hence, the estimation error given by Equation 18.56 can be expressed as 
e i = [bo + b\Sj + F b m s'j"] — Gj[a 0 + a l s i + 1- a p _ *sf] (18.59) 

with s = jco. 

The quadratic error function is given by the sum of the squares of magnitude error for all discrete 
frequency points used in modal analysis; thus 

N N 

J = £ le,-l 2 = (18.60) 

i—1 i=l 
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CURVE FIT 
MEASURED DATA 




FIGURE 18.4 An example of multi-DoF curve fitting on experimental data. 

Note that [ ]* denotes the complex conjugate. Complex conjugation is achieved by simply replacing (jco) 
with {—jco) in Equation 18.59. It follows that Equation 18.60 can be written as 

N 

/ = ^ + b^— ;«,•) + h b m (—ju> i ) m — G, {a 0 + a^—jcof) + h ap-^—jaojf 1 

;=i 

+(~ j (U i) P }][^o + MM) T f MOM)” ~ G;{ fl o + MM<) H F 1 + (M) p }j^ 

(18.61) 

The basis of the least squares curve fitting method of parameter estimation is to pick the transfer function 
parameters by, i = 0, 1, ..., m and ay i = 0 , ...,p — 1, such that the quadratic error function, J, is a 
minimum. Analytically, this requires 

T 

— -=Q k = 0, (18.62) 

8 b k 

r) T 

—— = 0 k= 0, 1, ...,p - 1 (18.63) 

c*a k 

Note that Equation 18.62 and Equation 18.63 correspond to m + p + 1 linear equations in the m + p + 1 
unknowns b h i = 0, 1, ..., m and a ; , i = 0, 1, ...,p — 1. A well-defined solution exists to this set of 
nonhomogeneous equations provided that the equations are linearly independent, which is guaranteed if 
the determinant of the coefficients of the unknown parameters does not vanish. It is a good practice to 
check for linear independence of the set of m + p + 1 equations using this determinant condition prior 
to performing further computations to solve the equations. The solution approach itself is primarily 
computational in nature and is not presented here. Figure 18.4 shows a result of multi-DoF curve fitting 
on an experimental frequency transfer function, as collected from a civil engineering structure. Note the 
close match of the magnitude but not the phase angle. This analysis resulted in the resonant frequency 
and damping ratio values that are given in Table 18.3. 

18.4.5 A Comment on Static Modes and Rigid-Body Modes 

Some test systems may possess static modes, and rigid-body modes under rare circumstances. Static 
modes arise in analytical models if we fail to assign an inertia (mass) element for each DoF. Rigid-body 
modes arise in analytical models if proper restraints are not provided for the inertia elements. In practice, 
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TABLE 18.3 Extracted Parameters in an Example of Experimental 



Modal Analysis 



Mode No. 


Resonant Frequency (Hz) 


Damping Ratio (viscous) 


i 


1.773 X 10 2 


1.170 X 10" 2 


2 


3.829 X 10 2 


8.149 X 10” 3 


3 


6.145 X 10 2 


6.033 X 10" 3 


4 


7.018 X 10 2 


5.931 X 10" 3 


5 


9.839 X 10 2 


4.580 X 10" 3 


6 


1.190 X 10 3 


3.676 X 10~ 3 



however, static modes arise if a coordinate is assigned to a DoF that actually does not exist, or if some 
parts of the physical system are relatively light with stiff restraints (i.e., very high natural frequencies), and 
rigid-body modes arise in the presence of relatively heavy components restrained by very flexible 
elements (i.e., very low natural frequencies). Note that the assumed transfer function (Equation 18.55) 
allows for both these extremes. Specifically, if static modes are present it is necessary that the transfer 
function can be expressed as a sum of a constant term (static mode) and an ordinary transfer function 
(without a static mode). Hence, it will approach a nonzero constant value as the frequency, w, increases. 
This requires m = p. If rigid-body modes are present, the characteristic polynomial A (s) of the model 
should have a factor s 2 . This corresponds to a 0 = a 1 = 0. 

18.4.6 Residue Extraction 

The estimated transfer functions as given by Equation 18.55 is in the form of the ratio of two 
polynomials; the rational fraction form. This has to be converted into the partial fraction form given by 
Equation 18.17 in order to extract the residues (i/',!/^) r that are needed for determining the mode shapes. 
For this, the natural frequencies, w r , and the modal damping ratios, f r , should be computed first. These 
are given by the roots of the characteristic Equation 18.57 as 

A r ,A* = f r co r ± 1 — £ 2 w r ; r=l,2,...,n (18.64) 

Once these eigenvalues are known, by solving Equation 18.57 using the estimated values for 
a 0 , a l , ...,a p - l , it is a straightforward task to compute the quadratic factors 

A r (s) = s 2 + 2f r co r s + co 2 r=\,2,...,n (18.65) 

Note that, from Equation 18.17 

(</';<Ar) = [G ik (s)A. r {s)] s=K (18.66) 

assuming distinct eigenvalues. This is true because, when the partial fraction form is multiplied by 
A r (s), it will cancel out with the denominator of the partial fraction corresponding to the rth mode, 
leaving its residue. Then, when s is set equal to A,., all the remaining partial fraction terms will vanish 
due to the fact that A r (A r ) = 0, provided that the eigenvalues are distinct. Since G^fs) are known 
from the estimated transfer functions, the residues can be computed using Equation 18.66. Finally, 
the mode shapes are determined using the procedure outlined earlier. Some curve fitting approaches 
are summarized in Box 18.2. 

18.5 Laboratory Experiments 

Testing and analysis are important in the practice of mechanical vibration and are integral in EMA. 
In this section, we will describe two experiments in the category of modal testing. One experiment deals 
with a lumped-parameter system and the other with a distributed-parameter (or continuous) system. 
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Box 18.2 

Curve Fitting of Transfer 
Function Data 

Single-resonance curve fitting: 

(a) Viscous damping: 

1. Compute mobility (velocity/ force) function near resonance. 

2. Scale the data. 

3. Curve fit to circle in the Nyquist plane (Argand diagram). 

(b) Hysteretic damping: 

1. Compute receptance (displacement/force) function near resonance. 

2. Scale the data. 

3. Curve fit to circle in the Nyquist plane (Argand diagram). 

Multiresonance curve fitting: 

1. Compute transfer function over the entire frequency range. 

2. Scale the data. 

3. Curve fit to a general polynomial ratio with static and rigid-body modes. 



Both experiments have direct practical implications and have been used in an established undergraduate 
course in mechanical vibrations. 

18.5.1 Lumped-Parameter System 

A schematic representation of a prototype unit that is used in laboratory for modal testing is shown in 
Figure 18.5. A view of the experimental system is shown in Figure 18.6. The system is a crude 
representation of an engine unit that is supported on flexible mounts and subjected to unbalance forces 
and moments. 

The test object is assumed to consist of lumped elements of inertia, stiffness, and damping. The 
rectangular metal box, which represents the engine housing, is mounted on four springs and damping 
elements at the four corners. Inside the box are two pairs of identical and meshed gears, which are driven 
by a single DC motor. Each gear has two slots at diametrically opposite locations in order to place the 
eccentric masses. Various types of unbalance excitations can be generated by placing the four eccentric 
masses at different combinations of locations on the gear wheels. 

The drive motor is operated by a DC power supply with a speed control knob. The motor speed (and 
hence the gear speed) is measured using an optical encoder that is mounted on the drive shaft. It generates 
pulses as the encoder disk rotates with the shaft, in proportion to the angle of rotation. The pulse frequency 
of the encoder determines the shaft speed. A pair of accelerometers with magnetic bases is mounted on the 
top of the engine box. The locations that are used for this purpose are indicated in Figure 18.5. 

Figure 18.6 shows, from left to right, the following components of the experimental system: 

1. Digital spectrum analyzer 

2. A combined instrument panel consisting of a vibration meter, a tunable band-pass filter, and a unit 
consisting of a conditioning amplifier and a phase meter 
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FIGURE 18.5 Schematic diagram of an experimental setup for modal testing in laboratory. 



3. Power supply for the instrument panel, placed on top of the panel 

4. Engine unit with two accelerometers mounted on top surface of the housing 

5. Digital oscilloscope placed on a shelf top immediately above the engine unit 

6. DC power supply and speed controller combination for the drive motor 

The phase meter measures the phase difference between two input signals. The tunable filter is a 
band-pass filter and it can be tuned by a fine-adjustment dial so that a signal in a very narrow band 
(i.e., harmonic signal) can be filtered and measured. The vibration meter measures the magnitude 
(peak or rms value) of a signal. The choice of a displacement value (i.e., double integration), a velocity 
value (a single integration), or an acceleration value (no integration) is available, and can be selected 
using a knob. 

By placing the eccentric masses at various locations on the gear wheels, different modes can be 
excited. For example, the placement of all four eccentric masses at the vertical radius location above 
the rotating axis will generate a net harmonic force in the vertical direction, as the motor is driven. 
This will excite the heave (up and down) mode of the engine box. If the two masses on a meshed pair 
are placed at the vertical radius location below the rotating axis while the masses on the other meshed 
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FIGURE 18.6 A view of an experimental setup for modal testing at the University of British Columbia. 

pair are placed vertically above the rotating axis, then it will result a net moment (pitch) about a 
central horizontal axis of the engine box. This will excite the pitch mode, and so on. For a given 
arrangement of eccentric masses, two tests can be carried out, one in the frequency domain and the 
other in the time domain. 

18.5.1.1 Frequency-Domain Test 

Choose the “displacement” setting of the vibration meter. Start the motor and maintain the speed at a 
low value, say 4 Hz. Tune the filter, using its dial, until the vibration meter reading becomes the largest. 
The tuned frequency will be, in the ideal case, equal to the motor speed. Record the motor speed (i.e., the 
excitation frequency) and the magnitude of the displacement response. Increase the motor speed in 1-Hz 
steps and repeat the measurements, until reaching a reasonably high frequency, covering at least one 
resonance, say 25 Hz. Reduce the speed in steps of 1 Hz and repeat the measurements. Take some more 
measurements in the neighborhood of each resonance using smaller frequency steps. Plot the data as a 
frequency spectrum after compensating for the fact that the amplitude of the excitation force increases 
with the square of the drive speed (hence, divide the vibration magnitudes by square of the frequency). 
This experiment can be used, for example, to measure mode shapes, resonant frequencies, and damping 
ratios (by the half-power bandwidth method). 

18.5.1.2 Time-Domain Tests 

A test can be conducted to determine the damping ratio corresponding to a particular mode by the 
logarithmic decrement method. Here, first pick the eccentric mass arrangement so as to excite the desired 
mode. Next increase the motor speed and then fine-tune the operation at the desired resonance. Maintain 
the speed steady at this condition and observe the accelerometer signal using the oscilloscope, while 
making sure that at least ten complete cycles can be viewed on the screen. Suddenly, turn off the motor 
and record the decay of the acceleration signal using the oscilloscope. Another test that can be carried out 
is an impact (hammer) test. Here, use the spectrum analyzer to record and analyze a vibration response of 
the engine box through an accelerometer. Gently tap the engine box in different critical directions (e.g., at 
points A, B, C, and D in the vertical direction, in Figure 18.5, or in the horizontal direction on the side of 
the engine box in the neighborhood of these points) and acquire the vibration signal using the spectrum 
analyzer. Process the signal using the spectrum analyzer, obtain the resonant frequencies, and compare 
them with those obtained from sine testing. 
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18.5.2 Distributed-Parameter System 

All real vibrating systems have continuous components. Often, however, we make distributed-parameter 
assumptions depending on the properties and the operating frequency range of the vibrating system. 
When a lumped-parameter approximation is not adequate, a distributed-parameter analysis will be 
needed. Modal testing and comparison with analytic results can validate an analytical model. 

The response of a distributed-parameter system will depend on the boundary conditions (the 
supporting conditions) as well as the initial conditions. For forced excitations, the response will depend 
on the nature of the excitation as well. Natural frequencies and mode shapes are system characteristics 
and depend on the boundary conditions, but not on the initial conditions and forcing excitations. 

Consider the experimental setup schematically represented in Figure 18.7. Aview of the setup is shown 
in Figure 18.8. The device that is tested is a ski. For analytical purposes, it maybe approximated as a thin 
beam. The objective of the test is to determine the natural frequencies and mode shapes of the ski. 
Since the significant frequency range of the excitation forces on a ski, during use, is below 15 Hz, it is 
advisable to determine the modal information in the frequency range of about double the operating 
range (i.e., 0 to 30 Hz). In particular, in the design of a ski, natural frequencies below 15 Hz should be 
avoided, while keeping the unit as light and strong as possible. These are conflicting design requirements. 
It follows that modal testing can play an important role in the design development of a ski. 

Consider the experimental setup that is sketched in Figure 18.7. The ski is firmly supported at its 
middle on the electrodynamic shaker. Two accelerometers are mounted on either side of the support and 
are movable along the ski. The accelerometer signals are acquired and conditioned using charge 
amplifiers. The two signals are observed in the x—y mode of the digital oscilloscope so that both the 
amplitudes and the phase difference can be measured. The sine-random signal generator is set to the sine 
mode so that a harmonic excitation is generated at the shaker head. The shape of the motion can be 
observed in slow motion by illuminating the ski with the hand-held stroboscope, with the strobe 
frequency set to within about ± 1 Hz of the excitation frequency. 

In the experimental system shown in Figure 18.8, we observe, from left to right, the following 
components: 

1. Electrodynamic shaker with the ski mounted on its exciter head (two accelerometers are mounted 
on the ski) 

2. Hand-held stroboscope, placed beside the shaker 




FIGURE 18.7 Schematic diagram of a laboratory setup for modal testing of a ski. 
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FIGURE 18.8 A view of the experimental system for modal testing of a ski at the University of British Columbia. 



3. Power amplifier for driving the shaker, placed on top of the side table 

4. Two charge amplifiers placed on top of the power amplifier and connected to the accelerometers 

5. Sine-random signal generator, placed on the table top, next to the amplifier 

6. Power supply for the shaker 

7. Static load-deflection measurement device for determining the modulus of rigidity (El) of the ski 

Prior to modal testing, the modulus of rigidity of the ski is determined by supporting it on the two 
smooth end pegs of the loading structure, and loading at the midspan using incremental steps of 500-gm 
weights up to 4.0 kg, placed on a scale pan that is suspended at the midspan of the ski. The midspan 
deflection of the ski is measured using a spring-loaded dial gage that is mounted on the loading structure. 
If the midspan stiffness (force/deflection) as measured in this manner is k, it is known that the modulus 
of rigidity is 

kl 3 

El = — (18.67) 

48 

where l is the length of the ski. Note that this formula is for a simply supported ski, which is the case in 
view of the smooth supporting pegs. Also, weigh the ski and then compute m = mass per unit length. 
With this information, the natural frequencies and mode shapes can be computed for various end 
conditions. In particular, compute this modal information for the following supporting conditions: 

1. Free- free 

2. Clamped at the center 

Next, perform modal testing using the experimental setup and compare the results with those 
computed using the analytical formulation. 

The natural frequencies (actually, the resonant frequencies, which are almost equal to the natural 
frequencies in the present case of light damping) can be determined by increasing the frequency of 
excitation in small steps using the sine generator and noting the frequency values at which the 
amplitudes of the accelerometer signals reach local maxima, as observed on the oscilloscope screen. A 
mode shape is measured as follows. First, detect the corresponding natural frequency as above. While 
maintaining the shaker excitation at this frequency, place the accelerometer near the shaker head, and 
then move the other accelerometer from one end of the ski to the other in small steps of displacement 
and observe the amplitude ratio and the phase difference of the two accelerometer signals using the 
oscilloscope. Note that in-phase signals mean the motions of the two points are in the same direction, 
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and the out-of-phase signals mean the motions are in the opposite directions. The mode shapes can be 
verified by observing the modal vibrations in slow motion using the stroboscope, as indicated before. 
Node points are the vibration-free points. They can be detected from the mode shapes. In particular, a 
tiny piece of paper will remain stationary at a node while making large jumps on either side of the 
node. Also, the phase angle of the vibration signal, as measured by an accelerometer, will jump by 180° 
if the accelerometer is carefully moved across the node point. 



18.6 Commercial EMA Systems 

Commercially available EMA systems typically consist of an FFT analyzer, a modal analysis processor, a 
graphics terminal, and a storage device. Digital plotters, channel selectors, hard copy units, and other 
accessories can be interfaced, and the operation of the overall system can be coordinated through a host 
computer to enhance its capability. The selection of hardware for a particular application should address 
specific objectives as well as hardware capabilities. Software selection is equally important. Proper 
selection of an EMA system is difficult unless the underlying theory is understood. In particular, the 
determination of transfer functions via FFT analysis; extraction of natural frequencies, modal damping 
ratios, and mode shapes from transfer function data; and the construction of mass, stiffness, and 
damping matrices from modal data should be considered. We have already presented the underlying 
theory. In the present section, we will describe the features of a typical EMA system. 



18.6.1 System Configuration 

The extraction of modal parameters from dynamic test data is essentially a two-step procedure 
consisting of: 

1 . FFT analysis 

2. Modal analysis 

In the first step, appropriate frequency transfer functions are computed and stored. These raw transfer 
functions form the input data for the subsequent modal analysis, yielding modal parameters (natural 
frequencies, damping ratios, and mode shapes) and a linear differential equation model for the dynamic 
system (test object). 

18.6.1.1 FFT Analysis Options 

The basic hardware configuration of a commercial modal analysis system is shown in Figure 18.9. Notice 
that the FFT analyzer forms the front end of the system. The excitation signal and the response 
measurements can be transmitted on line to the FFT analyzer (through charge amplifiers for piezoelectric 
sensors); many signals can be transmitted simultaneously in the multiple-channel case. Alternatively, all 
measurements may first be recorded on a multiple-track FM tape and subsequently fed into the analyzer 
through a multiplexer. In the first case, it is necessary to take the FFT analyzer to the test site; an FM tape 
recorder is needed at the test site in the second case. 

Through advances in microelectronics and ESI technology, the FFT analyzer has rapidly evolved into a 
powerful yet compact instrument that is often smaller in size than the conventional tape recorder used in 
vibration data acquisition; either device can be used in the field with equal convenience. On-site FFT 
analysis, however, allows one to identify and reject unacceptable measurements (e.g., low signal levels and 
high noise components) during data acquisition, so that alternative data that might be needed for a 
complete modal identification can be collected without having to repeat the test at another time. The 
main advantage of the FM tape method is that data are available in analog form, free of quantization 
error (digital word-size dependent), aliasing distortion (data sampling-rate dependent), and signal 
truncation error (data block-size dependent). Sophisticated analog filtering is often necessary, however, 
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FIGURE 18.9 The configuration of a commercial experimental modal analysis system. 

to remove extraneous noise entering from the recording process (e.g., line noise and tape noise), as well 
as from the measurement process (e.g., sensor and amplifier noise). 

The analog-to-digital converter (ADC) is normally an integral part of the analyzer. The raw transfer 
functions, once computed, are stored on a floppy disk or hard disk as the “transfer function file.” This 
constitutes the input data file for modal extraction. Some analyzers, instead, compute power spectral 
densities with respect to the excitation signal and store these in the data file. From these data, it is possible 
instantly to compute coherence functions, transfer functions, and other spectral information using 
keyboard commands. Another procedure has been to compute Fourier spectra of all signals and store 
them as raw data, from which other spectral functions can be conveniently computed. Most analyzers 
have small CRT screens to display spectral results. Low-coherent transfer functions are detected by 
analytical or visual monitoring and are automatically discarded. 

In principle, the same processor can be used for both FFT analysis and modal analysis. Some 
commercial modal analysis systems use a plug-in programmable FFT card in a common processor cage. 
Historically, however, the digital FFT analyzer was developed as a stand-alone hardware unit to be used as 
a powerful measuring instrument in a wide variety of applications, rather than just as a data processor. 
Uses include measurement of resonant frequencies and damping in vibration isolation applications, 
measurement of phase lag between two signals, estimation of signal noise levels, identification of the 
sources of noise in measured signals, and measurement of correlation in a pair of signals. Because of this 
versatility, most modal analysis systems do come with a standard FFT analyzer unit as the front end and a 
separate computer for modal analysis. 

18.6.1.2 Modal Analysis Components 

In addition to the transfer function file, the modal analysis processor needs geometric information about 
the test object, typically coordinates of the mass points and directions of the DoF. This information is 
stored in a “geometry file.” The results of modal analysis are usually stored in two separate files: the 
“parameter file” containing natural frequencies, modal damping ratios, mass matrix, stiffness matrix, and 
damping matrix; and the “mode shape file,” containing mode shape vectors that are used for graphics 
display and printout. Individual modes can be displayed on the CRT screen of the graphics monitor 
either as a static traces or in animated (dynamic) form. The graphics monitor and printer are standard 
components of the system. The entire system may be interfaced with other peripheral I/O devices using 
an IEEE-488 interface bus or the somewhat slower serial RS-232 interface. For example, the overall 
operation can be coordinated, and further processing done, using a host computer. A desktop (personal) 
computer may substitute for the modal analysis processor, graphics monitor, and storage devices in the 
standard system, resulting in a reasonable reduction of the overall cost. An alternative configuration that 
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TABLE 18.4 Comparative Data for Four Modal Analysis Systems 



Description 


System A 


System B 


System C 


System D 


Number of weighting window options available 


3 


10 


5 


4 


Analyzer data channels 


2 


2 


2 


2 


Maximum DoFs per analysis 


750 @ 20 modes 


450 


725 @ 5 modes 


750 


Maximum number of modes analyzed 


50 <® 250 DoF 


20 


10 (typical) 


64 


Multi-DoFs curve fitting 


Yes 


Yes 


No 


Yes 


FFT Resolution (usable spectral lines/512) 


400 


400 


400 


400 


Zoom analysis capability in FFT 


Yes 


Yes 


Yes 


Optional 


Statistical error-band analysis 


No 


No 


No 


No 


Static mode-shape extremes 


Yes 


Yes 


Yes 


Yes 


Animated graphics capability 


Yes 


Yes 


Yes 


Yes 


Color graphics capability 


No 


Yes 


No 


No 


Hidden-line display 


No 


No 


No 


No 


Color printing 


No 


No 


Yes 


No 


Structural mass and stiffness matrices 


No 


No 


No 


Yes 


Approximate cost 


$30,000 


$20,000 


$25,000 


$50,000 



is particularly useful in data transfer and communication from remote test sites uses a voice-grade 
telephone line and a modem coupler to link the FFT analyzer to the main processor. 

The first step in selecting a modal analysis system for a particular application is to understand 
the specific needs of that application. For industrial applications of modal testing, the following 
requirements are typically adequate: 

1. Acceptance of a wide range of measured signals having a variety of transient and frequency band 
characteristics 

2. Capability to handle up to 300 DoF of measured data in a single analysis 

3. FFT with frequency resolution of at least 400 spectral lines per 512 

4. Zoom analysis capability 

5. Capability to perform statistical error-band analysis 

6. Static display and plot of mode-shape extremes 

7. Animated (dynamic) display of mode shapes 

8. Color graphics 

9. Hidden-line display 

10. Color printing with high line resolution 

11. Capability to generate an accurate time-domain model (mass, stiffness, and damping matrices) 
The capabilities of four representative modal analysis systems are summarized in Table 18.4. 
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Summary 

Damping in vibrating systems occurs through the dissipation of mechanical energy. This chapter presents modeling, 
analysis, and measurement of mechanical damping. The types of damping covered include material internal 
damping (including viscoelastic damping and hysteretic damping), structural damping, fluid damping, interface 
damping, viscous damping. Coulomb friction, and Sribeck damping. Representations of various types of damping 
using equivalent viscous damping models are analyzed. Damping in rotating devices is also studied. 



19.1 Introduction 



Damping is the phenomenon by which mechanical energy is dissipated (usually by conversion into 
internal thermal energy) in dynamic systems. Knowledge of the level of damping in a dynamic system is 
important in the utilization, analysis, and testing of the system. For example, a device with natural 
frequencies within the seismic range (that is, less than 33 Hz) and which has relatively low damping, 
could produce damaging motions under resonance conditions when subjected to a seismic disturbance. 
This effect could be further magnified by low-frequency support structures and panels with low damping. 
This example shows that knowledge of damping in constituent devices, components, and support 
structures is important in the design and operation of complex mechanical systems. The nature and the 
level of component damping should be known in order to develop a dynamic model of the system and its 
peripherals. Knowledge of damping in a system is also important in imposing dynamic environmental 
limitations on the system (that is, the maximum dynamic excitation the system can withstand) under 
in-service conditions. Furthermore, knowledge of a system’s damping can be useful in order to make 
design modifications in a system that has failed the acceptance test. 

However, the significance of knowledge of damping levels in a test object for the development of test 
excitation (input) is often overemphasized. Specifically, if the response spectrum method is used to 
represent the required excitation in a vibration test, then there is no need for the damping value used in 
the development of the required response spectrum specification to be equal to the actual damping in the 
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test object. The only requirement is that the damping used in the specified response spectrum be equal to 
that used in the test response spectrum. The degree of dynamic interaction between the test object and 
the shaker table, however, will depend on the actual level of damping in these systems. Furthermore, 
when testing near the resonant frequency of a test object, it is desirable to know about the damping in the 
test object. 

In characterizing damping in a dynamic system it is important, first, to understand the major 
mechanisms associated with mechanical energy dissipation in the system. Then a suitable damping 
model should be chosen to represent the associated energy dissipation. Finally, damping values 
(model parameters) should be determined, for example, by testing the system or a representative physical 
model, by monitoring system response under transient conditions during normal operation or by 
employing already available data. 



19.2 Types of Damping 

There is some form of mechanical energy dissipation in any dynamic system. In the modeling of systems, 
damping can be neglected if the mechanical energy that is dissipated during the time duration of interest 
is small in comparison to the initial total mechanical energy of excitation in the system. Even for highly 
damped systems, it is useful to perform an analysis with the damping terms neglected, in order to study 
several crucial dynamic characteristics, e.g., modal characteristics (undamped natural frequencies and 
mode shapes). 

Several types of damping are inherently present in a mechanical system. If the level of damping that is 
available in this manner is not adequate for proper functioning of the system then external damping devices 
may be added either during the original design or during subsequent design modifications of the system. 
Three primary mechanisms of damping are important in the study of mechanical systems. They are: 

1. Internal damping (of material) 

2. Structural damping (at joints and interfaces) 

3. Fluid damping (through fluid -structure interactions) 

Internal (material) damping results from mechanical energy dissipation within the material due to 
various microscopic and macroscopic processes. Structural damping is caused by mechanical energy 
dissipation resulting from relative motions between components in a mechanical structure that has 
common points of contact, joints or supports. Fluid damping arises from the mechanical energy 
dissipation resulting from drag forces and associated dynamic interactions when a mechanical system or 
its components move in a fluid. 

Two general types of external dampers may be added to a mechanical system in order to improve its 
energy dissipation characteristics. They are: 

1. Passive dampers 

2. Active dampers 

Passive dampers are devices that dissipate energy through some kind of motion, without needing an 
external power source or actuators. Active dampers have actuators that need external sources of power. 
They operate by actively controlling the motion of the system that needs damping. Dampers may be 
considered as vibration controllers. In the present chapter, the emphasis will be on damping that is 
inherently present in a mechanical system. 



19.2.1 Material (Internal) Damping 

Internal damping of materials originates from the energy dissipation associated with microstructure 
defects, such as grain boundaries and impurities; thermoelastic effects caused by local temperature 
gradients resulting from nonuniform stresses, as in vibrating beams; eddy current effects in ferromagnetic 
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materials; dislocation motion in metals; and chain 
motion in polymers. Several models have been 
employed to represent energy dissipation caused 
by internal damping. This variety of models is 
primarily a result of the vast range of engineering 
materials; no single model can satisfactorily 
represent the internal damping characteristics of 
all materials. Nevertheless, two general types of 
internal damping can be identified: viscoelastic 
damping and hysteretic damping. The latter term 
is actually a misnomer, because all types of 
internal damping are associated with hysteresis 
loop effects. The stress (oj and strain (e) relations 
at a point in a vibrating continuum possess a 
hysteresis loop, such as the one shown in 
Figure 19.1. The area of the hysteresis loop gives 
the energy dissipation per unit volume of the 
material, per stress cycle. This is termed the per- 
unit-volume damping capacity, and is denoted by 

d = 



Stress 




FIGURE 19.1 A typical hysteresis loop for mechanical 
damping. 

'. It is clear that d is given by the cyclic integral 
^crde (19.1) 



In fact, for any damped device, there is a corresponding hysteresis loop in the displacement -force 
plane as well. In this case, the cyclic integral of force with respect to the displacement, which is the area 
of the hysteresis loop, is equal to the work done against the damping force. It follows that this integral 
(loop area) is the energy dissipated per cycle of motion. This is the damping capacity which, when 
divided by the material volume, gives the per-unit-volume damping capacity as before. 

It should be clear that, unlike a pure elastic force (e.g., a spring force), a damping force cannot be a 
function of displacement ( q ) alone. The reason is straightforward. Consider a force f(q) which depends 
on q alone. Then, for a particular displacement point, q, of the component the force will be the same 
regardless of the direction of motion (i.e., the sign of q). It follows that, in a loading and unloading cycle, 
the same path will be followed in both directions of motion. Hence, a hysteresis loop will not be formed. 
In other words, the net work done in a complete cycle of motion will be zero. Next consider a force /(q, q) 
which depends on both q and q. Then, at a given displacement point, q, the force will depend on q as well. 
Hence, force in one direction of motion will be different from that in the opposite direction. As a result, a 
hysteresis loop will be formed, which corresponds to work done against the damping force (i.e., energy 
dissipation). We can conclude then that the damping force has to depend on a relative velocity, q, in some 
manner. In particular, Coulomb friction, which does not depend on the magnitude of q, does depend on 
the sign (direction) of q. 



19.2.1.1 Viscoelastic Damping 

For a linear viscoelastic material, the stress -strain relationship is given by a linear differential equation 
with respect to time, having constant coefficients. A commonly employed relationship is 

* de 

cr=Es + E — (19.2) 

df 

which is known as the Kelvin-Voigt model. In Equation 19.2, E is Young’s modulus and E* is a 
viscoelastic parameter that is assumed to be time independent. The elastic term Es does not contribute 
to damping, and, as noted before, mathematically, its cyclic integral vanishes. Consequently, for the 
Kelvin-Voigt model, damping capacity per unit volume is 



dy 




de 

-— dfi7 T 

df 



(19.3) 
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For a material that is subjected to a harmonic (sinusoidal) excitation, at steady state, we have 

e = £ max cos cot (19.4) 

When Equation 19.4 is substituted in Equation 19.3, we obtain 

4 = ncoE* e 2 max (19.5) 



Now, e = £ max when t = 0 in Equation 19.4, or when ds/df = 0. The corresponding stress, according to 
Equation 19.2, is cr max = Es max . It follows that 



dy 



7 tcoE cri 



(19.6) 



These expressions for d v depend on the frequency of excitation, co. 

Apart from the Kelvin-Voigt model, two other models of viscoelastic damping are also commonly 
used. They are, the Maxwell model given by 



do - 

CT + Cs d7 




(19.7) 



and the standard linear solid model given by 



do- * ds 

cr+ c s — = Ee + E — 
dt dt 



(19.8) 



It is clear that the standard linear solid model represents a combination of the Kelvin-Voigt model 
and the Maxwell model, and is the most accurate of the three. But, for most practical purposes, the 
Kelvin-Voigt model is adequate. 



19.2.1.2 Hysteretic Damping 

It was noted above that the stress, and hence the internal damping force, of a viscoelastic damping 
material depends on the frequency of variation of the strain (and consequently the frequency of motion). 
For some types of material, it has been observed that the damping force does not significantly depend on 
the frequency of oscillation of strain (or frequency of harmonic motion). This type of internal damping is 
known as hysteretic damping. 

Damping capacity per unit volume (d h ) for hysteretic damping is also independent of the frequency of 
motion and can be represented by 

4 = /<ax (19.9) 



A simple model that satisfies Equation 19.9, for the case of n = 2, is given by 

E ds 

cr= Ee — (19.10) 

co df 

which is equivalent to using a viscoelastic parameter, E* , that depends on the frequency of motion in 
Equation 19.2 according to E* = E/co. 

Consider the case of harmonic motion at frequency co, with the material strain given by 

e = e 0 cos cot (19.11) 



Then, Equation 19.10 becomes 



cr = Es 0 cos cot — Ee 0 sin cot = Ee cos cot + Es 0 cos I cot H 

V 2 j 



(19.12) 



Note that the material stress has two components, as given by the right-hand side of Equation 19.12. The 
first component corresponds to the linear elastic behavior of a material and is in phase with the strain. 
The second component of stress, which corresponds to hysteretic damping, is 90° out of phase. (This 
stress component leads the strain by 90°. ) A convenient mathematical representation is possible, by using 
the usual complex form of the response according to 

e = e 0 e' cot (19.13) 
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Then, Equation 19.10 becomes 

a=(E + jE)e (19.14) 

It follows that this form of simplified hysteretic damping may be represented by using a complex 
modulus of elasticity, consisting of a real part which corresponds to the usual linear elastic (energy 
storage) modulus (or Young’s modulus) and an imaginary part which corresponds to the hysteretic loss 
(energy dissipation) modulus. 

By combining Equation 19.2 and Equation 19.10, a simple model for combined viscoelastic and 
hysteretic damping may be given by 

/ * E \ de 

cr=E e+ ^+-j- (19.15) 

The equation of motion for a system whose damping is represented by Equation 19.15 can be deduced 
from the pure elastic equation of motion by simply substituting E by the operator 




in the time domain. 



Example 19.1 

Determine the equation of flexural motion of a nonuniform slender beam whose material has both 
viscoelastic and hysteretic damping. 

Solution 



The Bernoulli-Euler equation of bending motion on an undamped beam subjected to a dynamic load of 
fix, t) per unit length, is given by 






c) 2 q 



-- fix, t ) 



(19.16) 



dx 2 dx 2 ' r dt 2 

Here, q is the transverse motion at a distance, x, along the beam. Then, for a beam with material damping 
(both viscoelastic and hysteretic) we can write 



d 2 



9 2 d 2 q 
dx 2 dx 2 dx 2 






0 3 q 



9 2 q 

,, a 2 + P A ~Va = fi X ’ t '> 
dt dx 9 t 



(19.17) 



in which co is the frequency of the external excitation /(x, f) in the case of steady forced vibrations. In the 
case of free vibration, however, co represents the frequency of free vibration decay. Consequently, when 
analyzing the modal decay of free vibrations, co in Equation 19.17 should be replaced by the appropriate 
frequency (w ; ) of modal vibration in each modal equation. Hence, the resulting damped vibratory system 
possesses the same normal mode shapes as the undamped system. The analysis of the damped case is very 
similar to that for the undamped system. 



19.2.2 Structural Damping 

Structural damping is a result of mechanical energy dissipation caused by friction due to the relative 
motion between components and by impacting or intermittent contact at the joints in a mechanical 
system or structure. Energy dissipation behavior depends on the details of the particular mechanical 
system. Consequently, it is extremely difficult to develop a generalized analytical model that would 
satisfactorily describe structural damping. Energy dissipation caused by rubbing is usually represented by 
a Coulomb friction model. Energy dissipation caused by impacting, however, should be determined from 
the coefficient of restitution of the two members that are in contact. 

The most common method of estimating structural damping is by measurement. The measured 
values, however, represent the overall damping in the mechanical system. The structural damping 
component is obtained by subtracting the values corresponding to other types of damping, such as 
material damping, present in the system (estimated by environment-controlled experiments, previous 
data, and so forth) from the overall damping value. 
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Usually, internal damping is negligible compared 
to structural damping. A large proportion of 
mechanical energy dissipation in tall buildings, 
bridges, vehicle guideways, and many other civil 
engineering structures and in machinery, such as 
robots and vehicles, takes place through the 
structural damping mechanism. A major form of 
structural damping is the slip damping that results 
from energy dissipation by interface shear at a 
structural joint. The degree of slip damping that is 
directly caused by Coulomb (dry) friction depends 
on such factors as joint forces (for example, bolt 
tensions), surface properties and the nature of the 
materials of the mating surfaces. This is associated 
with wear, corrosion, and general deterioration of 
the structural joint. In this sense, slip damping is 
time-dependent. It is a common practice to place 
damping layers at joints to reduce undesirable 
deterioration of the joints. Sliding causes shear 
distortions in the damping layers, causing energy 
dissipation by material damping and also through 
Coulomb friction. In this way, a high level of 
equivalent structural damping can be maintained 
without causing excessive joint deterioration. 

These damping layers should have a high stiffness 
(as well as a high specific-damping capacity) in 
order to take the structural loads at the joint. 

For structural damping at a joint, the damping 
force varies as slip occurs at the joint. This is 
primarily caused by local deformations at the joint, 
which occur with slipping. A typical hysteresis 
loop for this case is shown in Figure 19.2(a). The 
arrows on the hysteresis loop indicate the direction 
of relative velocity. For idealized Coulomb friction, 

the frictional force (F) remains constant in each direction of relative motion. An idealized hysteresis loop 
for structural Coulomb damping is shown in Figure 19.2(b). The corresponding constitutive relation is 

f = c sgn(ij) (19.18) 

in which / is the damping force, q is the relative displacement at the joint and c is a friction parameter. 
A simplified model for structural damping caused by local deformation may be given by 

/ = c\q\sgn(q) (19.19) 

The corresponding hysteresis loop is shown in Figure 19.2(c). Note that the signum function is defined by 

for v > 0 

sgn(v) = -J (19.20) 




FIGURE 19.2 Some representative hysteresis loops: 
(a) typical structural damping; (b) Coulomb friction 
model; and (c) simplified structural damping model. 






- 1 for v < 0 



19.2.3 Fluid Damping 

Consider a mechanical component moving in a fluid medium. The direction of relative motion is shown 
parallel to they-axis in Figure 19.3. Local displacement of the element relative to the surrounding fluid is 
denoted by q(x,y, t). 
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The resulting drag force per unit area of 
projection on the x-z plane is denoted by f d . 
This resistance is the cause of mechanical energy 
dissipation in fluid damping. It is usually 
expressed as 

fd = \c A pq~ sgn(<j) (19.21) 



Turbulent 

Effects 




in which q = dq(x,z,t)/dt is the relative velocity. 

The drag coefficient, c A , is a function of the 
Reynold’s number and the geometry of the 
structural cross section. A net damping effect is 

generated by viscous drag produced by the boundary layer effects at the fluid -structure interface, and by 
pressure drag produced by the turbulent effects resulting from flow separation at the wake. The two 
effects are illustrated in Figure 19.4. Fluid density is p. For fluid damping, the damping capacity per unit 
volume associated with the configuration shown in Figure 19.3 is given by 



d f = 






f A dz dx dq(x, z, t) 
0 



(19.22) 



in which, L x and L z are cross-sectional dimensions of the element in the x and y-directions, respectively, 
and q 0 is a normalizing amplitude parameter for relative displacement. 



Example 19.2 

Consider a beam of length L and uniform rectangular cross section that is undergoing transverse 
vibration in a stationary fluid. Determine an expression for the damping capacity per unit volume for 
this fluid -structure interaction. 



Solution 

Suppose that the beam axis is along the x-direction and the transverse motion is in the z-direction. There is 
no variation in the y-direction, and hence, the length parameters in this direction cancel out. 



d f = 






/ d dx d q(x, t) 



Lq 0 



dt = 



T rL 

f d q(x, t)dx df 
0 Jo 

Lq 0 



(19.23) 
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in which T is the period of the oscillations. Assuming constant cj, we substitute Equation 19.21 
into Equation 19.23: 



df= \ L f T \q\ 3 dt dx 

2 Lq 0 o o 



(19.24) 



For steady-excited harmonic vibration at frequency co and shape function Q(x) (or for free-modal 
vibration at natural frequency co and mode shape Q(x)) we have 

q(x, t ) = q max Q(x) sin cot (19.25) 

In this case, with the change of variable 9 = cot. Equation 19.24 becomes 



a 3 r L r nl2 

d { = 2 c A p max lQ(x)l 3 dx&) 2 cos 3 0d0 
Lq 0 Jo Jo 



lQ(x)l 3 dx 

j ’ 3 2 J 0 

df — ^CdP^max" 'j 

3 Lq o 

Note. The integration interval of t = 0 to T becomes 9= 0 to 27r or four times that from 9 = 0 to it! 2. 
If the normalizing parameter is defined as 



1 f L 3 

qo = 7<Imax lQ(*)l dx 

L Jo 



then, we get 



df — -c&pqh 



(19.26) 



A useful classification of damping is given in Box 19.1. 



Box 19.1 

Damping Classification 




Type of Damping 


Origin 


Typical Constitutive Relation 


Internal damping 


Material properties 


Viscoelastic 

* ds 

a = Es + E — 

Hysteretic * 

E d e 

a = Es H — 

co at 


Structural damping 


Structural joints and interfaces 


Structural deformation 

/= clqlsgn(q) 

Coulomb f = c sgn (q) 

General interface 

f/ s for v = 0 

1/sbM sgn(v) for v ^ 0 


Fluid damping 


Fluid -structure interactions 


fi = jC d pq 2 sgn (q) 
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19.3 Representation of Damping in Vibration Analysis 

It is not practical to incorporate detailed microscopic representations of damping in the 
dynamic analysis of systems. Instead, simplified models of damping that are representative of 
various types of energy dissipation are typically used. Consider a general n-degree-of-freedom 
mechanical system. Its motion can be represented by the vector x of n generalized coordinates, x„ 
representing the independent motions of the inertia elements. For small displacements, linear 
spring elements can be assumed. The corresponding equations of motion may be expressed in the 
vector matrix form 



Mx + d 4- Kx = f(t) (19.27) 

in which M is the mass (inertia) matrix and K is the stiffness matrix. The forcing-function vector is f(f). 
The damping force vector d(x, x) is generally a nonlinear function of x and x. The type of damping used 
in the system model may be represented by the nature of d that is employed in the system equations. 
The various damping models that may be used, as discussed in the previous section, are listed in 
Table 19.1. Only the linear viscous damping term given in Table 19.1 is amenable to simplified 
mathematical analysis. In simplified dynamic models, other types of damping terms are usually replaced 
by an equivalent viscous damping term. Equivalent viscous damping is chosen so that its energy 
dissipation per cycle of oscillation is equal to that for the original damping. The resulting equations of 
motion are expressed by 



Mx + Cx + Kx = f (t) 



(19.28) 



In modal analysis of vibratory systems, the most commonly used model is proportional damping, where 
the damping matrix satisfies 



C = c m M + c k K (19.29) 

The first term on the right-hand side of Equation 19.29 is known as the inertial damping matrix. The 
corresponding damping force on each concentrated mass is proportional to its momentum. It represents 
the energy loss associated with a change in momentum (for example, during an impact). The second 
term is known as the stiffness damping matrix. The corresponding damping force is proportional to the 
rate of change of the local deformation forces at joints near the concentrated mass elements. 
Consequently, it represents a simplified form of linear structural damping. If damping is of the 
proportional type, it follows that the damped motion can be uncoupled into individual modes. This 
means that, if the damping model is of the proportional type, the damped system (as well as the 
undamped system) will possess real modes. 



TABLE 19.1 Some Common Damping Models Used in Dynamic System 
Equations 



Damping Type 


Simplified Model d, 


Viscous 


X; 


Hysteretic 


X, ^ 


Structural 


Xj c ij l*jl sgnOj) 


Structural Coulomb 


X, sgn (xj) 


Fluid 


Xj9;l*(l*; 
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19.3.1 Equivalent Viscous Damping 

Consider a linear, single-DoF system with viscous damping, subjected to an external excitation. 
The equation of motion, for a unit mass, is given by 



x+ 2 £co n x + co 2 x = ci? n u(t) 

If the excitation force is harmonic, with frequency co, we have 

u(t) = u 0 cos cot 

Then, the response of the system at steady state is given by 

X = Xq cos(<wf + (/)) 

in which the response amplitude is 



[(co 2 n - co 2 ) + 4 t?ar n ur] m 



and the response phase lead is 



-i 2 £co n co 
(co 2 - co 2 ) 



cf> = —tan 2 2 



(19.30) 



(19.31) 



(19.32) 



(19.33) 



(19.34) 



The energy dissipation (i.e., damping capacity), A 17, per unit mass in one cycle is given by the net work 
done by the damping force, / d ; thus, 

r r(2ir—4>)aj 



AU = 






f A xdt 



(19.35) 



Since the viscous damping force, normalized with respect to mass (see Equation 19.30), is given by 



fd ~ U^ n x 

the damping capacity, A l/ v , for viscous damping, can be obtained as 

cIttIm 



A17 V = 2 £co n J o x df 

Finally, using Equation 19.32 in Equation 19.37 we get 

A17 v = 2'nx 2 Qd> n cot, 

For any general type of damping (see Table 19.1), the equation of motion becomes 

x + d(x, x) + co~x = Wn«(f) 

The energy dissipation in one cycle (Equation 19.35) is given by 

r(2ir— <f>)/(o 



A [7 = 



r{2i 

J -</)/cu 



d(x, x)x dt 



(19.36) 



(19.37) 



(19.38) 



(19.39) 



(19.40) 



Various damping force expressions, d(x,x), normalized with respect to mass, are given in Table 19.2. 
For fluid damping, for example, the damping capacity is 



Al7 f = 



r(2TT— <f))/(o 



c\x\x 2 dt 






By substituting Equation 19.32 in Equation 19.41 for steady, harmonic motion we obtain 

AUf = ^cx^co 2 



(19.41) 



(19.42) 
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TABLE 19.2 Equivalent Damping Ratio Expressions for Some Common Types of Damping 

Damping Type Damping Force, d(x, x), per Unit Mass Equivalent Damping Ratio, f eq 



Viscous 


2£a) n x 


i 




c 


c 


Hysteretic 


—x 


2(o n oj 


CD 


Structural 


c \x\ sgn(x) 


c 




7 T(D n (D 


Structural Coulomb 


c sgntt) 


2c 




7TXq OJ n CD 


Fluid 


c\x\x 


A (-)- 

377 V (O n ' 



By comparing Equation 19.42 with Equation 19.38, the equivalent damping ratio for fluid damping is 
obtained as 



£t = 




(19.43) 



in which x Q is the amplitude of steady-state vibrations, as given by Equation 19.33. For the other types of 
damping listed in Table 19.1, expressions for the equivalent damping ratio can be obtained in a similar 
manner. The corresponding equivalent damping ratio expressions are given in Table 19.2. It should be 
noted that, for nonviscous damping types, £ is generally a function of the frequency of oscillation, co, and 
the amplitude of excitation, u 0 . It should be noted that the expressions given in Table 19.2 are derived 
assuming harmonic excitation. Engineering judgment should be exercised when employing these 
expressions for nonharmonic excitations. 

For multi-DoF systems that incorporate proportional damping, the equations of motion can be 
transformed into a set of one-DoF equations (modal equations) of the type given in Equation 19.30. 
In this case, the damping ratio and natural frequency correspond to the respective modal values and, 
in particular, a>= co n . 



19.3.2 Complex Stiffness 

Consider a linear spring of stiffness k connected in 
parallel with a linear viscous damper of damping 
constant c, as shown in Figure 19.5(a). Suppose 
that a force, /, is applied to the system, moving it 
through distance x from the relaxed position of the 
spring. Then we have 

/ = kx+ cx (19.44) 

Suppose that the motion is harmonic, as given by 

x = x 0 cos cot (19.45) 

It is clear that the spring force, kx, is in phase with 
the displacement, but the damping force, cx, has a 
90° phase lead with respect to the displacement. 
This is because the velocity, x= — x 0 co sin cot = 
x 0 (o cos(cot + tt/2), has a 90° phase lead with 
respect to x. Specifically, we have 

/ = kx 0 cos cot + cx 0 co cosfmf + — ^ (19.46) 



x 




FIGURE 19.5 Spring element in parallel with (a) a 
viscous damper and (b ) a hysteretic damper. 
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This same fact may be represented by using complex numbers, where the in-phase component is 
considered as the real part and the 90° phase lead component is considered as the imaginary part with each 
component oscillating at the same frequency co. Then, we can write Equation 19.46 in the equivalent form 

/ = kx + jcocx (19.47) 

This is exactly what we get by starting with the complex representation of the displacement 

x = x 0 e’ M( (19.48) 

and substituting it in Equation 19.44. We note that Equation 19.47 may be written as 

f=k*x (19.49) 



where k* is a “complex” stiffness, given by 

k* = k + jcoc (19.50) 

Clearly, the system itself and its two components (spring and damper) are real. Their individual forces are 
also real. The complex stiffness is simply a mathematical representation of the two force components 
(spring force and damping force), which are 90° out of phase, when subjected to harmonic motion. It 
follows that the linear damper may be “mathematically” represented by an “imaginary” stiffness. In the case 
of viscous damping this imaginary stiffness (and hence, the damping force magnitude) increases linearly 
with the frequency, a>, of the harmonic motion. The concept of complex stiffness when dealing with 
discrete dampers is analogous to the use of complex elastic modulus in material damping, as discussed 
earlier in this chapter. 

We have noted that, for hysteretic damping, the damping force (or damping stress) is independent of 
the frequency in harmonic motion. It follows that a hysteretic damper may be represented by an 
equivalent damping constant of 

h 

c — — (19.51) 

CO 

which is valid for a harmonic motion (e.g., modal motion or forced motion) of frequency co. This 
situation is shown in Figure 19.5(b). It can be seen that the corresponding complex stiffness is 

k* = k + ]h (19.52) 

Example 19.3 

A flexible system consists of a mass, m, attached to the hysteretic damper and spring combination shown 
in Figure 19.5(b). What is the frequency response function of the system relating an excitation force,/, 
applied to the mass and the resulting displacement response, x? Obtain the resonant frequency of the 
system. Compare the results with the case for viscous damping. 



Solution 

For a harmonic motion of frequency co, the equation of motion of the system is 

h 

mx H x + kx = f 

a> 



(19.53) 



With a forcing excitation off = f 0 e ,a “ and the resulting steady-state response, x = x 0 e ,mf , where x 0 has a 
phase difference (i.e., it is a complex function) with respect to / 0 . Then, in the frequency domain, 
substituting the harmonic response x = x 0 e ,wf into Equation 19.53 we get 

[ — co 2 m H ico + k\x = f 

co I 
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resulting in the frequency transfer function 

x 1 

7 = 77 ■> ,-n (19-54) 

j I /c — com + )n\ 

Note that, as usual, this result is obtained simply by substituting jco for d/df. The magnitude of transfer 
function is at a maximum at resonance. This corresponds to a minimum value of 

p(co ) = (k — co 2 m) 2 + h 2 



If we set dp/dco = 0, we get, 



2 (k — co 2 m)(—2co) = 0 

Hence, the resonant frequency corresponds to the root of 

k — co 2 m = 0 



This gives the resonant frequency 




(19.55) 



Note that, in the case of hysteretic damping, the resonant frequency is equal to the undamped natural 
frequency, w n , and, unlike in the case of viscous damping, does not depend on the level of damping itself. 
For convenience consider the system response as the spring force 



f s = kx 

Then, a normalized transfer function is obtained, as given by 

U ■ 1 

/ 



GQto) = 



[ , m ,h ~ 1 

'--T+'lJ 



(19.56) 



(19.57) 



or, 



where 



fs _ 1 

/ [1 — r 2 + ja] 



(19.58) 



co , h 

r = — and a = — (19.59) 

"n k 

which are the normalized frequency and the normalized hysteretic damping, respectively. The magnitude 
of the transfer function is 



and the phase angle (phase lead) is 



k = 1 

/ V(1 - r 2 f + a 2 



Lfjf = -tan 1 



a 

(1 - r 2 ) 



These results are sketched in Figure 19.6. 



(19.60) 



(19.61) 



19.3.3 Loss Factor 



We define the damping capacity of a device (damper) as the energy dissipated in a complete cycle of 
motion; specifically 



A U = 




(19.62) 
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FIGURE 19.6 Frequency transfer function of a simple oscillator with hysteretic damping. 



This is given by the area of the hysteresis loop in the displacement force plane. If the initial (total) energy 
of the system is denoted by U mdx , then the specific damping capacity, D, is given by the ratio 



D = 



AU 

l^rnax 



(19.63) 



The loss factor, 17, is the specific damping capacity per radian of the damping cycle. Hence, 



V = 



AU 

2 trl/ max 



(19.64) 



Note that L7 max is approximately equal to the maximum kinetic energy and also to the maximum 
potential energy of the device when the damping is low. 

Equation 19.38 gives the damping capacity per unit mass of a device with viscous damping as 

A17 = 2Trxlco n u>f (19.65) 



Here, x 0 is the amplitude and co is the frequency of harmonic motion of the device, co n is the undamped 
natural frequency and f is the damping ratio. The maximum potential energy per unit mass of the 
system is 



1 k 2 1 2 2 

f4nax g *0 ^iv^-0 

2 m 2 



(19.66) 



Hence, from Equation 19.64, the loss factor for a viscous damped simple oscillator is given by 



2Trxf(jo n a>f 2co£ 

2tt X fco^x q co n 



(19.67) 



For free decay of the system, we have co = co A = co n , where the latter approximation holds for low 
damping. For forced oscillation, the worst response conditions occur when co = co d = w n , which is 
what one must consider with regard to energy dissipation. In either case, the loss factor is approximately 
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given by 



7] = 2f (19.68) 

For other types of damping, Equation 19.68 will still hold when the equivalent damping ratio, f eq , 
(see Table 19.2) is used in place of f. 

The loss factors of some common materials are given in Table 19.3. Definitions of useful damping 
parameters, as defined here, are summarized in Table 19.4. Expressions of loss factors for some useful 
damping models are given in Table 19.5. 



TABLE 19.3 Loss Factors of Some Useful Materials 



Material 


Loss Factor 77 = 2£ 


Aluminum 


2 X 1(D 5 to 2X 1(T 3 


Concrete 


0.02 to 0.06 


Glass 


0.001 to 0.002 


Rubber 


0.1 to 1.0 


Steel 


0.002 to 0.01 


Wood 


0.005 to 0.01 



TABLE 19.4 Definitions of Damping Parameters 



Parameter 


Definition 


Mathematical Formula 


Damping capacity (A U) 


Energy dissipated per cycle 


§fd d* 


Damping capacity per 


of motion (area of 
displacement- force hysteresis loop) 
Energy dissipated per cycle 


<J> crds 


volume ( d ) 
Specific damping 


per unit material volume 
(area of strain- stress hysteresis loop) 
Ratio of energy dissipated 


AU 

^max 


capacity (D) 


per cycle (ALT) to the initial maximum 


Loss factor (77) 


energy ( U max ) Note: for low damping, 
Umax = maximum potential energy 
= maximum kinetic energy 
Specific damping capacity per 
unit angle of cycle. 

Note: for low damping, 

77 = 2 X damping ratio 


A U 

2 77" [/ m ax 



TABLE 19.5 Loss Factors for Several Material Damping Models 



Material Damping Model 


Stress -Strain Constitute Relation 


Loss Factor (77) 


Viscoelastic Kelvin -Voigt 


* de 

cr = Es + E — 
d t 


( oE * 
~E~ 


Hysteretic Kelvin -Voigt 


E de 

<T= Es-\ — 

oj at 


E 

E 


Viscoelastic standard linear solid 


Acr de 

0- + c s — = Ee + E — 
At df 


coE* (1 — c s E/E *) 
E (1 + co 2 c s ) 


Hysteretic standard linear solid 


d<r E de 

<r+ c s — = £e H — 

df a) at 


E (1 — coc s E/E) 
E (1 + w 2 c s ) 
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19.4 Measurement of Damping 

Damping may be represented by various parameters (such as specific damping capacity, loss factor, 
Q-factor, and damping ratio) and models (such as viscous, hysteretic, structural, and fluid). Before 
attempting to measure damping in a system, we need to decide on a representation (model) that will 
adequately characterize the nature of mechanical energy dissipation in the system. Next, we should 
decide on the parameter or parameters of the model that need to be measured. 

It is extremely difficult to develop a realistic yet tractable model for damping in a complex piece of 
equipment operating under various conditions of mechanical interaction. Even if a satisfactory damping 
modal is developed, experimental determination of its parameters could be tedious. A major difficulty 
arises because it usually is not possible to isolate various types of damping (for example, material, 
structural, and fluid) from an overall measurement. Furthermore, damping measurements must be 
conducted under actual operating conditions for them to be realistic. 

If one type of damping (say, fluid damping) is eliminated during the actual measurement then it would 
not represent the true operating conditions. This would also eliminate possible interacting effects of the 
eliminated damping type with the other types. In particular, overall damping in a system is not generally 
equal to the sum of the individual damping values when they are acting independently. Another 
limitation of computing equivalent damping values using experimental data arises because it is assumed 
for analytical simplicity that the dynamic system behavior is linear. If the system is highly nonlinear, a 
significant error could be introduced into the damping estimate. Nevertheless, it is customary to assume 
linear viscous behavior when estimating damping parameters using experimental data. 

There are two general ways by which damping measurements can be made: using a time -response 
record and using a frequency- response function of the system to estimate damping. 



19.4.1 Logarithmic Decrement Method 

This is perhaps the most popular time-response method that is used to measure damping. When 
a single-DoF oscillatory system with viscous damping (see Equation 19.30) is excited by an impulse 
input (or an initial condition excitation), its response takes the form of a time decay (see Figure 19.7), 
given by 

y(t) = y 0 exp (~£co n t) sin co d t (19.69) 

in which the damped natural frequency is given by 

w d = V 1 “ £ 2( °n (19.70) 



Displacement 




FIGURE 19.7 Impulse response of a simple oscillator. 
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If the response at t = f ; is denoted by y ; , and the response at t = t ,• + 2Trr!u> A is denoted byy i+r , then, 
from Equation 19.69, we have 

= expf — 2 tttV i=l,2,...,n 
T; V w d / 



In particular, suppose that y ; corresponds to a peak point in the time decay function, having magnitude 
Aj, and that y i+r corresponds to the peak point r cycles later in the time history, and its magnitude is 
denoted by A i+r (see Figure 19.7). Even though the above equation holds for any pair of points that are 
r periods apart in the time history, the peak points seem to be the appropriate choice for measurement 
in the present procedure, as these values would be more prominent than any arbitrary points in a 
response -time history. Then, 

^=«p(-{^2 m -),exp[-- /r £_ 2 m ] 

where Equation 19.70 has been used. Then, the logarithmic decrement 8 is given by (per unit cycle) 



8 = 




2 tt£ 

vi - V 



(19.71) 



or the damping ratio may be expressed as 



v/T+ (2 tt/5) 2 



For low damping (typically, £ < 0.1), <w d = oi n and Equation 19.71 become 

= exp(— £2 tt r) 

A i 



(19.72) 



(19.73) 



or 




for £<0.1 



(19.74) 



This is in fact the “per-radian” logarithmic decrement. 

The damping ratio can be estimated from a free-decay record, using Equation 19.74. Specifically, the 
ratio of the extreme amplitudes in prominent r cycles of decay is determined and substituted into 
Equation 19.74 to get the equivalent damping ratio. 

Alternatively, if n cycles of damped oscillation are needed for the amplitude to decay by a factor of two, 
for example, then, from Equation 19.74, we get 

1 , 0.11 

c= ln(2)= for £<0.1 (19.75) 

2t m n 



For slow decays (low damping), we have 



( A t \ ^ 2 (fr - A, +1 ) 
V-Ai+i/ (A ; +A i+1 ) 



Then, from Equation 19.74, we get 

y _ A,- — A i+1 

tt(A; + A i+1 ) 



for 0.1 



(19.76) 



(19.77) 



Any one of Equation 19.72, Equation 19.74, Equation 19.75, and Equation 19.77 could be employed in 
computing f from test data. It should be noted that the results assume single-DoF system behavior. 
For multi-DoF systems, the modal damping ratio for each mode can be determined using this method 
if the initial excitation is such that the decay takes place primarily in one mode of vibration. 



© 2005 by Taylor & Francis Group, LLC 



19-18 



Vibration and Shock Handbook 



In other words, substantial modal separation and the presence of “real” modes (not “complex” modes 
with nonproportional damping) are assumed. 



19.4.2 Step-Response Method 



This is also a time-response method. If a unit-step 
excitation is applied to the single-DoF oscillatory 
system given by Equation 19.30, its time-response 
is given by 



y(t) = 1 



Vi -f 2 



exp(— £&> n t) sin(w d f + <f > ) 



(19.78) 



in which cf> = cos A typical step -response curve 
is shown in Figure 19.8. The time at the first peak 
(peak time), T„, is given by 



7T 77 

P _ Wd Vl - 



(19.79) 




The response at peak time (peak value), M p , is 
given by 

M p = 1 + exp(— £&j n T p ) 
The percentage overshoot, PO, is given by 

PO = (M p - 1) X 100% 



FIGURE 19.8 A typical 
oscillator. 




step -response of a simple 



(19.80) 



(19.81) 



It follows that, if any one parameter of T p , M p or PO is known from a step -response record, the 
corresponding damping ratio, £, can be computed by using the appropriate relationship from the 
following: 




c= 



1 



N 



i 

" ln(PO/100) l 2 

77 



(19.82) 

(19.83) 



(19.84) 



It should be noted that when determining M p the response curve should be normalized to unit steady- 
state value. Furthermore, the results are valid only for single-DoF systems and modal excitations in 
multi-DoF systems. 



19.4.3 Hysteresis Loop Method 

For a damped system, the force versus displacement cycle produces a hysteresis loop. Depending on the 
inertial and elastic characteristics and other conservative loading conditions (e.g., gravity) in the system, 
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the shape of the hysteresis loop will change. But the work done by conservative forces (e.g., inertial, 
elastic, and gravitational) in a complete cycle of motion will be zero. Consequently, the net work done 
will be equal to the energy dissipated due to damping only. Accordingly, the area of the displacement- 
force hysteresis loop will give the damping capacity, A U (see Equation 19.62). The maximum energy in 
the system can also be determined from the displacement -force curve. Then, the loss factor, tj, can be 
computed using Equation 19.64, and the damping ratio from Equation 19.68. This method of damping 
measurement may also be considered basically as a time domain method. 

Note that Equation 19.65 is the work done against (i.e., energy dissipation in) a single loading- 
unloading cycle per unit mass. It should be recalled that 2 £co n = c/m, where c = viscous damping 
constant and m = mass. Accordingly, from Equation 19.65, the energy dissipation per unit mass and per 
hystereris loop is A (7 = t TX^coc/m. Hence, without normalizing with respect to mass, the energy 
dissipation per hysteresis loop of viscous damping is 

A(7 V = 7 TX^wc (19.85) 

Equation 19.85 can be derived by performing the cyclic integration indicated in Equation 19.62 with the 
damping force / d = dc, harmonic motion x = x 0 e ) “ t and the integration interval t = 0 to 2 tt/co. 

Similarly, in view of Equation 19.51, the energy dissipation per hysteresis loop of hysteretic damping is 

A [7h = vXqIi (19.86) 

Now, since the initial maximum energy may be represented by the initial maximum potential energy, we 
have 






= —loci 
2 KX o 



(19.87) 



Note that the stiffness, k, maybe measured as the average slope of the displacement- force hysteresis loop. 
Hence, in view of Equation 19.64, the loss factor for hysteretic damping is given by 




(19.88) 



Then, from Equation 19.68, the equivalent damping ratio for hysteretic damping is 

i = ^ (19.89) 

2k 

Example 19.4 

A damping material was tested by applying a loading cycle of — 900 to 900 N and back to — 900 N to a 
thin bar made of the material and measuring the corresponding deflection. The smoothed load vs. 
deflection curve obtained in this experiment is shown in Figure 19.9. Assuming that the damping is 
predominantly of the hysteretic type, estimate 

1 . The hysteretic damping constant 

2. The equivalent damping ratio 



Solution 

Approximating the top and the bottom segments of the hysteresis loop by triangles, we estimate the area 
of the loop as 

AH h = 2 X X 2.5 X 900 N mm 

Alternatively, we may obtain this result by counting the squares within the hysteresis loop. The deflection 
amplitude is 

Xq = 8.5 mm 
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FIGURE 19.9 An experimental hysteresis loop of a damping material. 
Hence, from Equation 19.86 we have 



1 

2X-X 2.5 X 900 



h = 



TTX8.5 1 



-N/mm = 9.9 N/mm 



The stiffness of the damping element is estimated as the average slope of the hysteresis loop; thus 

k = N/mm = 133.3 N/mm 
4.5 

Hence, from Equation 19.89, the equivalent damping ratio is 

9.9 



( = 



2 X 133.3 



0.04 



19.4.4 Magnification Factor Method 

This is a frequency-response method. Consider a single-DoF oscillatory system with viscous damping. 
The magnitude of its frequency- response function is 

I I W n 

IH(«)I = ^ U9.90) 

[(&)n - CO 2 ) 2 + 4£ 2 W 2 £tr] 

A plot of this expression with respect to o>, the frequency of excitation, is given in Figure 19.10. 
The peak value of magnitude occurs when the denominator of the expression is at its minimum. 
This corresponds to 

-^-[(m 2 - w 2 ) 2 + 4£ 2 w 2 w 2 ] = 0 (19.91) 
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FIGURE 19.10 The magnification factor method of damping measurement applied to a single-DoF system. 



The resulting solution for co is termed the resonant frequency, w r 

"r = V 1 _ 2 £ 2( °n 



(19.92) 



It is noted that co r < co d (see Equation 19.70), but for low damping (£ < 0. 1), the values of co n , co d , and co r 
are nearly equal. The amplification factor, Q, which is the magnitude of the frequency- response function 
at resonant frequency, is obtained by substituting Equation 19.92 in Equation 19.90: 



2£y/l - Z 2 



(19.93) 



For low damping (f < 0.1), we have 




(19.94) 



In fact, Equation 19.94 corresponds to the magnitude of the frequency- response function at co = <w n . 

It follows that, if the magnitude curve of the frequency- response function (or a Bode plot) is available, 
then the system damping ratio, £, can be estimated using Equation 19.94. When using this method, the 
frequency- response curve must be normalized so that its magnitude at zero frequency (termed static 
gain) is unity. 

For a multi-DoF system modal damping values may be estimated from the magnitude of the Bode plot 
of its frequency- response function, provided that the modal frequencies are not too closely spaced and 
the system is lightly damped. Consider the logarithmic (to the base ten) magnitude plot shown in 
Figure 19.11. The magnitude is expressed in decibels (dB), which is calculated by multiplying the 
logio(magnitude) by a factor of 20. At the ith resonant frequency, w ; , the amplification factor, (in dB), 
is obtained by drawing an asymptote to the preceding segment of the curve and measuring the peak value 
from the asymptote. Then, 



Q, = (10) 9 «° 



(19.95) 



© 2005 by Taylor & Francis Group, LLC 



19-22 



Vibration and Shock Handbook 




FIGURE 19.11 



Magnification factor method applied to a multi-DoF system. 



and the modal damping ratio 



C = i = 1,2, ...,» (19.96) 

2Q, 

If the significant resonances are closely spaced, curve-fitting to a suitable function may be necessary in 
order to determine the corresponding modal damping values. The Nyquist plot may also be used in 
computing damping using frequency domain data. 



19.4.5 Bandwidth Method 

The bandwidth method of damping measurement is also based on frequency-response. Consider the 
frequency-response function magnitude given by Equation 19.90 for a single-DoF, oscillatory 
system with viscous damping. The peak magnitude is given by Equation 19.94 for low damping. 
Bandwidth (half-power) is defined as the width of the frequency- response magnitude curve when the 
magnitude is (1/^2) times the peak value. This is denoted by A a> (see Figure 19.12). An expression 



Magnitude 




FIGURE 19.12 Bandwidth method of damping measurement in a single-DoF system. 
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for A a> = co 2 — co 1 is obtained below using Equation 19.90. By definition, co 1 and co 2 are the roots of the 
equation 



[(w 2 - ft) 2 ) 2 + 4£ 2 ft) 2 co 2 j 



V2X2£ 



for co. Equation 19.97 can be expressed in the form 

w 4 - 2(1 - 2 £ 2 )ft> 2 ft) 2 + (1 - 8 f 2 )w 4 = 0 
This is a quadratic equation in co 2 , having roots a>\ and co 2 , which satisfy 

(co — co l )(co — co 2 ) = co — (co 1 + co 2 )co -f- co 1 co 2 = 0 



Consequently, 



ft>T + ft>5 — 2(1 — 2£")ft)~ 



(19.97) 



(19.98) 



(19.99) 



and 



22 /-i o «-2\ 4 

ft)!ft) 2 = (1 - 8f )ftj n 



(19.100) 



It follows that 



(&) 2 — ft ) i ) 2 = ft ) 2 + ft ) 2 — 2 ft )!&) 2 = 2(1 — 2 £ 2 ) ft ) 2 — 2 -^ 1 — 8 f 2 ft ) 2 



For small ^ (in comparison to 1), we have 

Vl - 8£ 2 = 1 - 4f 2 

Hence, 

(ft) 2 - ft)j) 2 = 4^ 2 &) 2 



or, for low damping 



Aw = 2 £« n = 2fft) r (19.101) 

From Equation 19.101 it follows that the damping ratio can be estimated from the bandwidth using the 
relation 



1 A ft) 

2 ft) r 



(19.102) 



For a multi-DoF system with widely spaced resonances, the foregoing method can be extended 
to estimate modal damping. Consider the frequency- response magnitude plot (in dB) shown in 
Figure 19.13. 

Since a factor of yfl corresponds to 3 dB, the bandwidth corresponding to a resonance is given by the 
width of the magnitude plot at 3 dB below that resonant peak. For the ith mode, the damping ratio is 
given by 



1 A ft); 

2 ft); 



(19.103) 



The bandwidth method of damping measurement indicates that the bandwidth at a resonance is a 
measure of the energy dissipation in the system in the neighborhood of that resonance. The simplified 
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FIGURE 19.13 Bandwidth method of damping measurement in a multi-DoF system. 

relationship given by Equation 19.103 is valid for low damping, however, and is based on linear system 
analysis. Several methods of damping measurement are summarized in Box 19.2. 

19.4.6 General Remarks 

There are limitations to the use of damping values that are experimentally determined. For example, 
consider time -response methods for determining the modal damping of a device for higher modes. The 
customary procedure is to first excite the system at the desired resonant frequency, using a harmonic 
exciter, and then to release the excitation mechanism. In the resulting transient vibration, however, there 
invariably will be modal interactions, except in the case of proportional damping. In this type of test, it is 
tacitly assumed that the device can be excited in the particular mode. In essence, proportional damping is 
assumed in modal damping measurements. This introduces a certain amount of error into the measured 
damping values. 

Expressions used in computing damping parameters from test measurements are usually based on 
linear system theory. However, all practical devices exhibit some nonlinear behavior. If the degree of 
nonlinearity is high, the measured damping values will not be representative of the actual behavior 
of the system. Furthermore, testing to determine damping is usually performed at low amplitudes of 
vibration. The corresponding responses could be an order of magnitude lower than, for instance, the 
amplitudes exhibited under extreme operating conditions. Damping in practical devices increases 
with the amplitude of motion, except for relatively low amplitudes (see Figure 19.14 illustrating 
nonlinear behavior). Consequently, the damping values determined from experiments should be 
extrapolated when they are used to study the behavior of the system under various operating 
conditions. Alternatively, damping could be associated with a stress level in the device. Different 
components in a device are subjected to varying levels of stress, however, and it might be difficult to 
obtain a representative stress value for the entire device. One of the methods recommended for 
estimating damping in structures under seismic disturbances, for example, is by analyzing earthquake 
response records for structures that are similar to the one being considered. Some typical damping 
ratios that are applicable under operating basis earthquake (OBE) and safe-shutdown earthquake 
(SSE) conditions for a range of items are given in Table 19.6. 

When damping values are estimated using frequency- response magnitude curves, accuracy becomes 
poor at very low damping ratios (< 1%). The main reason for this is the difficulty in obtaining a 
sufficient number of points in the magnitude curve near a poorly damped resonance when the 
frequency- response function is determined experimentally. As a result, the magnitude curve is poorly 
defined in the neighborhood of a weakly damped resonance. For low damping (< 2%), time-response 
methods are particularly useful. At high damping values, the rate of decay can be so fast that the 
measurements contain large errors. Modal interference in closely spaced modes can also affect measured 
damping results. 
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Box 19.2 






Damping Measurement Methods 


Method 


Measurements 


Formulas 


Logarithmic decrement 
method 


Aj = first significant amplitude; 
Aj +r = amplitude after r cycles 


Logarithmic decrement 
1 A 

8 = — In — — (per cycle) 
r A i+r 

2- “ VW 5 ( P £rradlan) 






or, 

1 

V 1 + (2ir/8) 2 
For low damping 

<r= T 

27 T 

r _ A i~ A+i 
TT<Aj + A j+1 ) 


Step response 
method 


M p = first peak value normalized r.t. 

steady- state value; 

PO = percentage overshoot 
(over steady- state value) 


M p - 1 + e xp[ j-1— \ 
PO-lOOexpf^] 


Hysteresis loop 
method 


A U = area of displacement- force 
hysteresis loop; 

Xq = maximum displacement of the 
hysteresis loop; 
k = average slope of the 
hysteresis loop 


Hysteretic damping constant 
. All 

h = — j 
TTX 2 

Loss factor 

h 

v= k 






Equivalent damping ratio 

<-k 


Magnification factor 
method 


Q = amplification at resonance, 
w.r.t. zero-frequency value 


Q ifVw 5 

For low damping 

1 

2 Q 


Bandwidth method 


A<x> = bandwidth at 1A/2 
of resonant peak 
(i.e., half-power bandwidth); 
co r = resonant frequency 


Aa) 

f _ 2^ 
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FIGURE 19.14 Effect of vibration amplitude on damping in structures. 



TABLE 19.6 Typical Damping Values Suggested by ASME for Seismic Applications 



System 


Damping Ratio (£%) 

OBE 


SSE 


Equipment and large diameter piping systems (> 12 in. diameter) 


2 


3 


Small diameter piping systems (< 12 in. diameter) 


1 


2 


Welded steel structures 


2 


4 


Bolted steel structures 


4 


7 


Prestressed concrete structures 


2 


5 


Reinforced concrete structures 


4 


7 


19.5 Interface Damping 



In many practical applications damping is generated at the interface of two sliding surfaces. This is the 
case, for example, in bearings, gears, screws, and guideways. Even though this type of damping is 
commonly treated under structural damping, due to its significance we will consider it again here in 
more detail, as a category of its own. 

Interface damping was formally considered by DaVinci in the early 1500s and again by Coulomb in the 
1700s. The simplified model used by them is the well-known Coulomb friction model as given by 

/ = /jlR sgn(v) (19.104) 

where 

f — the frictional force that opposes the motion 
R = the normal reaction force between the sliding surfaces 
v = the relative velocity between the sliding surfaces 
/ x = the coefficient of friction 

Note that the signum function “sgn” is used to emphasize that / is in the opposite direction of v. 
This simple model is not expected to provide accurate results in all cases of interface damping. It is 
known that, apart from the loading conditions, interface damping depends on a variety of factors such as 
material properties, surface characteristics, nature of lubrication, geometry of the moving parts, and the 
magnitude of the relative velocity. 
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A somewhat more complete model for interface damping, incorporating the following characteristics, 
is shown in Figure 19.15: 

1. Static and dynamic friction, with stiction and stick-slip behavior. 

2. Conventional Coulomb friction (Region 1). 

3. A drop in dynamic friction, with a negative slope, before increasing again. This is known as the 
“Stribeck effect” (Region 2). 

4. Conventional viscous damping (Region 3). 

These characteristics cover the behavior of interface damping that is commonly observed in practice. 
In particular, suppose that a force is exerted to generate a relative motion between two surfaces. For small 
values of the force, there will not be a relative motion, in view of friction. The minimum force, f, that is 
needed for the motion to start is the static frictional force. The force that is needed to maintain the 
motion will drop instantaneously to/ d , as the motion begins. It is as though initially the two surfaces were 
“stuck” and f is the necessary breakaway force. Flence, this characteristic is known as stiction. The 
minimum force / d that is needed to maintain the relative motion between the two surfaces is called 
dynamic friction. In fact, under dynamic conditions, it is possible for “stick-slip” to occur where 
repeated sticking and breaking away cycles of intermittent motion take place. Clearly, such “chattering” 
motion corresponds to instability (for example, in machine tools). It is an undesirable effect and should 
be avoided. 

After the relative motion begins, conventional Coulomb type damping behavior may dominate for 
small relative velocities, as represented in Region 1. For lubricated surfaces, at low relative velocities, there 
will be some solid-to-solid contact that generates a Coulomb-type damping force. As the relative speed 
increases, the degree of this solid-to-solid contact will decrease and the damping force will drop, as in 
Region 2 of Figure 19.15. This characteristic is known as the Stribeck effect. Since the slope of the friction 
curve is negative in Regions 1 and 2, this corresponds to the unstable region. As the relative velocity is 
further increased, in fully lubricated surfaces, viscous-type damping will dominate, as shown in Region 3 
of Figure 19.15. This is the stable region. It follows that a combined model of interface damping may be 
expressed as 



(fs for v = 0 

(./ S b(i')sgn(v) + bv for v ^ 0 



(19.105) 




FIGURE 19.15 Main characteristics of interface damping. 
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Note that/ s b(v) is a nonlinear function of velocity that will represent both dynamic friction (for v > 0) 
and the Stribeck effect. Models that have been used to represent this effect include the following 

/d 



fsb 



1 + (v/v c ) 2 

fsb =/d e- (v/v ‘ )2 



and 



fsb = ( fd + «lvl 1/2 )sgn(v) 

Note that f A represents dynamic Coulomb friction and v c and a are modal parameters. 



(19.106) 

(19.107) 

(19.108) 



Example 19.5 

An object of mass m rests on a horizontal 
surface and is attached to a spring of stiffness k, 
as shown in Figure 19.16. The mass is pulled so 
that the extension of the spring is x 0 , and is 
moved from rest from that position. Determine 
the subsequent sliding motion of the object. The 
coefficient of friction between the object at the 
horizontal surface is /x. 

Solution 



k 

A A A A A 


-H 




vvvv 

/////////////////// 


U 


u 



mg 



FIGURE 19.16 An object sliding against Coulomb 
friction. 



Note that, when the object moves to the left, the frictional force, gLmg acts to the right, and vice versa. 
Now, consider the first cycle of motion, stating from rest with x = x 0 moving to the left, coming to rest 
with the spring compressed and then moving to the right. 



First Half Cycle (Moving to Left) 

The equation of motion is 

mx = —kx+ fjLmg (i) 



or 




X + <o\x — fig 


(ii) 


where co n = \fkfm is the undamped material frequency. Equation ii has 


a homogeneous solution of 


x h = A 1 sin(w n f) + A 2 cos(w n f) 


(iii) 


and a particular solution of 




_ m 

Xp s 


(iv) 


Hence, the total solution is 




/XP 

x — A, sm(co n t) + A 2 cos(w n f) H j 


(v) 



Using the initial conditions x = x 0 and x = 0 at t = 0, we get A l = 0 and A 2 = x 0 — ( frg/co 2 ) Hence, 
Equation v becomes 

x=(x 0 - ) cos(w n f) + (vi) 

V w- / co - 

At the end of this half cycle we have x = 0 or sin co n t = 0. Hence the corresponding 
time is t = ir/w n . Substituting this in Equation vi, the corresponding position of the object 
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is (note: cos it = — 1) 




(vii) 



Second Half Cycle (Moving to Right) 

The equation of motion is 



mx = 



kx — pong 



(viii) 



or 



x + o? n x = —peg 



(ix) 



The corresponding response is given by 




(x) 



Using the initial conditions x = ~(x 0 — (2 pg/co^)) and x = 0 at t = t r/a> n , we get B l = 0 and B 2 = 
x 0 — (3 peg/co^). Hence, Equation x becomes 



The object will come to rest (x = 0) next at t = 2ir/cu n , hence the position of the object at the end of the 
present half cycle would be 



The response for the next cycle is determined by substituting x l as given by Equation xii with Equation vi 
for the left motion and with Equation xi for the right motion. Then, we can express the general response 
as 



and for the right motion is —A. A typical response curve is sketched in Figure 19.17. 

19.5.1 Friction in Rotational Interfaces 

Friction in gear transmissions, rotary bearings, and other rotary joints has a somewhat similar behavior. 
Of course, the friction characteristics will depend on the nature of the devices and also the loading 
conditions, but, experiments have shown that the frictional behavior of these devices may be 
represented by the interface damping model given here. Typically, experimental results are presented as 




(xi) 




(xii) 



left motion in cycle i: x = [x 0 — (4 i — 3)A] cos co n t + A 
right motion in cycle i : x = [x 0 — (4 i — 1) A] cos a> n t — A 



(xiii) 

(xiv) 



where 




(xv) 



Note that the amplitude of the harmonic part of the response should be positive for that half cycle of 
motion to be possible. Hence, we must have 



x 0 > (4 i — 3)A for left motion in cycle i 
x 0 > (4 i — 1)A for right motion in cycle i 



Also note from Equation xiii and Equation xiv that the equilibrium position for the left motion is +A 
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Position 




FIGURE 19.17 A typical cyclic response under Coulomb friction. 




Pitch Line Velocity (m/s) 

FIGURE 19.18 Frictional characteristics of a pair of spur gears. 



curves of coefficient of friction (frictional for- 
ce/normal force) vs. relative velocity of the two 
sliding surfaces. In the case of rotary bearings, the 
rotational speed of the shaft is used as the relative 
velocity, while for gears; the pitch line velocity is 
used. Experimental results for a pair of spur gears 
are shown in Figure 19.18. 

What is interesting to notice from the result is 
the fact that, for this type of rotational device, the 
damping behavior may be approximated by two 
straight line segments in the velocity- friction 
plane; the first segment having a sharp negative 
slope and the second segment having a 

moderate positive slope that represents the equivalent viscous damping constant, 
Figure 19.19. 




FIGURE 19.19 A friction model for rotatory devices. 



as shown in 



19.5.2 Instability 

Unstable behavior or self-excited vibrations, such as stick- slip and chatter, that are exhibited by 
interacting devices such as metal removing tools (e.g., lathes, drills, and milling machines) may be easily 
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explained using the interface damping model. In particular, it is noted that the model has a region 
of negative slope (or negative damping constant), which corresponds to low relative velocities, and a 
region of positive slope, which corresponds to high relative velocities. Consider the single-DoF model: 

mx+bx + kx = 0 (19.109) 

without an external excitation force. Initially the velocity is x = 0. But, in this region, the damping 
constant, b, will be negative and hence the system will be unstable. Hence, a slight disturbance will result 
in a steadily increasing response. Subsequently, x will increase above the critical velocity where b will be 
positive and the system will be stable. As a result, the response will steadily decrease. This growing and 
decaying cycle will be repeated at a frequency that primarily depends on the inertia and stiffness 
parameters ( m and k ) of the system. Chatter is caused in this manner in interfaced devices. 
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Summary 

This introductory chapter synthesizes the many, though largely disjointed attributes of friction as they relate to 
damping. Among other means, events selected from the history of physics are used to show that damping models 
have suffered from the inability of physicists to describe friction from first principles. To support fundamental 
arguments on which the chapter is based, evidence is provided for a claim that important nonlinear properties have 
been mostly missing from classical damping models. The chapter illustrates how the mechanisms of internal friction 
responsible for hysteretic damping in solids can lead to serious errors of interpretation. Such is the case even though 
hysteretic damping often masquerades as a linear phenomenon. One attempt to correct common model deficiencies 
is the author’s work toward a “universal damping model,” that is described in Section 20.17. Section 20.17 is 
developed in a “canonical” damping form. It shows the value of a direct, as opposed to an indirect, involvement of 
energy in model development. To keep a better perspective on how the treatment of damping is likely to evolve in the 
future, the last section of the chapter addresses some of the remarkable complexities of damping that are only 
beginning to be discovered. The manner in which technology has played a role in some of these discoveries is 
addressed in Chapter 21. 



20.1 Preface 



The sheer volume of published material on the subject is a testament to the difficulty of selecting topics 
for inclusion in a chapter on damping. Viscoelasticity alone is the basis for several voluminous 
engineering handbooks. The present chapter is purposely different from similarly titled chapters of other 
reference books. There is little repetition of well-known and proven classical methods, for which the 
reader is referred to excellent other sources, such as de Silva (2000) and Chapter 19 of the present 
handbook. They provide solution techniques for many of the routine problems of engineering. The goal 
of the present chapter is to provide assistance with problems that are not routine, problems that are being 
encountered more frequently as technology advances. It is thought that this goal is best served by 
revisiting fundamental issues of the physics responsible for damping. 

Once a multibody system has come to steady state, its damping treatment can be far less formidable 
than its description during approach to steady state. When dealing with limit cycles involving 
aeroelasticity and joints in helicopters, nonlinearity has a profound influence on the transient behavior. 
Attempts to model it have been largely unsuccessful, forcing the empirical selection of elastomers to 
reduce the vibration. (In the old days hydraulic dampers were used; Hodges 2003). At a much lower level 
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of sophistication, our understanding is quite limited on some common phenomena, such as the negative 
damping character of sound generated by a violin or a clarinet. Historically, when technology “hit the 
wall” because of too much theoretical handwaving, it became apparent that fundamental assumptions 
needed to be examined. In physics, a complete alteration of conventional wisdom was sometimes 
necessary, one of the best examples being the events that gave birth to quantum mechanics. Hopefully, 
from the multitude of seemingly disparate (but assumed by the author to be connected) observations 
which follow, the purpose for the architecture of this chapter can be partially realized. The enormous 
complexity of damping in general makes it unrealistic to hope for complete success. 

Physics played a prominent role in developing the classical foundations of damping, starting in the 
19th century. Subsequently, engineers uncovered many features of the subject that physicists never even 
thought about. In recent years, however, physics has been circumstantially forced to reconsider damping 
fundamentals. With the advent of personal computing, and an increased awareness of the importance of 
nonlinearity, new discoveries point to serious limitations of the classical foundation. The field of 
mechanics was severely limited until it began tackling problems of nonlinearity (not of damping type), 
and became concerned with previously ignored features giving unique system properties. Just as these 
unique properties could only be solved by techniques more sophisticated than the equations of linear 
type, there is mounting evidence that nonlinear damping may be the key to understanding some 
bewildering engineering cases. 

It is important to try to identify the major mechanisms responsible for energy dissipation. This is 
easier said than done, since a host of different friction processes are usually at work. Moreover, the 
description of friction from first principles remains a daunting task. Thus we are forced to work with 
phenomenological models. There are also conflicts of nomenclature, with a given word meaning two 
different things from one profession to another. Thus, much of this chapter will attempt to define 
carefully terms while focusing on the physics, the treatment of which follows naturally along the lines of 
historical developments. 

Engineers tend to be interested in higher frequencies and higher amplitudes of vibration than are 
scientists. A perfect damping model would be unconcerned with such differences of application; however, 
such a model is far from being realized. Because small-amplitude, long-period (low and slow) oscillations 
provide a valuable means for studying many processes of damping in general, much of this chapter 
focuses in that direction. 

From the multitude of choices available to writers on the subject of damping, this author has selected a 
single (hopefully) unifying theme — nonlinear damping, especially as found in low and slow oscillations. 
Because it is a field still in its infancy, many of the ideas that follow are more speculative than one would 
prefer; however, they deserve discussion because of their perceived importance. To this author’s 
knowledge, damping has not been previously treated in the manner of this chapter. Concerning the 
earliest relevant paper (Peters, 2001a, 2001b), the following was indicated by oft-cited Prof. A.V. Granato: 
“1 don’t know of anyone thinking about internal friction along the lines you have mentioned.” 

There are two important elements to the unifying theme of nonlinear dissipation: (i) the influence of 
nonlinear damping on multibody systems in their approach to steady state, and (ii) the close connection 
between damping and mechanical noise. When vibration decay is not exponential because of 
nonlinearity, there are significant ramifications and they are only beginning to be appreciated. 

The novel features of this chapter are possible because of dramatic improvements in both 
sensing and data collection/analysis in the last decade. Demonstrating that a decay is not purely 
exponential requires both (i) a good linear sensor and (ii) the means to study readily long-time 
records when the damping is small (high Q). The first prerequisite has been met through the use of 
this author’s patented fully differential capacitive sensor. The second has been realized with the 
availability of good, inexpensive analog-to-digital (A/D) converters having user-friendly, yet powerful 
Windows-based software. In addition to the “preview” software that comes with Dataq’s A/D 
converter, a proven means for identifying nonexponential decay has been the analysis of records 
imported to Microsoft Excel. Details of these novel methods will be provided in the various sections 
that follow. 
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There are many examples in the engineering literature of nonlinear damping; even Coulomb damping 
is nonlinear because the friction force involves the algebraic sign of the velocity rather than the velocity 
itself, as in linear viscous damping. What has been realized for the first time in the course of writing this 
chapter is the following. As will be shown in the subsequent material, a decay process is not usually a pure 
exponential. Whatever the reason for a pure exponential, whether fundamentally linear (viscous) or 
nonlinear (hysteretic present model), the quality factor Q for such a pure exponential decay is constant. 
When there is a second mechanism, such as amplitude-dependent damping (even if it is the only 
mechanism), the Q now becomes time dependent. This is significant to mode coupling for the following 
reason. When a pair of modes couple because of elastic nonlinearity (a process that is impossible 
assuming linear dynamics), the strength of the coupling is proportional to the product of the individual 
amplitudes of the pair. 

Consequently, variability in Q can influence the evolution to steady state. It is a factor in determining 
which modes ultimately survive and/or dominate. Moreover, the distribution of the modes which remain 
depends on initial conditions, including the intensity of excitation. 

Long ago, musicians learned to deal with nonlinearity, due in part to properties of the ear that are 
responsible for aural harmonics. A pair of purely harmonic signals can beat in the ear to produce a 
“sound” that does not exist when sensed with a linear detector. For example, consider a strong and 
undistorted 500 Hz signal sounded simultaneously with a pure 1003-Hz sound. The ear will hear a 3-Hz 
beat due to the superposition of the ear’s aural second harmonic of the first with the fundamental of the 
second. However, there’s more to this story. Conductors call for fortissimo and pianissimo sounds, not 
only because of the ear’s nonlinearity, but also because of nonlinearities inherent to musical instruments. 
For example, it is easy with a good microphone and LabView (see Appendix 15A) to demonstrate that the 
timbre of stringed instruments is intensity dependent. Not only is the mix of harmonics, as displayed in a 
fast Fourier transform (FFT) power spectrum, different according to volume, but their distribution also 
changes with time. 

Noise is not typically treated in an engineering discussion of damping; however, mechanical noise is an 
important part of the technical material included in this chapter. Believing that there is a great deal of 
connectivity among vibration, damping, and noise, evidence will be provided in support of a premise — 
that the most important and least understood form of internal mechanical damping (material = 
hysteretic = “universal”) is closely allied with the most important and least understood form of noise 
(1// = flicker = pink). If this premise is true, then the foundations of damping physics need 
reconstruction on several counts. Evidence in support of the premise will be provided through tidbits 
of experimental discoveries from a host of independent investigations. It is hoped that the unusual and 
lengthy introduction that follows will be beneficial in this regard. Historical elements serve to synthesize 
the many parts and are offered without apology. Following the introduction, some practical and novel 
equations of damping will eventually be provided. Even if readers find little identification with the 
philosophies that birthed them, it is hoped they will at least carefully examine the equations that are 
presented here in Section 20.17 for the first time. 



20.2 Introduction 



20.2.1 General Considerations of Damping 

The etymology of the word “damping” is difficult to determine. It is obviously allied with the word 
damper, commonly defined as a “device that decreases the amplitude of electronic, mechanical, 
aerodynamic or acoustical oscillations,” used for centuries, for example, to describe the sound attenuator 
pedal on the piano. Perhaps the German word dampfen (to choke) has had an influence in the evolution 
of the word. One can only wonder if water, as a moistening agent, played any role. Certainly, liquid water 
is important to some cases of energy dissipation in oscillators. Moreover, friction determined by the 
viscosity of a fluid (gas or liquid) is an important type of damping. A curious piece of history, in the 
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celebrated work of Stokes, is why his expression “index of friction” did not take precedence over our 
modern word, viscosity. Peculiar terminology is also encountered to describe damping, such as the 
engineering device known as a dashpot, which is a mechanical damper. The vibrating part is attached to 
a piston that moves in a liquid-filled chamber. 

We will see that the number of adjectives used to describe various types of damping is extensive. This 
multiplicity of terms to describe the loss of oscillatory energy to heat is no doubt an indicator of the 
complexity of damping phenomena in general. We will attempt (i) to identify similarities and differences 
among various types of damping, while (ii) explaining some of the physics responsible for the 
characteristics observed. Conceptual ideas and techniques of both theory and experiment will be 
provided, targeting the lowest level of sophistication for which semimeaningful results can be obtained. 
The reader should be aware that a “grand-unified” theory of damping does not exist, nor is it likely that 
one will ever be created. 

Damping causes a portion of the energy of an oscillator, otherwise periodically exchanged between 
potential and kinetic forms, to be irreversibly converted to heat, sometimes by way of acoustical noise. 
Whether by suitable choice of materials during design of passive equipment, or by using feedback in active 
control of a sophisticated system, control of damping is important since mechanical vibrations can be 
detrimental or even catastrophic. An oft-quoted example of catastrophe is the Tacoma Narrows bridge, 
which collapsed in high winds on November 7, 1940. Like the vibration of a clarinet reed, this disaster is 
probably best described by the term negative damping, which can drive parametric oscillations. 

The optimal amount of damping for a given system might fall anywhere in a wide range from great to 
extremely small, depending on system needs. The engineering world frequently wants oscillations to be as 
close to critically damped as possible. Physics experiments, such as those searching for the elusive 
gravitational wave (centered at the Laser Interferometer Gravitational Observatories, or Laser 
Interferometer Gravitational Wave Observatories [LIGO], in the United States; GEO600 in Germany 
[involving the British]; VIRGO in Italy [with the French], and TAMA in Japan), want damping in some 
of their components to be as small as possible. Frequency standards the world over require very small 
damping to insure high precision for timekeeping. 

For the specific components of a system, a successful design frequently requires identification of the 
specific mechanisms primarily responsible for the dissipation of energy. Even after identifying the 
dominant sources, the theoretical difficulty of their treatment can also range from great to small, 
depending on the type of damping. For dashpot fluid damping, adequate models have existed for 
decades. For material damping, on the other hand, theories of internal friction are numerous and largely 
lacking in self-consistency. 

The fundamental mechanisms responsible for damping are in most cases nonlinear; however, the 
oscillator’s motion can itself be approximated in many cases by a linear second-order differential equation. 
If the potential energy is quadratic in the displacement, then the undamped linear equation of motion is 
that of the simple harmonic oscillator, because its solution is a combination of the sine and cosine 
(harmonic) functions. This undamped equation comprises the sum of two terms, one being a displacement 
and the other term an acceleration. The constant parameter multiplying each term of the pair depends on 
the nature of the system. For example, in the case of a mass -spring oscillator, the acceleration is multiplied 
by the mass, and the displacement by the spring constant. Thus, the equation corresponds to Newton’s 
Second Law applied to a Hooke’s Law (idealized) spring. In an electronic L-C oscillator, the 
“displacement” corresponds to the charge on the capacitor (divided by C) and the “acceleration” 
corresponds to the second time derivative of the capacitor’s charge (multiplied by inductance L). 

The usual means to describe damping, which is always present with oscillation, is to add a velocity 
term to the aforementioned displacement and acceleration. Although the damping could derive from 
several causes, there is usually a single dominant process. For example, the damping of current in a series- 
connected resistor, inductor, capacitor (RLC) circuit may depend mostly on Joule heating in the resistor 
R, in spite of the fact that there must also be energy loss in the form of radiation. Thus, the equation of 
motion includes a first-time derivative of the capacitor’s charge (current) multiplied by R, in accord 
with Ohm’s law. 
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Whether radiation is important for damping of the RLC circuit depends on the amount of coupling to 
the environment. If the circuit communicates with a final amplifier connected to an antenna, then 
radiation may become more important than Joule losses. The frequency of oscillation is a key parameter 
in this case, and also for damping problems in general. Unfortunately for some common systems, 
theoretical efforts to account properly for the effects of frequency have proven largely unsuccessful — 
except for models of phenomenological type developed by empiricism. 



20.2.2 Specific Considerations 

The mass -spring oscillator is the textbook example of harmonic motion, for which one of the most 
sophisticated mechanical oscillators ever built is the LaCoste version of vertical seismometer. Significant 
portions of the experimental data presented in this chapter were generated with an instrument designed 
around the LaCoste zero-length spring (LaCoste, 1934). The instrument used for this data collection was 
part of the World Wide Standardized Seismograph Network (WWSSN) during the 1960s. The spring of 
this seismometer is responsible for hysteretic damping of the instrument, rather than viscous damping as 
commonly assumed. Contrary to popular belief, air damping is not important for this seismograph at its 
nominal operating period, which is typically greater than 15 sec. Since every long-period pendulum 
apparently exhibits similar behavior, we thus find strong synergetic evidence in support of an old (mostly 
unheeded) claim that hysteretic damping (friction force independent of frequency) is universal (Kimball 
and Lovell, 1927). Their claim in 1927 to have discovered a universal form of internal friction (damping) 
is strengthened since the same behavior is seen in three distinctly different systems: (i) a mass-spring 
oscillator (as demonstrated by Gunar Streckeisen, details given later); (ii) a pendulum whose restoration 
depends on the Earth’s gravitational field (demonstrated by several independent groups); and (iii) a 
rotating rod strained by a transverse deflection (1927 experiments of Kimball and Lovell). 

The assumption of universality for hysteretic damping is a key point of this chapter. It will be shown 
that the damping of even a vibrating gas column (Ruchhardt’s experiment to measure the ratio of heat 
capacities) is likely also hysteretic. The models that are described represent a departure from common 
theories of damping. Interestingly, the author’s model has similarities to ordinary sliding friction, as 
given to us by Charles Augustin Coulomb. It effectively modifies the Coulomb coefficient of kinetic 
friction to yield an effective energy-dependent internal friction coefficient. The energy dependence is 
necessary to obtain exponential decay, as opposed to the linear decay of Coulomb damping. Just as with 
conventional Coulomb damping, its form is nonlinear, involving the algebraic sign of the velocity. We 
will see that the damping capacity predicted by the model permits an equivalent viscous form. Yet the 
underlying physics is related to creep of secondary type as opposed to the primary creep of viscoelasticity. 

It is this author’s opinion that much of the existing theory of damping is not the best means for 
modeling dissipation. The difficulties arise from approximating oscillator decay with linear mathematics. 
Although most individuals recognize the oft-stated caveat that viscous damping is an approximation to 
the actual physics of dissipation, they do not recognize some of the many serious limitations of the 
approximation. The situation is similar to the place in which we found ourselves at the beginning of the 
era labeled “deterministic chaos.” The “butterfly effect” (Lorenz, 1972) has radically altered the thinking 
of many, but only in relationship to large-amplitude motions of a pendulum, where the instrument is no 
longer iscochronous because of nonlinearity. As an archetype of chaos, the pendulum must be rigid and 
capable of “winding” (displacement greater than t r) before chaos is possible. Nonlinearity is a 
prerequisite for the chaos, but it is not sufficient, since there are many examples of highly nonlinear but 
nonchaotic motions. For example, amplitude jumps of nonlinear oscillators, during a frequency sweep of 
an external drive, have been known for many years. They were observed before chaos was recognized, in 
systems like the Duffing and Van der Pol oscillators. Yet chaos, with its sensitive dependence on initial 
conditions (responsible for the butterfly effect), was not contemplated at the time. As with most 
significant advances, Lorenz’s discovery was by accident, as he modeled convection in the atmosphere. 
The author’s confrontation with complexity that derives from mesoscale structures in metals was likewise 
unexpected. “Strange phenomena” (as Richard Feynman would probably have labeled them) 
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were encountered while using his patented fully differential capacitive sensor to study various mechanical 
systems, mainly oscillators. 

As with chaos, the pendulum may ultimately serve as an archetype of complexity. When operated at 
low energy, especially through a combination of long period and small amplitude, the free decay of the 
physical pendulum departs radically from the predictions based on linear equations of motion. Such 
complexity can be easily demonstrated when the pendulum is fabricated from soft alloy metals. For 
example, Figure 20.1 illustrates the decay of a rod pendulum constructed with ordinary (heavy-gauge 
lead-tin) solder of the type used for joining electrical conductors (Peters, 2002a, 2002b, 2002c). 

The “jerkiness” (discontinuities) in the record of Figure 20.1 is in no way related to amplitude jumps of 
the type previously mentioned; rather, these are jumps of the Portevin-Le Chatelier (PLC) type 
(Portevin and Le Chatelier, 1923). They are a fundamental, yet “dirty” phenomenon that physics has 
chosen for decades to try and ignore (even though materials science and engineering took early note of 
the PLC effect). The most obvious and profound thing that can be said about Figure 20.1 is the following: 
the presence of PLC jerkiness means that the concept of a potential energy function is not really valid, 
since the requirement for its definition is that a closed integral of the force with respect to displacement 
must vanish. 

No matter the form of hysteresis, which is the cause for damping, it disallows the curl of the force to be 
zero, so that potential energy is never formally meaningful for a macroscopic oscillator (since there is 
always damping). In those cases where the damping is essentially continuous (not true for the example of 
Figure 20.1), the assumption of a potential energy function retains some computational meaning. For 
oscillators influenced by the PLC effect, this is no longer true. The resulting properties are important to a 
variety of technology issues, such as sensor performance, since noise is no longer the simple thermal form 
predicted by the fluctuation -dissipation theorem (used to characterize white, i.e., Johnson, noise). 




FIGURE 20.1 Free-decay of a rod pendulum fabricated from solder. 
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Practical means for dealing with systems influenced by “stiction” have been known by engineers for 
decades. Because of metastabilities in the assumed potential function, the system is prone to latching 
(stuck in a localized potential well). One means for mastering the metastabilities (unstick the part 
designed to move) is to “dither” the system. The process has become more sophisticated in the last 
decade, which saw a major growth of interest in stochastic resonance. In the definition by Bulsara and 
Gammaitoni (1996): 

A stochastic resonance is a phenomenon in which a nonlinear system is subjected to a periodic 

modulated signal so weak as to be normally undetectable, but it becomes detectable due to 

resonance between the weak deterministic signal and stochastic noise. 

The phenomenon is related to dithering (Gammaitoni, 1995). It is a case where the signal-to-noise 
ratio (SNR) can be increased by the counterintuitive act of raising the level of noise. Such a gain in SNR is 
not possible with a harmonic potential. 

In recent studies of granular materials, “tapping” has become a popular means to study behavior 
that violates the fundamental theorem of calculus. Years ago, this author used tapping as a means to 
accelerate creep in wires under tension. Evidently, hammering the table on which the extensometer 
rested caused vibrational excitations of the wire that stimulated length changes of discontinuous PLC 
type. Because of the broad spectral character of an impulse, various eigenmodes of the wire (see 
Chapter 4) could be thus readily excited. After “hammering-down” under load, a silver wire could by 
this same means be stimulated, after partial load removal, to exhibit length contractions. Since the 
total number of atoms is fixed, the process must involve exchange of atoms between the surface of the 
sample and its volume. 

Extensometer studies of wires at elevated temperature have also displayed strange behavior. 
A polycrystalline silver wire of diameter 0.1mm and approximate length 30 cm was found to 
exhibit large fluctuations when heated in air to within 100 K of its melting point, using a vertical 
furnace (Peters, 1993a, 1993b). The large fluctuation in length at these temperatures (reminiscent 
of critical phenomena and visible to the naked eye) may be associated with oxide states of the 
metal, since the experiments were not performed in vacuum. When cycled in temperature, 
fluctuations in the length of a gold wire were found to exhibit dramatic hysteresis. With influence 
from Prof. Tom Erber of Illinois Tech University, it was postulated in (Peters, 1993a) that there 
may be some mesoscale quantization of fundamental type responsible for the thermal hysteresis 
(hysteron). 

Mechanical hysteresis resulting from mesoanelastic defect structures is evidently ubiquitous. 
Piezotranslators, which are used as actuators in atomic force microscopes and other nanotechnology 
applications, are afflicted with high levels of hysteresis when operating open loop. This behavior is 
consistent with the anomalously large damping that was observed with a pendulum (reported elsewhere 
in this document) in which there was a steel/PZT interface for the knife-edge. 

Even the common strain gauge exhibits complex hysteresis behavior. The normally large hysteresis 
that is observed in preliminary cycling of a gauge is typically reduced by significant amounts after 
repeated cycling, a type of work hardening (if strained well below failure limits). It should be noted 
that the hysteresis of all the discussions in this chapter is not to be confused with backlash (as in a 
gear train). 

All of these experiments are in keeping with the premise that mesoanelastic complexity determines the 
nature of hysteretic damping. It is seen that there are a plethora of examples where strain (and thus 
damping) of a sample is not simple, is not smooth, but more like the complex behavior of granular 
materials. In the case of polycrystalline metals, the same grains that are made visible by methods of acid 
etching decoration are evidently responsible for mesoscale (nonsmooth) internal friction damping. To 
assume that damping is quantal at the atomic scale, rather than the mesoscale, is without experimental 
justification. Nevertheless, this is a popular assumption with which estimates of the noise floor of an 
instrument such as a seismometer is estimated, to calculate SNR. 
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20.2.3 The Pendulum as an Instrument for the Study of Material Damping 

Because of its early contributions to physics, which in those days was called natural philosophy, one 
might be tempted to believe that the pendulum is only important to (i) the history of science or 
(ii) teaching of fundamental principles. A single observation should be sufficient to resist this 
temptation — (as already noted) the pendulum has in the last 30 years become the primary archetype 
for the new science of chaos. Additionally, many of the data sets of this document, which show significant 
and previously unpublished results, were generated with a pendulum. 

To a student of elementary physics, the choice of a pendulum may seem unsophisticated. Yet, to the 
author, who has spent 15 intense years trying to understand harmonic oscillators, the pendulum is the 
most versatile instrument with which to understand damping. It has been central to the development of 
science in general. It was studied by Galileo, Huygens, Newton, Hooke, and all the best-known scientists 
of the Renaissance period. It served to establish collision laws, conservation laws, the nature of Earth’s 
gravitational field and, most of all, it was the basis for Newton’s two-body central force theory. This 
theory was foundational to the development of classical mechanics, which is central to all of physics and 
engineering. Historian Richard Westfall has remarked: “Without the pendulum, there would be no 
Principia” (Westfall, 1990). 

In 1850, Sir George Gabriel Stokes published a foundational paper (Stokes, 1850). His treatment of 
pendulum damping permitted the understanding, decades later, of a number of important phenomena 
in physics and engineering. For example, his studies were foundational to the Navier-Stokes equations of 
fluid mechanics. Moreover, viscous flow known as Stokes’ Law was the basis for Millikan’s famous oil 
drop experiment that determined the charge of the electron. 

Stokes noted in his paper that, “... pendulum observations may justly be ranked among those most 
distinguished by modern exactness.” He also noted 

The present paper contains one or two applications of the theory of internal friction to 
problems which are of some interest, but which do not relate to pendulums. . . . the resistance 
thus determined proves to be proportional, for a given fluid and a given velocity, not to the 
surface, but to the radius of the sphere. ... Since the index of friction of air is known from 
pendulum experiments, we may easily calculate the terminal velocity of a globule [water] of 
given size. ... The pendulum thus, in addition to its other uses, affords us some interesting 
information relating to the department of meteorology. 

The last statement of this quotation speaks to some of the errors in the “common theory” of his 
day. In similar manner, some of the common-to-physics damping models of today are erroneously 
applied. Those who hold the viscous damping linear model in unwarranted regard, fail to 
recognize the limitations under which it is valid. There are frequent misapplications for reason of 
experimental deficiencies. We can all profit by taking seriously the following well-known words of 
Kelvin: 

When you can measure what you are speaking about, and express it in numbers, you know 
something about it. But when you cannot measure it, when you cannot express it in numbers, your 
knowledge is of a meager and unsatisfactory kind. It may be the beginning of knowledge but you 
have scarcely in your thoughts advanced to the state of science. William Thomson, Lord Kelvin 
(1824 to 1907) 

Simple (viscous) flow of the Stokes’ Law type is possible only according to the restrictive conditions 
that Stokes spelled out in his paper. We now specify those conditions for viscous flow according to the 
nondimensional parameter given us late in the 19th century by Osborne Reynolds. Specifically, Stokes’ 
Law is valid only for Re = pvL/r] < 60 (approximately, for spheres); where p is the density of the 
retarding fluid, v is the speed of the object relative to the fluid, L is a characteristic dimension of the 
object, and 77 is the viscosity of the fluid. The requirement is not generally met for oscillators, and recent 
experiments have shown that contributions to the damping from air drag proportional to the square of 
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the velocity cannot generally be ignored (Nelson and Olssen, 1986). This is just one example of how two 
or more damping types must sometimes be folded into an adequate model of dissipation. A novel 
method for combining all the common forms of damping in one mathematical expression is provided in 
this document. Additionally, it is shown how to calculate analytically the history of the amplitude of 
free-decay for such cases. 

Considering the importance of Stokes’ work, it is surprising that some of his requests for further 
experiments were apparently never seriously considered. On page 75 of his paper, one reads the 
following: “Moreover, experiments on the decrement of the arc of vibration are almost wholly wanting.” 
Having noted this, Stokes appealed to experimentalists to generate such data. In the 19th century, 
collecting the data he requested would have been labor-intensive and therefore the experiments were 
probably never attempted. Sensors and data processing of the modern age now make them 
straightforward, but the pendulum has by now been viewed by too many as a relic rather than the 
important instrument described by Stokes. Much of the author’s efforts have been directed at showing 
that the pendulum is still an important research instrument. For example, one physical pendulum of 
simple design was the basis for the generalized model of damping (modified Coulomb) that is here 
presented. Another has been used to illustrate surprisingly rich complexities of the motion that results 
from the ubiquitous defects of its structure (Peters 2002a, 2002b, 2002c). Thus studying the complex 
motions of “low and slow” physical pendula could yield significant new insight into the defect properties 
of materials — a field where relatively little first-principles progress has been made. 

20.2.4 "Plenty of Room at the Bottom" 

Richard Feynman gave a now-famous talk in 1959 titled, “There’s plenty of room at the bottom” 
(presented at the American Physical Society’s annual meeting at CalTech). Drawing on observations from 
biology, he spoke of a solid-state physics world involving “... strange phenomena that occur in complex 
situations.” In the 44 years since Feynman’s prophetic comments, there have been spectacular 
achievements in very large-scale integrated (VLSI) electronics, microelectromechanical systems (MEMS), 
and even nanotechnology. Progress in the mechanical (including sensor) realm has been much slower 
than in electronics; consequently, our present processing power far exceeds our acquisition (and 
actuator) capabilities. 

One of the major obstacles to miniaturization involves dramatic change to physical properties that can 
occur as the size of a system shrinks below the mesoscale toward the atomic. For example, VLSI 
electronics is already beginning to be impacted by quantum properties of the atom, as component size 
continues to decrease in accord with Moore’s law (Moore, 1965). Among other things, Feynman 
predicted that lubrication would no longer be “classical” at such a scale. On a related note, a paper by 
Nobel Laureate Edward M. Purcell (Purcell, 1977) draws a striking contrast between our macroscopic 
world and that of micro-organisms. At low Reynolds number, inertia becomes unimportant, and 
mechanics is dominated by viscous effects. The adoption of a new paradigm will be necessary for 
engineers to deal with these differences. 

In the article “Plenty of room indeed” (Roukes, 2001), it is noted that there is an anticipated “dark 
side” of efforts to build truly useful micro- and nano-sized devices. Gaseous atoms and molecules 
constantly adsorb and desorb from device surfaces. This process is known to exchange momentum with 
the surface, even permitting scientific study of the gas-solid interface (Peters, 1990). The smaller the 
device, the less stable it will be because of adsorption/desorption. As Roukes has noted, this instability 
may pose a real disadvantage in various futuristic electromechanical signal-processing applications 
(Cleland and Roukes, 2002). 

There is direct evidence, provided in the present chapter, that we need to be more concerned with 
noise: (i) the evacuated pendulum where it is speculated that outgassing influenced its free-decay, and 
(ii) the seismometer free-decay that showed both amplitude and phase noise and evidence for nonlinear 
damping. Concerning (i), when the vacuum chamber pressure is reduced, the preexisting steady state 
(normal rate balance between adsorption and desorption) becomes disturbed, so that there is a complex 



© 2005 by Taylor & Francis Group, LLC 




Damping Theory 



20-11 



emission of gases from the surface of the pendulum. The emission is not likely to be spatially uniform, 
but more like the jets seen on Halley’s comet when photographed by the Giotto spacecraft in 1986. In case 
(ii), the noise is seen to derive from mesoanelastic complexity of the structure of the pendulum itself 
rather than involving gases. 

Miniaturized devices have the potential to serve as on-chip clocks, and the importance of phase noise 
to clocks is well documented. There is another, more subtle issue that points out the importance of phase 
noise. One of the best means for improving SNR is the technique of phase-sensitive detection, first 
employed by Robert Dicke at Princeton to improve solar experiments. The performance of miniaturized 
electromechanical sensors using “lock-in” amplifier methods may be influenced significantly by 
mechanical phase noise. 

Phase noise of miniaturized devices is still mostly speculative. In addition to the mechanism just 
mentioned (adsorption/desorption), there is the matter that constitutes the theme of this chapter, defect 
organization. It is not possible to grow materials without dislocations and/or other disturbances to 
crystalline order, such as vacancies, interstitials, or substitutional impurities. Thus, “when mother nature 
fills the vacuum she abhors, she rarely does so with perfection.” 

Long before defects organize to the point of incipient failure (at much larger strains), they still 
influence vibration. They may even be a primary source of 1 If noise. Electronic noise of 1 If type is known 
to involve defects by means of trapping states, and these states derive from crystalline defects sometimes 
involving the surface. The interaction of the surface and the volume of a solid are important. For 
example, consider pure copper single crystals of the type used by the author in his doctoral work. 
A practical joke suggested by Vic Pare (that we never conducted because of the cost of these samples) 
would be to have a 98-lb weakling bend one by hand, then ask an NFL linebacker to straighten it back 
out! The striking irreversibility is the result of work hardening as dislocations develop at the surface and 
propagate into the bulk where they entangle. 

In the case of polycrystalline materials, the memory features of hysteresis may be important according 
to the method of their fabrication. Wires are typically produced by pulling through successively smaller 
dies. This “swaging” may be conducive to the exchange of monolayer groups of atoms between the 
volume and the surface during fluctuation length changes. The fluctuation-dissipation theorem does 
not hold or, if it does, only in terms of larger entities than the atom. Thus, there are many yet-to-be- 
quantified elements of noise in the vibration of miniaturized devices. Feynman was right when he spoke 
of strange phenomena of the solid state. 

Technology of the future is expected to be confronted increasingly with damping problems that 
must address issues of scaling — to deal with some factors discussed in this chapter, which, to the 
author’s knowledge, have not been previously published. Until small (MEMS) oscillators become 
more common to the engineering world, we must study the mechanisms responsible for their 
damping by other than traditional means. One approach is similar to experimental techniques for the 
verification of the kinetic theory of gases. As noted by Present in his textbook (Present, 1958), there 
are two ways that Brownian motion can be studied: either (i) with small objects and an 
unsophisticated detector, or (ii) with larger objects and a very sensitive detector. It is the latter that 
provided some of our present knowledge of damping at the mesoscale. The fully differential capacitive 
transducer, whose patent label is “symmetric differential capacitive” (SDC), is a robust new 
technology that is sensitive, linear, and user-friendly (Peters, 1993a, 1993b). As with other sensitive 
detectors that have been used to predict the properties of small objects by studying larger ones, small- 
energy studies of various macroscopic pendula are demonstrating some of the “strange phenomena” 
of complex type predicted by Feynman. 

From the author’s perspective, we of the physics community have been guilty of two significant errors: 
(i) oversimplification of many problems by assuming a linear equation of motion based on viscous 
damping, and (ii) losing sight of fundamental issues by working with inappropriate, overly complicated 
damping models. The goal of this chapter is to assist progress toward a healthier balance between these 
extremes. It is hoped that readers will be thus better equipped to identify, and then dismantle, some of the 
impediments to the development of future technologies. 
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20.3 Background 

20.3.1 Terminology 

The large number of mechanisms capable of energy dissipation has resulted in a host of adjectives to 
describe damping phenomena in mechanical systems. They include (nonexhaustive list): viscous, eddy 
current, Coulomb, sliding, friction, structural, fluid, thermoelastic, internal friction, viscoelastic, 
material, solid, phonon-phonon, phonon -electron, and hysteretic. For present purposes, damping 
types will be grouped according to one of the following three categories: (i) fluid (including viscous), 
(ii) Coulomb, and (iii) hysteretic. Although hysteretic damping has come to be associated in engineering 
circles with a particular form of material damping in solids, it should be noted that all forms of 
damping involve hysteresis (for which the Greek meaning of the word is “to come late”). In a plot of 
periodic stress vs. strain, which is a straight line for displacements of a nondissipative, idealized 
substance, hysteresis causes the line to open into a loop. The size of the loop — more specifically the area 
inside this hysteresis loop — is a measure of the amount of nonrecoverable work done per cycle because 
of the damping. An actual force of friction is not readily recognizable in those cases that are labeled 
“internal friction.” The word friction is used in a generic sense, meaning any process responsible for 
conversion of the oscillator’s coherent motion into incoherent thermal activity. 

With each of viscous, eddy current, and Coulomb damping, a force external to the oscillator is 
responsible for the dissipation of energy. The external force is associated respectively with (i) laminar 
fluid flow, (ii) induced currents, and (iii) surface friction. The surface friction case is not necessarily 
the trivial textbook presentation involving a coefficient of kinetic friction and a normal force. The 
cases just mentioned, along with thermoelastic damping; which is of internal rather than external 
origin, are much easier to treat theoretically than other cases. Viscous damping and eddy current 
damping (over the full range of the motion) are adequately described by a velocity term, which 
yields a linear equation of motion. Coulomb damping, however, is not proportional to velocity, but 
rather depends only on the algebraic sign of the velocity. The equation of motion is consequently 
nonlinear. Additionally, and unlike most other forms, Coulomb damping is not exponential. The 
turning points lie along a straight line when the motion is plotted vs. time. Similarly, if eddy current 
damping exists only over a small part of the motion, the decay is linear rather than exponential 
(Singh et al, 2002). 

20.3.2 General Technical Features 

Historically, viscous damping has been the model of choice because the resulting equation of motion is 
mathematically attractive and, for the RLC circuit, the form is appropriate. For mechanical oscillators, 
it is not generally appropriate, since viscous damping amounts to some part of the system moving 
in an external Newtonian fluid that removes energy because of a friction force that is proportional 
to velocity. 

The defects responsible for material damping, such as dislocations, are also responsible for creep, so 
that high strength and high damping tend to be incompatible attributes. Magnesium alloys tend to be 
better than many other metals in this regard. Hardness of a material is neither a prerequisite for toughness 
nor for small damping, as recognized by those familiar with the mechanical properties of cast iron. 

On a different scale, defects determine “how things break”; concerning which Marder and Fineberg 
have stated the following: 

the strength of solids calculated from an excessively idealized starting point comes out 
completely wrong; it is not determined by performance under ideal conditions, but instead by 
the survival of the most vulnerable spot under the most adverse of conditions. (Marder and 
Fineberg, 1996) 

Three famous scientists are primarily responsible for the highly popular viscous damping model of 
the simple harmonic oscillator; they are Lord Kelvin (Thomson and Tait, 1873), G.G. Stokes and 
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H.A. Lorentz. Stokes is best known for his equations of fluid dynamics that also include the name 
Navier. Stokes’ Law, which describes the terminal velocity of a raindrop, was developed through his 
treatment of the damping of a pendulum. Not only does his law provide a basis for the simplest 
approximation for damping of a macroscopic oscillator, it was used by Robert Millikan to determine the 
charge of the electron. It should be noted that harmonic oscillation in a fluid (even at low Reynolds 
number) is much more complicated than steady-flow viscous friction. This topic is treated in Chapter 21, 
Section 21.9. 

The first individual to use the term “simple harmonic oscillator” was probably Lord Kelvin. Such an 
oscillator is a key tool of experimental physics and also the foundation for much of theoretical physics. It 
is the basis for communication via electromagnetic waves and even esoteric theories of superfluids and 
superconductors. 

Much of the underpinnings of theory involving harmonic oscillation derive from the work of Hendrik 
Anton Lorentz (1853-1928). Lorentz is well known for a variety of classical physics contributions, such 
as (i) the transformation of special relativity associated with Einstein and (ii) the force law for the 
acceleration of charged particles, both of which bear his name. Before the existence of electrons was 
proved, Lorentz proposed that light waves were due to oscillations of an electric charge in the atom. For 
his development of a mathematical theory of the electron, he received the Nobel Prize in 1902. The 
importance of his contributions is further realized by noting that it is common practice to describe the 
lineshape of atomic spectra by the term Lorentzian. The Lorentzian is equivalent to the resonance 
response of the driven viscous-damped simple harmonic oscillator. 

It is easy to show how resistance in an electric network is responsible for damping; however, it is a 
challenge to understand anelastic processes of mechanical damping in terms of viscosity. From 
comments of his Ph.D. dissertation, it has been said that even Lorentz was never apparently satisfied with 
the velocity damping term in his equation — not knowing just how to relate it to the underlying physics. 
It is also clear from Stokes’ paper that he recognized the need for caution in the use of his law of viscous 
friction. It appears that both Lorentz and Stokes were very careful compared with the carelessness with 
which the viscous model has been employed by many individuals in recent years. 

The failure of solids influenced by “hysteretic” damping to be adequately described by the methods of 
viscoelasticity is not widely appreciated. It is unfortunate that too few people have expanded their view of 
damping to include other important types, such as derive from the anelasticity of solids. It is important 
in this work to recognize some subtle differences, for example, inelastic (not elastic) is not to be equated 
with anelastic (other than elastic). 

20.3.3 Active vs. Passive Damping 

With improvements in cost/performance of electronics, active damping is increasingly popular. Using 
force-feedback with integration/ differentiation circuitry (opamps), a mechanical oscillator can some- 
times be tailored for a specific purpose. A sophisticated example of this technology is the broad- 
band seismometer that began to replace earlier version (passive) instruments roughly 35 years ago. 
The Sprengnether-LaCoste spring instrument that was used for some of the experiments reported in 
this document has been superceded by force-feedback units such as the Streckeisen STS-1 and STS-2. 

In lieu of feedback, another way actively to influence the damping of a mechanical oscillator is to 
connect the sensor to an amplifier having a negative input resistance. The seismometers marketed by 
Lennartz Electronics in Germany use this in a patented technique to improve the performance of 
ordinary, off-the-shelf electrodynamic geophones. 

Active damping depends on the nature of the transfer function of the composite system (electronics 
plus mechanical). The characteristics of the transfer function are determined by the location of its poles 
and zeros in the complex plane. Seismometers operate nominally near 0.707 of critical damping. This is 
done for two reasons: (i) the instrument is easier to adjust and (ii) the interpretation of 
earthquake records is simpler. Of course, to increase damping is to decrease sensitivity because of the 
fluctuation- dissipation theorem. 
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The force-feedback technique is not practical for some situations, regardless of cost. Additionally, it 
must be recognized that the method is not the answer to all problems, since electronics cannot 
compensate for a poor mechanical design. The description of commercial products is in some cases 
highly exaggerated, giving the impression that almost any sensor can perform flawlessly in this manner. 
Some accelerometers have employed dithering to offset the effects of “stiction” in bearings. The dithering 
was necessary because the potential energy function is not truly harmonic, being afflicted with the 
consequences of nonlinear damping. Even with sensing schemes that do not use a bearing, the effects of 
nonlinearity persist. In “Seismic Sensors and their Calibration” (Bormann and Bergmann, 2002), Erhard 
Wielandt, in talking about transient disturbances in the spring of a seismometer, says the following: 

Most new seismometers produce spontaneous transient disturbances, quasi-miniature earth- 
quakes caused by stress in the mechanical components. 

In other words, internal friction from defects at the mesoscale cause behavior that is in some ways 
similar to ordinary sliding friction, where the static coefficient is greater than the kinetic coefficient. The 
postulate of Bantel and Newman is consistent with this idea (Bantel and Newman, 2000) when they refer 
to their observations as being consistent with a “stick- slip” model of internal friction. 

It is seen then that one must use a detector that responds faithfully to the signal around which the 
servo-network functions. The linearity and sensitivity of that sensor are of paramount importance, since 
the basis for force-feedback design is linear system theory. For some less-challenging cases, the design 
approach is straightforward, since software packages like MATLAB (see Chapter 6 and Appendix 32A) 
have built in functions to describe behavior. 

20.3.4 Magnetorheological Damping 

A recent approach to damping control, that is quite different from the servo-networks mentioned above, is 
one that uses an magnetorheological (MR) fluid. It takes advantage of the large variation in viscosity of 
certain compound fluids according to the size of an applied magnetic field. J. David Carlson (Carlson, 
2002) describes how an MR sponge damper is activated during the spin cycle of a washing machine to keep 
it from “walking out of the room.” The peak in the Lorentzian (resonance response) of the machine is 
shown in his article to be substantially lowered by supplying current to the electromagnet of the damper. 

20.3.5 Portevin-LeChatelier Effect 

Physics, engineering, geoscience, and mathematics have all contributed greatly to a better understanding 
of damping phenomena; however, there has been little cross-discipline exchange of ideas and lessons 
learned. Some of the impediments to strong interdisciplinary programs derive from (i) the complexity of 
damping problems in general and (ii) the tendency for physics and mathematics research to be, on the one 
hand, less pragmatic and, on the other hand, highly specialized — focused on specific energy dissipation 
mechanisms. A good example of (i) involves the PLC effect, discovered in 1923. Why physics mostly 
ignored this early example of “dirty science” by two of their own number is not easily understood, 
although the birthing of quantum mechanics around this time may have been a factor. Had history turned 
in a different direction, perhaps we would already be able to explain from first principles the most 
important, but still barely understood, form of noise known as 1 If, or flicker, or pink noise. Even though 
R.B. Johnson (well known for his discovery of white electronics noise in a resistor) was one of the first to 
see this form of noise, it still is not explained from first principles — although recent discoveries suggest an 
intimate connection with fractal geometry involving self-similarity. Such geometry is associated with the 
mesoscale of materials where the grain, rather than the atom, is the basic element of statistical mechanics. 

For alloys, the PLC effect appears to be, in some ways, what the Barkhausen effect is to magnetic 
systems. In the case of ferrous materials, the noise which derives from the mesoscale has long been 
recognized; however, similar noise of mechanical type has not been seriously studied. This oversight is 
even more puzzling when one considers the admonition by G. Venkataraman, as recorded in the 
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proceedings of a Fermi conference, for scientists to get involved in what he felt should become an 
important new field (Venkataraman, 1982). 



20.3.6 Noise 

Noise is purposely discussed in this chapter (also see the chapters in Section IX of this handbook) 
because it has been a, largely, missing component of efforts to understand the physics of damping. 
A feel for the importance of noise to damping research is to be gleaned from a comment by 
Kip Thorne in his foreword to the English translation of a book by V.B. Braginsky et al. (1985). 
Mainly because of instrumental needs of the Laser Interferometer Gravitational Wave Observatories 
(LIGO), Thorne writes, 

The central problem of such experiments is to construct an oscillator that is as perfectly simple 
harmonic as possible, and the largest obstacle to such construction is the oscillator’s dissipation. If 
dissipation were perfectly smooth, it would not be much of an obstacle, but the fluctuation - 
dissipation theorem of statistical mechanics guarantees that any dissipation is accompanied by 
fluctuating forces. The stronger the dissipation, the larger the fluctuating forces, and the more 
seriously they mask the signals that the experimenter seeks to detect. 

This comment by Thorne suggests a frequently important impediment to dialogue between 
engineering and physics — concern for different issues. LIGO is trying to minimize damping, whereas 
many engineering problems are concerned with just the opposite — making the damping as large as 
possible without compromising strength. More detailed discussions of noise are provided later. 

20.3.7 Viscoelasticity 

Within the world of polymers, damping is frequently described by the expression “viscoelasticity.” This 
word, around which handbooks have been written (e.g., Lakes, 1998), is a combination of the two 
words, viscous and elastic. We like to think of ideal fluids as being viscous in the manner described by 
Newton. Likewise, ideal solids that obey Hooke’s Law (stress proportional to strain) are described as 
elastic. Unfortunately, nature contains neither ideal solids nor ideal fluids. Real springs do not obey 
Hooke’s Law, but rather are influenced by “anelasticity” (other than elastic) which gives rise to 
hysteresis in the stress-strain relationship. Real fluids usually have some (if not near total) degree of 
non-Newtonian character. Thus an envisioned “mixing” of fluid-like and solid-like character has 
dominated the thinking of those who, through the decades, attempted to develop theoretical models 
of damping. 

It should be noted that the springs and dashpots used in models of viscoelasticity do not actually exist. 
They serve as a phenomenological means for (hopefully) understanding the elementary processes which 
their arrangement is designed to mimic. Consider, for example, high polymers, in which the interwoven 
structure of the long-chain molecules is one of extensive mechanical interference. (One popular 
visualization is that of an entanglement of a huge number of long, writhing snakes.) An increase of 
temperature is met with overall length reduction (negative temperature coefficient of expansion for the 
so-called entropy spring), which stands in stark contrast with metals. Such behavior is clearly important 
to damping since, as noted by Gross years ago, “.. .thermal movement interferes with the orientation and 
disorientation of the molecules and ultimately causes delay in the expansion and contraction of the 
specimen” (Gross, 1952). 



20.3.8 Memory Effects 

In this same article, Gross is one of the first to mention “memory” properties of creep. He describes a 
by-then old demonstration in which a “firmly suspended metal or plastic wire is twisted first in one 
direction for a long time and then in the other direction for a short time. Immediately after release, 
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the deflection will be in the direction of the last twisting, but it decreases rapidly. Presently, a reversal 
occurs, and the wire begins to turn in the other direction, corresponding to the first twisting — the 
memory of the recent short-term handling has been obliterated by that of the more remote but longer 
lasting and therefore more impressive one!” Perhaps this old demonstration (sometimes today called the 
anelastic after-effect) is not so startling to those familiar with more modern shape-memory-alloys, which 
are expected by many to play increasingly important roles in the applied science of damping. 

20.3.9 Early History of Viscoelasticity 

Those who provided seminal influence in the development of the theories of viscoelasticity during the 
19th century were some of the most famous names in physics, like Maxwell and Kelvin. Maxwell is best 
known for the electromagnetic equations associated with his name. He is far less known for two other 
significant contributions: (i) kinetic theory of gases and (ii) viscoelasticity — both of which are important 
to theories of oscillator damping. Maxwell’s interest in the problem of viscoelasticity is first documented 
in a paper during his teen years, titled “The Equilibrium of Elastic Solids.” Through his development with 
Boltzmann of the kinetic theory of gases, Maxwell showed a counterintuitive property of the viscosity of a 
gas. The viscosity does not decrease significantly as the pressure is reduced, until the mean free path 
between collisions of the molecules begins to approach dimensions of the chamber holding the gas. 
Important even to modern innovations such as MEMS oscillators, his surprising prediction was quickly 
verified by experiment. Maxwell’s model of viscoelasticity combines a purely elastic spring with a purely 
viscous dashpot (fluid damper in which the friction force is proportional to the velocity). 

Kelvin, probably the first to include a viscous damping term in the equation of motion of the simple 
harmonic oscillator, developed a similar model of viscoelasticity. Each of the two models is usually 
represented in literature (without original references) as containing a single spring and a single dashpot. 
They differ in that one connects the pair in series (Maxwell), while the other connects them in parallel 
(Kelvin-Voigt). 

Both the Maxwell model and the Kelvin-Voigt model have been found by engineers to be less useful 
than the standard linear model (SLM) of anelasticity, largely advanced in the 20th century by Clarence 
Zener (Zener, 1948). In the three-component Zener model, a spring is connected in series with a parallel 
combination of spring and dashpot. Curiously, Zener is widely associated with electronics because of 
the common diode named after him, but fewer people know of his work in anelasticity. No doubt, 
his understanding of anelasticity helped him to better understand the complex processes at work in 
his diode. 

20.3.10 Creep 

The prevailing models of anelasticity appear frequently in the literature, but mostly in relationship to 
primary creep. Some of the papers exceptional to this rule are those by Berdichevsky (Berdichevsky et al., 
1997). Recent work of a more heuristic type has shown that the equations of viscoelasticity are also able to 
accommodate secondary creep, in which the decay of strain rate with time has disappeared (Peters, 
2001a, 2001b). 

The importance of creep (and relaxation) physics to damping warrants some discussion. When a 
sample is subjected to a constant stress, the strain evolves through three phases of creep: (i) primary, 
(ii) secondary, and (iii) tertiary. An example of the first two of these phases is shown in Figure 20.2. 

In the primary stage, the sample is deformed by anelastic processes involving defects of the crystalline 
structure. Influence of the disordering mechanisms is progressively reduced as the sample undergoes 
work hardening (such as pinning of dislocations). Work hardening would result in a purely exponential 
creep, in the absence of thermal effects which strive to undo the hardening (via diffusion processes). 
(At zero Kelvin, the creep would eventually cease, if described by a single time constant.) In the secondary 
stage, a balance between work hardening and thermal softening is attained, in which the strain vs. time 
has converted from exponential to linear. This balance cannot continue forever, if the stress is larger than 
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FIGURE 20.2 Example of creep in the spring of a vertical seismometer. 



a threshold associated with failure (the elastic limit), and thus a final complex fracture of the sample 
finally occurs as the sample passes through the tertiary stage. Although one might want to divorce the 
issues of tertiary creep from considerations of damping, there is clearly a link between damping and 
failure, involving defects. We will return to this point later. 

In Figure 20.2, creep resulted from the instrument having been severely disturbed (relocated 
accidentally by plumbers working in the building). As with any long-period mechanical oscillator, it is 
necessary for this instrument to stabilize after a major rebalancing. Primary creep is seen to have endured 
for about 5 h and what is labeled secondary creep in the figure does not continue indefinitely with the 
implied constant rate. Thus, the instrument will typically stabilize after one or several days, when the 
period of oscillation is of the order of 20 sec. 

The total amount of creep in Figure 20.2 deserves mention. In the indicated 14.2 h, the mass of the 
seismometer moved a vertical distance of only 0.25 mm, which can be ascertained from the ordinate axis 
using the sensor calibration constant of 2000 V/m. 



20.3.11 Stretched Exponentials 

Systems typically demonstrate a more complex behavior than can be simply described by the SLM of 
viscoelasticity. In 1847, Kohlrausch (1847) discovered that the decay of the residual charge on a glass 
Leyden jar followed a stretched exponential law. The functional form that he discovered is often associated 
with a broad distribution of relaxation times, and has been found to describe a remarkably wide range of 
physical processes. To describe damping that is of the stretched exponential type, Kelvin chains or 
Maxwell elements in parallel have been used. Although an improved fit to the data can be realized by this 
means, the technique results in a high number of material parameters which have to be identified. 



20.3.12 Fractional Calculus 

A promising alternative to multiexponential decay models is to replace classical rheological dashpots by 
“fractional” elements. It is claimed that with only a few parameters, material behavior of many 
viscoelastic media can be described over large ranges of time and/or frequency (Hilfer, 2000). It may also 
be possible with fractional derivatives to treat the discontinuities that are sometimes present in decay 
(Asa, 1996). The disadvantages of fractional calculus are (i) the increasing computational/storage 
requirements and (ii) the esoteric mathematics, which is alien to the training of most. 
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20.3.13 Modified Coulomb Damping Model 

Published here formally for the first time, with details described later, the heuristic “modified Coulomb” 
model is an alternative to all of the aforementioned damping models. It is thought to be closely related to 
secondary creep (Peters, 2001a, 2001b) and (like fractional calculus) accomplishes good fits with a small 
number of parameters. Developed from energy considerations, its equations are expressed in canonical 
form involving the quality factor Q. 

20.3.14 Relaxation 

Formally, relaxation is defined by the behavior of a sample subjected to a constant strain. Because of 
the mechanisms just discussed in relationship to creep, the stress relaxes exponentially toward zero (in 
the simplest approximation). In practice, the definition just given can be misleading since the word 
relaxation is used to describe a host of processes in which some quantity decays exponentially in 
time — for example, the relaxation of strain at constant stress in the Kelvin-Voigt model of 
viscoelasticity. 

Some of the viscoelastic models using dashpots and springs have been quite successful in the limited 
regime of their applicability. For example, the Zener (Debye) model, which will be discussed again later, 
has been used for years to describe a particular form of damping in solids, which derives from relaxations 
associated with dislocations. Seminal experimental work of this type was conducted by Berry and Nowick 
in the 1950s (Berry and Norwich, 1958). A well-known theoretical model to describe dislocation 
damping was developed by Granato and Lucke (Granato and Lucke, 1956). The Granato model is that of 
a vibrating string (bowed Frank-Read source), where the end points of the “string” are points on the 
dislocation line that have been pinned. Recent theory shows that the Granato model is not always 
adequate; that “dislocation interactions may alter substantially the dislocation component of the 
spectrum observed during internal friction experiments.” (Greaney et al., 2002) (excellent introductory 
material on this subject is to be found online at http://mid-ohio.mse.berkeley.edu/alex/rachel/rachel/ 
rachel.html). 

Bordoni (1954) performed experiments that led to his observation of relaxation-type internal friction 
processes where the acoustic attenuation is seen to peak at certain temperatures. The so-called Bordoni 
peaks occur at low temperatures or at ultrasonic frequencies. These losses, which are maximum when 
dislocation relaxations can take place in step with the driving frequency, were first observed in the FCC 
metals: lead, copper, aluminum, and silver. 

Dislocation damping as just described is characterized by a temperature-dependent relaxation that 
exhibits Arrhenius behavior. By plotting the internal friction vs. reciprocal temperature, one may 
estimate the activation energy of the process responsible for the damping. The following quotation 
from the introduction of the Berry paper assists in defining some of the many expressions used 
historically to describe damping: 

Internal friction is often loosely described as the ability of a solid to damp out vibrations. 
More strictly, it is a measure of the vibrational energy dissipated by the operation of specific 
mechanisms within the solid. Internal friction arises even at the smallest stress levels if 
Hooke’s Law does not properly describe the static stress-strain curve of the material. The 
nonelastic behavior which Zener has called anelasticity arises when the strain in the material 
is dependent on variables other than stress. 

In a recent private communication, Prof. Granato has indicated the following: 

Dislocations do follow the Zener (or Debye) form fairly well for the damping, but not for 
the elastic modulus. This is because the response to a stress is given as a Fourier series. The 
higher order terms in the series have little effect on the damping, but a strong effect on the modulus 
at high frequencies. This makes the modulus fall off more slowly than with the reciprocal 
frequency. 
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20.4 Hysteresis — More Details 

Hysteresis and creep are common to many systems, such as electromechanical actuators, especially when 
used at high drive levels. Their transfer function is influenced by “rate-independent memory effects.” The 
state of the actuator depends not only on the present value of the input signal but also on the nature of 
their past amplitudes, especially the extremum values, but not on rates of the past (Visintin, 1996). This 
statement is in support of the author’s secondary creep model of hysteretic damping, where the 
amplitude of the previous turning point determines the magnitude of the internal friction force for 
the half-cycle that follows. One of the most dramatic examples of a memory effect is the demonstration 
mentioned above, by Gross in the 1950s, concerning a twisted wire. 

Damping complexities derive from the defect structures that are found in real materials and which give 
rise to hysteresis, which in the Greek language means to “come late.” Although, almost everybody seems 
to appreciate magnetic hysteresis at some level, too few individuals (at least in physics) have been trained 
in the mechanisms of mechanical hysteresis responsible for damping. Dislocations, for example, are 
usually an add-on chapter to a solid-state physics text — even though they are known to be indispensable 
with regard to actual, as opposed to idealized, properties of materials. 

In the case of ferrous materials, the magnetization of a specimen lags behind the field generated by an 
electric current, to which the specimen responds. In the case of real springs that do not obey Hooke’s Law 
F = —kx, the displacement x lags behind the spring’s restoring force F. It is convenient to express the 
resulting hysteresis in terms of “intrinsic” variables instead of x and F. Thus, the strain e (fractional 
change in the spring’s length if it were a wire in tension) lags the stress cr (force per unit area). Usually in 
engineering practice, the stress is reckoned with respect to the external force (negative of the spring F), so 
that the equivalent to Hooke’s Law is cr = Ee, where E is an elastic modulus descriptive of the material 
from which the spring is fabricated. In the case of a straight wire, E would be Young’s modulus but, for 
coil springs, E is determined primarily by the shear modulus. Some of the ways in which hysteresis can be 
represented for a freely decaying oscillator are shown in Figure 20.3. The generalized coordinate q would 
be spring elongation for the force case shown, or it would be strain when the ordinate quantity is stress. 
The graph of velocity vs. displacement is referred to as a phase-space plot. It is commonly used in 
describing chaotic systems and, if “strobed” at the frequency of the oscillator, becomes the Poincare 
section. Notice that the circulation is of opposite sign when using external force as opposed to spring 
force, in addition to the curves occupying different quadrants. It is important to recognize this difference, 
particularly when discussing negative damping where the oscillation amplitude builds in time, as 
illustrated in the right hand part of the figure. 

Although not very common in mechanical oscillators, it is possible to realize negative damping. 
One example is that of an optically driven pendulum, because of the LiF crystals that were placed in its 
support structure (containing a high density of color centers produced by radiation) (Coy and Molnar, 
1997). An interesting feature of this pendulum was its unwillingness to entrain to the driving laser. 





spring force 
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FIGURE 20.3 Three different ways to represent hysteresis damping for an oscillator in free-decay. Cases of both 
positive and negative damping are illustrated. 
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There are also examples of negative damping from aerodynamics, such as flutter. Since buildings and 
bridges can experience negative damping in catastrophic manner (Tacoma Narrows bridge as an 
example), it is not a subject to be ignored. 

Another example of hysteresis that is very much like negative damping (though not usually labeled as 
such) is to be found in a heat engine (Peters, 2001a, 2001b). The motion is not simple harmonic; rather, 
the speed with which the hysteresis curve is traversed (in pressure vs. volume) increases as the size of the 
hysteresis loop increases. A larger loop (greater work done by the gas) results in higher revolutions per 
minute (r/min) of the engine as opposed to a larger amplitude of the motion at constant period. The gas 
pressure provides a force similar to the Hooke’s Law force of the spring in a mass/spring oscillator. 

It is usually assumed that hysteresis loops are “smooth,” which is not necessarily true. For example, in 
the case of magnetic hysteresis, the “jerky” parts known as the Barkhausen effect (Barkhausen, 1919) are 
well known. The equivalent jerky behavior in metallic alloys is known as the Portevin-LeChatelier effect 
(Portevin and LeChatelier, 1923). Although we have historically avoided these cases that appear to be 
intractable in a mathematics sense (not obeying the fundamental theorem of calculus), their presence is 
undeniable testimony of the complex nature of hysteresis. 



20.5 Damping Models 

20.5.1 Viscous Damped Harmonic Oscillator 

As first seen by students in a textbook, the equation of motion for a damped, driven harmonic oscillator 
is likely as follows: 



mx + cx+ kx = F(t ) 



( 20 . 1 ) 



where m is mass, k is spring constant, c is a “constant” of viscous damping, and F(t) is the external force 
driving the oscillator. It is convenient to work with a coefficient of performance, or quality factor Q, and 
rewrite Equation 20.1 in canonical form as 



x + 



Wo 

Q 



2 2 

X + CO 0 X = OJg 



m 

k ’ 



with 




(20.2) 



For F(t) = 0 and an assumed solution, x = A exp (pff) with 9 = co 0 t, the differential equation becomes 
algebraic (quadratic) in x(9), with the roots given by 



P = 



1 

2 Q 




(20.3) 



Depending on the value of Q, the motion is either overdamped (nonoscillatory), critically damped, or 
underdamped. Here, we restrict our attention to the last case corresponding to Q > 1/2, in which the 
square root term of Equation 20.3 is imaginary. Moreover, we are mostly concerned with systems in 
which Q » 1 . 



20.5.2 Definition of Q 

The quality factor Q is in general defined as 27r times the ratio of the energy of the oscillator to the energy 
lost to friction per cycle. For viscous damping (and hysteretic damping, later discussed), the Q is inde- 
pendent of the amplitude of oscillation. For other types of damping, we will see that the Q is not constant. 
In the case of the viscous damped oscillator, Q = cu 0 /2/3 where (3 appears in the solution as an amplitude 
decay “constant.” The parameter /3 is not really constant, as discussed in Chapter 21, Section 21.9. 

x = A e -^ e ± j“» f V 1 “ 1/4Q2 (20.4) 
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Since x is real, we use the real part of Equation 20.4 and employ Euler’s identity to obtain 

x(t ) = A e~^‘cos(a> l t — </> ), with io l = ^015 — /3 2 (20.5) 

where </> is a constant determined by the initial conditions. 



20.5.3 Damping "Redshift" 

It is seen that the frequency of oscillation depends on the damping constant, /3; however, the 
fractional change A co/co 0 is almost always negligibly small. For example, the reduction in 
frequency is only 1.4% for Q = 3, which is close to critical damping of Q = 0.5. At these small 
values of Q, the lifetime of a freely decaying oscillator is so short that the frequency is ill-defined 
because of the Heisenberg uncertainty principle. At larger Qs, where the frequency is well-defined, 
the shift is negligible; i.e., at Q = 100, the fractional shift is only 1.3 X 10~ 5 . In the case of 
internal friction (hysteretic) damping, there is no redshift anyway because the oscillator is 
isochronous. 



20.5.4 Driven System 

When F(t) is not zero, but rather corresponds to harmonic drive at angular frequency a> and amplitude A, 
the response involves the sum of Equation 20.5 (transient) and a particular solution (steady state). 

x p (t ) = Ap cos (tot — S), with 5 = tan 



The system resonates (amplitude a maximum) at w— > ► co R = ^a>l — 2/3 2 , and the variation of the 
amplitude with a> at steady state at any drive frequency a> is given by 

Aar 

A p = — (20.7) 

y(«o — ay 2 ) 2 + 4w 2 /3 2 

The resonance response curve described by Equation 20.7 is called the Lorentzian. More frequently in 
physics, the term is used to describe pressure-broadened line widths (Milonni and Eberly, 1988). As 
noted previously, Lorentz was never apparently content with the damping term, 2/3 dx/df. In his Ph.D. 
dissertation concerned with the damping of electron oscillators through electromagnetic radiation, he 
was not able to satisfactorily describe the damping from first principles. Although we might be tempted 
to say that this failure derived from his classical (prequantum mechanics) description of the problem, 
such a viewpoint is an oversimplification. 



/ 2 lofi \ 

l <4 “ « 2 / 



(20.6) 



20.5.5 Damping Capacity 

20.5.5.1 Viscous Damping 

The loss per cycle, called the damping capacity, is computed for the viscous damping case as follows (per 
unit mass): 



' rlTT 

loj dx = 2(3 ol>A 2 si 

Jo 



d v = 2/3 <J> x dx = 2/3 u>A 2 sin 2 6 d6 = 2tt/3wA 2 



(20.8) 



where A is the amplitude of the oscillation. Because the total energy per unit mass is a? A 2 ! 2, we see 
that Q = w/(2/3). 
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20.5.5.2 Hysteretic Damping, Linear Approximation 



The equation of motion in this case is given by mx + h/cox + kx = 0 where h is a constant. The energy 
loss in one cycle is given by 



—A E = md h 
so that Q = mco 2 /h. 




h C l7T 

— coA 1 cos 2 6 d9 = irhA 2 
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d h 




(20.9) 



20.5.5.3 Hysteretic Damping, Modified Coulomb Model 

The nonlinear equation of motion introduced in this chapter to describe hysteretic damping is as follows: 

/ 2 TTCO I ^ ^ 2 2 

x + cJ — -sgn(x) + (o = 0 = 3c H v or or + irsgn(i:) + co x = x + cA prev sgn(±) + co x (20. 10) 

V k 4 Q h 

where, in the last expression, the subscript “prev” implies amplitude at the last (previous) turning point 
of the motion. This particular form for the damping term (Peters, 2002a, 2002b, 2002c), thought to result 
from secondary as opposed to primary creep (Peters, 2001a, 2001b), is not as computationally useful as 
the middle expression involving the Q. The damping capacity is given by 

rir/l 

—AE=mdi J = 4cmA\ Acos 0d0— ►£?;, = 4cA 2 (20.11) 

yielding Q= ttco 2 /(4c), so that the constant in the nonlinear model is related to the linear approximation 
constant through 

c~ Trh/(4m) 



20.5.6 Coulomb Damping 

One of the simplest friction models is that in which a Hooke’s Law spring is connected on one end to a 
mass that slides on a level table. The other end of the spring is connected to a stationary wall. The friction 
force of the mass against the table is of the type first described quantitatively by Charles Augustin 
Coulomb (1736-1806), although Leonardo da Vinci is probably the first to consider it scientifically. The 
equation of motion and its solution, for the free-decay of an oscillator damped by Coulomb friction, is 
given by 

mx + f sgn(x) + kx = 0 

Solution (20.12) 

x(t) = [x 0 — (2 n + l)A v ]cos cot + (— 1)"A X 



The equation is nonlinear because of the sign of the velocity term, but it is easily integrated numerically; 
additionally, it is one of the few nonlinear equations for which an analytic solution is known and is given 
above (for more details, the reader is referred to Peters and Pritchett, 1997). The integer, n, specifies the 
number of half-cycle turning points from t = 0, and A x is the decrement (linear, not logarithmic, having 
units of m) per half-cycle. There are occasions to use Equation 20.12; for example, problems in civil 
engineering where relative motion of members (slipping) occurs at a structural joint. The work against 
friction in one cycle can be obtained from energy considerations and is given by 

f(4x 0 - 8A,) = ^kxl - U(x o - 4A,) 2 (20.13) 



which, for small decrement, yields 
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(20.14) 



Damping characteristics for the models presently treated are summarized in Box 20.1. 
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Box 20.1 








Damping Characteristics 
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20.5.7 Thermoelastic Damping 



A microphone with Labview was used to analyze vibratory data of an aluminum rod. A rod of 1 m length 
can be excited to ear-piercing intensities by holding it at its center between thumb and finger of one hand, 
and stroking along the length with the other hand that is coated with violin-bow rosin. The decay of this 
“singing rod”, which is a common part of physics demonstration equipment, was found to be in agreement 
with the following theoretical expression for thermoeleastic damping (Landau and Lifshitz, 1965): 



1 KTorpco 

Qmd 9C 2 



(20.15) 



where co is the vibrational angular frequency, T is the temperature, p is the density of the bar, C is the 
heat capacity per unit volume, a is its thermal expansion coefficient, and k is the thermal 
conductivity. The expression assumes adiabatic vibrations and there is no thermoelastic dissipation in 
pure shear oscillations (e.g., torsional oscillations of a bar) because the volume does not change and 
hence there is no local oscillation of the temperature. Notice, in particular, that the Q is inversely 
proportional to frequency, unlike viscous damping that is proportional to the frequency, or hysteretic 
damping that is proportional to the square of the frequency. Thermoelastic damping is important for 
high-frequency compressional oscillations in materials with significant thermal coefficients, and 
especially for metals because of their large thermal conductivity. 

The demonstration of comparable behavior in polymers (entropy spring, but opposite sign compared 
with metals) is quite easy. Stretch a rubber band between the hands and immediately touch it to the 
forehead. The increase in temperature is easily sensed. Conversely, releasing the tension in the band cools 
it enough to be sensed by placing the band to a part of the face that is sensitive to temperature change. 
Equation 20.15 does not apply to polymers. 



20.6 Measurements of Damping 

20.6.1 Sensor Considerations 

The challenge to any measurement is to accomplish the task without significantly altering the system 
under study (see Chapter 15). For measurements on mechanical oscillators of the type described in 
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this document, two types of sensor are generally superior to every other kind: (i) optical and 
(ii) capacitive. Optical sensors are probably the least perturbative but they do not readily yield 
themselves to large dynamic range with good linearity (and small quantization errors for digital type). 
Inductive sensors, such as the linear variable differential transformer (LVDT), are known from 
seismology to be inherently more noisy (up to 100 times) because of ferromagnetic granularity. 
Additionally, transformers are not amenable to miniaturization, and the components are inherently 
less stable. It is therefore a mystery why the widespread use of the fully differential inductive sensor 
(LVDT) continues when we have available the superior fully differential capacitive sensor, which is 
electrically equivalent (apart from its reactance type) and capable of miniaturization to the MEMS 
level. The challenge with really small capacitive sensors is the increase in output reactance of the device 
as they approach femtoFarad levels of individual capacitors. 

All measurements reported in this document were taken with the fully differential unit whose patent 
name is “symmetric differential capacitive” (see Peters, 1993a, 1993b). It is especially useful for studying 
mechanical oscillators of macroscopic size and, morphed to various forms, it recently has found 
application in MEMS. It is capable of great sensitivity when configured in the form of an array, as shown 
in Figure 20.4. 

Various lines in Figure 20.4 correspond to narrow insulator strips, such as the single vertical line in the 
set that connects to the amplifier. In the cross-connected static set, the plates labeled “1” are electrically 
distinct from the others labeled “2”. The total-plate arrangement constitutes a symmetric AC bridge, and 
the central position of the moving set (x = 0 as shown in the figure) corresponds to bridge balance with 
V 0 = 0. Displacement away from balance gives a voltage output that is linear between —wl 4 and w/4, as 
illustrated in the graph at the bottom of Figure 20.4. 

The oscillator frequency is typically tens of kHz, and the amplifier is of instrumentation type 
(Horowitz and Hill, 1989). Unlike a bridge null detector, the linear response through x = 0 is realized 
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FIGURE 20.4 Illustration of a fully differential capacitive transducer array. For clarity, the three electrode-sets are 
shown separated from their operating positions (parallel with a small separation gap, with the moving electrodes in 
the middle). 



© 2005 by Taylor & Francis Group, LLC 







Damping Theory 



20-25 



when synchronous detection is employed. This can be accomplished with a lock-in amplifier, but the 
most recent Cavendish balance to employ the sensor uses diodes (Tel-Atomic Inc., online at http://www. 
telatomic.com/sdct 1 .html) . 

A tutorial (“detailed explanation”) of the SDC sensor using diodes can also be found at this website. 

In Figure 20.4, four individual SDC units have been shown connected in parallel. The total number, N, 
of individual units in an array depends on the characteristic width, w, for which the total range of 
detectable motion is w/2. If the requirement on range is small, then N can in principle be made very large, 
which is desirable for the following reason. The sensitivity of this position sensor is inversely 
proportional to w if output capacitance of the device is not a factor. As w is reduced, however, the 
degrading influence of increased output reactance (capacitive) is more significant than the improved 
sensitivity that would result if the sensor could be connected to an amplifier with infinite input 
impedance. Since the instrumentation amplifier’s input capacitance is not negligible, shrinking w is 
beneficial only if the output reactance can by some means be kept low. This is accomplished with the 
array of individual units. In principle, the output capacitance could be held reasonably constant as N 
approaches 100, by using photolithographic techniques and small spacing between the parallel 
electrodes. The concept has been deemed feasible because of existing technologies as well as the following: 
although not in the form of an array, Auburn University has fabricated a mesoscale accelerometer 
around the SDC sensor. The prototype was built on printed wire board (PWB) under U.S. Army contract 
(Dean, 2002). 

No doubt the popular silicon-based MEMS accelerometers marketed by Analog Devices utilize the 
impedance advantages of an array, employing a large number of “fingers” in a force-feedback 
arrangement. Although employed mostly otherwise, the first case of a fully differential capacitive 
transducer using force-feedback was one based on simultaneous action of actuator and sensor functions 
in a single unit of nonlinear type (Peters et al., 1991). 



20.6.2 Common-Mode Rejection 

In attempts to measure damping, one can be confronted with difficulties of mode mixing. For example, 
the historical Cavendish experiment, using optical detection, has been traditionally difficult unless the 
instrument is placed in a very quiet location to avoid pendulous swinging of the boom. The high- 
frequency pendulous motion (of the order of 1 Hz) as a “noise” becomes superposed on the low- 
frequency torsional signal. The computerized Cavendish balance sold by Tel-Atomic overcomes this 
problem by means of a mechanical common-mode rejection feature. An SDC sensor placed near one 
boom end is connected in electrical phase opposition to a second SDC sensor placed near the other end 
of the boom. The boom itself serves as the moving electrode for both sensors. Neither sensor has a 
first-order response to boom motion parallel to its long axis. Pendulous motion perpendicular to the 
boom orientation is largely canceled. 



20.6.3 Example of Viscous Damping 

The aforementioned Sprengnether-LaCoste spring seismometer is well-suited to the demonstration of 
viscous damping, when damping is imposed in the following manner: the instrument was built with a 
Faraday Law (velocity) detector; i.e., a coil that moves with the mass of the instrument, in the field of a 
stationary magnet. As originally employed, the coil was connected to the amplifier of a recorder. In the 
present configuration, however, the velocity detector is not employed, since its sensitivity is severely 
limited at low frequencies. Instead, an SDC array of the type shown in Figure 20.4 is used to measure the 
position of the mass (a pair of lead weights, total mass 11 kg). If the instrument is operated with the coil 
open-circuit, there is no induced current. By connecting a resistor across the coil (through very fine 
copper wires that go to terminals on the case), mass motion induces a current. The induced current 
opposes the motion through Lenz’s Law, resulting in damping. The damping depends on the size of the 
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FIGURE 20.5 Examples of induced current damping of a vertical seismometer using two different resistors. 



current and is thus an inverse function of the resistor’s magnitude through Ohm’s Law. The phenomenon 
is illustrated in Figure 20.5. 

As compared with the “undamped” instrument, whose Q is approximately 80 at a period of 17 sec, it is 
seen that the addition of a 990-ohm resistor lowered the Q by more than an order of magnitude to 4.9. 
A 330-ohm resistor reduced it even further to 3.1. The amount of damping is also governed by the 
resistance of the coil winding, which is 480 ohm. 

The envelopes that have been fitted to the decay curves were the basis for estimating the Q. The decay 
data were imported to Excel by first outputting the Dataq DI-154RS A/D generated record as a *.dat 
(CSV) file. The fits were produced by trial and error using the drag and autofill functions. Notice that the 
990-ohm resistor (first) case is not as pure an exponential decay as the other case because of creep. 
The rate of creep is greater at large initial amplitudes of the motion. 



20.6.4 Another Way to Measure Damping 

Curve fitting (full nonlinear, in general) is the best way to estimate damping parameters, especially 
if the decay is not exponential. For more routine cases, simpler methods can be used. Among the 

host of ways that have been defined to specify the damping of an oscillator, one of the most 

common uses the logarithmic decrement. The solution to Equation 20.1 with zero right-hand side is 
given by 

x(t) = x 0 e~^cos(cot + <f>). (20.16) 

The full-cycle turning points, x N = x 0 e~^ NT , with N = 0,1,2,... can be used to compute the 
logarithmic decrement through 

BT= —In— (20.17) 

N Xpj 

Unfortunately, an estimate based on Equation 20.17 can be difficult due to the presence of either or 
both of two problems: (i) mean position offset in the decay record or (ii) asymmetry of the decay, 
where the turning points on one side of equilibrium decay at a different rate than those on the 
other side. Case (ii) occurs more often than one might expect; it is frequently a consequence of 
material complexity and not the result of nonlinearity in the electronics of the detector. It is 
important, however, to be sure that the detector is either linear or that corrections for the 
nonlinearity be utilized before estimating the damping. 
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A method to provide partial compensation uses half-cycle turning points n = 2 N, and works with a 
minimum of three such points. 

P T = -2 ln[l - (x„_, - x n+1 )/(x n - l - x„)] (20.18) 

Advantage is taken of random error reduction by using Equation 20.18 on a set of turning points 
(optimal number sometimes being about a dozen). The calculations are straightforward in a spreadsheet 
such as Excel by means of the autofill function. 



20.7 Hysteretic Damping 



20.7.1 Equivalent Viscous (Linear) Model 

The few mechanical oscillators governed by Equation 20.1 tend to be those in which there is an external 
control, such as eddy current damping. For oscillators in which the damping derives from internal friction 
of its members, the following linear approximate form of the hysteretic damping model has been used: 



mx + 



— x + kx 
a> 



F 



(20.19) 



It should be noted that hysteresis is the cause for all damping; however, engineers have come to use the 
term “hysteretic damping” for systems described by Equation 20.19. This equation differs in two important 
ways from Equation 20. 1 . For the viscous damped oscillator, Q is proportional to the frequency, but for the 
hysteretic damped oscillator, Q is proportional to the square of the frequency. Also, viscous damping 
changes the frequency of the oscillator, since co 1 < co 0 and, for resonance, the frequency is even lower. 
Elowever, the hysteretic oscillator is isochronous, requiring only a single frequency co = \fkhn — > ► u> r to 
describe all features of the motion. For example, it is easy to show that the oscillator resonates at this 
frequency. Off resonance, the response is not the standard Lorentzian. To show this, assume steady state and 
use the phasor method given to us by Steinmetz, 1893 (complex exponential form for the variables); i.e., 
F = F 0 e , " f and x = x 0 e ,mf to get the frequency transfer function 



kx 
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for which the real and imaginary parts are given by 



Re Z = 



1 - r 



(1 — r 2 ) 2 + a 2 ’ 
which is expressible in polar form as 



Im Z = 



Z = \Z\ e ;S , where IZl = 



V(1 - r 2 ) 2 + a 2 



(1 - r 2 ) 2 + a 1 



and 8 = —tan 



1 - r 2 



( 20 . 20 ) 



( 20 . 21 ) 



(20.22) 



It is interesting to compare the steady-state response of the driven, hysteretic damped oscillator with that 
of the driven, viscous damped oscillator; i.e., Equation 20.22 compared with normalized Equation 20.7. 
A Bode plot comparison (log-log, for the amplitude case) is provided in Figure 20.6. At small values of 
the damping parameter a (large Q), there is insignificant difference between the two cases. At large values, 
however, the difference is significant. 



20.7.2 Examples from Experiment of Hysteretic Damping 

The vertical seismometer that was used for several of the present studies is known to decay according 
to hysteretic damping. In Section 20.16.4 titled “Failure of Viscoelasticity”, details are provided of the 
work by Gunar Streckeisen (1974) that showed this to be true. Decay curves of the instrument are 
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FIGURE 20.6 Bode plot comparison of steady-state driven system with (i) hysteretic damping (dark curves) and 
(ii) viscous damping (light curves). 



frequently a near-perfect exponential, once corrected for secular drift of the record. Sometimes, this 
drift is the result of creep in the spring of the instrument, but it may also be the result of other 
factors, such as (i) temperature change, or (ii) barometric pressure variation, or even (iii) tidal 
influence. The temperature sensitivity is due to the difference of thermal coefficients of the materials 
from which the instrument is constructed, and the pressure variation is a buoyancy effect. Tidal 
influence is the smallest of the three, which causes minute accelerations of the crust of the Earth with 
a period of about 12 h. 

In the discussions which follow, two different decay records are provided. In both cases, the initial 
amplitude of oscillation is quite large, being a significant fraction of 1 mm, and the period for the two 
cases is different — the first case being 17 sec and the second one 21 sec. The first case time record, shown 
in Figure 20.7, contains 9800 points. Once a 12 /EV/s (upward) drift was removed, the decay (left curve) 
is seen to be “nearly textbook” exponential. 

The adjective “nearly” is appropriate because there is a 12% difference in the decay constants defining 
the upper and lower turning points (0.0022 top, 0.0025 bottom), which were determined by trial and 
error “eyeball” exponential fits using Excel. In this author’s experience, such is the norm for virtually all 
mechanical oscillations; perfectly symmetric exponential decays have rarely been seen in the hundreds of 
cases studied. 




FIGURE 20.7 Free-decay of a vertical seismometer due to hysteretic damping. The period of oscillation is 17 sec. 
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0.6 j (Period = 2. 1 s, Q = 52) q.6t 




FIGURE 20.8 Free-decay of a seismometer due to hysteretic damping. 



Because there are roughly 150 oscillations in the time record of Figure 20.7, it is not possible to 
resolve individual turning points of the motion, but the oscillations are very nearly that of a pure 
damped sinusoid, as noted from the right-side graph of the figure. This spectrum was generated with a 
4096-point FFT, comprising the first 1090 sec of the time record. The second harmonic is the only 
distortion observed, and it is about 65 dB below the fundamental. For the case presented in Figure 20.7, 
Q= 80. 

Another example of free-decay hysteretic damping is provided in Figure 20.8. As usual, the record was 
afflicted by drift, possibly from creep in the spring, in this case a constant rate of 60 pV/s, as observed in 
the graph on the right. All of these graphs were produced with Excel, as noted earlier in the discussion of 
induced current damping. As with the decay curve of Figure 20.7, the creep-corrected graph on the left 
was generated by adding a secular term to the raw data. Once corrected, the decay is a near-perfect 
exponential of hysteretic type. We will see other examples (from pendulum studies) in which two 
damping mechanisms are simultaneously active in a decay. 

The Q values corresponding to Figure 20.7 and Figure 20.8 are consistent with hysteretic damping; i.e., 
80 for the 17-sec oscillation and 52 for the 21-sec oscillation. As noted elsewhere in this document, Qaco 2 
for hysteretic damping as opposed to an exponent of 1 for viscous damping. Of course, one must collect 
data over a very much larger range of frequencies to verify this, as was done by Streckeisen (1974). 



20.8 Failure of the Common Theory 

Many mechanical oscillator studies in decades past, mainly by engineers, have shown that the so-called 
decay constant f3 is proportional to w _1 instead of being constant (e.g., Bert, 1973). The damping for 
these cases came to be called “material”, “structural”, or “hysteretic.” A common way to obtain the correct 
frequency dependence was to divide the velocity by frequency and call the result an “equivalent viscous” 
form of damping. The adjective “equivalent” draws attention to the fact that internal friction in a solid 
cannot really result from fluid effects. Moreover, elsewhere in this document, there is plenty of support 
for the position that the linear equations of viscous damping type cannot produce truly meaningful 
(predictive) models when doing modal analysis on multibody systems. 

An important early work by Kimball and Lovell (1927) is evidently the first experiment to show that 
internal friction (“force”) of many solids is virtually independent of frequency. In other words, their 
elegant technique, in which a rotating rod is deflected by a transverse force, was the first to demonstrate 
the “universality” of hysteretic damping. Although both researchers were physicists at General Electric in 
the time of Steinmetz, few physicists of the 21st century know of this important work. As with the 
important contributions of Portevin and LeChatelier, their study of systems influenced by “dirty physics” 
was evidently ignored in favor of the “clean” new quantum mechanics of that era. 
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It is interesting that a bell made of lead does not tinkle at room temperature, but it can be made to do 
so at 77 K, by immersion in liquid nitrogen. This demonstration, which is often employed in physics 
“circuses,” shows clearly that the internal friction of lead at audio frequencies can be reduced substantially 
by lowering the temperature. An important lesson to be learned from these observations is that damping, 
in general, is a complex function of temperature, frequency, conductivity, ...(who knows where to 
terminate this list). Not only is a multitude of state variables necessary for a complete description of 
dissipation, but the previous history of stress-strain cycling may also be critical. Such is the nature of 
defect structures responsible for damping. 



20.9 Air Influence 



Even when operating an oscillator in high vacuum, there is a significant remanent damping that derives 
from internal friction. This fact is illustrated in Figure 20.9, which provides data for two different 
“simple” pendula. They are simple in the sense that the bob mass is concentrated near the bottom of the 
pendulum structure. In the figure, decay time (reciprocal of the decay constant, /3) has been plotted 
against the natural log of the pressure in mtorr. Pressure reduction was done with a high-quality 
roughing pump, and the pressure was measured with (i) a mechanical gauge in the range 
8 torr < P < 760 torr and (ii) a thermocouple vacuum gauge for 0 < P < 100 mtorr. In the range 
from 100 mtorr to 8 torr, the pressure could not be accurately measured with either of these gauges. 
Similarly, pressures below 1 mtorr could not be presently measured, but in similar other experiments 
with this pump, and using an ion gauge, it was easy to pump below 0.01 mtorr. 

The period of each pendulum was very close to 1 sec, and the starting amplitude of the motion for 
every case was about 25 mrad. The heavier pendulum used a pair of pointed steel supports resting on 
single-crystalline silicon wafers to provide the axis of rotation. At the bottom of the pendulum was 
attached a solid lead ball whose mass was approximately 1 kg. The lighter pendulum was supported by a 
steel knife-edge resting on hard ceramic flats, and a large (10.3 cm dia.) lightweight (143 g) hollow metal 
sphere was attached at the bottom to provide as much air drag as possible. The motion was measured 
with an SDC sensor feeding the computer through a Dataq DI-154RS A/D converter. 

Although air damping is evident in Figure 20.9, it is not as influential as one might expect, at least for 
the heavy pendulum. Moreover, at atmospheric pressure, it was easy to demonstrate the importance of 
nonlinear drag. As also noted in Nelson and Olssen (1986), this form of fluid friction caused a significant 
amplitude-dependent damping. 

The remanent damping, once air influence is eliminated (pressure below 1 mtorr), is substantial 
relative to atmospheric damping, for both pendula. Removing the air increased the Q from 7500 to 




FIGURE 20.9 Pendulum damping as a function of pressure in a vacuum chamber. 
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10,100 for the heavy pendulum and, for the light pendulum, the increase was from 1000 to 4600. We thus 
see that even a pendulum designed to be heavily influenced by air drag also has significant damping that 
depends on the material from which the pendulum is fabricated or on the material upon which it rests. 

The difference in internal friction damping between the heavy and light instruments was not expected 
to be so great. Although this might be due to the difference in axis-type (points for the heavy instrument 
and knife-edge for the light), no systematic effort was made to determine the primary source of the 
damping difference. In addition to different axis designs, the means for holding the instruments together 
was different. The light pendulum used a large-diameter solid brass wire between the axis and the lower 
mass, and the heavy pendulum used an aluminum tube. 

Both of the pendula used to generate Figure 20.9 were relatively high-frequency instruments (period of 
1 sec). The pivot was located, in each case, near the top end of the instrument. As such, they stand in stark 
contrast with the instruments that motivated this paper, where long-period pendula were used. A simple 
instrument to demonstrate some of the complexities of long-period instruments is a rod-pendulum of 
adjustable period (refer to Figure 20.1 above). The closer the axis to the center, the longer the period and 
the greater the influence of internal friction. It is easy to show that the sensitivity of a pendulum to 
external forces is proportional to the square of the period. Similarly, the ability to detect influence of 
internal configurational change is quadratic in the period. 



20.10 Noise and Damping 

20.10.1 General Considerations 

Damping is inseparable from noise issues having nothing to do with undesirable sounds that might be 
produced by oscillation. In the simplest cases, the noise associated with damping can be described by the 
fluctuation- dissipation theorem. The viscous damped, thermally driven oscillator is a classic example of 
thermodynamic equilibrium, for which this theorem is applicable. The classic electronics analogous case 
is the Johnson noise of a resistor, described by the Nyquist (white) noise formula. 

The largest obstacle to constructing a perfectly simple harmonic oscillator is the oscillator’s 
dissipation. If damping were perfectly smooth, this would not be so great a challenge. However, the 
fluctuation- dissipation theorem of statistical mechanics guarantees that damping is accompanied by 
fluctuating forces. The larger the damping, the larger the fluctuating forces, i.e., the larger the noise. It is a 
standard problem in statistical mechanics to show that the magnitude of relative fluctuation is inversely 
proportional to the square root of the number of particles involved. In the case of internal friction noise, 
defects associated with mesoscale structures cause the effective number of particles responsible for the 
noise to be much smaller than the total number of atoms in a sample. Unfortunately, the fluctuation- 
dissipation theorem probably does not apply. It has been long known that it does not apply to the 
Barkhausen effect (Barkhausen, 1919). It has been recently demonstrated that it does not apply to 
structural glass (Grigera and Israeloff, 1999). The close relationship postulated by the author between the 
PLC effect and the Barkhausen effect implies that the fluctuation -dissipation theorem should also not 
generally apply to internal friction damping. 

Internal friction noise is not white but rather more like 1 If (or flicker = pink) noise, a ubiquitous form 
that has not yet been explained from first principles. A frequently cited paper on self-organized criticality 
states the following: 

We shall see that the dynamics of a critical state has a specific temporal fingerprint, namely 
“flicker noise,” in which the power spectrum S(f) scales as 1 If at low frequencies. Flicker 
noise is characterized by correlations extended over a wide range of timescales, a clear 
indication of some sort of cooperative effect. Flicker noise has been observed, for example, in 
the light from quasars, the intensity of sunspots, the current through resistors, the sand flow 
in an hourglass, the flow of rivers such as the Nile, and even stock exchange price indices. 
Despite the ubiquity of flicker noise, its origin is not well understood. Indeed, one may say 
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that because of its ubiquity, no proposed mechanism to date can lay claim as the single 
general underlying root of 1 If noise. We shall argue that flicker noise is in fact not noise but 
reflects the intrinsic dynamics of self-organized critical systems. Another signature of 
criticality is spatial self-similarity. It has been pointed out that nature is full of self-similar 
“fractal” structures, though the physical reason for this is not understood. (Bak, 1988) 

It should be noted that controversy exists concerning this self-organized criticality paper, summarized 
in the following excerpt from Bak’s book on 1// noise called How Nature Works: The Science of 
Self-Organized Criticality (page 95): 

In an earlier work (CFJ), performed while an undergraduate student in Aarhus, Denmark, 
(Kim Christensen) showed that our analysis of 1 If noise in the original sandpile article was 
not fully correct. Fortunately, we have since been able to recover from that fiasco in a joint 
project by showing that for a large class of models, 1// noise does indeed emerge in the 
SOC state. 

In the last few years, mathematicians have been drawn to “... an analogy, in which three areas of 
mathematics and physics, usually regarded as separate, are intimately connected. The analogy is tentative 
and tantalizing, but nevertheless fruitful. The three areas are eigenvalue asymptotics in wave physics, 
dynamical chaos, and prime number theory” (Berry and Keating, 1999). Some mathematicians speculate 
that a dynamical system (perhaps some form of a mesoanelastic pendulum, in the thinking of this 
author) could become a “machine” to generate prime numbers. 



20.10.2 Example of Mechanical 1// Noise 

Shown in Figure 20.10 is an example of mechanical flicker noise made worse by creep that originates 
in the spring (LaCoste type) of a Sprengnether vertical seismometer. The data are from two separate 
time records, the first run preceding the second run by about a half-hour. Just before collecting the 
data of the first run, a clamping pin was removed from the seismometer. Used to constrain the mass 
from moving, this pin had been left in place overnight to determine the amount of electronics noise, 
including drift. The measured electronics noise (white = llf°) was more than an order of magnitude 
smaller than the smallest (high frequency) noise components of mechanical (seismometer) type. 
The peak-to-peak amplitude of the oscillation in both cases was 0.5 mm (calibration constant for 
the sensor being 2000 V/m). The peak-to-peak amplitude for SNR = 1 for this system is of the order 
of 1 /x m. 

Although the spring force was not unloaded with the pin in place overnight, nevertheless, its removal 
caused a significant change to defect structures in the spring, as noted by the residuals between the data 
and their harmonic fits (magnified by a factor of ten). 




FIGURE 20.10 Evidence in support of 1// mechanical noise in a seismometer. 
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The flicker character of the noise was demonstrated by computing power spectra of the residuals (not 
shown). The log-log plot, generated with the FFT (Cooley-Tukey FFT), showed 1// frequency 
dependence for the second run. The larger noise of the first run was concentrated in the upper frequencies. 
The relaxation toward 1 If character suggests that flicker noise is a remanent of “work hardening.” 
To demonstrate that the flicker noise was not due to the electronics, sensor output was recorded with the 
mass of the instrument locked. The electronics noise proved to be more than an order of magnitude 
smaller and “white” in character, probably mainly the result of A/D quantization (see Chapter 16). 

Because the spring was not in equilibrium at the time the pin was removed (perhaps because of 
temperature change while the system was clamped), a great deal of initial molecular rearrangement 
occurred, involving atoms at grain boundaries. It is seen that the amount of fluctuations has noticeably 
decreased during the half-hour separating the two runs. Although the creep-noise would be undoubtedly 
much greater if the spring were relaxed altogether, it is not easy in such a case to quickly rebalance the 
seismometer to oscillate with a period in excess of 20 sec. These observations are in keeping with known 
properties of sensitive seismometers, as noted by Erhardt Wieland in “Instrumental self noise — 
transient disturbances” (ed. Borman and Bergmann, 2002): 

Most new seismometers produce spontaneous transient disturbances, quasi miniature earthquakes 
caused by stresses in the mechanical components. Although they do not necessarily originate in the 
spring, their waveform at the output seems to indicate a sudden and permanent (step-like) change 
in the spring force. Long-period seismic records are sometimes severely degraded by such 
disturbances. The transients often die out within some months or years; if not, and especially when 
their frequency increases, corrosion must be suspected. Manufacturers try to mitigate the problem 
with a low-stress design and by aging the components or the finished seismometer (by extended 
storage, vibrations, or alternate heating and cooling cycles). It is sometimes possible to relieve 
internal stresses by hitting the pier around the seismometer with a hammer, a procedure that is 
recommended in each new installation. (Wielandt, 2001) 

Material damping noise appears to have features that are similar to Barkhausen noise — a magnetic 
phenomenon involving a system far-from-equilibrium. Such noise is associated with the granular nature 
of ferromagnetic domains and has consequence in the design of electronic instruments using iron alloys. 
For example, it is known (though not widely) that the popular LVDT is inherently less sensitive than a 
capacitive sensor of equivalent electrical type, because of its ferrous component (the rod-component that 
moves). As noted by Wielandt (2001), the capacitive sensor “...can be a hundred times better than that of 
the inductive type.” Fully differential capacitive sensors, being electrically equivalent to the LVDT have 
still greater advantages borne of the higher symmetry. Additionally, by configuring the capacitive device 
as an array, it is possible for the sensitivity to also be greater. 

Barkhausen noise and hysteretic damping noise may be much more similar than has been realized — 
involving granularity at the mesoscale, intermediate between micro- and macrophenomena. For such 
systems, first principle methods are very difficult to employ due to complexities that originate from a host 
of nonlinear interactions. For example, in the case of internal friction of solids, damping derives from 
stress -strain hysteresis determined by defect structures in the solid. Involving roughly 10 12 atoms per 
“grain” in metal specimens, flicker noise evidently derives from self-similar structures of fractal 
geometry with a higher degree of spatial correlation than is true of white noise. The ubiquitousness of 1 If 
noise is consistent with the labeling of hysteretic damping as “universal,” as first suggested by Kimball 
and Lovell (1927). 

20.10.3 Phase Noise 

The previous example was concerned with amplitude noise. It is also possible to see phase noise of 
mechanical type, as illustrated in Figure 20.11. 

For the sensor calibration constant of 2000 V/m, it is seen that the initial amplitude of oscillation is 
1.3mrad, which is much too large to observe the discontinuities of mechanical Barkhausen type. 
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FIGURE 20.11 Illustration of phase noise in the free-decay of a vertical seismometer. 

The phase noise is made obvious by comparing the decay to a “reference,” i.e., by looking at the residuals 
from an Excel-generated fit to the data. By adjusting in a computer-generated damped sinusoid, (i) the 
initial values of amplitude and phase, (ii) the decay parameter, and (iii) the frequency, one can visually by 
trial and error come close to an optimum fit to the data. Having done so with Figure 20.1 1, the striking 
feature of the residuals (difference between data and fit) is the structure that looks something like “beats” 
but is not. The phase noise responsible for this behavior is thought to be consistent with 1// mechanical 
noise. To visualize the noise, it is convenient to think in terms of a small randomizing (noise) vector 
whose tail is positioned at the head of the phasor used to generate the record. The component of the noise 
vector that is in the direction of the phasor generates amplitude noise as in Figure 20.10, whereas the 
perpendicular component is responsible for the phase noise of Figure 20.11. 

Vibration phase noise imposes a serious limit on the performance of precision quartz crystal 
oscillators, since they are sensitive to acceleration. The phase noise in these oscillators can be observed by 
beating against a reference oscillator of known character; i.e., the reference serves the same purpose as the 
computer “fit” of Figure 20. 1 1 . To reduce the phase noise, crystals are isolated with low natural frequency 
vibration isolators (as described in the marketing literature of Wenzel Assoc., Austin, X). 



20.11 Transform Methods 

20.11.1 General Considerations 

For linear systems, the Laplace and Fourier transforms (Laplace being more general) have been pre- 
eminent tools with which to study equations of motion (see Appendix 2A and Chapter 10). The author’s 
transform experience (like most physicists) is mainly with Fourier transforms (FT). The discrete FT can 
be understood in terms of phasors (Peters, 1992). For linear differential equations, transforms are the 
means to convert differential forms to an equivalent algebraic form. Unfortunately, they cannot be 
directly employed on nonlinear equations due to the failure of superposition. Nevertheless, the linear 
approximations continue to be very valuable, so a chapter on damping deserves to mention some of their 
properties. 

Ideas concerning the FFT were evidently originally treated by Gauss in the early 1800s, but the digital 
signal processing (DSP) “explosion” of the 1960s was largely due to the work of Cooley and Tukey ( 1965). 
For an interesting historical account about an “accident” in the publication of their paper, the reader is 
referred to Cipra (1993), who says the following about the FFT: 

The Fourier transform stands at the center of signal processing, which encompasses everything 
from satellite communications to medical imaging, from acoustics to spectroscopy. Fourier 
analysis, in the guise of x-ray crystallography, was essential to Watson and Crick’s discovery of 
the double helix, and it continues to be important for the study of protein and 
viral structures. The Fourier transform is a fundamental tool, both theoretically and 
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computationally, in the solution of partial differential equations. As such, it is at the heart of 
mathematical physics, from Fourier’s analytic theory of heat to the most modern treatments 
of quantum mechanics. Any kind of wave phenomenon — be it seismic, tidal, or 
electromagnetic — is a candidate for Fourier analysis. Many statistical processes, such as the 
removal of “noise” from data and computing correlations, are also based on working with 
Fourier transforms. 

Concerning the last statement about noise, this author has used autocorrelation as a powerful means 
for identifying short-lived, low-frequency periodic signals in time records that do not readily show up in 
power spectra (FFTs). For example, they are the means for studying free-earth oscillations — eigenmodes 
excited by rapid relaxations of the Earth under tidal stressing (12 h periodic) (Peters, 2000). The FFT is 
used to generate the autocorrelation by means of the Wiener- Khintchine theorem (Press et al., 1986). 

The great advantage of the FFT compared with the DFT has to do with degeneracy. The DFT proceeds 
to calculate the components of every “vector” in the reciprocal space (frequency reciprocal to time, units 
of “second”, or wave number (spatial frequency) reciprocal to displacement, units of “meter”) with 
disregard for the fact that many components have the same value, apart from a change of sign. 

20.11.2 Bit Reversal 

The key to the power of the FFT (central processor unit [CPU] time proportional to n log n) compared 
with the discrete Fourier transform (DFT) (CPU time proportional to n 2 ) is the bit reversal scheme of the 
Cooley-Tukey algorithm. It is illustrated very simply by the following. Instead of a practically sized 
number of samples in the record to be transformed (minimum of n = 1024, typically), consider (for 
pedagogy) n = 8, distributed on the unit circle as shown in Figure 20.12. 

Observe that the roots of unity in the complex plane, which have been numbered 0 to 7, divide the 
“pie” into eight equal pieces. (The algorithm requires that n be expressible as a power of 2). The usual 
decimal counting scheme for the eight “vectors” is as indicated, traversing the phasor diagram (circle on 
left) sequentially. In the Cooley-Tukey algorithm, a choice is made to reverse the bits of the binary 
representation of the vector. Usually, the least significant bit is on the right and the most significant bit on 
the left, so that decimal counting is as shown on the right in the table, from 0 to 7. With bit reversal, “lsb” 
becomes the leftmost binary digit and the “msb” is the rightmost digit. Thus, for example, binary 110 
(usually 6) becomes 3. 

Using bit reversal, the phasor diagram is not traversed in the usual phasor (circulatory) sense, but 
rather in a “flip-flop” back and forth across the circle. By this means, there is no needless repetition in the 
calculation of “vector” components (real and imaginary values of a given term in the transform). 
For example, 5 is the simple negative of 1. It is much faster to reverse the sign on 1 to get 5 than to 
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FIGURE 20.12 Graphical illustration of why the Cooley-Tukey FFT algorithm is significantly faster than the 
original DFT. 
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needlessly calculate values for sine and cosine terms a second time. The saving in time is substantial as n 
gets large, since there are then a great number of circulations of the phasor circle. For a IK record, the FFT 
computes the transform 102.4 times faster than does the DFT. Additional details are provided in Peters 
(2003a, 2003b, 2003c). 

20.11.3 Wavelet Transform 

Recent work suggests that the wavelet transform (WT) may in the future replace the FT in some 
applications (see Chapter 11). It uses the Haar function, which is orthogonal on [0,1], as opposed to 
the orthogonality ofthe harmonic functions (sine and cosine) corresponding to [0,27r] (Strang, 1993). Itis 
claimed that the WT is better able to address features of the Heisenberg uncertainty principle than the FFT. 

20.11.4 Heisenberg's Famous Principle 

The heart and soul of quantum mechanics is the Heisenberg uncertainty principle. As noted elsewhere in 
this chapter, it has things to say about damping models. According to well-known physicist Hans Bethe 
(1992), the principle has received “bad press”: 

Many people believe that the uncertainty principle has made everything uncertain. It is quite 
the opposite. Without the uncertainty principle there could not exist any atoms, there could 
not be any certainty in the behavior of matter. So it is in fact a certainty principle. 

Curiously, a failure figured in Heisenberg’s discovery of the principle. During his thesis defense, in 
front of great theoretical physicist Arnold Sommerfeld (his director) and the famous experimentalist 
Wilhelm Wien, he proved unable to derive the magnifying power of a simple microscope. The scandal 
culminated with Professor Wien asking him to explain how a battery works, and he could not answer that 
question either. Knowing his extraordinary theoretical giftings, Sommerfeld gave him the highest 
possible grade to compensate for Wien’s choice of an F. Thus, Heisenberg was awarded his doctorate. 

Later, in an ironic turn of events, Heisenberg chose a microscope to illustrate features of the matrix 
quantum mechanics that he originated, and which corrected problems with the Bohr wave mechanics 
theory. His greatest source of embarrassment served to make Heisenberg famous! 



20.12 Hysteretic Damping 

20.12.1 Physical Basis 

The model of simple harmonic oscillation with viscous damping assumes dissipation from an externally 
acting force. It is not suited to a conceptual understanding of hysteretic damping. To accommodate 
internal friction requires more than a single mass connected to the elastic component responsible for 
restoration. Two systems are pedagogically useful in this regard, one being a long-period physical 
pendulum (mechanical), and the other being the oscillator used by Ruchhardt to measure the ratio of 
heat capacities of a gas (mainly thermodynamic). Because of widespread confusion concerning the 
difference between viscous and hysteretic damping, both cases are presented here. The treatments are 
provided as evidence for the premise that hysteretic damping is the more important case for applied 
physics and engineering. 

It is common knowledge that the damping of a mechanical oscillator results from the conversion of 
mechanical energy into thermal energy. One might expect, then, that a direct consideration of 
thermodynamics could yield conceptual understanding of the underlying physics. Although an ideal gas 
is rarely considered in this context, there is a classic experiment which speaks to its relevance. It is the 
ingenious technique used first in 1929 by Ruchhardt to measure y, the ratio of heat capacity at constant 
pressure to that at constant volume (Zemansky, 1957). 
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20.12.2 Ruchhardt's Experiment 

Consider a piston of mass m moving in a cylinder of cross-sectional area A , alternately compressing and 
expanding a volume of ideal gas Vo about the residual pressure P 0 . Assume that there is no sliding friction 
between the piston and the cylinder. A small displacement x of the mass results in volume change 
A V = V — V 0 = Ax. There is a restoring force F = A AT, where the pressure difference A P relates to A V 
through an assumed adiabatic process; i.e., the period of the motion is assumed too short for appreciable 
heat transfer into and out of the gas. Using PV y = constant, one obtains 

yP 0 V o r_1 AV + V 0 7 A P = 0 (20.23) 

from which one obtains 



mx + 



yP 0 A 2 

Vo 



x = 0 



(20.24) 



This is the equation of motion of a simple harmonic oscillator. There is no damping because of the 
assumed adiabatic process. By measuring the period T = 2i t/co = 2TT-JV 0 m/yP 0 A 2 , one can estimate y. 

Historically, it appears that such measurements slightly underestimate y, which can be understood as 
follows. 

The ideal gas equation of state PV = NkT yields, through differentiation 

F 

P 0 xA + V 0 - = MAT 
P 0 A 2 NkA A 

mx+ —r—x = — — AT(f) = F d (t) (20.25) 

Vo v 0 



Notice the difference between Equation 20.24 and Equation 20.25. In Equation 20.25, damping is 
possible (a type of “negative drive” term) from temperature variations associated with heat transfer 
during traversal of the cycle. If it were possible for the oscillation to be isothermal (AT = 0 at very low 
frequency, essentially quasistatic), then the frequency would be lower than that of the adiabatic case, since 
y > 1 is missing from Equation 20.25. In the isothermal case, there would also be no damping, since the 
heat into the gas during compression would be balanced by that which leaves during expansion. The only 
way to get damping is for the paths of compression and expansion in a plot of pressure vs. volume to 
separate, i.e., for there to be hysteresis. Reality must correspond to something between the two extremes 
of adiabatic and isothermal, with experiment obviously favoring adiabatic. The process must depart 
somewhat from adiabatic, however, since there is damping, which Equation 20.25 shows to derive from 
temperature variations yielding hysteresis. It is interesting to look at the temperature variations relative 
to a “driving force,” F' d (t). In the Ruchhardt experiment, there must be small variations A T'(t) that lag 
behind x(t). (These are not the reversible temperature variations of the adiabat, onto which the A T'(t) are 
superposed.) By comparing with Equation 20.25, the right-hand zero of Equation 20.24 may be replaced 
with a damping force that can be written in terms of the velocity as 

F'd(t) oc AT'(t) -> - -x (20.26) 

u> 



where c = constant. Notice that the multiplier on the velocity is not simply a constant, but rather a 
constant divided by the angular frequency. The use of velocity is mathematically convenient, but the 
magnitude of the velocity (speed) is not expected to be a first order influence on the temperature changes 
of hysteresis type. The derivative of x with respect to time not only shifts the phase by 90°, which 
accommodates the lag with which heat is transferred, but it also introduces a frequency multiplier 
through the chain rule. Thus, to make damping proportional to the velocity would cause increased 
dissipative heat flow and thus increased damping as the frequency is increased. Since this does not 
happen, and lest we introduce a nonphysical term into the equation, it is necessary to divide by the 
frequency. Replacing the right-hand-side zero of Equation 20.24 with Equation 20.26, we obtain the 
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modified equation of motion, with damping 

c yP 0 A 2 

mx-\ x-\ x= 0 (20.27) 

<» Vo 

Additional justification for the form of the damping term in Equation 20.27 can be realized by looking at 
cases where there is negative damping, i.e., c < 0. Such is true when the gas is caused to cycle as an 
engine. An illustrative case study was that of a low temperature Stirling engine (Peters, 2002a, 2002b, 
2002c), in which reasonable agreement between theory and experiment was realized through the use of 
an equation based on the same arguments used to derive Equation 20.27. 

It is seen that a straightforward modeling of Ruchhardt’s experiment to include damping yields an 
equation of motion that is in the form of hysteretic damping. It appears that, for many systems in which 
the dissipation is dominated by internal friction, hysteretic damping is a near universal form. 

20.12.3 Physical Pendulum 

In the paper by Speake et al. (1999), one finds the M 

following statement: 

the logarithmic decrement (Q _1 ) varied as 
the inverse of the square of the frequency. 

We interpreted this as evidence that, in Cu- 
Be over this frequency range, the imaginary 
component of Young’s modulus was inde- 
pendent of frequency, contrary to that which 
was predicted by the Maxwell model. 

To fit their theory with experiment, they used a 
“modified” Maxwell model with a distribution of 
time constants that ranged from 30 sec to more 
than 4000 sec. Motivation for their continued 
modeling efforts derived partly from the obser- 
vation by Kuroda (1995) that anelasticity was 
cause for some of the huge errors that have been 
present in estimates of the Newtonian gravita- (a) positive displacement (b) negative displacement 
tional constant, G, by the time-of-swing method. 

Although it gives agreement with their particular figure 20.13 Idealized physical pendulum used to 
experiment, the model of Speake et al. (1999) does develop the modified Coulomb damping model, 
not have the blessing of Occam’s razor. Moreover, 
their claim that damping derived primarily from 

their flex pivot of Cu-Be may not be true. Other studies suggest that the material defining the axis of a 
long-period pendulum is for many cases no more important (and sometimes much less important) to the 
damping than the material from which the pendulum proper is constructed. A model which also agrees 
with experiment of the type they conducted, but which is simpler, is now presented. 

Illustrated in Figure 20.13 is an idealized long-period mechanical oscillator which could be labeled a 
“physical pendulum.” The top and bottom masses are the same, M, assumed to be much greater than the 
mass of the connecting structure, which is represented by the curved line. 

A primary mechanism for internal friction damping can be understood by looking at the external 
forces acting on the pendulum, which are pictured in the “negative displacement” (b) case. The upward 
“normal” force that acts through the pivot (usually a knife-edge) is opposed by the pair of bob-weights 
situated left and right, respectively, of the axis of rotation. As the pendulum swings alternately between 
positive and negative displacements, the structure undergoes periodic flexure. It should be pointed out 
that internal friction could still be operative throughout the structure even without net bending; i.e., there 
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could be complementary pieces of the structure undergoing compression and tension. Even if the 
oscillator were in the weightlessness of space, a drive torque would result in dynamic reactionary forces 
that give rise to damping by this means. 

Assume that the masses are separated a distance 2 L and the axis of rotation is A L above the geometric 
center. Applying Newton’s Second Law, with the lower mass causing a restoring torque and the upper 
mass a “destoring” torque, yields 

S| + i(‘ + t )" 1 _ i(‘ “ t)" ! = °- < 2 °- 28 > 



{Note: Equation 20.28 can be rewritten to accommodate larger displacements, where elastic nonlinearity 
gives rise to unusual behavior. The amplitude trend of the period is opposite to that of the gravitational 
nonlinearity, thus providing for improved isochronism. For details refer to Peters, 2003a, 2003b, 2003c). 

The difference in displacement of the masses involves an elastic term proportional to and a 
dissipative term that depends on its time rate of change, i.e. 



V = 



0i cos 8 — 




(20.29) 



where c is a dimensionless constant. This result can be obtained by the complex exponential Steinmetz 
(phasor) method. The equation is consistent with the common assumption that stress and strain are 
related through a complex constant. The angle 8 is the phase angle with which 17 strain) lags behind 
(stress). To describe the motion of the lower mass, we can ignore the elastic part of 77 , since it does not 
contribute to the damping (or if the rod does not bend, assuming there still is damping as noted 
previously). We thus remove the subscript, and after some algebra obtain the result 

6+ —0+ co 2 6= 0, a= —sin 8, for AL « L (20.30) 

co 2 L 

which can also, in terms of Q = 2ttE/{— \E), be expressed as 

d+—0+co 2 e= 0, Q = —co 2 , 8 « 1 (20.31) 

Q gcS 

If, as a material property, 8 is independent of frequency, then Q is quadratic in the frequency; i.e., the 
damping of the pendulum due to internal friction is inversely proportional to the square of the 
frequency — even though the internal friction (determined by 8) is itself frequency-independent. It is 
important to note that the frequency dependence of internal friction is not to be equated with the 
frequency dependence of the Q of the oscillator, even though internal friction is frequently stated as 
simply 1/Q. This will be discussed in greater detail in Section 20.13.2. 

20.12.3.1 Test of Q Dependencies 

The dependence of Q on frequency and length in Equation 20.31 was tested experimentally with a 
physical pendulum. Two Pb spheres, each of mass approximately 1 kg, were each drilled through a 
diameter to allow the insertion of the shaft of an aluminum alloy arrow (length approx. 70 cm) of the 
type commonly used with compound hunting bows. A second hole was drilled perpendicular to the first 
and tapped for a set screw. The shaft was sawed into two pieces, which were rigidly rejoined around a 
carbon-steel knife-edge using force fit and epoxy to machined protuberances above and below the knife- 
edges. The knife-edges extend perpendicularly outward on opposite sides of the arrow at its center. 

20.12.3.2 Simple Method to Measure Damping 

Although an SDC sensor could have been employed instead, the experiments to be described were 
performed with a measurement technique that warrants description because of its novel simplicity — yet 
it is reasonably accurate. To measure both period and damping, a small “flag” was super-glued to the top 
of the upper shaft. This flag was a small, thin, U-shaped piece of plastic in which the upper legs of the U 
were about 1 mm wide, with a spacing between centers of about 0.5 cm. An infra-red photogate of the 
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type used in general education laboratories was mounted so the flag would trip the photogate during 
pendulum oscillation. Two different timing measurements were then performed, using a Pasco Smart 
Timer. In every run, the pendulum was displaced initially about 10° by hand and then released. There was 
no need for precision initialization. 

In the pendulum mode of the timer, the period was directly measured. For this case, the photogate was 
positioned, relative to the U-shaped flag (for which one vertical arm is slightly longer than the other), so 
as to be interrupted only once by the pendulum per pass. In the time-interval mode, the flag was 
positioned so that both arms interrupted the photogate beam. The reciprocal of this time of interruption 
proved to be a reasonable measure of the instantaneous speed of the pendulum at the position of the 
photogate, which was that of maximum kinetic energy. The time intervals were recorded manually for 
traversals separated by one period, through five cycles of oscillation. These numbers were then typed into 
Excel and their reciprocals graphed. A trendline (using the option to print the slope) was applied to the 
near linearly declining graph. The decrement of this line (fractional decrease per cycle) proved to be a 
good approximation to the logarithmic decrement of the motion, which could have been estimated with 
exceptional precision by means of the other techniques mentioned in this chapter. 

In the first set of experiments, the sphere on the lower shaft was maintained at a constant distance from 
the knife-edge, while the mass on the upper shaft was positioned at increasingly greater distances from 
the knife-edge to lengthen the period. Over the full range of periods considered, the distance between the 
two masses changed by a small amount around its nominal value of 67 cm. The results of this first study 
are shown in the left graph of Figure 20.14, where the log-decrement has been plotted vs. the square of the 
period. The Q of the pendulum (tt/A) may be calculated for any value of the period using the indicated 
slope of 0.0004. For example, the Q at a period of 10 sec was 76, this being near the shortest period 
considered. Near the other extreme of T = 35 sec, Q = 6. At the shortest possible periods, damping due 
to air drag would begin to become important. 

The reasonable fit of the linear regression vs. period squared is consistent with the prediction by 
Equation 20.31 that Q should be quadratic in the frequency. 

The Equation 20.31 also indicates that the log-decrement should be proportional to the reciprocal of 
the distance, L, between the masses. To test this prediction, the period of the pendulum was measured as a 
function of mass separation, also using the smart timer. In generating the data for the right graph of 
Figure 20.14, the period was maintained constant at 20 sec. For every datum, the top sphere was always 
only slightly closer to the knife-edge than the lower sphere. At 0.049, the intercept of the trendline differs 
enough from zero, relative to the size of the error bars, to imply a systematic error. Possible sources of the 
error include: (i) the masses are of finite size, rather than being points as assumed by the model, and (ii) a 
nonnegligible mass from parts other than the spheres. Nevertheless, the data show a clear size dependence 
of the Q. 



Log. Deer, vs square of period 
(L - 67 cm) 




Log. Deer, vs l/(mass separation) 
(T = 20 s) 




1 / L (cm” 1 ) 



FIGURE 20.14 Results of experiments to test the dependencies of Q on (i) frequency and (ii) length of pendulum. 
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The experiments just described do not permit one readily to isolate the source of the damping, which, 
for the cases in Figure 20.14, had the knife-edge resting on silicon wafers (integrated circuit stock 
material). It is not known to what extent the dissipation was dominated by strain in the knife-edge- 
silicon interface or by flexure of the aluminum arrow. Although the model that generated equation 20.31 
assumed only the latter, there is nevertheless theoretical and experimental basis for model acceptance, 
regardless of the details of the damping. 

20.12.3.3 Highly Dissipative, yet Hard Materials 

The same pendulum was used to demonstrate some counterintuitive features of internal friction 
damping by replacing the Si wafers with various materials. When very soft material, such as lead, was the 
support for the knife-edges, there was a significant increase of the damping, as expected. It was also 
found, however, that cast iron increased the log-decrement (10-sec period) by more than 40%. The same 
was also true of ceramic PZT wafers of the type used to ignite gas grills by striking the wafer impulsively. 
Both the cast iron and the lead-zirconate-titanate samples are very hard, so the internal friction must 
derive from large defect densities in which atomic disorder is a sensitive function of stress. Some other 
hard interfaces, such as steel on glass, or steel on sapphire, did not show a difference from steel on Si, 
which suggests that the dominant source of damping for the pendulum in all these cases was flexure of 
the aluminum shaft. 

The observation involving cast iron is consistent with its known excellent damping properties at higher 
frequencies — important, for example, to engine blocks. Some magnesium alloys have also been 
developed that have excellent damping characteristics without seriously sacrificing strength. 



20.13 Internal Friction 

20.13.1 Measurement and Specification of Internal Friction 

Mechanical spectroscopy is a popular means for measuring internal friction of materials (Fantozzi, 
1982). Typically, a torsion pendulum is used to stress harmonically a sample and the lag of the response 
(strain), relative to the stress, provides the loss tangent and thus the internal friction. In such 
experiments, it is widespread practice to report internal friction as Q -1 . There can be confusion because 
of this practice, depending on the nature of the measurement technique, i.e., whether one actually 
measures Q as opposed to measuring something proportional to the stress -strain lag angle. If Q is 
obtained from an oscillatory free decay, using the logarithmic decrement defined as follows, then there is 
no problem. 

A = In— A- = [3T= — (20.32) 

■T; ■ 1 Q 

Here, x n and x n+l are adjacent turning point amplitudes separated by one period of the motion, T. In 
practice, it is very difficult to adjust a mechanical system to oscillate over a wide frequency range. The 
widest range known to the author, for a mass -spring system, involved the work of Gunar Streckeisen 
(1974), in which a vertical seismometer using the LaCoste spring was adjusted to have periods in the 
range between 7 and 140 sec. Because of the difficulties in attaining a wide range of eigenmodes, internal 
friction is typically determined with a specimen that does not oscillate. We now consider that case. 

20.13.2 Nonoscillatory Sample 

In the typical torsional pendulum used to measure internal friction, the sample is of very small mass. 
Such a pendulum was built, for example, around the original version of the fully differential capacitive 
sensor, to study magnetoelastic wires (Atalay and Squire, 1992). As with many delicate instruments, the 
Atalay and Squire instrument was of the type labeled “inverted.” A silk fiber at the top of the specimen 
was used to provide minimal tension in the sample. They used one linear rotary differential capacitance 
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transducer (LRDCT) (Peters, 1989) in the drive mode to provide a known stress to the delicate 
magnetoelastic sample and a second LRDCT to measure the strain magnitude and the angle by which it 
lags behind the stress because of an elasticity. As such, they were measuring the lag angle and not Q, as 
will now be shown. 

Without an inertial term, the sample response xtoa periodic external force F is governed by 

F = Kx = ( k + jOx = (20.33) 



so that the transfer function is given by 




(20.34) 



from which it is seen that the measurement does not yield Q -1 but rather the lag angle 1,1k, where k is 
constant. Perhaps the measured angle, which is an indicator of the internal friction, has been called Q -1 
because k = ma>l for an oscillator of frequency co 0 , and Q = mcol/£ for the freely decaying oscillator. Bear 
in mind, however, that this expression for k does not apply to the nonoscillatory measurement just 
described. There is a frequency square difference between such a measurement and what would be 
measured if an adjustable oscillator were being considered. 

An example of the importance of this issue is found in the article by Lakes and Quakenbush (1996), in 
which one reads from the abstract the following statement: 



The damping, tan 5, followed a v~ n dependence, with n ~ 0.2, over many decades of frequency v. 
This dependence corresponds to a stretched exponential relaxation function, and is attributed to a 
dislocation-point defect mechanism. It is not consistent with a self-organized criticality dislocation 
model which predicts tan 8 oc A~ 2 . Dislocation damping in metals is relevant to development of 
high damping metals, the behavior of solders and of support wires in Cavendish balances. 



The present arguments suggest that the experiment by Lakes and Quackenbush is ( 1996) not in strong 
disagreement with the SOC model; that the magnitude of the exponent difference between theory and 
experiment is really 0.2 and not 1.8 as they have indicated. 



20.13.3 Isochronism of Internal Friction Damping 

It is well known that, in the viscous damping free-decay case, the frequency of oscillation is lowered by 
damping according to 

= V w o - P 2 = <%\/l “ ( 2 Qv )~ 2 (20.35) 

and the resonance frequency of the driven oscillator is lowered even further (Marion and Thornton, 1998). 
It is not well known how difficult it is to measure this damping “red-shift,” which brings in features of the 
Heisenberg uncertainty principle. Additionally, it is not well known that extensive damping experiments 
suggest that the frequency may not, for some systems, depend on the damping at all; i.e., the oscillator 
is isochronous. Isochronism cannot be realized with a linear homogeneous differential equation, but it 
can be realized with a nonlinear form that is obtained by modifying the damping term as follows: 

j ^co 2 [x(t)] 2 + [x(f)] 2 sgn(x) (20.36) 

where sgn(dx/df) is the algebraic sign of the velocity — it causes the equation of motion to be nonlinear 
even if the square root term were not present. For small damping, the square root term can be shown to be 
equal to the time-dependent amplitude of the motion multiplied by the angular frequency. 

Other damping types are possible and are indicated in Peters (2002a, 2002b, 2002c) (...universal...) 
where evidence is also provided for harmonic distortion in the waveform because of the nonlinearity. It is 
shown in Peters and Pritchett (1997) that the oscillation is isochronous. 
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For large values of Q, the lag angle (radian measure) is given by 8 = 1/Q. Researchers usually measure 
8 and specify the magnitude of the internal friction as Q _1 . As noted previously, Q is proportional to 
frequency for the viscous damped oscillator. Thus, for viscous damping, the internal friction is inversely 
proportional to the frequency. 

For hysteretic damping we obtain the result 



tan 8 = a = 



h 

k 



(20.37) 



where the variables are defined in Equation 20.19. For small damping in which tan 8=8= Q _1 , we find 
that the internal friction for hysteretic damping is inversely proportional to the square of the frequency, 
since h is constant and k = mco 2 . 



20.14 Mathematical Tricks — Linear Damping Approximations 

20.14.1 Viscous Damping 

In the FFooke’s Law expression, F = —kx, it is common practice to approximate hysteresis of oscillatory 
motion by letting k become a complex coefficient. This is also standard practice in a variety of fields, such 
as the description of lossy electromagnetic media. No doubt the practice has been further popularized by 
the standard approach of solving electrical engineering ac circuit problems by means of phasors, the 
technique developed by Steinmetz (1893). 

We recognize in the expression x(t) = x 0 e ,at = x 0 cos cot + jx 0 sin cot that harmonic variation is 
contained in the real part (or alternatively the imaginary part) of the complex exponential form. Using 
Newton’s Second Law, and representing the spring constant by k e? s with 8 « 1 (small damping), we 
obtain the damped harmonic oscillator equation 

mx + kx + (jk8)x = 0 (20.38) 

where the approximations cos 8—> 1 and sin S — > 5 have been employed. 

, k , 

However, since Jc = icox, and — = ur , Equation 20.38 can be rewritten as 

m 

x + co8x + co 2 x = 0 (20.39) 

We thus see that the damping constant co 8 = co/Q = 2(3 permits us to express the logarithmic decrement 
A in terms of the angle 5 with which x lags F; i.e., A = (3T = tt8. (Note that we are making no distinction 
here between the periods with and without damping, since the difference is small and hard to measure.) If 
(3 were independent of frequency, then 8 would be inversely proportional to the frequency, which is rarely 
realized in practice. 



20.14.2 Hysteretic Damping 

Equation 20.39 does not properly represent some of the most important engineering systems. For those 
labeled “hysteretic,” we must use a different form for the complex spring constant. We assume that 
F = — (fc comp ] ex )x = (k + jh)x where h is a real constant. Since dx/dt = jcox, this yields the equation of 
motion 



x H x + ofx = 0 

mco 



(20.40) 



Since h is assumed to be a true constant (independent of frequency), the lag angle between displacement 
and force is given by 



hi h 
k Q mco 2 



(20.41) 
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which is seen to be inversely proportional to the square of the frequency. (Note that 5 here is the same as 
a in Figure 20.6.) It should be noted that the complex form for the spring constant is not simply obtained 
using the common theory of viscoelasticity. Such theory requires a multitude of relaxation times 
(stretched exponentials) (Speake et al., 1999). 



20.15 Internal Friction Physics 

20.15.1 Basic Concepts 

All damping derives from varying degrees of complexity because of the myriad interactions that are 
present, either internal of nonconservative type or external involving the environment. This is true even 
for systems that come closest to being governed by the textbook equations. For example, the author has 
attempted to produce ideal harmonic oscillators using viscous liquids for damping. Even they are 
complicated and do not strictly obey Stokes’ Law of drag force proportional to the velocity. The nonlinear 
Navier-Stokes equation may be capable of describing them, but not in a simple form except to a first 
approximation that is not really very good relative to the precision that is possible with modern sensors. 

Perhaps the closest to being an ideal viscous damped oscillator is that in which the damping force derives 
from eddy currents through Faraday’s Law. A magnet is attached to the oscillator and, as it moves in 
proximity to a conductor, the time rate of change of magnetic flux gives rise to a retarding force that is 
proportional to velocity. Because there really is a force involved, and because of Lenz’s Law, the damping 
term makes sense physically. This case might be completely ideal except for one factor — the magnet is part 
of a mechanical system that must possess structural integrity if it is to oscillate. Because of loads present in 
the structure (reactionary normal forces to the various weights), there will always be some creep. The creep 
is ultimately unavoidable, since there is apparently no stress threshold below which plastic deformation 
ceases to exist. It is important to realize that forces associated with inertial mass (Newton’s Second Law) are 
just as important as the weights. Systems designed around an elastic member (such as a spring, in contrast 
to a simple pendulum) will experience damping in the weightlessness and the airlessness of space. 

20.15.2 Dislocations and Defects 

The extent to which mechanical defects, such as dislocations, have been ignored by large segments of 
the scientific community is surprising. The surprise is even greater when one considers the importance 
of defects in another field — that of electronics. Our present information age (world of computing) 
came into existence only after widespread recognition of the importance of the defects called 
impurities. The n-type and p-type semiconductor materials necessary to our modern age result from the 
substitution of silicon atoms with others of pentavalent and trivalent type in surprisingly small 
concentrations. 

The strength of solids is very much less than as predicted by theories of an ideal (perfect) crystal. 
Dislocations are the primary culprits. Their influence on materials used in engineering has prompted the 
statement: “when mother nature fills the vacuum she abhors, she rarely does so with perfection.” 
Unfortunately, few students exposed to fundamental science receive training in defect physics. Moreover, 
it is difficult to provide a self-consistent fundamental description of their properties, so very few scientists 
have more than a superficial knowledge of their importance. 

“Viscoelasticity” is a misleading term. To combine the words viscous and elastic suggests that the state 
variables vary smoothly in time, i.e., as a fluid in the viscous part. Unfortunately, this is not true of 
hysteresis associated with either “domains” or with “grains.” In the case of magnetic domains, it is quite 
easy to demonstrate nonsmooth (jerky) behavior that is called Barkhausen noise. Although the 
phenomenon was demonstrated by Barkhausen in 1919, only recent studies have begun to understand 
some of its complexities better (Urbach et al., 1995a, b). 

A similar phenomenon, that must relate in some manner to the Barkhausen effect, is the PLC effect. 
Under applied stress, alloys frequently display discontinuous strain increase (jumps). The author has 
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even demonstrated strain recovery of a similar type, catalyzed by “tapping.” The polycrystalline metals 
that demonstrate these effects are obviously influenced by “granularity.” They differ from the “granular 
materials” that have become a hot topic of recent research. Even pure polycrystalline metals exhibit these 
features. The German word to describe the deformation of tin under large stresses is zinngeschrei 
(=tin cries). Anyone who has ever bent large-diameter tungsten wire has experienced this phenomenon, 
since the nonsmooth strain can be both felt and heard. 

There is still another type of material, thought to have great engineering potential in the future, that 
shows “granular” behavior — that of shape memory alloys (SMA). If an SMA specimen is cycled in 
temperature around the martensitic phase, it generates acoustic emissions (Amengual et al., 1987). For a 
figure taken from their work and other good pages about hysteresis, refer to the webpages of Prof. Sethna 
at http://www.lassp.cornell.edu/sethna/hysteresis/ReturnPointMemory.html. These emissions are prob- 
ably related to the PLC effect and are characterized by surprising reproducibilities in spite of their 
complex behavior. 

Thus, there is abundant experimental evidence against the overly simplistic view that hysteretic 
damping can be meaningfully described by simple, linear differential equations. The nonlinear terms 
necessary for a good mathematical treatment go beyond “chaos” to the world of “complexity.” Chaos of 
deterministic type, though bewildering to many, is in many cases tractable (using equations that can be 
integrated numerically). Damping problems are much more complex than deterministic chaos. The 
challenges to our understanding derive in part from the long time that it has taken before there were any 
serious investigations of the mesoscale, the place where defect structures abide. If, as with Zener, we use 
the word anelasticity to describe systems that are “other than” elastic, then the term mesoanelastic 
complexity is an appropriate label for this poorly understood physics that is important and yet mostly 
unknown to many fields of both science and engineering. 



20.16 Zener Model 



20.16.1 Assumptions 

The SLM of viscoelasticity provides a sound basis for some damping phenomena, yet it fails badly as an 
approximation for hysteretic damping. Its prominence in both the worlds of physics and engineering 
warrants the following detailed discussion so that the failure case may be properly documented. 

Following the example of Zener, the following linear differential equation relates the stress, cr, the 
strain, e, and their first time derivatives: 

off) + r e & = Iqfe + T a e) (20.42) 

The rs are relaxation times (subscript e meaning at constant strain and subscript crat constant stress), 
and E l is the relaxed elastic modulus (ratio of stress to strain in a very slow process). Nominally, T a > t e , 
consistent with strain lagging stress. For periodic variations 

off ) = a 0 e )mt , e(f) = e 0 e' wt (20.43) 

which, when substituted into Equation 20.42, yields 

(1 + j<ur e )ob = £i(l +jftiT„)e 0 (20.44) 



The complex modulus of elasticity is defined by 



E c = 



1 + j(OT a 
1 + j COT e 



and is seen to relate stress and strain according to 

off) = E c e(t) 



(20.45) 



(20.46) 
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From Equation 20.45, the real and imaginary parts of the modulus are found to be 



. 1 + ax' t p 

Real (E c ) = 2 E / E, 

1 + o/t 



wffrr - T e ) 



Ima § (£c) = TW £l 



(20.47) 

(20.48) 



The independent variable, or “frequency,” for all cases is the convenient dimensionless parameter, cor = 
It is convenient to use polar form, so that 

E c = lE c le’ s (20.49) 



where l£ c l is obtained by computing the square root of the sum of the squares of the real and imaginary 
parts. In this form, it is apparent that 5 is a lag angle which determines the damping loss for the system. 
Moreover, from Equation 20.47 and Equation 20.48, it is seen to obey 



tan S = 



~ r e ) 

1 + C0 2 T a T e 



(20.50) 



20.16.2 Frequency Dependence of Modulus and Loss 



/ 

/. 

/ 

/ 

/ 



spring 
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spring 



The essential features of the Zener model are 
illustrated in Figure 20.15, where the “unrelaxed” 
high-frequency modulus obeys the relation 
(E 1 E 2 )/(E 1 +E 2 ) = E 1 (T a /T s ). 

In viscous damping models, the damping is 
quantified by the product (3T, which is equal to 
the logarithmic decrement. The logarithmic 
decrement is directly proportional to the period 
when the damping “constant” (3 is truly constant. 

The graph in Figure 20.16 compares the 
logarithmic decrement computed by the standard 
model against a case where [3 = constant. Also 
shown in the figure is a set of hysteresis curves 
for cot = 10,1, and 0.1, respectively. Notice that 
the damping is large only for cot near 1, in 
accord with the bottom plot of Figure 20.15. For 
that case, points (a) to (f) and back to (a) are 
shown, labels to illustrate work done by the stress 
in traversing the hysteresis loop. The algebraic 
sign of the work changes around the loop and 
the net work done in one cycle is just the area 
enclosed by the loop. 

For damping based on the Zener (standard linear) model to agree with the simple viscous 
approximation, it is necessary that cot » 1 ; i.e., the period of the oscillator must be significantly shorter 
than the smaller of the relaxation times, as illustrated in the bottom graph of Figure 20.16. 




FIGURE 20.15 Zener Model of anelasticity. Bottom 
curves are “frequency” variation of modulus and loss 
respectively. 



20.16.3 Successes — Models of Viscoelasticity 

Viscoelasticity, as an approximation for damping, is evidently quite adequate for some materials. 
The assumption of fluid character as a basis for hysteresis is expected to be closest to correct when 



© 2005 by Taylor & Francis Group, LLC 



Damping Theory 



20-47 




Harmonic Oscillator 




FIGURE 20.16 Characteristics of the Zener model. 



applied to those cases in which variations in strain are almost continuous. The materials of rheological 
type for which this appears to be most true are solids built from long chain polymers, i.e., various 
plastics. Such materials can yield surprising results, however. Shown in Figure 20.17 are results from a 
study that used a nylon monofilament sample (8-lb fishing line). The pair of torsional free-decay 
records corresponds to two different temperatures — 290 K (room temperature) and 390 K (above the 
glass transition temperature of the nylon). Although a significant increase in the period was observed 
as the temperature was increased above the glass transition temperature (changing from 18.2 to 
27.8 sec), the logarithmic decrement was found to be almost unchanged. This was not in keeping with 
the expectation that softening of the material at the higher temperature would result in significantly 
greater damping. The effect is just the opposite of what was mentioned concerning cast iron, which, 
though very hard, does not have small damping. Here, a softening does not result in significantly 
increased damping. 

Although there was some creep observed for both the decays of Figure 20.17, the creep was more 
pronounced in the higher temperature case. This is illustrated by the lower curve of the bottom graph, 
which is a computer fit in which the secular term necessary for best fit was removed to illustrate the creep. 
In both decay cases, the log decrement was calculated by importing the A/D data (Dataq DI-154RS) to 
Excel and then using trial and error adjustment of parameters to achieve the best fit. 

Although the damping of glasses is normally treated using the theory of viscoelasticity, Granato 
(2002) has recently modeled these materials via defects. In his paper, Granato states the following: 
“As dislocations carry the deformation in crystals, interstitials are the basic microscopic elements 
carrying the deformation in glasses near and above the glass temperature.” 



20.16.4 Failure of Viscoelasticity 

Unfortunately for the elegant theory of the Zener model that has been presented, there are many 
mechanical systems for which the Q is not proportional to frequency, but rather proportional to the 
square of the frequency. The logarithmic decrement (A = n/Q) has been measured for a host of 
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FIGURE 20.17 Torsional free-decay records of monofilament nylon at temperatures first below and then above the 
glass transition temperature. Although the modulus decreased dramatically at the higher temperature, the damping 
did not. 



long-period mechanical oscillators, configured as some form of a pendulum. In all cases, these systems 
were described approximately by A = (3TaT 2 rather than by (3TaT. Similar behavior has been noted in 
mechanical oscillators other than the pendulum — for example, in the geophysics research of Gunar 
Streckeisen and Erhard Wielandt, who are well known for the development of the widely employed STS- 1 
seismometer. During his pursuit of the Ph.D., Streckeisen (1974) measured the numerical damping 
(fraction of critical damping) of a vertical Sprengnether long-period seismometer 5100-V. After 
removing the magnet of the velocity transducer (to eliminate eddy currents and reduce viscous air 
damping, he found that the numerical damping was proportional to the square of the period between 
periods of 7 and 140 sec. He took about 30 measurements over this interval of periods, and showed that 
the damping increased from about 0.0008 to about 0.3 — a factor of roughly 400, not 20 as one would 
expect for viscous damping. To quote Wielandt (private communication), “the data are very clear.” 



20.17 Toward a Universal Model of Damping 



20.17.1 Damping Capacity Quadratic in Frequency 

The quadratic dependence on frequency of Q (log decrement proportional to period squared) is 
equivalent to friction force being frequency-independent. In support for the claim of universality, it was 
noted in the Introduction (Section 20.2.2) that three very different systems showed this characteristic: 
(i) the vertical seismometer just discussed, (ii) various pendula, and (iii) the rotating rod direct 
measurement of internal friction first done by Kimball and Lovell (1927), who measured the transverse 
deflection of the end of a rod when it was rotated about a horizontal axis. 
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20.17.2 Pendula and Universal Damping 

An example of one of the author’s experiments that illustrate universal (hysteretic) damping is provided 
in Figure 20.14. Other works that illustrate hysteretic damping include those by Peter Saulson of Syracuse 
University, who has been frequently cited in the literature (see Saulson et al., 1994). 

The pioneering work of Braginsky (important to LIGO) has already been mentioned in the context of 
small force measurements and noise. He and his Moscow group members argue that the internal friction 
in fused silica may be roughly independent of frequency from 0.1 Hz to 10 kHz (Braginsky et al., 1993). 

An oft-cited paper speaking to the issues of hysteretic damping is an article by Quinn et al. (1992) 
concerned with material problems in the construction of long-period pendula. (The type of pendulum 
on which they based their studies was first described in the scientific literature 2 years earlier (Peters, 
1990).) In a follow-on paper, Speake et al. (1999) state the following: “The analogues of anelasticity and 
its resultant 1 If noise are seen in a wide range of other processes (for example, dielectric and magnetic 
ones) described in terms of frequency-dependent susceptibilities.” 

The jerkiness (discontinuous change) that is the hallmark of the Barkhausen effect may have been first 
seen mechanically in the experiments that generated the metastable states paper. From a consideration of 
the chapter by James Brophy (Brophy, 1965), it was postulated in this 1990 paper that the jerky behavior 
of a mesodynamic pendulum is a type of mechanical Barkhausen effect. 



20.17.3 Modified Coulomb Model — Background 

The results that follow grew naturally out of the 
application of fully differential capacitive sensors 
to the study of mechanical oscillators. Efforts to 
model internal friction influence on long-period 
pendula uncovered something surprising to most 
— that the foundation for physics laid by Charles 
Augustin Coulomb may be much broader than 
had been realized. Most individuals in the physics 
community do not associate Coulomb’s name with 
contributions other than to the laws of electro- 
statics. Engineers, however, have long used his 
name in the context of sliding friction, since, in 
fact, Coulomb gave us the empirical description 
which involves static and kinetic coefficients. Because of his interest in the civil engineering of soils 
(Heyman, 1997), Coulomb also provided something else — a basis for understanding granular flows and 
even some types of fracture. Concerning the latter, the Mohr criterion, applied to the Coulomb failure 
envelope, defines a “coefficient of internal friction,” which is used to predict brittle failure (Gere and 
Timoshenko, 1996). 

Coulomb friction is empirically simple, at least as a first approximation, since it depends only on the 
normal force between surfaces and the algebraic sign of the velocity when there is relative motion. Like so 
many problems of multibody type, a complete theory of sliding friction is far from being realized. 
Simplistic textbook efforts to explain energy loss, by picturing “hills and valleys” of the surface of two solids 
in contact, are useless. An example of such naivete can be realized by trying to understand the phenomenon 
of optical contacting. Two orthogonally oriented fused silica cylindrical fibers, allowed to touch, can 
experience atomic bonding forces that are surprisingly strong, being much greater than the weak attraction 
of the van der Waals type. Cleanliness of the surfaces is paramount for success in such a demonstration, 
which speaks to another issue — a connection between internal friction and surface physics. 

The conversion of mechanical energy to thermal energy must involve nonlinear (avalanche or cascade) 
processes. A heuristic description of defect structural interactions that generate heat and eventual failure 
is the phonon triangle of Tom Erber (Illinois Tech University) shown in Figure 20.18. The author has 



Virgin Failed 




FIGURE 20.18 Heuristic description of how materials 
fail — processes connected with damping. 
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extended Erber’s triangle to include the larger-scale Earth in an attempt to explain earthquakes. 
Everybody recognizes that the bending of a wire does not take it from the virgin initial state to the failed 
state along the macroscopic upper leg. 

There must first be a downward path to the microlevel, through cascading. These cascades can 
cause Barkhausen noise in the case of ferromagnetic samples, and acoustic emission in nonmagnetic 
metallic alloys (PLC effect). Failure requires the upward path of defect organization, the mechanisms 
of which are not yet understood. One of the first theories with possible implications to the 
organization leg is that of self-organized criticality. In the magnetic case, Erber has used a fluxgate 
magnetometer to improve failure predictions, since magnetic hysteresis is proving to be a sensitive 
indicator of mesoscale structure changes during cycling toward failure. Inferred from these studies is 
some yet-to-be discovered connectivity between noise, damping, and failure. 

Surface friction is expected somehow to be connected with internal friction, the biggest difference 
being that the surface has many more defect states with which to redistribute energy. The larger density of 
states of the surface (reduced order) is probably an important factor in the difference between surface 
friction and the modified internal friction model which follows. 



20.17.4 Modified Coulomb Damping Model — Equations of Motion 

In the following damping model for internal friction. Coulomb’s law of sliding friction is modified by 
assuming that the coefficient of friction is not constant, but rather involves the energy of oscillation E in a 
power law; i.e. 

1 , 1 , 

sgn(x) + kx = 0, E= — mx + —foe 2 (20.51) 

where c= constant that is different for each A. For Coulomb (sliding) friction A = 0. For amplitude- 
independent damping of hysteretic type, A = | . For amplitude-dependent (such as large Reynolds 
number fluid) damping, A = 1. In all cases, if c « 1 (small damping), the damping capacity is quadratic 
in the frequency, so that the internal friction Q _1 ~ w~ 2 . Equation 20.51 is easily implemented, in spite 
of its nonlinearity, which we will see later to be a cause for harmonics in the decay. 

It is convenient to rewrite Equation 20.51 in canonical form so as to involve the Q of the oscillator. For 
the case of hysteretic damping (A = |), the equation becomes 

x + V aVx 2 + x 2 sgn(x) + u> 2 x = 0 (20.52) 

4 Qh 

Similarly, for amplitude-dependent damping (A = 1) 

x H (co 2 x 2 + x 2 ) sgn(x) + co 2 x = 0 (20.53) 

4yoQ/o 

where y 0 is the initial value of the amplitude of x (largest maximum of x), and Qf is found not to be 
constant, as in the case of hysteretic damping. Rather, in this case, the Q increases as the amplitude 
decreases. On the other hand, the Q of an oscillator influenced only by Coulomb ( A = 0, sliding) friction 
decreases with the amplitude, and the equation of motion in canonical form is given by 

t Tco 2 y n , , 

xH sgn(x) + <z) x = 0 (20.54) 

4Qco 

In Equation 20.53 and Equation 20.54, the subscript 0 is used to identify the initial value of the time 
varying Q. Equation 20.54 is equivalent to equation 20.12 with Q c0 /y 0 = tt/( 4A x ). 



mx + cm\ — 



2 E 

T _ 
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As will be illustrated with some examples, it is possible for an oscillator to be influenced 
simultaneously by all three types of friction. One may treat such a system with the following equation of 
motion 



7 TCO y n 7 TCO / — — 7 77 .99 9 , , 9 

x + 1 Vw 2 * 2 + x 2 H ( arx~ + x) sgn(ir) + urx = 0 

|_ 4Q c0 4Q/, 4y 0 Q/o J 

At any instant during the decay, the total (time-dependent Q) is given by 

1 _ 1 1 1 

QW “ a + Q~h + 



(20.55) 



(20.56) 



in which it is seen that the smallest Q in the set (largest damping term) is dominant in a manner 
reminiscent of capacitors connected in series. 

It is instructive to look at the analytical solution for the time dependence of the amplitude (turning 
points, y(t) = lx max l), when all the Qs » 1. Such a solution is obtained from energy considerations by 
noting first that the time rate of change of the energy is zero in the absence of friction, i.e. 



E = 



d 

df 



^jinx 2 + ^fct 2 j 



x(mx + kx) = 0, 



no friction 



(20.57) 



With friction, cLE/df is determined by the rate of doing work against the friction force; i.e., cLE/df is 
proportional to coyf, where / is the friction force. In the case of Coulomb friction, / is constant 
(determined by y 0 ,) so d£/df is proportional to £ 1/2 . For hysteretic damping, / is proportional to y, so 
dE/df is proportional to £. For fluid damping, / is proportional to y 2 , so d£/df is proportional to £ 3/2 . 
Thus, the general case is described by 



£ = — ^ + c 2 x/e + c 3 £^\/e 



(20.58) 



Because the energy is proportional to y 2 , we can write down the equation for the time varying 
amplitude as 

y = —c — by — ay 2 (20.59) 



where a, b, and c are constants. The solution to this first-order equation can be found in integral tables, 
and the result depends on the size of c relative to the product ab. For present purposes, we will restrict 
ourselves to the case where Coulomb damping is not dominant, in which the solution involves an 
exponential. (For large c, one may develop the corresponding general case in terms of the tangent or its 
inverse.) The present result is as follows, using r = (b 2 — 4 ac) 112 , where 4 ac < b 2 



with a = 2 ay 0 + b — r. 



(3 = 2 ay 0 + b+ r. 



P = 



r 



b(p - 1) + r(p + 1) 
2a(l -p) 



(20.60) 



In the case where c = 0, Equation 20.60 can be simplified to the following form, which is useful for curve 
fitting: 



1 

y 




a 

b 



(20.61) 



For the case where a = 0, the better form for curve fitting is 



y = (y° + ^ je ht - ^ (until y = 0) 

Curve-fits based on the modified Coulomb damping model are summarized in Box 20.2. 



(20.62) 
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Box 20.2 

Curve-Fit to the Turning Points 



If no damping 



. d ( 1 , 1 

E = — I — mxr H — 



. Kir H — kx I = x(mx + kx) = 0, 
df V 2 2 / 

with damping ( E prop, to y 2 , E prop, to coy ■ friction force) 

E — T C2^E -F c^E^^/E 

equivalent to (c for Coulomb, b for hysteretic, a for fluid) 



general solution 



y = —c — by — ay 2 

with a = 2 ay 0 + b — r, (3 = 2 ay 0 + b + r, 

Hp - 1) + r(p + 1) 



y- 



2a( 1 -p) 



no friction 




special case, c = 0 



special case, a = 0 



1 

y 




a 

b 




(until y = 0) 



20.17.5 Model Output 

Shown in Figure 20.19 is a case in which the decay is influenced by all three types of friction. Notice how 
the Q rises initially, peaks at a value less than what would be true for hysteretic damping alone (constant 
Q case), and then later declines. The initial rise is due to the amplitude-dependent damping term (size 
determined by coefficient a), and the later decline is due to the Coulomb damping term (determined by 
coefficient b). 

The code in Table 20.1 that was used to generate Figure 20.19 has been reproduced here for two 
reasons: (i) to show the ease with which the modified Coulomb model may be numerically applied in 
general to a damping problem, and (ii) to illustrate an integration algorithm that has proven to be 
intuitive, simple, and powerful — the Cromer-Euler technique, which Alan Cromer first described as the 
“last point approximation (LPA)” (Cromer, 1981) in contrast to the unstable “first point approximation” 
given to us by Euler. Over the last 20 years, the author has employed the LPA in a host of applications that 
span from the generation of satellite ephemerides in the U.S. antisatellite program to both simple and 
several-body nonlinear problems of deterministic chaos type. 
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DAMPING COEFFICIENTS: a = 0. 1 , b = 0. 1 , c = 0.01 
initial Q = 12, initial amplitude = 4, period = 0.5, final Q — 'Tl 




FIGURE 20.19 Model generated results based on Equation 20.55 and Equation 20.60. 



20.17.6 Experimental Examples 

The code of Table 20.1 is useful in determining the nature of a given experimental case. Too frequently in 
the past, it has been naively assumed that the entire decay record was exponential. Particularly when 
longer records are collected, it is found that most damping is nonlinear. In the two experimental 
examples that follow to backup this claim, one is a near-perfect (nonlinear) particular case of amplitude- 
dependent (fluid) damping, and the other is a mixture of amplitude-dependent and hysteretic damping, 
but devoid of any Coulombic influence. Coulomb friction frequently tends to be either “all or nothing,” 
depending on whether there is an unwanted mechanical contact that involves slippage. A notable 
exception is found in the case where a pendulum is influenced by eddy current damping in a narrow 
region of its total motion (Singh et al., 2002). 

The pendulum that was used to generate the data displayed in Figure 20.14 was also used as follows. A 
large flat piece of plastic was attached to the bottom of the pendulum, so that its movement (normal 
vector to the surface in the direction of motion) would disturb a great amount of air in turbulent manner. 
As expected, there was a dominant initial (large level) amplitude-dependent damping, as shown in 
Figure 20.20. 

The speed (maximum) was measured with a photogate as previously discussed. The expressions 
shown in the figure are consistent with Equation 20.59 and Equation 20.61. The data, which were 
collected by hand and typed into Excel, produced the “jagged” curve, and the computerized fit 
according to Equation 20.61 is the smooth curve of the pair. It is noteworthy that the quadratic drag of 
the air (determined by a = 0.036) is 40% greater than the viscous drag at the start of the decay. By cycle 
37, the quadratic part has become much less significant than the constant Q viscous part, having 
become roughly 60% smaller. 

The fluid damping “soup-can” pendulum data of Figure 20.21 was generated with a can of Bush’s 
black-eye peas. The container with enclosed unbroken contents, being a right circular cylinder of length 
1 1 cm X diameter 7.4 cm, was suspended horizontally by a pair of knife edges under opposing end-lips 
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TABLE 20.1 QuickBasic Code to Calculate Amplitude History y(t) and Integrate Equation of Motion to Obtain 
x(t); Accommodates Three Common Forms of Friction 

CLS 

REM: setup display 

SCREEN 12: VIEW (0, 0) - (600, 470): WINDOW (-.2, - 5) - (1, 5) 

REM: assign constants and initialize variables 
pi = 3.1416: df = 0.002: t= 0 
x 0 = 4: x = x 0 : y 0 = x 0 : xd = 0 

Period = .5: omega = 2*pi/period: b = .1: a = .1: c = .01 
REM: print damping coefficients 

PRINT “DAMPING COEFFICIENTS: a = a; “, b = b; “, c = c 
r = SQR(/? A 2 — 4* a* c): alpha = 2* a* x 0 + b — r 
Beta = 2* a* x 0 + b + r 

REM: Use a , b and c — set Q’s to dampen (quadratic, linear, and constant resp.) 
qf = omega/2 laly Q : qh = omega/2//?: qc = y 0 *omega/2/c 
REM: start integration loop 
LOOPO: 
t = t + df 

REM: analytically compute amplitude (y = magnitude of x) at each time point 
p = alpha* EXP( — r*f)/beta 
y = (b'(p - 1) + r*(p + l))/2/a/(l - p) 

REM: integr. the eq. of motion to get x(t), using 3 fric. force/mass terms 
REM: The coeffi’s ff, fh & fc correspond to: quadratic in speed (fluid), 

REM: linear in speed (hysteretic), and independ. of speed (Coulomb) resp . 
ff = (pi/4)*(l/y 0 )*(l/qf)*(omega A 2*x A 2 + xdot A 2) 
fh = (pi/4)* (omega/qh)*SQR(omega A 2*x A 2 + xdot A 2) 
fc = (pi/4)* omega A 2*y 0 /qc 

REM: check algebraic sign - USE SIGN BUT NOT MAGNITUDE OF VELOCITY 
IF xdot > 0 THEN GOTO SKIP 
ff= — ff: fh = -fh: fc = -fc 
SKIP: xdoubledot = — ff — fh— fc — omega A 2*x 
xdot = xdot + xdoubledot * dt: x = x + xdot * dt 
REM: calculate the energy and then the amplitude to evaluate Q 
REM: could instead use analytical result q = (pi/4)*omega 2 *x/abs(ff + fh + fc) 

Energy = .5*xdot A 2 + .5*omega A 2*x A 2 
Amplitude = SQR(2 * energy) /omega 
REM: calculate loss per period due to friction 
loss = ABS(ff + fh + fc) * 4 * amplitude 
q = 2 * pi * energy/loss 

IF t < 1.2* dt THEN PRINT “initial Q = 10*INT(q)/10; 

IF t < 20 THEN GOTO SKIP2 

PRINT “, initial Amplitude = x 0 ; “, Period = period; 

PRINT “, final Q = 10*INT(q)/10 

REM: DO GRAPH 

SKIP2: PSET(.04*t, .5*q/omega): PSET (.04 *t, .5*qh/omega), 4 
PSET (.04*t, 4*x/y 0 ): PSET (.04*t, 0): PSET (.04*t, 48*y/y 0 ) 

IF t > 20 OR y < 0 THEN GOTO pause 
GOTO LOOPO 
Pause: GOTO pause 
RETURN: END: STOP 



(Peters, 2002a, 2002b, 2002c). The motion of the can was measured with an SDC sensor connected to a 
Dataq A/D converter. Whereas experiments of similar type, with homogeneous fluid contents, have 
produced viscous decay records, the present case involved only friction of so-called “fluid” type; i.e., 
quadratic in the “velocity.” To generate the figure, the A/D record was exported to the Microsoft software 
package, Excel. Fits to the data were then obtained by adjusting, through trial and error, the a, b , and c 
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vmax vs cycle number n 




FIGURE 20.20 Decay of an air-damped pendulum as a function of cycle number n. 



coefficients of a “fit” to the amplitude. For this case, the fit was easily accomplished because both b and c 
proved to be essentially zero. 

The second case, involving an evacuated pendulum, was not a single pure type of damping, but can be 
seen in Figure 20.22 to have both hysteretic and amplitude-dependent contributions. Although fluid 
damping is amplitude-dependent in the same manner, with the damping term being proportional to the 
square of the amplitude, the word “fluid” is not used to describe this case since the system involved 
exclusively solid materials. 

Not all decay records of this pendulum in vacuum yielded a mix of friction types as displayed in the 
figure. The effect was observed to be transient, and it is speculated that outgassing of components may 
have been a factor. 




FIGURE 20.21 Example of fluid damping of a “soup-can” pendulum. The granular contents (black-eye peas and 
water) result in a friction force that is quadratic in the velocity. 
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Period = 1.0 s 
Q, = 3000, Q f = 8000 





FIGURE 20.22 Example of a mix of two damping types, hysteretic and amplitude-dependent. 

20.17.6.1 Numerical Integration 

Instead of integrating the second-order equation of motion twice — first the acceleration, followed by the 
resulting velocity — more accurate results are obtained by integrating the equivalent pair of first-order 
equations (also see Chapter 6). 

For example, the equation of the simple harmonic oscillator with viscous damping is expressible as 

p = —q — kp q = p (20.63) 

where the position variable has been represented by the generalized coordinate q ( x elsewhere), and for 
the momentum p = m dq/dt, and here the mass, m, has been set to unity. Likewise, the spring constant 
has been set to unity. It is generally useful to distill a given problem to its most basic form when 
attempting to understand the physics. Constants that provide no useful information for trend analysis 
purposes are conveniently “normalized.” Such is common practice, for example, in modeling chaotic 
systems. 

The second-order set can always be reduced mathematically to a first-order pair; however, the pair 
results naturally from the use of the Hamiltonian as opposed to the Newtonian formulation of 
mechanics. 



20.17.7 Damping and Harmonic Content 

Equation 20.52 to Equation 20.54 are the nonlinear, modified Coulomb damping model forms that 
correspond, respectively, to (i) hysteretic, (ii) amplitude-dependent, and (iii) Coulomb damping. The 
damping term for each of the three cases can be expressed as follows: 



/ 77 co 

m 4 Q 



(20.64) 



where/ is the friction force, and [v] is the square wave whose fundamental in a Fourier series expansion is 
equal to the velocity of the oscillator times 4hr, i.e., for a square wave ±h, the amplitude of the 
fundamental is ±(4hr)h. We see that all the damping types that have been considered in this chapter, 
when expressed in canonical form, correspond to a fundamental friction force/ = ma>vlQ. The simplicity 
of this result is probably why viscous damping has been viewed by so many physicists as “inviolate.” One 
must be careful, however, because (as noted in the previous section) only for the case of hysteretic 
damping is Q constant. For amplitude-dependent damping Qy = QyoOVy) and for Coulomb damping 
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Qc = Qco(y/yo)- The time-dependent Q of nonexponential cases will have significant influence on mode 
development in many-body systems because of elastic nonlinearity (necessary for mode coupling). 

There is another important subtlety of Equation 20.64. When only the fundamental of [v] is retained, 
equivalent to viscous damping, Q is proportional to frequency. When all odd harmonics are included 
(full square wave), Q becomes proportional to frequency squared. This means that harmonics in the 
friction force are responsible for the primary difference between hysteretic damping and viscous damping. 
Something being presently considered is how, in an algorithmic sense, to modify Equation 20.52 to 
Equation 20.54 to provide for “dispersion,” i.e., means for providing Q dependence other than frequency 
squared. We posit the following: that hysteretic (exponential) damping is the idealized universal form of 
damping due to secondary creep. When there is an activation process of Zener (Debye) type, such as 
dislocation relaxation, then additional terms must be added to the hysteretic “background.” It may be 
that this can be accommodated by a suitable removal of harmonics from the square wave of the hysteretic 
case, and it may happen that Q is constant for systems that vary continuously. It is conjectured that the 
PLC effect, responsible for discontinuous changes, plays a role in those cases where Q is not constant. 
Equations of motion based on the modified Coulomb damping model are summarized in Box 20.3. 



Box 20.3 

Equations of Motion Based on 
Nonlinear Damping 



Equation of motion in terms of energy 



[2 El 

It. 



mx + cm —— sgn(x) + kx = 0, E = — mx 4 kx 2 



Hysteretic-only damping (exponential) 



x 4 V ofx 2 + x 1 sgn(x) + of x = 0 

4Qjt 



Velocity-square (fluid) damping 



Coulomb damping 



x 4 (of x 2 + x 2 ) sgn(ir) 4- of x = 0 

4yoQ/o 



TTofvn , , , 

x 4 sgn(x) + ofx = 0 

4Qco 



All three damping types simultaneously active 



2 

7 TO Yo 7T(0 / T. T T 77 999 9 

x + 1 v ofx 2 4- x 2 4 (ofx~ 4- x) sgn(x) + ofx = 0 
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20.18 Nonlinearity 



20.18.1 General Considerations 

Electrical nonlinearity is the type with which most engineers are familiar. It is the very basis for common 
nondigital forms of communication, such as that of frequency modulation type. A popular form of radio 
amateur communication is one in which the carrier and one of the two normal sidebands of a signal are 
suppressed before going to the antenna. At the receiver, the carrier is “regenerated” before going to the 
demodulator. The demodulator required for ultimate transduction by speaker is also a nonlinear device. 

Nonlinearity of mechanical type is encountered throughout nature. The human ear, for example, is not 
linear, but rather characterized by both quadratic and cubic nonlinearities. If an intense, pure low 
frequency (inaudible) sound of frequency / is present with a higher frequency audible one of frequency F, 
then one typically hears (in addition to F) tones at F ± f due to the quadratic nonlinearity and F ± 2/ 
due to the cubic nonlinearity. 

Very high frequency acoustics (ultrasound) is employed for studies of elasticity. The quasi-linear 
features of ultrasonic propagation have been the basis for measuring second-order elastic constants 
(determined by velocity of propagation) and internal friction (by attenuation of the beam, i.e., damping) . 
A commonly employed ultrasonic technique that has been used to study both linear and nonlinear 
phenomena is the pulse-echo method. By using a thin specimen and extending the pulse width, the 
overlapped signal can add constructively or destructively and, in the former case, resonance is 
approached as the width gets very large (Peters, 1973). The pulse-echo method was the basis for this 
author’s Ph.D. dissertation (“Temperature dependence of the nonlinearity parameters of copper single 
crystals,” The University of Tennessee, 1968). The distinguished career of his professor, M.A. Breazeale, 
has focused on ultrasonic harmonic generation as a means to determine the shape of the interatomic 
potential of solids (Breazeale and Leroy, 1991). A longitudinal wave distorts because of the anharmonic 
potential (acoustic equivalence of optical frequency doubling with lasers in a KdP crystal). In like 
manner, phonon -phonon interactions are possible only because of nonzero elastic constants of order 
higher than second (second-order constants determining the harmonic potential). Because phonon- 
phonon interactions are part of damping, there must be consequences, at least for some cases, from 
nonlinear damping terms. 

The unifying theme for this chapter is that damping is fundamentally nonlinear, in spite of the fact that 
linear approximations have prevailed in modeling and, for many purposes these linear models appear to 
be acceptable (Richardson and Potter, 1975). In their paper, Richardson and Potter state that “... an 
equivalent viscous damping component can always be derived, which will account for all of the energy 
loss from the system. Thus, in measuring the modal vibration parameters for the linear motion of a 
system, we don’t care what the detailed damping mechanism really is.” 

Although their statement may be true for steady state, it is not expected to be true for the transient 
processes that lead to steady conditions of oscillation. As demonstrated elsewhere in this chapter, 
mixtures of different damping types are common among oscillators, and only with viscous or hysteretic 
damping is the Q independent of amplitude. Other cases may result, for example, from the decay being a 
combination of hysteretic damping and amplitude-dependent damping. An example used to illustrate 
this combination was an outgassing pendulum oscillating in vacuum. Similarly, a long, “simple” 
pendulum, oscillating in air, is found to require a pair of terms — viscous damping and “fluid” damping 
(Nelson and Olssen, 1986). In the Nelson and Olsson experiment, the drag was found, because of the size 
of the Reynolds number, to involve both first- and second-power velocity terms. Their case can, 
incidentally, be treated by the modified Coulomb, generalized damping model of this document. 

The presence of either amplitude-dependent damping or Coulomb damping is expected to play a role 
in determining what modes of a multibody system are actually excited by external forcing. Concerning 
the latter, Coulomb friction is the basis for exciting chaotic vibrations in mechanical systems (Moon, 
1987). Without the nonlinear friction, the excitation would be impossible. In similar manner (although 
chaotic motion may be present but not in an obvious way), friction from rosin on a violin bow is used to 
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play the violin. Still another example of similar physics is the “singing rod” that was mentioned elsewhere 
as exhibiting thermoelastic damping. 

Whatever combinations of normal modes are initially excited in a linear system are the only ones that 
can exist thereafter. Such is not the case, however, for many systems and, since nonlinearity is required for 
mode coupling, there must be nonlinearity in the equations of motion. There is no question about the 
existence and importance of elastic nonlinearity. Indeed, thermal expansion would be impossible in the 
absence of higher order elastic constants. The importance of nonlinear damping remains yet to be 
quantified, since models to include it have been few in number. For those who have found it 
advantageous to include the oldest and simplest type of nonlinearity in a damping model — Coulomb 
damping (sliding friction) — the improvements realized by their choice are unlikely to cause them to 
revisit the problem and try to solve it in terms of a viscous equivalent linear approximation. 

There are many examples of damping of a single type other than viscous. In their efforts to improve the 
knowledge of the Newtonian gravitational constant G = 6.67 X 10 -u Nm 2 /kg 2 (approx.), Bantel and 
Newman (2000) discovered a pure form of amplitude-dependent damping of internal friction type. They 
did their experiments at liquid helium temperature (4.2 K) and noted the following: “A striking feature 
noted in our data is the linearity of the amplitude dependence of Q -1 for the three metal fiber materials,” 
and also “Linearity implies that Q may depend on frequency but not on amplitude, while in fact Fig.l 
displays a significant amplitude dependence (and hence nonlinearity) of internal friction in all fibers 
tested.” They also considered the temperature dependence of damping and note that there are two 
independent contributions in Cu-Be. One is linear and temperature-independent and the other 
amplitude-dependent and independent of temperature. Finally, it is worth noting their statement, “. . .our 
results are strongly suggestive of some kind of ‘stick- slip’ mechanism ...” which lends strong support to 
the modified Coulomb internal friction damping model of the present document. 

Repetition is felt to be warranted — such systems cannot always be reasonably described by an 
equivalent viscous form! For a case of amplitude-dependent Q, the equivalent form has no meaning 
unless the amplitude is fixed, i.e., it oscillates at steady state. Unfortunately, the evolution of the system to 
steady state is expected to depend on the damping form(s). Surely a model (not yet realized) that predicts 
what modes survive is worth much more than one which only characterizes the modes after they have 
reached steady state. The author and Prof. Dewey Hodges of Georgia Tech’s Aerospace School are 
planning projects to try to develop such predictive capability. The present state of the art applied to 
structures suggests that a truly predictive model cannot ignore damping nonlinearity. 

As demonstrated by Bantel and Newman (2000), the mixture of damping types that can co-exist in a 
system may change with temperature. Early experiments by Berry and Nowick (1958) also showed, as have 
many investigators subsequently, that damping generally depends on aging. It is naive to believe that aging 
would not also change the mix of damping types, when there is more than one type. Thus, an adequate 
damping model must be able to easily accommodate several damping types that are simultaneously active. 
A variety of engineering techniques have evolved to treat such problems. The most “successful” ones suffer 
from the fact that an excessive number of parameters or coupled equations must be adjusted by trial and 
error to yield decent agreement with experiment. This is reminiscent of the state of high-energy (nuclear) 
physics before the standard model. The hallmark of physics success has always been simplification. As noted 
by Albert Einstein: “All physics is either impossible or trivial. It is impossible until you understand it. Then 
it becomes trivial.” It is hard to imagine, however, that certain damping physics could ever become trivial. 
Nevertheless, the simplifying nature of better conceptual understanding is a goal to strive for. 

One of the remarkable things about the majority of damping models has been the absence of a direct 
consideration of energy in describing the dissipation process. After all, the most important quantity 
transformed by the damping is energy, so its inclusion is natural. 

20.18.2 Harmonic Content 

When the damping is nonlinear, the waveform of the oscillator in free-decay contains harmonics. 
The harmonic content is most obvious in the residuals (difference) after fitting a damped sinusoid to 
the record, as shown in Figure 20.23. 
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FIGURE 20.23 Harmonic differences between the residuals of the modified Coulomb damping model and the 
classic viscous damping model. For reference purposes, a pure sawtooth is included in the figure. 



Residuals are still present for the viscous case because the equation of motion was integrated 
numerically and compared against the classic exponentially decaying sinusoid (solution to the equation) 
that was used for fitting in all cases. There is always some degree of mismatch with the fit because of 
rounding errors in the computer. In Figure 20.23, the fundamental is smaller for the viscous case because 
the fit is inherently more perfect by about an order of magnitude in most of the “eye-ball” fits that were 
performed by Excel after importation of the data. 

A test for harmonic content was performed on the seismometer (17-sec period) data displayed in 
Figure 20.11 illustrating phase noise. The power spectrum of the residuals for that case is shown in 
Figure 20.24. 

The third harmonic is especially noticeable in this case. That the other harmonics are not so “cleanly” 
displayed may result from the significant phase noise of the record. 




FIGURE 20.24 Power spectrum of residuals, Sprengnether vertical seismometer free-decay, showing harmonic 
content. 
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By looking at the FFT of residuals, rather than the experimental record itself, one finds evidence for a 
combination of both mechanical and electronic noise. At lower frequencies, the noise (largely 
mechanical) is approximately 1 If, while at higher frequencies the noise (largely electronic) begins to be 
more nearly “white” (frequency-independent) because of discretization errors of the resolution-limited 
12-bit A to D converter. 

In general, more spectral information can be gleaned from a consideration of the residuals than from 
the experimental data alone, particularly as one looks for harmonic distortion of mechanical type. 
Spectral “fingerprints” may prove ultimately useful in determining to what extent damping models of 
engineering type need to be implemented in full nonlinear form as opposed to an “equivalent viscous” 
form that is more convenient mathematically. 

The importance of the harmonics observed in Figure 20.24 in determining system evolution is not 
completely known. It was noted earlier that they are expected to influence the evolution of a 
multibody system to steady state. Presently, it appears that they may serve to validate damping 
models. From one model type to another, there can be significant differences in the spectral character 
of the residuals, as shown in Figure 20.25. As compared with Figure 20.23, the fit with the modified 
Coulomb (hysteretic case) model has been tweaked to reduce the fundamental somewhat, but the 
odd harmonics remain significant. Observe that the spectrum of the residuals is almost the same 
for this model and the simplified structural model (see de Silva, 2000, p. 354). This is true 
even though the temporal variation of the friction force is dramatically different for the two, as seen 
from the lower time traces that were used to obtain the residuals (which are too small to be seen in 
the graphs). 

From this author’s perspective, the simplified structural model is unrealistic, since the friction force, 
given by / = c\x\ sgn(x), vanishes for zero displacement (the absolute value of the displacement being 
used to get the hysteretic form of frequency dependence). This is seen in Figure 20.26, which compares 
hysteresis curves for several models. The modified Coulomb case shown is slightly different from 
Equation 20.52 that was used to generate Figure 20.25; Figure 20.26 was generated with the A prev shown 
in Equation 20.10. 

More studies of this type are obviously called for. The spectrum of residuals is a powerful means for the 
study of damping physics, and it needs to be more widely employed. 
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FIGURE 20.25 Illustration of the spectral difference of the residuals for three different damping models. The 
corresponding temporal records used to generate the spectra are also shown underneath each case. 
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modified Coulomb 




FIGURE 20.26 Comparison of hysteresis curves for some damping models. 



20.18.3 Nonlinearity/Complexity and Future Technologies 

Nonlinear damping models must improve if we are to overcome various technological barriers. 
One barrier is in the area of civil engineering. One of the pioneers of finite element modeling (FEM) is 
Prof. Emeritus Edward L. Wilson, of the University of California Berkeley. In Technical Note 19 
(pertaining to “structural analysis programs”) — a document published by his company Computers 
and Structures Inc — Dr. Wilson says the following: 

Linear viscous damping is a property of the computer model and is not a property of a real 
structure. 

Expanding upon the statement, he notes: 

the use of linear modal damping, as a percentage of critical damping, has been used to approximate 
the nonlinear behavior of structures. The energy dissipation in real structures is far more 
complicated and tends to be proportional to displacements rather than proportional to the 
velocity. The use of approximate “equivalent viscous damping” has little theoretical or 
experimental justification... the standard “state of the art” assumption of modal damping needs 
to be re-examined and an alternative approach must be developed [in reference to Rayleigh 
damping] . 

One of the hi-tech areas where modeling improvements are also sorely needed is that involving 
miniaturized mechanical systems. For example, MEMS devices have already encountered some of 
the “strange phenomena” of solid-state physics mentioned by Richard Feynman in his famous 
1959 talk. To master or compensate for these phenomena, better understanding of the physics will 
be necessary. 
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20.18.4 Microdynamics, Mesomechanics, and Mesodynamics 

At least three different broad fields of research have focused on problems associated with the structural 
defects that cause hysteresis. These are as follows. 

20.18.4.1 Microdynamics 

In the microdynamics world, the emphasis appears to have been primarily on “contact” friction. The 6th 
Microdynamics Workshop held at the Jet Propulsion Laboratory in 1999 produced the following 
statements (quoting Marie Levine’s Program Overview): (1) “We have demonstrated that microdynamics 
exist. The next step is to qualify and quantify microdynamics through rigorous testing and analysis 
techniques.” (2) Microdynamics is “defined as sub-micron nonlinear dynamics of materials, mechanisms 
(latches, joints, etc.) and other interface discontinuities.” 

In this workshop, it was noted that frequency-based computational methods cannot be used to model 
quasi-static, transient, and nonstationary disturbances. One of the flight operations they have 
recommended to minimize adverse effects of microdynamics is dithering. 

20.18.4.2 Mesomechanics 

Ostermeyer and Popov (1999) have the following to say about mesomechanics: “Real physical objects 
inherently possess discrete internal structures. Great efforts are needed to formulate continuum models 
of really granular bodies. The history of the last two centuries in a multitude of ways has been marked 
by highly successful attempts at formulating and analyzing the continuum models of the discrete world. 
In spite of great advances of continuum mechanics, a number of physical processes are amenable to 
simulation within the framework of continuum approaches only to a very limited extent. Among these 
are primarily all the processes whereby the medium continuity is impaired; i.e., those of nucleation and 
accumulation of damages and cracks and failure of materials and constructions.” 

Their paper speaks to one of the difficulties concerning granular materials that was mentioned earlier 
in this chapter — that the potential energy cannot be defined in the common manner. They introduce a 
temperature-dependent nonequilibrium interaction potential that is not constant in time due to the 
relaxation processes occurring in the system. 

20.18.4.3 Mesodynamics 

The author of this chapter is singlehandedly responsible for the use of the term “mesodynamics” in 
the context of mechanical oscillators. His research has been conducted independently of those 
doing mesomechanics; he came only recently to know of the latter. Whereas mesomechanics seems 
to have been largely concerned with failure, mesodynamics has been concerned with low-level 
hysteresis. It is probably closely related to the aforementioned microdynamics, except that the latter 
seems to have focused on surfaces (sliding friction), whereas mesodynamics is concerned with 
internal friction. 

A group of individuals using “mesodynamics” to describe some of their computational physics is part 
of the Materials Science Division of Argonne National Laboratory. Their description of computational 
theory includes: (i) atomic-level simulation (using molecular dynamics); (ii) mesoscale simulation, i.e., 
“mesodynamics” (using FEM); and (iii) macroscale (continuum) simulation (FEM). Like the author of 
this chapter, they recognize that the mesoscale is not a continuum (meaning, for example, that the 
foundation of viscoelasticity is, for many cases, on shaky ground). They employ “dynamical simulation 
methods in which the microstructural elements (grain boundaries and grain junctions) are considered as 
the fundamental entities whose dynamical behavior determines microstructural evolution in space and 
time.” 

At the Theoretical Division of Los Alamos National Laboratory, Brad Lee Holian has been modeling 
mesodynamics via nonequilibrium molecular-dynamics (NEMD). In his paper, “Mesodynamics from 
Atomistics: A New Route to Hall-Petch,” he notes that (i) the mesoscopic nonlinear elastic behavior must 
agree with the atomistic in compression; and (ii) the mesoscale cold curve in tension represents surface, 
rather than bulk cohesion, thereby decreasing inversely with grain size (Holian, 2003). 
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The complexity of mesodynamics, which this author has labeled “mesoanelastic complexity,” is 
responsible for much of the aforementioned “strange phenomena.” To those familiar with the 
Barkhausen effect and the PLC effect, they are less strange. It is thought that Richard Feynman, if he 
were still alive, would identify with mesodynamics because of material in his three-volume series 
(Feynman, 1970). For example, we have already noted his discussion of the Barkhausen effect, and he 
included in its entirety a reprint of the Bragg-Nye paper on bubbles which show two-dimensional 
defect structures such as dislocations, “grains,” and “recrystallization” boundaries after stirring (Bragg 
et al„ 1947). 

Another famous individual, whose work related in an unexpected way to the material of this chapter, 
was Enrico Fermi. In one of the first dynamics calculations carried out on a computer, he and colleagues 
treated a chain of harmonic oscillators coupled together by a nonlinear term (Fermi, 1940). The 
continuum limit of their model is the remarkable nonlinear partial differential equation known as the 
Korteweg- deVries equation, whose solution is a soliton, used to advantage in optical fibers. Damping 
of solitons, whether of the KdV type or the Sine Gordon (kink/antikink) type, is not to be described 
by linear mathematics. Incidentally, the Sine Gordon soliton is used in modeling dislocations 
(Nabarro, 1987). The earliest theory to describe dislocation damping using kink/anti-kink pairs was that 
of Seeger (1956). 



20.18.5 Example of the Importance of Mesoanelastic Complexity 

As noted earlier in this chapter, once hysteretic 
damping was finally recognized to be important to 
the Cavendish experiment, better agreement with 
theory and experiment was possible. Curiously, 

Henry Cavendish may have been the first person to 
encounter a “strange” phenomenon (which he did 
not discuss) (Cavendish, 1798). In his first mass 
swing to perturb the balance, which used a “fiber” 
made of copper (silvered), there was an anom- 
alously small period of oscillation that was only 
55 sec. The period reported for subsequent trials 
was about 421 sec. 

Whereas the Michell- Cavendish apparatus was 
a torsion balance, the instrument of Figure 20.27 
is a physical pendulum. The perturbing masses, 

M, were hung from a bicycle wheel whose axle 
was suspended from the ceiling. The long-period 
pendulum was placed under a bell jar so that the 
instrument would not be driven by air currents. 

By rotating the wheel at constant angular 
velocity, the driving force on the pendulum was harmonic. (In the figure, the position of each M 
one-half period later are shown by the dashed circles.) Knowing the amount of damping, as 
determined from large amplitude free-decay, it was easy to estimate the number of orbits of the bell 
jar, at the resonance frequency of the pendulum, required to excite motion to a level above noise in 
the sensor. Surprisingly, if it were initially at rest, no amount of drive by this means was able to get 
the pendulum oscillating! The reason involves metastabilities of the defect structures. The potential 
well is not harmonic (parabolic), but is rather modulated by “fine structure.” When located in a deep 
metastability, the small gravitational force of the drive (in nanoNewtons) is not able to “unlatch” the 
system. If the pendulum had been dithered (a practice used in engineering) this problem could have 
been, at least partly, avoided. As it was, the pendulum rested on an isolation table of the type used in 
optics experiments. 




FIGURE 20.27 Physical pendulum used in the late 
1980s to try and measure the Newtonian gravitational 
constant. 
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More recently, a Hungarian research team has used a similar apparatus and postulated that the 
anomalies of their experiment derive from gravity being other than prescribed by Newton (Sarkadi and 
Badonyi, 2001). Although they claim that there is a “strong dependence of gravitational attraction on the 
mass ratio of interacting bodies,” this author believes that additional experiments must be performed 
before such a claim has merit. It may be that the anomalous behavior of their pendulum is instead the 
result of mesoanelastic complexity, i.e., phenomena related to nonlinear damping. 

The author’s most recent research on damping complexity is based on the premise that the 
most important scale for the treatment of internal friction is the mesoscale, and not the atomic scale 
(Peters 2004). Experiments to support this position center around a study of the SMA NiTinol. 



20.19 Concluding Remark 

Much of the material of this part of the chapter on damping is clearly not appropriate to direct 
engineering application. It was deemed important to present some of the extensive background 
information responsible for birthing the practical equations of Section 20.17. In Chapter 21, the reader 
will find practical aids to the measurement of damping. 
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Summary 

This chapter is a continuation of Chapter 20 and is concerned with practical experimental techniques for measuring 
damping. It begins with a discussion of the requirements placed on electronics. After demonstrating the importance 
of sensor linearity using a computer simulation, the issues of data acquisition and processing are addressed. The 
power of the Fast Fourier Transform is illustrated, not just for spectral analysis, but also (in “short time" form) for 
measuring the damping of each component when a system oscillates with multiple modes. Various sensor types are 
discussed in relation to their advantages and disadvantages for specific applications through the treatment of 
seven different systems studied in free decay. These seven cases differ with respect to factors such as 
(i) eigenfrequency, (ii) material type, and (iii) method of estimating the logarithmic decrement, and thus the Q 
of the decay. In the case of some solids, damping is shown to result largely from defects in the structures. A powerful 
test for nonlinear damping is demonstrated: simply looking at a graph ofQ to see whether it changes with time. Two 
examples of driven oscillators are given. The first being very nearly linear, and the second being highly nonlinear, 
due to an anharmonic restoring force involving magnets plus several simultaneously acting damping mechanisms. 
The nonlinear system is used to illustrate difficulties in interpretation that can arise in driven systems due to 
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phenomena such as frequency and/or amplitude jumps involving hysteresis. Then an illustration is given of how 
elastic-type nonlinearities may couple with damping-type nonlinearities in order to determine which modes of a 
complex system survive during the transient approach to steady state. Mechanical noise, another important feature 
of nonlinear damping, is also examined. The magnitude of the 1 If character in an evacuated pendulum is shown to 
decrease with time, as the oscillator is allowed to stabilize against creep. The final sections address the common 
misconception that viscous air friction is the most important form of mechanical oscillator damping. Cases are 
chosen to demonstrate that (i) internal friction is nearly always also important, if not the most important, and 
moreover, that (ii) fluid damping is rarely simple — involving the density as well as the viscosity of the fluid. It is 
shown that damping has a complicated frequency dependence, as opposed to the simple (overly idealized) form 
predicted by common theory. 



21.1 Electronic Considerations 



21.1.1 Sensor Linearity 

The importance of sensor linearity is often overlooked (see Chapter 15). It is naively assumed that one 
can simply employ a lookup table to provide calibration corrections. This assumption can result in 
serious misinterpretations of spectral data, especially in a multimode system. A classic example of 
artifacts (nonreal signals) that result from a nonlinear sensor is to be found in the ear. The phenomenon, 
known as aural harmonics, is well known to musicians and figures in the use of “fortissimo” and 
“pianissimo” in orchestral music. In this chapter we describe how the artifacts mentioned in Chapter 20 
are generated. Figure 21.1 illustrates differences according to the nature of the nonlinearity. 

The only “real” signals in Figure 21.1 are at frequencies/! and/ 2 . The number and type of other 
“unreal” (artifact) signals depends on the type of nonlinearity. The sensor response for the left graph 
(quadratic) is of the form V = ax + bx 2 , whereas for the right graph V = ax + for + cx 3 . The influence 
of terms other than V = ax (ideal, linear output voltage) was generated by (i) simulating the pair of 
harmonic signals, (ii) inputting these signals to each simulated sensor, respectively, and (iii) performing a 
Fast Fourier Transform (FFT) on the output. 

Although it is possible to understand mathematically the various artifacts using trigonometric 
identities, the phenomenon is much easier to demonstrate with a computer. For Figure 21.1, all 



Simulated harmonic distortion from Sensor Nonlinearity 





FIGURE 21.1 Spectral illustration of sum and difference artifact frequencies according to nonlinear sensor type. 
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numerical operations were performed with code written by the author using QuickBasic. It was used to 
(i) simulate the harmonic signal that was written to a data file, after which it was (ii) read by the FFT 
algorithm based on the details supplied in Numerical Recipes (Press et al., 1986). 

21.1.2 Frequency Issues 

The choice of a sensor depends largely on the frequencies to be measured. For higher frequencies an 
excellent instrument for data collection is a digital (storage) oscilloscope, where a microphone can often 
be directly connected to the instrument. At lower frequencies, a serial-port analog-to-digital converter 
(ADC) is generally adequate and user-friendly. Examples of each will be provided. The majority of 
examples considered in this chapter involve low frequencies, where the eigenmode is typically described 
not in terms of frequency but rather the period (reciprocal of frequency). 

21.1.3 Data Acquisition 

In the absence of sophisticated data collection and analysis tools, the true character of damping is not 
readily discovered. Proper characterization is important, since a crude estimate of the damping, based on 
a single parameter (such as the viscous linear model), may be inappropriate if the oscillator is driven at 
places (either frequency or amplitude) other than where the parameter was measured. Some of the 
examples from the experiment that follows were selected to demonstrate the importance of nonlinearity. 
The probability that an oscillator, selected at random, might have a Q that varies in time is proving to be 
more significant than anticipated. Were it not for dramatic improvements in numerical-type technology, 
this improved understanding of damping would not have been possible. 

As with computer technology in general over the last decade, ADCs have become much more 
powerful. The Dataq model 700, for example, is superior (at lower frequencies) to many of the “plug-in” 
boards of the previous generation that were several times more expensive. The Dataq ADC operates 
through the USB port (Windows 98 and later), has 16-bit resolution and the software support is 
excellent. Especially useful for the present purposes are its ability to (i) easily perform data compression 
with which to view long records, (ii) quickly compute an FFT according to different, useful options, and 
(iii) easily output files to a spreadsheet. 



21.2 Data Processing 

21.2.1 Language Type 

The author’s experience with software began with early computers and even included the loading of the 
Fortran compiler of a PDP-11 using punch-tape. He has programmed computers (or hardware-specific 
processors) with (i) machine code, (ii) assembly language, (iii) Fortran, and (iv) Basic, and he has 
acquired a rudimentary knowledge of Pascal and C+ + . The drudgery of machine coding was a factor 
in his quest to better understand the Fourier transform (Peters, 1992, 2003a, 2003b, 2003c, 2003d). 
His philosophy with regard to numerical methods is similar to his view of hardware: choose the simplest 
package (lowest level of sophistication) consistent with the desired results for the problem at hand. 
The reader may be surprised to learn that QuickBasic (which some have modernized to Visual Basic for 
Windows) is his favorite language. Nearly all simulation results presented in this chapter were generated 
with the DOS version of QuickBasic. 

21.2.2 Integration Technique 

Too few have discovered the powerful integration scheme in which Cromer (1981) modified the unstable 
Euler algorithm. The difference between the two methods involves the sequencing (order) of updates to the 
state vectors in the discrete approximation of the integrals. The method was called the “last point 
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approximation” (LPA) by Cromer, whereas the Euler technique would be called the “first point 
approximation” according to this nomenclature. The LPA was discovered by a high school student working 
for Cromer. She was attempting to simulate planetary motion with the Euler method and accidentally 
coded the LPA. The author first used the LPA to do intercept analyses for the U.S. antisatellite program — 
computing, among other things, orbital ephemerides. More recently he has used it in place of Runge Kutta 
techniques to do all kinds of mechanical system simulations, including nonlinear types with several DoF. A 
physics theorist at Texas Technical University, Professor Thomas Gibson, now regularly uses the LPA as 
part of the graduate-level course which he teaches in numerical methods. 



21.2.3 Fourier Transform 

With the Cooley-Tukey improvement to make it fast, the Fourier transform has become a tool of major 
software importance. Just as the integrated circuit dramatically changed hardware development, the FFT 
has had a profound influence on the evolution of scientific code. 

Whereas many recognize the value of the FFT for viewing “raw” spectral data, few have discovered 
other powerful tools based in the FFT. For example, autocorrelation is unrivaled in its ability to uncover 
low-frequency signals of fairly short duration that are corrupted by noise. The number of cycles is not 
great enough (Heisenberg effect) for a well-defined line to be observed in the FFT by itself. Through the 
Wiener- Khintchin theorem, the autocorrelation overcomes this limitation. It is computed by 
multiplying the transform by its conjugate and then taking the inverse transform. The author has 
used this technique to study free oscillations of the earth (Peters, 2004). 

21.2.3.1 Short Time Fourier Transform 

A powerful software tool is one in which the Fourier transform is not computed over the entire length of 
a record. Instead, the record is subdivided (usually with some degree of overlap between adjacent 
subsections), and the FFT is computed for each subsection. Because the data are generally of the temporal 
(rather than spatial) type, the technique is called the short time Fourier transform (STFT). For equivalent 
processing, where the independent variable has units of meters rather than seconds (as in optics 
applications), the technique could just as well be called the short space Fourier transform. 

The STFT is especially useful when waveforms are not pure harmonic, as from a single-degree-of- 
freedom (single-DoF) oscillator. For systems with multiple modes, whether they derive from eigenmodes 
as recognized by most, or from mechanical noise as recognized by a few (generated as part of the internal 
friction of load bearing members); the STFT is a powerful means for isolating and thus determining the 
temporal history of individual spectral components. 

The most common form of the STFT is the canned programs that are a part of software packages such 
as Lab VIEW. With the Dataq software it is easy to accomplish the same thing manually, since one can 
readily step in time from place to place of a stored record, computing the FFT at any position. The 
intensity at a given position is obtained by clicking on the displayed spectral line of interest, which 
provides the value either in dB (Dataq version) or in volts. The amplitude history in dB of the line is thus 
obtained (equally spaced-in-time values) with a simple click of the mouse. In this way, the free decay of a 
single component of the system can be readily extracted from the total system response. For the 
present purposes, the individual intensities were copied by hand to paper and later typed into a 
spreadsheet for plotting. The process is not laborious, since the number of necessary points is typically 
less than two dozen. 

An example of a manually generated STFT is provided in Figure 21.2. Unlike the methodology 
described above (operating on experimental data residing in a Dataq folder), the record of Figure 21.2 
was generated by computer and written to an output file. The data correspond to three superposed, 
exponentially damped sinusoids. 

From the upper graph (time record), it is not clear how the individual components are changing with 
time. The triplet of components becomes obvious in the frequency domain (lower left), and when the 
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Simulated time record of linearly superposed triplet of decaying sinusoids 




Illustrative FFT's of simulated time record 





last STFT 




Frequency (linear units) 



Time (fraction of total record) 



FIGURE 21.2 Example of separating the time decay of superposed components using the STFT. 



intensities of each line are plotted versus time (lower right) the exponential character of each becomes 
visible. To test the viability of this method, the individual damping parameters were evaluated from a 
given STFT graph and found to be in excellent agreement with the values supplied to the simulation. 



21.2.3.2 Example Use of the STFT 

The majority of the examples given in this chapter avoid low-energy oscillations as space does not allow 
mesoanelastic regimes to be treated at length. The following case was chosen to illustrate (i) the 
importance of the Portevin-LeChatelier (PLC) effect on damping (Portevin and Le Chatelier, 1923), and 
(ii) the power of the STFT in eliminating the influence of clutter. The STFT benefit was expected, since 
the difference between a noisy record and a multimode case like the previous example is in the number of 
modes. The PLC effect is significant for high-energy internal friction dissipation even though the jumps 
for which the effect is known are not obvious at these energies. Evidently, this is a consequence of the 
large number of events, for which the average effect is a fairly smooth decay. 

The scales for the two graphs of Figure 21.3 are different by nearly three orders of magnitude, with the 
level of the sensor output for each case being indicated (mid-range values). Two features are evident from 
a direct visual inspection: (i) the change from a smooth to a jerky decay in going from high to low levels, 
and (ii) a 4% increase in the frequency of oscillation at the lower energy. The latter is recognizable from 
the vertical lines that have been added (every fifth peak). One of the more interesting (and surprising to 
most) features of the lower graph is that phase of the oscillation is not significantly altered as the result of 
mean position jumps. 

The following information is provided for those skeptical of the comments concerning the lower trace 
of Figure 21.3. From the study of hundreds of low-level decays in different mechanical oscillators, the 
author has become confident that the jumps shown are not sensor (or other electronic) artifacts. 
Prejudice against this conclusion has been considerable over the last 14 years, in spite of the fact that a 
similar phenomenon was noted (and accepted) in magnetic materials many years ago, i.e., the 
Barkhausen effect (Barkhausen, 1919). Unfortunately, the related phenomenon in mechanical systems 
(PLC effect) is hardly known among physicists. 
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FIGURE 21.3 Illustration of the character changes in decay in going from high to low energies of a pendulum. 

The value of the STFT for the study of data such as that of Figure 21.3 is illustrated in Figure 21.4. 
Whereas Figure 21.3 showed only the first and the last portions of a long record, here the STFT was 
applied to the entire record using 27 different FFTs. 

As seen in the upper left curve, there is a sharp decrease in the damping in STFT No. 5. Thus, the 
intensity was replotted in each of the intervals from 0 to 5 and 5 to 27. Both intervals show a near perfect 
linear trendline fit, indicating exponential decay. Thus the Q was found to quickly change from 78 to 340 
at an energy level in the region of 10~ 10 J. Although air damping was a factor in the early part of the 
record, it is not thought to be capable of causing the rapid change in Q that was observed. A similar sharp 



Decay history. Rod-Pendulum in air 



STFT no. (An = 1 <-» 125 s) 




STFT no. (An = 1 o 125 s) 




STFT no. (An = 1 125 s) 




FIGURE 21.4 Example of the use of STFT analysis applied to a dataset, the first and last portions of which are 
shown in Figure 21.3. 
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change in the damping of this same pendulum was seen at roughly 10~ n J with the pendulum swinging 
in a high vacuum. The slope change was equally rapid for the vacuum case, but the change in Q was from 
120 to 210. It is not known why the damping at low-level energy in a vacuum would have a lower Q than 
in air. Perhaps the difference derives from a different placement of the knife-edges on the silicon flats. 
Some of the damping of this pendulum is the result of the knife-edges being fabricated from brass rather 
than a harder metal such as carbon steel. 



21.3 Sensor Choices 



Box 21.1 shows some representative sensors for damping measurements. The list is far from exhaustive; 
for a detailed description of each (plus discussion of other types), the reader is referred to Fraden (1996). 
Of the transducer types indicated, position sensors are generally the most versatile; but the present 
chapter also provides examples of the use of (i) velocity, (ii) microphone, and (iii) photogate 
measurements. 

In addition to the need for linearity (discussed in Section 21.1 above), the ideal sensor will be 
noninvasive. In reality, it is not possible to perform a measurement that does not at some level perturb 
the system under study. The least perturbative types of direct measurement are optical and electrical — 
capacitive, followed by inductive. 

Some of the advantages and disadvantages of the devices indicated in Box 21.1 are provided below. 



Box 21.1 

Some Sensor Types 

Representative Sensors for Damping Measurements 



Position 


Velocity 


Pressure 


Time Interval 


Acceleration 


Force/Strain 


Capacitive 

LVDT 

Optical 

Encoder 

Shadow 

Potentiometric 


Faraday law (electromagnetic) 


Microphone 
Pressure gauge 
Capacitive 
Optoelectronic 
Piezoresistive 


Photogate 


Accelerometer 


Strain gauge 



21.3.1 Direct Measurement 

21.3.1.1 Position Sensors 

The inductive linear variable differential transformer (LVDT) is a sensor that is commonly used in 
engineering applications. Thus, it has been a natural choice for many position-sensing purposes; but it is 
both more invasive and noisier than capacitive sensors. Wielandt (2001) notes the following concerning 
the advantage of capacitive over inductive sensors: “Their sensitivity is . . . typically a hundred times 
better than that of the inductive type.” 

Optical encoders are also readily available and have been used extensively. Because of their digital 
nature, based in a finite number of elements, their low-level resolution is poor compared to capacitive 
devices. 
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Optical sensing by shadow means is easy to employ — for example, using a solar cell of the type 
discussed later. The method is afflicted, however, by (i) an offset voltage, and (ii) the degrading influence 
of background light. 

Potentiometers are very easy to use, but compared to other position sensors they are extremely invasive 
because of Coulomb friction in the slider and also the bearings that support it. 

21.3.1.2 Velocity Sensor 

The most important velocity sensor is that which functions on the basis of Faraday’s law. Using a magnet 
and a coil, an electromagnetic force is generated in the wire of the coil when it experiences a changing 
magnetic flux. Prevalent in seismometers before the advent of broadband (feedback) instruments, its 
primary shortcoming is poor sensitivity at low frequencies. 

21.3.1.3 Time Interval 

Photogates have become the primary means for kinematic studies in introductory physics laboratories. 
Combined with compact, user-friendly timers, it is possible to measure both period and velocity. As 
illustrated later, they can be easily used to measure damping in slowly oscillating systems, but only in a 
limited amplitude range. 

21.3.2 Indirect Measurement 

In the cases of (i) pressure, (ii) acceleration, and (iii) force/stress sensing, the measurement is an indirect 
one. Consider, for example, the Ruchhardt experiment to measure the ratio of heat capacities of a gas 
(discussed in Chapter 20). The oscillation of the piston could be measured in several different ways. For 
instance, direct position sensing could be accomplished by attaching a small electrode to the piston and 
allowing it to move between stationary capacitor plates. Alternatively, a “flag” on the piston could be used 
to interrupt the light beam of a photogate. Depending on constraints, however, the easiest method might 
be an indirect measurement in which a pressure sensor monitors the gas through a catheter 
communicating with the cylinder of the apparatus. 

Accelerometers can sometimes be connected directly to an oscillator, but only if the mass of the 
instrument is very small compared to the system being studied. As with the measurement of velocity, 
their sensitivity at low frequency is very poor (the second derivative of position yielding a response that is 
proportional to frequency-squared). 

Strain gauges are easy to employ but also lack sensitivity (compared to position measurement), since 
they communicate with a very small portion of the oscillating sample (if noninvasive). 



21.4 Damping Examples 

21.4.1 Case 1: Vibrating Bar — Linear with Significant Noise 

The simplest means to measure the Q of an oscillator whose frequency is in the range of the human ear is 
to use a microphone connected to a digital oscilloscope. In this case, the microphone was an inexpensive 
dynamic type and the oscilloscope was a Tektronix TDS 3054. A better choice, had it been available, 
would be an electret microphone. The ring-down of a xylophone bar, following a strong (sharp) hammer 
strike, is shown in Figure 21.5. 

The voltage versus time of the microphone output was saved to memory in the oscilloscope, from 
which the digital record was output to a floppy disk, using the CSV format. Data from the disk were read 
into columns A and B of an Excel spreadsheet using “Open file.” An envelope fit was then performed on 
the turning points by placement of trial and error data into column C, using “autofill.” A separate graph 
was generated for each value of the constant b in the expression “= 0.04 * exp (—b * Al)” typed into Cell 
Cl. (The lower turning points were obtained by typing “= —b 1” into Cell D1 and using autofill. 
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FIGURE 21.5 Free-decay record of a vibrating bar. 

(Additional details concerning the use of Excel in this manner will be provided in the discussion of 
seismometer damping that follows.) 

Although optimizing algorithms could be generated to perform such a fit (with a probable slight 
increase in accuracy), this visual technique is preferred here as it is more understandable, user-friendly, 
and its performance is proven. The total time required in Excel to generate Figure 21.5 using a 2K record 
(2048 points) is typically only a few minutes with a modern Pentium computer.* 

Once a satisfactory fit was obtained ( b = 1.6 in Figure 21.5), the Q was estimated using 




There is a fair amount of electronic noise in Figure 21.5 because the microphone was connected 
directly to the oscilloscope. The smallest bandwidth of the oscilloscope, at 20 MHz, causes a large 
amount of Johnson (white) noise. Narrowing the bandpass by means of a preamplifier would improve 
the quality of the data dramatically. Such is typically true of signal to noise ratio (SNR) improvement 
by tailoring the electronics to the need. 

21.4.2 Case 2: Vibrating Reed — Example of Nonli n ear Damping 

To illustrate another sensing technique, the system shown in Figure 21.6 was used. 

A 90° twist was given to a hacksaw blade after heating with a torch and quenching. One end was 
clamped to the vertical post shown and a piece of cardboard was taped to the other end. An incandescent 
lamp is placed above the cardboard, which vibrates horizontally, and a solar panel below the cardboard is 
used as a sensor. The solar panel in this case is a commercial unit that comes with a cigarette lighter plug 
for charging automobile batteries. The output from the panel goes to the Tektronix digital scope also in 
the picture. 

Unlike other sensing schemes described in this chapter, the solar panel output is not bipolar but 
instead has a constant voltage offset corresponding to the equilibrium position of the reed. 

The frequency of oscillation is too low to operate the oscilloscope with a.c. coupling. Thus, it is 
important to make the d.c. offset as small as possible. This was accomplished by shielding nonactive parts 

*A disclaimer is in order at this point. Present comments by the author should not be interpreted as an endorsement of 
Microsoft products in general. Although QuickBasic and Excel have both proven unusually beneficial to the work described 
in this chapter, they are the only software packages marketed by the company to have received a strong endorsement from the 
author. 



xylophone free-decay. f = 440 Hz 
(Q = 860) 




Time (s) 
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FIGURE 21.6 Setup for measurement of vibrating reed free-decay. 



of the solar cell from the lamp. Although the d.c. 
offset could be removed with a voltage bucking 
battery, this was found to introduce unacceptable 
noise spikes. With the offset, the gain of the 
electronics was limited by the amount of vertical 
position shift allowed by the scope. The results of 
this study are illustrated in Figure 21.7. 

The nonzero value of b (0.018) in Figure 21.7 
indicates the presence of amplitude-dependent 
damping (refer to Equation 20.61, Chapter 20). 

The nonlinear damping in this case probably 
derives from the air, rather than internal friction of 
the hacksaw blade. Its presence causes the Q of the 
system to increase with time. 

The Q of the system is calculated from the expression 



Vibrating reed free-decay 
(Period = 64 ms. a = 0.9. b = 0.018) 




20 
Time (s) 



FIGURE 21.7 Vibrating reed decay with amplitude- 
dependent damping. 



Q 



( b + ay)r 



(21.2) 



where Tis the period of oscillation. At the start of the record ( y = 0.12) the Q is 390 and it approaches 
2700 as the amplitude approaches zero. 



21.4.3 Case 3: Seismometer 

Since the ability of a seismometer to detect tremors is proportional to the square of the period of the 
instrument, they require a good low-frequency sensor. The most common sensor for the latest generation 
commercial instruments is a half-bridge (differential) capacitive type. Because of the greater sensitivity and 
linearity of the full-bridge symmetric differential capacitive (SDC) sensor mentioned in Chapter 20, it is 
well suited to these applications, being easy to employ. (The full-bridge character is described in a TEL- 
Atomic tutorial (Peters, 2002).) A significant advantage of the SDC symmetry (equivalent electrically to 
the inductive LVDT) is its relative insensitivity to construction imperfections, such as roughness of surface 
and nonparallelism of electrodes. Thus, construction can be done crudely without serious degradation of 
performance. For example, electrodes of the first prototype of the SDC sensor were fabricated from sheet 
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FIGURE 21.8 Free-decay record of the Sprengnether vertical seismometer, period 17 sec. 

copper that was cut with shears and subsequently flattened by hammer on a hard plane surface. This stands 
in stark contrast to the optically polished surfaces necessary for the use of some sensors. 

The Sprengnether vertical seismometer discussed at several points in Chapter 20 was studied in a 
configuration for which Q = 4.9, as determined by an external 990 12 resistor to provide induced-current 
damping. The resistor was connected across the coil that is part of the original equipment and which 
moves (with the mass of the instrument) in the field of a stationary magnet, i.e., a Faraday’s law (velocity) 
detector. Excitation to initiate the free-decay study was accomplished by applying an alternating (square 
wave) current to the coil, reversing the direction of the current at each turning point of the motion of the 
mass. The fundamental (Fourier series) of a square-drive generated this way is shifted 90° from the mass 
motion, corresponding therefore to resonance. After cessation of the drive, data as shown in Figure 21.8 
were collected with a Dataq DI-700 ADC (16-bit). 

The graph in Figure 21.8 was generated with Excel after the Dataq record was saved to floppy disc as 
an *.dat (CSV) file. It was imported to Excel using “open file” with “comma delimiter.” Once in Excel, 
these data were shifted one place to the right (from the default A column to the B column) to 
accommodate computer generation of a time-data column. The column of time values was generated 
according to the sample rate, the value of which is by default saved to the data file. To generate the time 
column, a 0 was placed in the first row, n corresponding to the start of data. Dropping down one row in 
the A column, “= A„ + l/(sample rate)” was typed, to increment the time. Then the lower right hand 
corner “small solid square” of the box containing this time was grabbed and held with the left button of 
the mouse to autofill all the way to the last time point of the data. The computer-generated exponentials, 
which correspond to the turning points, were obtained by generating two additional columns. These 
were obtained by placing the cursor at a row corresponding to the time A„ (in column C) and then typing 
“= Ao * exp(—(omega/2/Q) * A,,).” The value of A 0 is obvious from the data and a first estimate for Q can 
be quickly obtained from about a dozen turning points (read with the Dataq software before the data are 
ever saved). 

The technique is illustrated in Table 21.1. For example, in the case of Figure 21.8, Q = 4.8 from the 13 
turning points. Thus the argument of the exponential was set to 0.0385. Using autofill, the columnar 
(upper) exponential was then quickly produced. Then a second (adjacent) column D was generated in 
similar manner, by taking the negative of the last point and then autofilling to the top row. (When one 
autofills downward, the rate with which Excel traverses the rows increases exponentially after the last row 
of data has been passed; thus, it is much easier to fill upwards rather than downwards.) 

Once the pair of exponentials being fitted to the data have been graphed, along with the data, it is 
simple to adjust the curves by varying the argument (in this case, small changes around 0.0385) until a 
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TABLE 21.1 Estimation of Q from the Turning Points 



Use of Excel to estimate logarithmic decrement from turning points of the motion 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
11 
12 
13 



— 2*ln(l— (Al— A13)/(A1— A2+A3— A4+A5— A6+A7— A8+A9-A10+A1 1— A12)) 
— 2*ln( 1— (A2-A 1 2)/(A2-A3+A4-A5+A6-A7+A8-A9+A 1 0-A 1 1 )) 



(A15+A16)/2 = mean 
(final estimate from computerized fit = 0.271) 



Free-decay of Cavendish balance 



-0.252 




0.247 




-0.185 




-0.194 




-0.133 




-0.155 




-0.095 




0.122 




-0.062 




0.107 




-0.037 




0.088 




0.024 








0.292266 


0.272743 


0.25322 





Turning Pt (V) 



0.3643 



-0.2607 



3 

4 

5 

6 

7 

8 -0.0687 



0.1913 



-0.1343 



0.1029 



0.0549 



10 -0.0371 

1 1 0.0298 



12 -0,0194 

13 0.0149 



14 -0.0109 

15 0.0071 



IF' 



0.6554 



0.6532 



0.651 






Free-decay of Seismometer 



“1st set 



, ^B15 = -2*ln( 1- ( A3-A15)/(A3— A4+A5— A6+A7— A8+A9— A10+A1 1-A12+A13-A14)) 



2nd set ' 



^ C 1 5 = -2*ln( 1 -( A4-A 1 4)/( A4-A5+A6-A7+A8-A9+A1 0-A1 1 +A 1 2-A 13)) 



^ average yields Q = 4.8 (71/0.653) 

(final estimate from computerized fit = 4.9) 



good fit is obtained (using autofill each time). The fit is rapid and accurate when there are not too many 
parameters to vary, since the eye is well suited to this operation. Upon obtaining the best-fit by this 
means, the preliminary value of Q = 4.8 was altered to the final value of Q = 4.9. 

Note that in Table 21.1a new Excel worksheet was employed (column A no longer the time as in the 
discussion above). The voltages corresponding to the turning points (maximum and minimum) were 
each read by placing the cursor at an extremum and manually recording the value displayed in turn by 
the Dataq software. These values were then typed into Excel, as opposed to the “file open” method for 
importing large datasets, i.e., as used to generate Figure 21.7. 



21.4.4 Case 4: Rod Pendulum with Photogate Sensor 

One of the simplest ways to measure damping at larger levels is to use a photogate of the type common to 
general education physics laboratories. The infrared beam of the photogate is tripped by a “flag” attached 
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to the oscillator. The rod pendulum pictured in Figure 21.9 was studied by this means. Figure 21.10 
shows a closeup of the flag which is attached to the top of the pendulum and which passes through the 
photogate during oscillation. 

As seen in the figures, various parts of the pendulum are clamped to a vertical steel rod. Both upper 
and lower masses are made of lead, each with a pair of holes drilled in it — one to pass the brass rod of the 
pendulum through and the other (after tapping) to hold a thumbscrew for securing the mass at different 
vertical positions on the rod. 

This mechanical oscillator is a compound pendulum; the period can be made long as the knife-edge 
(also clamped to the rod) approaches the center of mass. At long periods, the instrument is not very 
responsive to external accelerations of the supporting frame; but it is sensitive to internal structural 
changes. Low-frequency instability is encountered as the upper parts of the instrument experience creep, 
particularly in the materials just above the knife-edge. The upper pendulum has similarities to an 
inverted pendulum, except that it is rigidly connected to the lower pendulum, and causes the oscillator to 
eventually exhibit double-well (Duffing) characteristics. This happens at larger amplitudes as the period 
is increased toward really long times. The tendency toward mesoanelastic complexity depends on the 
dimensions of the rod. As expected because of the well-known engineering properties of rods and tubes, a 
large diameter, thin-wall tube will behave differently from a solid rod made from the same amount of 
material (same total mass). This will be true if the tube does not experience localized (sharp) deformation 
prone to creasing. 

Damping measurements with a photogate require that the time required for the flag to pass through the 
beam be fairly small — thus larger amplitudes of motion are required than with other sensors. Of course 
really large motion would result in a period increase, consistent with long-understood pendulum 
dynamics. For amplitudes within the acceptable range (which in practice is not overly restrictive), the 
velocity of the pendulum as it passes through the equilibrium position is inversely proportional to the time 




FIGURE 21.9 Rod pendulum in which damping measurements are made with a photogate. 
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FIGURE 21.10 Top of the pendulum showing the upper mass and “flag” for tripping the photogate. 

interval between interrupts of the photogate beam by the two vertical arms of the flag. If the period does not 
change with amplitude, then there is also an inverse relationship between the gate time and the amplitude. 
A plot of the inverse of these times versus cycle number is, for the constraints indicated, a reasonable 
approximation of the turning points of the free-decay. 

In this case the single gate time interval measurements were made by a Pasco Smart Timer. It is a 
user-friendly instrument that also permits the period of the pendulum to be accurately measured by 
the flag (by using two different lengths of the flag arms). For experiments of this type, it may prove 
more convenient to measure the period with a stopwatch (infrequently as compared to the velocity). 
The sequentially increasing time intervals are read manually from the Smart Timer and recorded by 
hand, once per cycle. Of course, to do so requires that the period be long enough to permit these 
operations. The recorded values are conveniently analyzed by typing to a spreadsheet, which is then 
used to graph damping curves such as shown in 
Figure 21.11. 

A pure exponential fit is not appropriate to the 
decay of Figure 2 1 . 1 1 , in which the upper mass had 
been removed and a business card taped to the 
bottom of the pendulum to cause turbulent air 
damping (period near 1 sec). The fit shown, 
however, involving both linear and quadratic 
dampings, is seen to be quite reasonable. As in 
the case of the vibrating reed discussed earlier, this 
system is adequately described by the nonlinear 
damping equation 20.61 given in Chapter 20. For 
the data of Figure 21.11, Q = 25 initially and 
increases to 70 at the end of the record. 



Free-decay, brass rod with ’sail’ 




FIGURE 21.11 Free-decay of a pendulum as deter- 
mined by photogate measurements. 
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Without the business card, and with the upper mass in place, the decay of this pendulum was found 
with the photogate measurement technique to be exponential, as expected for viscous damping with 
periods of about 5 sec. At periods in excess of about 10 sec, however, internal friction of the rod becomes 
more important than air damping. Although the decay is then still exponential at larger levels, the 
frequency dependence is not the same as required by linear air damping. 



21.4.5 Case 5: Rod Pendulum Influenced by Material under the Knife-Edge 



The data in Figure 21.11 were collected with the 
knife-edges resting on hard ceramic alumina 
flats. When supported by other materials, the 
damping of a rod pendulum can be influenced 
by anelastic flexure other than that of the rod. 
Hardness of the material does not guarantee 
low damping, as will be seen in the follow- 
ing examples. The data that follows were 
collected with a different pendulum, depicted 
in Figure 21.12. 

The sensor in this case was an SDC unit, 
connected to the computer through the Dataq DI- 
700 A/D converter. The upper and lower masses 
are each approximately 1 kg and their separation 
distance on the aluminum hunting arrow from 
which the pendulum was fabricated was about 
70 cm. 

21.4.5.1 Lithium Fluoride Samples 




FIGURE 21.12 Long period rod pendulum used to 
study the influence of different materials under the 
knife-edge. 



The samples used to collect the data in Figure 21.13 were identical pairs, except that one pair had been 
irradiated with a huge dose of gamma rays. The resulting changes to the structure of the crystal are 
responsible not only for color centers as noted in the photograph in Figure 21.14, but also a dramatic 
change in the internal friction. It is clear from Figure 21.13 that internal friction in the LiF is the 
dominant source of damping of the rod pendulum that was used (Peters, 2003a, 2003b, 2003c, 2003d). 

Lithium fluoride is used in thermoluminescent film badges (radiation monitors). When exposed to 
energetic radiation, atoms are “knocked” from their crystal lattice sites into metastable states 
corresponding to interstitial positions of the lattice. Upon ramping the temperature of the sample in an 
oven fitted with a photomultiplier tube, jumps from the metastable state are accompanied by the release 
of photons. The amount of light so generated is a measure of the dose that was received by the crystal. 
Because light flashes are observed with rather small changes in the temperature, it is reasonable to expect 
that mechanical strains might also cause a significant change to the defect state of such crystals. This 
postulate is confirmed by the data in Figure 21.13, which show a dramatic difference in the decay 
character of the pure (clear) crystals (bottom figure) and those which were extensively damaged by 
gammas (top figure). 

In both of the decays in Figure 21.13 there is significant nonlinear damping, as evidenced in the 
early portions of each of the two records. The top case is nearly pure Coulombic, and the bottom 
case is partially amplitude dependent. This is revealed from estimates of the Q, shown in Figure 21.15. 

The Q values in Figure 21.15 were computed from successive triplet-values of the turning points of the 
motion, read directly from the decay pattern displayed on the monitor by the Dataq software. The 
equation used is 



Q = 



2 ln[l ( Q„ 9 n +2)K9 n 0 n +i)] 



« = 0 , 1 , 2 , ... 



(21.3) 
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Influence of Defects on damping from LiF crystals 




FIGURE 21.13 Illustration of damping difference according to specimen type under the knife-edge. 

21.4.6 Hard Materials with Low Q 

It is commonly (and mistakenly) thought that 
hard materials must necessarily also have low 
damping. The following two examples show that 
this is not necessarily so. Even though cast iron is 
very hard, it is also quite dissipative, which makes 
it an ideal material for engine blocks. Figure 21.16 
shows a decay curve for the steel knife-edges of 
the pendulum resting on cast iron samples. 

At the start of the record the damping with 
cast iron is nearly twice as great as that of steel- 
on-sapphire or steel-on-silicon, where the Q was 
found to be of the order of 80. This large 
damping measurement is consistent with the FIGURE 21.14 Photograph of LiF single crystals used 

known excellent properties of cast iron for use in to obtain the data in Figure 21.13. 

engine blocks, although the frequencies for such 
applications are much higher. 

Figure 21.17 is another very hard material which has large damping — the ceramic piezoelectric 
wafer formed from lead, zirconium, and titanium (PZT), which by means of a mechanical impulse 
is commonly used to generate an electric spark to ignite a gas grill. The secular decline of Q based 
on the short temporal record indicates Coulomb damping. It is consistent with the nearly straight-line 
turning points for the early part of the long-term record, also shown. The long-term record 
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Time variable Damping-influence of Defects 




half-cycle number half-cycle number 



FIGURE 21.15 Temporal dependence of the Q, LiF crystal experiments. 



Cast Iron Damping in Free-decay 
(T=12s, a = 0.011, b = 0.0035) 




half-cycle number, n 

FIGURE 21.16 Data collected using cast iron samples. 

is labeled as anomalous because it does not appear to be consistent with several simultaneously acting 
dissipation mechanisms. Instead, the strong Coulomb damping seen early on seems to disappear later, 
once the amplitude has dropped below a particular level. This suggests activation processes of a quantal 
type. It would be interesting to study the PZT wafers in a different pendulum configuration, and not 
operating “open-circuit” as in the present case, but rather with different resistors connected between the 
top and bottom of the wafers. 

21.4.7 Anisotropic Internal Friction 

With Polaroid material (H sheet) placed under the knife-edges it was found that the damping depends on 
the direction of the long-chain polymeric molecules. The direction of the molecules in a sample is readily 
determined by looking through the Polaroid at reflected light from a polished floor. When the reflection 
occurs close to the Brewster angle, only the horizontal component of the electric field is significant in the 
reflected light for unpolarized incident light. The direction of the molecules is thus determined by 
rotating the sample until the minimum of level of light is found. When this occurs the molecular chains 
are situated horizontally. 
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FIGURE 21.17 Data front an experiment involving PZT ceramic wafers. 
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(Q = 43) 




Time (s) 



Axis parallel to chains 




FIGURE 21.18 Free-decay curves showing anisotropy of the internal friction in polaroid material. 



It was reasoned that the molecular properties of Polaroid might result in mechanical as well as optical 
anisotropies. This postulate proved to be true, as shown in Figure 21.18. 

When oscillating on silicon at a period of 10 sec, previous studies have found that the instrument 
decays consistently with a Q of 80 (uncertainty 3%). In the present study, half a dozen free-decay records 
were obtained for (i) edges parallel to the chains and (ii) edges perpendicular to the chains. The average 
Q of oscillation was estimated at 50 for the parallel case and 43 for the perpendicular case. 
Reproducibility proved slightly better for the parallel case (4%) as compared to the perpendicular case 
(5%). Additional details are documented elsewhere (Peters, 2003a, 2003b, 2003c, 2003d). 
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21.4.7.1 Summary, Free-Decay Q Estimation 

All of the techniques so far described are methods based on free-decay, which is especially important 
for nonlinear systems. With linear systems it is also possible to use steady-state methods, as noted in 
Box 21.2 (last column; de Silva, 2000). Box 21.2 summarizes the techniques used in the present chapter to 
estimate the logarithmic decrement, (3T, from which Q = tt/((3T). 



Box 21.2 

Methods for Quantifying Damping 





Damping (Q Estimation) Techniques (Q = tt/)S T, T 


= Period) 




Logarithmic 
Decrement 
(Full-Cycle, N) 


Turning 

Points 

(Half-Cycle, n) 


Nonlinear Time r 

Fit to to Z/e 

Envelope (0.3679xq) 


Short Time 
Fourier 
Transform 


Bandwidth, 
Magnification Factor, 
Hysteresis Loop, 
Step-Response 


fiT = — In — 
N x N 


PT = 


-y = ay 2 + by = t/t 

+ c 


Tin 10 


de Silva (2000), 
p. 379 


- 2 ln[ 1 - (X "~' - X " +1> ] 
L (*„-i - *„+i) 1 


^ 20 
[slope(dB/s)] 



The best method is to use a full nonlinear fit; the worst is to measure the time to 1/e. The expression in 
Box 21.2 for the logarithmic decrement, using the STFT, is equivalent to 



Q 



27.29 



dB 

s 



(21.4) 



where / is the frequency in Hz and the STFT slope is specified in dB per s. 



21.5 Driven Oscillators with Damping 

This chapter has been mainly concerned with oscillators in free-decay. It is also possible to make 
quantitative predictions from measurements at steady state. Confidence in predictions, however, depends 
on the nature of the damping. Such data are of limited value for most nonlinear systems, unless 
supplemented with free-decay data. 



21.5.1 MUL Apparatus 

Some of the techniques applicable to driven systems are illustrated by the multipurpose undergraduate 
laboratory (MUL) apparatus shown in Figure 21.19, that has been used by students in the physics 
department at Mercer University. 

For the purpose of measuring the Lorenz force (basis for defining the current unit, the ampere) a 
constant current is supplied through the posts to the pivoted-on-points brass wire on which a weight, W, 
is shown hanging on one of the horizontal arms of the wire. Current enters the wire through one post via 
the banana plug inserted into a drilled hole. It thereafter travels through the lower (invisible) shorter 
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straight segment of the wire located between the 
poles of the drive magnet; and it finally exits 
through the banana plug on the opposite post. 

When carrying a current, the force on the wire 
from the part inside the magnet causes vertical 
deflection, the direction up or down being 
determined by the direction of the current. 

This results in a rotation about the pivot points 
(indented tops of the posts). The position is 
measured by the capacitive sensor, S (one of 
several variants of the SDC patent). 

The sensitivity of this current balance 
depends on the location of the center of 
mass of the oscillatory wire, which is determined in part by the position of the rare earth magnet, 
M, which hangs from a steel nut on the threaded part of the heavier brass rod having a 90° bend. 
The upper end of this threaded rod is held by a plexiglass member that also holds the ends of the 
oscillatory wire. 




FIGURE 21.19 Apparatus for studying resonance and 
the Lorenz force law. 



21.5.2 Driven Harmonic Oscillator 

The MUL becomes a driven harmonic oscillator when the excitation current is a.c. rather than the d.c. 
used for the Lorenz force study. The damping is determined primarily by eddy currents in the aluminum 
ring, R, that lies on the wooden base underneath and in close proximity to magnet M. 

The apparatus is useful for studying both free-decay and driven oscillation. Engineering students 
Brandon R. Bowden and James D. Sipe have programmed Lab VIEW to generate both free-decay curves 
and resonances. 

An example Lorentzian (resonance response) is given in Figure 21.20. (Additional information is 
found in a laboratory writeup (Peters, 1998).) 




FIGURE 21.20 Screens from the LabVIEW program used with the MUL to study both transient and resonance 
phenomena. 
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21.6 Oscillator with Multiple Nonlinearities 

An oscillator can have significant nonlinearities of both the elastic and damping types. An example is the 
mechanical system pictured in Figure 21.21. 

The instrument is a modified extensometer that was sold by TEL-Atomic and which was designed 
around the SDC sensor to measure Young’s modulus and thermal expansion coefficients. The wire 
sample normally used with the instrument (along with a hollow power resistor that fits in the black 
clamp) has been removed, and two rare earth magnets have been employed. One magnet is 
superglued to the bottom of the pan where the weights are normally placed, as shown in Figure 
21.22; and the other magnet is attached to the bottom of the inductor that is sitting on the top of the 
oscillator (cased instrument, Pasco) used for drive. The pair of magnets are positioned in close 
proximity so as to repel each other, thus supporting the mass of the moveable arm of the 
extensometer. 

The study of nonlinear systems requires a linear sensor; i.e., any nonlinear contributions from the 
detector must be negligible. Figure 21.23 shows the calibration results for the instrument and its 
linear response for the range of amplitudes used in the study. 

The potential energy of this oscillator was assumed to have the following form 

b 

U(x) = — + cx (21.5) 

x n 

and the parameters were estimated by measuring x as small masses were placed on the pan. A linear 
regression fit to a log-log plot (using the sensor calibration constant of 550 V/m) yielded 
fc=1.02X10 -5 , n= 1.526, and c = 0.304 (system international units). Anharmonicity of the 




FIGURE 21.21 Mechanical oscillator with multiple nonlinearities. 
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FIGURE 21.22 Closeup picture of the oscillator in Figure 21.21 (nonoperational configuration), showing 
placement of the rare earth magnets. 



potential is readily apparent in the plot shown 
in Figure 21.24, with the force of restoration 
being greater in compression ( x decreasing) than 
it is in extension. This feature is reminiscent of 
interatomic potentials, with anharmonicity being 
responsible for thermal expansion. 

Because of the elastic nonlinearity, the mean 
position depends on the amplitude of the 
oscillation, as is evident in the free-decay curve 
in Figure 21.25. 

The damping of this oscillator was also found to 
be nonlinear, as seen in Figure 21.26. 

The oscillator exhibits hysteresis when driven at 
larger amplitudes, as shown in Figure 21.27, where 
it can be seen that the location of an amplitude 
jump depends on which way the oscillator is 
adjusted, either up or down in frequency. Such 
jumps (well known with oscillators with nonlinear 
elasticity) stand in stark contrast with the behavior 
of a linear oscillator, as can be seen by comparing 
Figure 21.27 with the screen picture in Figure 
21 . 20 . 

A surprise from this study involves the frequency 
of oscillation. In general, the oscillator did not 
entrain to the drive. Moreover, the preferred frequ- 
encies were not necessarily the same as the free- 
decay frequency of 6.01 Hz. Some of the frequen- 
cies (measured with power spectra) are indicated in 



SDC calibration data 




FIGURE 21.23 Calibration data for the sensor used 
with the oscillator having multiple nonlinearities. 



Potential Energy, oscillator with multiple nonlinearities 




x-0.02 (m) 

FIGURE 21.24 Plot of the potential energy function of 
the oscillator. 



© 2005 by Taylor & Francis Group, LLC 



Experimental Techniques in Damping 



21-23 



Free-decay of an Oscillator with multiple nonlinearities 
(frequency = 6.1 Hz, initial p/p amplitude = 0.77 mm) 



> 

■3 




FIGURE 21.25 Free-decay curve showing the mean position shift as a function of oscillator amplitude. (Decreasing 
sensor voltage corresponds to increasing x.) The frequency of oscillation is 6.01 Hz. 



STFT data, oscillator with multiple nonlinearities 




0 2 4 6 8 10 12 

Time (s) 



FIGURE 21.26 Free-decay character as determined using the short time Fourier transform. 

Figure 21.27. The 3% frequency jumps observed in Figure 21.27 (in going from 5.46 Hz to 6.20 Hz) are 
not real but rather artifacts of the finite resolution of the 1024 point transforms that were employed. 

Figure 21.27 demonstrates why nonlinear damping measurements should be done in free-decay. 
Figure 21.25 demonstrates how exponential fits make no sense for some oscillators. Fortunately, the 
STFT can be used to determine the amplitude dependence of the Q. 
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'Resonance’ response of Oscillator with multiple nonlinearities 



5.83 Hz 




Drive Frequency (Hz) 



FIGURE 21.27 Resonance response (steady state) of the driven oscillator. 



21.7 Multiple Modes of Vibration 

21.7.1 The System 

In engineering, multimode oscillations are common. Many, if not most, cases have mode mixing features 
even though they may in some cases be too small to be readily observed. The importance of nonlinearity 
to these problems is not widely appreciated, so a case to illustrate salient features is provided here. Free- 
decay records were obtained with an oscillator in the form of a vertically oriented (hanging) tungsten 
wire, of length 24 cm and diameter 0.31 mm. It was clamped at the top end, and at the bottom a 
rectangular plate was attached that was 11.3 cm long, 1.3 cm wide, and 0.8 mm thick. The plate was cut 
from double-sided copper circuit board. The board was positioned between the stationary plates of a 
capacitive sensor, as shown in Figure 21.28. 




FIGURE 21.28 Photograph of the detector used to monitor the multimode oscillator. 
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For the picture, the apparatus was disassembled and the plate allowed to rest on the top of the bottom 
electrode set. Operationally, the plate was positioned midway between the upper and lower static 
electrode sets (separation distance of 4 mm); and there was no mechanical contact during oscillation. As 
can be seen, the top of the circuit board containing the upper electrode set contains more than a dozen 
electronic components; these are of the surface mount technology type. The detector is of the SDC type 
and this particular embodiment is manufactured in Poland for TEL-Atomic Inc., Jackson, MI, for use in 
the Computerized Cavendish Balance. 

As can be seen in the picture, the wire was rather kinked instead of straight, which is expected to be a 
significant source of nonlinearity. For this reason, not to mention that it is very difficult to make larger 
diameter tungsten wires reasonably straight, no serious attempt was undertaken to remove the kinks. 

21.7.2 Some Experimental Results 

An example decay record generated with this apparatus is illustrated in Figure 21.29. 

21.7.3 Short Time Fourier Transform 

When multiple modes are present in a decay, as in Figure 21.29, it is not possible to readily estimate Q for 
all of the various modes using time data. The decays can be estimated using the FFT, in a technique called 
the short time Fourier transform, which is built-in to various software packages related to acquisition 
systems, such as Lab VIEW (see Appendix 15A). With the versatile software supplied with the Dataq A/D 
converter, it is straightforward to employ an equivalent manual technique. Using the number of points to 
define the FFT a value (always a power of 2 total) that is substantially smaller than the number of points 
in the record, a manual scan is performed in which one simply increments from start to finish, calculating 
a separate FFT at each position in time along the way. As an illustration of this powerful tool, Figure 21.30 
shows spectra corresponding to the start and the finish of the data in Figure 21.29. 

All the modes decay in time, and the rate of decay is especially large for those modes that correspond to 
sum and difference frequencies of the primary modes at 1.19 and 2.19 Hz. Table 21.2 gives the spectral 
intensities in dB for the two times considered. Where the rows are blank for the end of record case, the 
values were insignificantly small. 
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FIGURE 21.30 Beginning and end spectra corresponding to the temporal data from Figure 21.29. Ordinate values 
are spectral intensity in dB, abscissa values are frequency in Hz (linear scale). 



The decibel values in the table are referenced to the bit-size (16 corresponding to 65536) of the ADC. 
In terms of the sensor output voltage, V, it is defined by Dataq as: 

dB = 20 log 10 (32, 768 X WFS) (21.6) 



where FS is the full-scale voltage as determined by the gain setting. 

Elsewhere in this chapter, the decibel is calculated with a different reference. For example, for an FFT 
spectral line having real and imaginary components R and I, respectively (voltage based), the intensity in 
dB is calculated using 



dB = 20 log 10 [V^+/ 2 /(f)] (21.7) 

where n is the number of points in the FFT. This is convenient for determining noise levels. For example, 
from later graphs showing electronics noise, the floor of the SDC sensor is found to be of the order of 
— 120 dB, corresponding to a microvolt. The position resolution defined by this noise level is about 
500 nm, i.e., the wavelength of visible light. 



TABLE 21.2 Spectral Intensities for Some of the Lines Shown in Figure 21.30 



Frequency (Hz) 


Start of Record (dB) 


End of Record (dB) 


2.19 


78.3 


63.0 


1.19 


68.1 


55.6 


1.00 


44.6 




0.19 


40.8 




3.38 


35.0 


6.7 


4.34 


26.7 




4.53 


22.4 




6.53 


22.9 




5.53 


17.8 
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Of the two primary modes of this kinked-wire 
case study, the higher frequency (2.19 Hz) is the 
twisting mode and the lower frequency (1.19 Hz) 
is the swinging mode. The swinging mode is a 
little higher frequency than that which would 
result if the wire were completely flexible, 
yielding a near simple pendulum (1.02 Hz for 
24 cm length). The swinging mode is two 
dimensional (pendulum equivalent called con- 
ical), but the sensor only responds (first order) to 
motion perpendicular to the long axis of the 
electrodes. It should also be noted that this 
motion is attenuated, relative to the twisting 
response, because of the mechanical common- 
mode rejection feature discussed in Chapter 20. 

The manual STFT was used on the data that 
generated Figure 21.29 to estimate the decay history of three different modes — both of the primary 
ones (twist and swing) and also the mode whose frequency is the difference between the frequencies 
of the primaries, i.e., 1 Hz. Figure 21.31 shows the results, where a Hanning window was used, and 
the total number of points in the record permitted five equally time-spaced FFTs, when working with 
a 1024 point transform. 

Although the decay of the twisting mode is seen to be reasonably exponential, there was large beating 
between the modes (readily observed in Figure 21.29). Beating alone would not yield a mix signal whose 
frequency is 1.0 Hz. However, beating in a linear system can cause amplitude variations in the weaker 
swinging mode. 

21.7.4 Nonlinear Effects — Mode Mixing 

At least two signals in the spectra are the result of nonlinearity, i.e., the lines corresponding to the sum 
and difference of the frequencies of the primary pair — at 3.38 and 1.00 Hz, respectively. If the system of 
oscillator and detector were completely linear, then no such sum and difference cases would be possible. 
It is also to be noted that these mixtures are not the result of sensor nonlinearity, which as noted 
previously one must be careful to avoid. 

The amplitude of a mix signal was expected to approximately obey the following relation: 

A m ocA 1 A 2 (21.8) 

To test this premise, the STFT was used to estimate the amplitudes of each of the three components 
indicated in Equation 21.8. The amplitudes were all normalized, relative to the starting value for each 
case, and the results used to generate the graphs in Figure 21.32. 

The amplitude of oscillation for a given mode, at the time of the transform, is found by using the peak 
value in dB of the intensity of the spectral line for that mode, according to 

A oc io dB/20 (21.9) 

where the factor of 20 is used since the spectral intensities were calculated in terms of voltages. Although 
calibration constants (in V/m and V/rad) could be used to express the amplitude in meters or in radians, 
corresponding to the mode, nothing is gained by doing so for the present purposes. 

The mixing index for these cases is defined by the expression 

index = (21.10) 

iA 2 
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FIGURE 21.31 Decay of modes of the wire oscillator, 
determined by the manual STFT. 
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Illustration of Mode Mixing 




FIGURE 21.32 Evidence in support of nonlinear mixing according to Equation 21.8. 



which is similar to expressions encountered in optics. It can be seen that the sum and difference 
frequencies are approximated reasonably well by theoretical expectation. 



21.8 Internal Friction as Source of Mechanical Noise 



Chapter 20 claims that internal friction is responsible not only for damping but also for significant 
mechanical noise of 1 If type. Figure 21.33 is provided in support of that claim. 

The pendulum in these experiments (lead spheres near the ends of an aluminum tube with a pair of 
steel-points for the axis) was operated in a high vacuum to eliminate the influence of air. The electronics 
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FIGURE 21.33 Power spectrum and associated temporal record showing mechanical 1 // noise (right pair). For 
reference, electronics noise is also provided (left pair). 
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FIGURE 21.34 Same as Figure 21.33, but after the pendulum had stabilized. 



noise was obtained by removing the top mass and measuring the motion after oscillation reached a 
minimum (frequency approximately 1 Hz); some pendulous mode remains because of pump noise 
transmitted through the vacuum hose. Similarly, the pump vibrations excite a vibratory mode in the 
long-period pendulum (sharp spectral line at 3.5 Hz, right spectrum). In this vibratory mode the lead 
masses move in the same direction relative to the stationary axis (similar to the bending mode of the 
carbon dioxide molecule). It is interesting to note that there is no coherent oscillation to be seen above 
noise corresponding to the period of 5.7 sec. The mechanical noise is seen to include bistability, which is 
not uncommon for this type of system before hardening, following a significant force disturbance. The 
data in Figure 21.33 were collected after replacing the upper mass, which had been removed to measure 
the electronics noise, and after pumping to the operating pressure (below 5 pm Hg). 

The mechanical noise is seen to be 1 If for / < 1.5 Hz, which is where electronics begins to contribute 
noticeably. Everywhere below 1 Hz, the electronics noise is an order of magnitude smaller than the 
mechanical noise. 

After the pendulum had stabilized overnight and been allowed to oscillate through a number of free- 
decays (initialization by tilting the chamber), the data shown in Figure 21.34 was collected. 

It can be seen that the mechanical noise has mostly settled out, leaving the remnant electronics 
noise. 



21.9 Viscous Damping — Need for Caution 

Recent experiments have shown important subtleties of viscous damping (Peters, 2003a, 2003b, 2003c, 
2003d). It is true that the dissipation at a specified frequency can be adequately modeled by simply 
multiplying the velocity term in the differential equation by a coefficient. It is not proper, however, to call 
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this coefficient a constant, since the damping coefficient is frequency dependent and also involves the 
density as well as the viscosity of the fluid in which oscillation takes place. 

Some engineers have known about the history term, which is most simply treated in the case of a 
sphere executing simple harmonic motion. The friction force acting on the sphere in this case can be 
reasonably approximated by 



ft 



armonic 



677770! 1 + c H - 







1 as v — > ► 0 ) 



(21.11) 



where co is the angular frequency of oscillation, a is the radius of the sphere; and for the fluid, 77 and p are 
its viscosity and density, respectively. Only in the limit of zero frequency does the damping reduce to the 
form that one expects on the basis of Stokes’ law of viscous friction (steady flow). 

Using Equation 21.11 in the equation of motion for a pendulum yields for the Q 



Qv = 





( 21 . 12 ) 



where I is the moment of inertia, and L is the distance from the axis to the center of the sphere. Typically, 
the ratio a/5 is significantly greater than unity so that the damping is governed by the surface area of the 
sphere rather than by its radius. These complexities of viscous damping are summarized in Box 21.3. 

Reasonable experimental validation of the estimate for Q was provided, as demonstrated in 
Figure 21.35. 

The instrument in this case was a compound pendulum in which a mass was located above the 
axis of rotation, as well as the usual situation of mass below the axis. The water damping was 
provided through a small sphere at the bottom of the pendulum, immersed in water held by a 
rectangular container. 

If the history term in Equation 21.12 is ignored there can be huge errors. For example, in the case of 
water damping, the damping can be underestimated by 1000 to 3000%, as shown in Figure 21.36. 

At low frequencies, it is also important to correct for the influence of hysteretic damping of the 
pendulum. Figure 21.37 shows the large errors that occur when one fails to do so. 

For some cases, buoyancy and added mass of the fluid are also quite significant to the frequency of 
oscillation, as shown in Figure 21.38. 



Box 21.3 

Complexities of Viscous Damping 



Friction force is not a function only of viscosity 77 ; it also depends on density p and angular 
frequency co 
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resulting in a complicated frequency dependence for the Q of viscous damping 
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Comparison of Theory and Experiment 
(Water Damped Pendulum) 




Frequency (Hz) 

FIGURE 21.35 Comparison of theory and experiment for a pendulum damped by water. 

21.10 Air Influence 



As seen from Figure 21.37, low-frequency motions are likely to be influenced more by internal friction 
than by any fluids that interact with the oscillator. The most important fluid is of course air, and a true 
delineation between external and internal effects requires that the oscillator be studied in a high vacuum. 
It is not enough to just remove most of the air, since the viscosity of gases is surprisingly constant until 
the mean free path between collisions becomes a significant fraction of chamber dimensions. 

Theoretically, it is possible to roughly estimate air influence, although only in the simplest of 
geometries, such as a sphere. In such cases, Equation 21.11 could be used (with accounts for the history 
term, using appropriate values for the viscosity and density). It is also possible in some cases to estimate 
air influence experimentally, as in the example that follows. 

21.10.1 Brass and Solder Rod Pendula 

Because of its malleability, the internal friction of solder (lead-tin alloy) is large, compared to that of 
much harder brass. A pendulum of each material was studied, both having a length of about 50 cm and a 
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FIGURE 21.36 Illustration of how huge errors can occur in damping estimates if one ignores the history term. 
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FIGURE 21.37 Illustration of significant low-frequency errors that result from a failure to recognize the hysteretic 
damping component of the pendulum. 



diameter of about 3 mm. The technique used was the photogate method described in Section 21.4.4 
(Case 4 above). Unlike the previous study, no lead masses were clamped on the rod — but it used the 
same adjustable knife-edge. 

Figure 21.39 clearly shows that the internal friction for the solder pendulum is much greater than that 
of the brass pendulum. 

A nonlinear fit was generated for each decay curve, from which the history of the quality factor was 
graphed as a function of velocity amplitude, as shown in Figure 21.40. 

Consider the pair of brass curves in Figure 21.40. The large difference in Q at 10 cm/sec (387 compared 
to 266) is in stark contrast with their near equality at 50 cm/sec. This is primarily a consequence of air 
drag that is quadratic in the velocity at the larger amplitude. It is more important to brass than to solder 
because of the small internal friction of the brass. 

From the large difference in internal friction of the two materials, a first order correction for air 
influence on the solder pendulum is to simply subtract 1/Q of the brass from 1/Q (raw data) of the solder, 
to yield the reciprocal Q (corrected) due to internal friction of the solder. This has been done in 
Figure 21.41. 



Theoretical Estimates-Effect on frequency 
of Added Mass and Buoyancy 




FIGURE 21.38 Example of how fluid properties influence the frequency as well as damping of an oscillator. 
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Comparison of Brass and Solder Pendula at two different frequencies 




FIGURE 21.39 Free-decay curves for brass and solder pendula at two different frequencies, showing the larger 
internal friction of solder. The velocity is that of the peak value (amplitude) at the top of the pendulum, approx. 
22 cm above the axis. 

From Figure 21.41 it can be seen that the internal friction damping is not simply hysteretic 
(constant Q); rather it is a function of amplitude. It can also be seen, from the close proximity of the 
solid and dashed curves, that the air influence on the solder pendulum is much less than that of 
the internal friction. By contrast, air influence is of comparable magnitude to the internal friction in the 
case of the brass pendulum (or even larger, at large amplitude). 

A minimum of two frequencies was considered for the study, since the frequency variation of the 
damping is different for external and internal frictions. (Note: although the period is a function of 
amplitude, the amount of nonisochronism is small compared to the damping changes and is ignored 
here.) The periods were matched for the two pendula at each of 2.03 and 2.51 sec. For hysteretic-only 
(internal friction) damping, the Q at the shorter period should in theory be 1.53 times that of the longer 
period, for both brass and solder. If the damping were viscous only, the factor should be 1.24. In the case 
of solder at 10 cm/sec (corrected), the ratio is 1.66= 131/71, and for brass it is 1.46 = 387/266. 
Although the ratio for solder is greater than the expected 1.53, the difference is within experimental 
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FIGURE 21.40 Illustration of amplitude-dependent damping in a rod pendulum made of (i) brass and (ii) solder. 
The two different matched periods of oscillation are indicated in seconds. 
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FIGURE 21.41 Amplitude dependence of the estimated quality factor due only to internal friction in the solder 
pendulum. Dashed lines show the Q before correction for air damping. 



uncertainty for individual Q values, which from other, more detailed experiments were in the 
neighborhood of 5 to 10%. 

The ratio for brass (1.46) is between 1.24 and 1.53, as expected, because of the comparable influence of 
air and internal friction. 
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Summary 

In this chapter, a brief review will be given of the concept of isolation for suppressing the vibrations in structures and 
equipment subjected either to harmonic or seismic ground excitations. The mechanism of various isolation devices, 
including the elastomeric bearing, sliding bearing, resilient-friction base isolator, and Electricite de France system, 
will first be described in Section 22.2, together with their mathematical models. In Section 22.3, a closed form 
solution will be derived for the dynamic response of a structure -equipment system isolated by bearings of the 
elastomeric type, subjected to harmonic motions. Such a solution enables us to interpret the various behaviors of the 
structure and equipment under excitation. The elastomeric bearings can help increase the fundamental period of 
the structure, thereby, reducing the accelerations transmitted to the superstructure. In Section 22.4 and Section 22.5, 
the seismic behavior of a structure-equipment system isolated by a sliding support, with and without resilient force, 
will be studied using a state-space incremental-integration approach. With the introduction of a frictional sliding 
interface, the motion of the structure -equipment system will be uncoupled from the ground excitation, and the 
influence of the latter will be mitigated. The residual base displacement caused by the sliding isolator can be reduced 
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through inclusion of a resilient mechanism in the isolator. Nevertheless, the resilient mechanism can make the 
system more sensitive to the low-frequency components of excitation. In Section 22.6, issues related to design of base 
isolators will be discussed, along with the concepts underlying some design codes and guidelines. The notation used 
is listed at the end of the chapter. 

22.1 Introduction 



Conventionally, structural designers are concerned about the safety of buildings, bridges, and other civil 
engineering structures that are subjected to earthquakes. The recent history of earthquakes reveals that 
strong earthquakes, such as the 1994 Northridge earthquake (U.S.A.), 1995 Kobe earthquake (Japan), 
and 1999 Chi-Chi earthquake (Taiwan), can cause some badly designed structures or buildings to fail or 
collapse, and also cause some well-designed structures to malfunction due to the damage or failure of the 
equipment housed in the structure or building. Both the failures of structures and equipment, also 
known as structural and nonstructural failures, respectively, can cause serious harm to the residents or 
personnel working in a building. For the case where the equipment is part of a key service system, such as 
in hospitals, power stations, telecommunication centers, high-precision factories, and the like, the lives 
and economic losses resulting from the malfunctioning of the equipment can be tremendous. Thus, the 
maintenance of the safety of structures and attached equipment during a strong earthquake is a subject of 
high interest in earthquake engineering (also see Chapter 29 to Chapter 31). In this regard, base isolation 
has been proved to be an effective means for protecting the structures and attached equipment, which is 
made possible through reduction of the seismic forces transmitted from the ground to the superstructure 
(Yang et al., 2002). 

For light secondary systems mounted on heavier primary systems, it was concluded that the response 
of the light secondary system, that is, the equipment, is affected by four major dynamic characteristics in 
earthquakes (Igusa and Der Kiureghian, 1985a, 1985b, 1985c; Yang and Huang, 1993). The first issue is 
tuning, which means that the natural frequency of the equipment is coincident with that of the structure. 
Such an effect may amplify the response of the equipment due to the fact that the light secondary system 
behaves as if it were a vibration absorber of the heavier primary system. The second issue is interaction, 
which is related to the feedback effect between the motions of the primary and secondary systems. 
Ignoring the feedback effect of interaction may result in an overestimation of the true response of the 
combined system. The third issue is non-classical damping, which may occur when the damping 
properties of the two systems are drastically different, such that the natural frequencies and mode shapes 
of the combined system can only be expressed in terms of complex numbers. Under such a circumstance, 
the conventional response spectrum analysis, based on modal superposition, becomes inapplicable. The 
last issue is spatial coupling, which relates to the effect of multiple support motions when the secondary 
system of interest is mounted at multiple locations. By considering the inelastic effect, Igusa (1990) 
proposed an equivalent linearization technique for investigating the response characteristics of an 
inelastic primary- secondary system with two degrees of freedom (DoF) under random vibrations. His 
results indicated that the existence of small nonlinearity is helpful for reducing the coupling system 
responses. With the concept of equivalent linearization, Huang et al. (1994) explored the response and 
reliability of a linear secondary system mounted on a yielding primary structure under white-noise 
excitations. It was concluded that the response of the secondary system could be reduced by increasing 
the equipment damping or by locating equipment at higher levels of the primary structure. 

Owing to the fact that the mass and stiffness of a secondary system are much smaller than those of the 
primary structure, the interaction effect of the combined system, as well as the ill-conditioning in system 
matrices, may take place when one performs the dynamic analysis. To deal with this problem, some 
researchers chose to evaluate the response of the secondary systems from the floor motions. To avoid 
solving large eigenvalue problems and to account for the interaction between the building and 
equipment components, Villaverde (1986) applied the response spectrum technique to the analysis of a 
combined building- equipment system, by which the maximum response of light equipment mounted 
on the building under the earthquake is expressed in terms of the natural frequencies and mode shapes of 
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the building and equipment. To take into account the equipment-structure interactions, Suarez and 
Singh (1989) proposed an analytical scheme for computing the dynamic characteristics of the combined 
system, using the modal properties to compute the floor spectra. Lai and Soong (1990) presented a 
statistical energy analysis technique for evaluating the response of coupling primary- secondary 
structural systems, based on the concept of power-balance equation, that is, the power input to the 
primary system is equal to the dissipated energy of the primary system plus the transferred energy to the 
secondary system. Using a mean-square condensation procedure, Chen and Soong (1994) considered 
the effect of interaction by calculating the multi-DoF response of a primary- secondary system under 
random excitations. Later on, Chen and Soong (1996) derived an exact solution for the mean-square 
response of a structure-equipment system under dynamic loads, indicating that there exists an optimal 
damping ratio for reducing the vibration of equipment attached to the primary structure. Gupta and 
coworkers investigated the response of a secondary system with multiple supports on a primary structure 
subjected to earthquakes, taking into account the interaction effect between the equipment and structure 
(Dey and Gupta, 1998, 1999; Chaudhuri and Gupta, 2002). Their results indicated that when the soil- 
structure interaction (SSI) is taken into account, the response of the equipment -structure system will be 
affected by the SSI, unless a very stiff soil condition is considered. 

On the other hand, a number of research works have been conducted by implementing isolation 
systems at the base of the equipment- structure system, aiming to reduce the earthquake forces 
transmitted from the ground. Based on a theoretical and experimental investigation, Kelly and Tsai 
(1985) showed that seismic protection can be achieved effectively for lightweight equipment mounted on 
an isolated structure installed with elastic bearings at the base. A hybrid isolation system with base- 
isolated floors was proposed by Inaudi and Kelly (1993), for the protection of highly sensitive devices 
mounted on a structure subjected to support motions. Considering the effects of torsion and translation, 
Yang and Huang (1998) studied the seismic response of light equipment items mounted on torsional 
buildings supported by elastic bearings. Their results indicated that the response of an equipment- 
structure system can be effectively reduced through installation of base isolators, and that there exists an 
optimal location for mounting the equipment. Juhn et al. (1992) presented a series of experimental 
results for the secondary systems mounted on a sliding base-isolated structure. They concluded that the 
acceleration response of the secondary system may be amplified when the input motions are composed of 
low-frequency vibrations. In this case, the sliding bearings are not considered to be an effective isolation 
device, which implies that the base-isolated structure is not suitable for a construction site with soft soil. 

Concerning the use of sliding bearings (supports) as base isolators, Lu and Yang (1997) investigated the 
response of an equipment item attached to a sliding primary structure under earthquake excitations. 
Their results showed that the response of the equipment can be effectively reduced through the 
installation of a sliding support at the structural base, in comparison with that of a structure with fixed 
base. To overcome the discontinuous nature of the sliding and nonsliding phases of a structural system 
with sliding base, a fictitious spring model was proposed by Yang and coworkers for simulating the 
mechanism of sliding and nonsliding (Yang et al., 1990, 2000; Yang and Chen, 1999). Such a model will be 
described in a later section of this chapter. Agrawal (2000) adopted the same fictitious spring model in 
studying the response of an equipment item mounted on a torsionally coupled structure with sliding 
support. His results indicated that sliding supports could effectively reduce the equipment response, 
compared to that of a fixed-base structure. However, in the tuning region, where the natural frequency of 
the equipment coincides with the fundamental frequency of the structure, the equipment response may 
be adversely amplified due to the increase in eccentricity of the torsionally coupled structure. 

The problem of building isolation has recently received more attention than ever from researchers 
and engineers, due to the construction of high-precision factories worldwide. More and more 
stringent requirements have been employed in this regard for removing the ambient or man-made 
vibrations (Rivin, 1995; Steinberg, 2000). To allow sensitive electronic equipment to operate in a harsh 
environment, Veprik and Babitsky (2000) proposed an optimization procedure for the design 
of vibration isolators aimed at minimizing the response of the internal components of 
electronic equipment. As for the protection of high-tech equipment from micro- or ambient 



© 2005 by Taylor & Francis Group, LLC 




22-4 



Vibration and Shock Handbook 



vibrations, Yang and Agrawal (2000) showed that passive hybrid floor isolation systems are more 
effective in mitigating the equipment response than passive or hybrid base isolation systems. Xu and 
coworkers studied the response of a batch of high-tech equipment mounted on a hybrid platform, 
which in turn is mounted on a building floor (Xu et al., 2003; Yang et al., 2003). Both their theoretical 
and experimental studies showed that the hybrid platform, which is composed of leaf springs, oil 
dampers, and an electron-magnetic actuator with velocity feedback control, is more effective in 
mitigating the velocity response of the high-tech equipment than the passive platform. 

The objective of this chapter is to give an overview on the seismic behavior of various base isolators. 
The organization of this chapter can be summarized as follows. In Section 22.2, the mechanisms of 
various seismic isolators that are currently in use are introduced and explained. In Section 22.3, a 
structure-equipment system isolated by bearings of the elastomeric type is modeled by a three-DoF 
system composed of a spring and dashpot unit, for which a closed-form solution is obtained for the 
dynamic response of the isolated system subjected to harmonic earthquakes; remarks on the dynamic 
response of the system components are also made. In Section 22.4 and Section 22.5, the seismic behaviors 
of a structure-equipment system isolated by a sliding support, with and without resilient capability, will 
be investigated. Also presented are numerical methods based on the incremental-integration procedure 
for the analysis of structural systems with sliding-type isolators. Further information on seismic behavior 
and isolation of structures and equipment is found in Chapter 29 to Chapter 31. 



22.2 Mechanisms of Base-Isolated Systems 



Figure 22.1 shows a simplified model for a 
structural system subjected to a support motion. 

For this single-DoF system, the equation of 
motion can be written as 



mx + cx+ kx = — mx g (22. 1) 



where m denotes the mass, c the damping, k the 
stiffness, x the displacement of the system, and x g 
the ground acceleration. By assuming the system 
to be linearly elastic, the response x(t ) can be 
obtained using Duhamel’s integral (also see 
Chapter 2 and Chapter 14), as 
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FIGURE 22.1 Model of a single-DoF system. 



where the natural angular frequency, fl, damped 

natural frequency, /2 d , and damping ratio, of the system are defined as follows: 
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Correspondingly, the natural period, T, and damped period, T d , of the structure are 
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FIGURE 22.2 

spectra. 



Period (s) 



Schematic of displacement response 




For a given support acceleration, x g , the displace- 
ment, x, and acceleration, x, of the single-DoF 
system can be related to the natural period, T, and 
damping ratio, £, of the system. Thus, for a 
specific earthquake, by first selecting a damping 
ratio, £, and using Equation 22.2, one can 
compute the peak displacement x, for a structure 
with a period of vibration, T, with given values of 
m, c, and k. Repeating the above procedure for a 
wide range of periods, T, while keeping the 
damping ratio, £, constant, one can 
obtain response curves similar to those shown in 
Figure 22.2. By varying the damping ratio, £, one 
can construct the displacement response spectra 
and pseudo-acceleration response spectra for all 
single-DoF structures under a given earthquake, 
as schematically shown in Figures 22.2 and 22.3, 
respectively. 

A general impression that is gained from 
Figure 22.2 and Figure 22.3 is that a structure 
with a shorter natural period has less displace- 
ment response when subjected to an earthquake, 
but it also has a larger acceleration response. 

Specifically, let us consider a structure of a 
constant damping ratio, £, with its period 
increased from 7j to T 2 . As can be observed 
from the figures, the displacement of 
the structure increases from to D>, while 
the acceleration decreases from A l to A 2 . Such a 

feature is known as the period shift effect. On the other hand, by increasing damping ratio of the 
structure, the displacement of the structure decreases significantly, as can be seen from Figure 22.2. 
The same is also true with the acceleration response, as can be seen from Figure 22.3. Moreover, a 
larger damping ratio also makes the structure less sensitive to the variation in ground vibration 
characteristics, as indicated by the smoother response curves for structures having higher damping 
ratios, in both figures. From the aforementioned two response spectra, one observes that the 
philosophy of base isolation is to lengthen the vibration period of the structure to be protected, using 
base isolators of some kind, by which the earthquake force transmitted to the structure can be greatly 
reduced. In the meantime, some additional damping must be introduced on the base isolators in order 
to control the relative displacements across the base isolators with tolerable limits. 

To fulfill the function of lengthening the period of vibration of the structure to be protected, the base 
isolators that are inserted between the structure and its foundation must be flexible in the horizontal 
direction, but stiff enough in the vertical direction so as to carry the heavy loads transmitted from the 
superstructure. With such devices, the natural period of vibration of the structure will be significantly 
lengthened and shifted away from the dominant frequency range of the expected earthquakes. 
The following is a summary of the fundamental features of four types of isolators frequently used in 
engineering practice. 



FIGURE 22.3 Schematic of pseudo-acceleration 
response spectra. 
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22.2.1 Elastomeric Isolation System 

Elastomeric bearing is the type of base isolator most 
commonly known to researchers and engineers 
working on base isolation. It is usually composed 
of alternating layers of steel and hard rubber and, 
for this reason, it is also known as the laminated 
rubber bearing. This type of bearing is stiff enough 
to sustain the vertical loads, yet flexible under the 
lateral forces. The ability to deform horizontally 
enables the bearing to reduce significantly the 
structural base shear transmitted from the ground. 

While the major function of elastomeric bearings 
is to reduce the transmission of shear forces to the 
superstructure by lengthening the vibration period 

of the entire system, they must also provide sufficient rigidity under vertical loads. Let us consider a 
structure installed with elastomeric bearings, which is subjected to a support acceleration, 3c g , as in 
Figure 22.4. By representing the isolated structure as a single-DoF system, based on the assumption that 
the superstructure is rigid in comparison with the stiffness of the elastic bearings, the equation of motion 
for the entire system can be written as 



FIGURE 22.4 

elastic bearing. 



Model for base-isolation systems with 
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(22.5) 



where m, c, and k denote the mass, damping, and stiffness of the superstructure, respectively, m h , c b , and 
fc b denote the mass, damping, and stiffness of the base raft, respectively, and x and x b denote the 
displacements of the superstructure and the base, respectively. 

In reality, the reduction in the seismic forces transmitted to a superstructure through the installation of 
laminated rubber bearings is achieved at the expense of large relative displacements across the bearings. If 
substantial damping can be introduced into the bearings or the isolation system, then the problem of 
large displacements can be alleviated. It is for this reason that the laminated rubber bearing with a central 
lead plug inserted has been devised (Yang et al., 2002). To simulate the dynamic properties of the lead- 
rubber bearing (LRB) system, an equivalent linearized system has been proposed, for which the equation 
of motion is 



"m 0 " f 5c c — c " f jc "j k —k ’fr) f mx s 4 

_ b tn\y _tWbJ _ ^ ^ d - ^eq _(WbJ _ ^ k k e q _ X b J 7n b 5c g J 



(22.6) 



where c eq and k eq respectively represent the equivalent linearized damping and stiffness coefficients of the 
LRB system. The dynamic behavior of a structure -equipment system isolated by elastomeric bearings 
with linearized damping and stiffness coefficients, when subjected to harmonic and earthquake 
excitations, will be investigated analytically and numerically, respectively, in Section 22.3. 



22.2.2 Sliding Isolation System 

Another means for increasing the horizontal flexibility of a base-isolated structure is to insert a sliding or 
friction surface between the foundation and the base of the structure. The shear force transmitted to the 
superstructure through the sliding interface is limited by the static frictional force, which equals the 
product of the coefficient of friction and the weight of the superstructure. The coefficient of friction is 
usually kept as low as is practical. However, it must be high enough to provide a frictional force that can 
sustain strong winds and minor earthquakes without sliding. Since the sliding system has no dominant 
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natural period, it is generally frequency-indepen- 
dent when the structure is subjected to earth- 
quakes with a wideband frequency content. As 
mentioned previously, when a sliding structure is 
subjected to a ground motion, transitions may 
occur repeatedly between the sliding and nonslid- 
ing phases. To take into account such a phase 
transition, Yang et al. (1990) proposed the use of a 
fictitious spring between the structural base raft 
and the underlying ground to simulate the static- 
dynamic frictional force of the sliding device. With 
reference to Figure 22.5, the equation of motion 
for the structure with sliding base can be written as 
follows: 
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FIGURE 22.5 Model for base-isolation systems with 
sliding support. 
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(22.7) 



where k { is the stiffness of the fictitious spring and the frictional force, f, can be represented as 



f k f (x h — x b0 ) for non-sliding phase, 
( ± p(m + m h )g for sliding phase 



( 22 . 8 ) 



with x b0 indicating the initial elongation of the fictitious spring in the current nonsliding phase, p the 
coefficient of friction, and g the acceleration of gravity. The fictitious spring concept will be incorporated 
in the analysis of sliding structures in Section 22.4 of this chapter, when considering both harmonic and 
seismic excitations. 



22.2.3 Sliding Isolation System with Resilient Mechanism 

One particular problem with a sliding structure is 
the occurrence of residual displacements after 
earthquakes. To remedy such a drawback, the 
sliding surface is often made concave, so as to 
provide a recentering mechanism for the isolated 
structures. This is the idea behind the friction 
pendulum system (FPS), shown in Figure 22.6, 
which utilizes a spherical concave surface to 
produce a recentering force for the superstructure 
under excitations. To guarantee that a sliding 
structure can return to its original position, other 
mechanisms, such as high-tension springs and 
elastomeric bearings, can be used as an auxiliary 
system for providing the restoring forces. Pre- 
viously, the sliding isolation systems have been 
successfully applied in the protection of important 
structures, such as nuclear power plants, emergency 
fire water tanks, large chemical storage tanks, and 
so on, from the damaging actions of severe 
earthquakes. 

To improve the performance of sliding isolators under strong earthquakes, Mostaghel (1984) 
and Mostaghel and Khodaverdian (1987) proposed the resilient-friction base isolator (RFBI) for 




FIGURE 22.6 Friction pendulum system. 
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controlling the transmission of shear force to the 
superstructures, while keeping the residual dis- 
placements within an allowable level. The RFBI 
device is basically made of a central rubber core 
and Teflon-coated steel plates, and offers a friction 
resistance for keeping the system in the nonsliding 
mode under wind excitations and small earth- 
quakes, and a restoring force by the rubber 
ingredient for limiting the maximum sliding 
displacements. The equation of motion for a 
structure installed with RFBI, as shown in 
Figure 22.7, can be written as 



iVWV 

c b 

V 


m b 


k 






rVVV\r~ 
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m 
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FIGURE 22.7 Model for base-isolation systems with 
RFBI device. 
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(22.9) 



The interfacial frictional force, f T , existing in the RFBI and appearing in Equation 22.9 serves as the 
outlet for energy dissipation. The behavior of a structure-equipment system supported by sliding 
isolators with resilient mechanism subjected to both harmonic and earthquake excitations will be 
investigated in Section 22.5. 



22.2.4 Electricite de France System 

To limit effectively the acceleration of base-isolated 
structures and internal secondary systems, such as 
those of nuclear power plants, when subjected to 
strong earthquakes, the Electricite de France (EDF) 
system was proposed by Gueraud et al. (1985). The 
design concept of an EDF system is to arrange 
the elastomeric bearing and sliding device at the 
base of a structure in series. For low-level ground 
motions, the EDF system will behave as an elasto- 
meric bearing and return to the original position 
after support motions, while for strong earth- 
quakes, the EDF system will behave as a sliding 
device. The EDF system may have a residual 
displacement after some major earthquakes. Because of the sliding mechanism of the EDF system, the 
maximum horizontal acceleration of the superstructure is kept within a certain range (Gueraud et al., 
1985; Park et al., 2002), while the shear force transmitted to the superstructure through the frictional 
interface is smaller than the static frictional force. For the mathematical model shown for the EDF system 
in Figure 22.8, the equations of motion for the nonsliding and sliding phases can be written as 

(a) nonsliding phase: 
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FIGURE 22.8 Model for base-isolation systems with 
EDF device. 
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(b) sliding phase: 
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(22.10b) 



where c EDF and fc EDF , respectively, denote the damping and stiffness of the EDF system, and x EDF denotes 
the displacement of the system. 



22.2.5 Concluding Remarks 

To mitigate the transmission of earthquake forces to a structure, and the potentially earthquake- 
induced damage to the equipment attached to the structure, base isolation is an effective structural 
design philosophy. With the installation of base isolators, the natural period of vibration of the 
structure will be significantly lengthened and shifted away from the dominant frequency range of the 
expected earthquakes. In accordance, the earthquake force transmitted to the structure can be 
significantly reduced. In this section, the mechanisms of four types of base isolator frequently used in 
engineering practice are introduced. Since the base isolators, such as the elastomeric bearings or 
sliding isolations, have relatively flexible stiffness in the horizontal direction, the occurrence of 
residual displacements after earthquakes may cause certain problems on the structure to be protected. 
To remedy such a drawback and to further guarantee that a base-isolated structure can return to its 
original position, the RFBI is implemented for controlling the transmission of shear force to the 
superstructure, while keeping the residual displacement within an allowable level. On the other hand, 
to limit the acceleration level of internal secondary systems housed in a base-isolated structure under 
strong earthquakes, such as those of the nuclear power plants, the EDF system can be used as an 
alternative device for base isolation, even though some residual displacements may be induced after 
the earthquakes. 



22.3 Structure- Equipment Systems with Elastomeric Bearings 

Owing to the stringent requirements for normal functioning of high-tech facilities, such as printed circuit 
boards, semiconductor factories, and sensitive medical devices, the need to suppress excessive vibrations in 
sensitive structure -equipment systems has become an issue of great concern to structural designers. 
Besides, these high-tech facilities may suffer significant damages during a major earthquake. Using 
elastomeric isolation systems to reduce the earthquake forces transmitted from the ground is one of the 
most popular ways adopted by structural designers. In this section, the performance of elastomeric 
bearings in protecting structure-equipment systems against horizontal ground motions will be 
investigated. 

22.3.1 Formulation of Base Isolation Systems with Elastic Bearing 

By modeling the structure, internal equipment and the base of an isolated structure- equipment 
system as a lumped mass system, one can construct the mathematical model for the structure - 
equipment isolation system supported by an elastic bearing in Figure 22.9. The following is the 
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FIGURE 22.9 Model of a structure-equipment isolation system with elastic bearing. 



equation of motion for the base-isolated structure- equipment system when it is subjected to a 
ground acceleration, 3c g : 
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( 22 . 11 ) 



where m represents the mass, c the damping coefficient, and k the stiffness of the system. Also, the 
subscripts ‘e’, ‘s’, and ‘b’ are associated with the DoF of the equipment, structure, and base, 
respectively. The notations employed in Figure 22.9 have been defined in Table 22.1. It should be 
mentioned that the elastic bearing stiffness, k b , appearing in Equation 22.11, is a parameter relating 
to the boundary conditions of the system considered here. A small value of k b relative to the 
structural stiffness, k s , means that the system is isolated by a set of soft bearings. In contrast, a large 
value of k b means that the structure is rigidly supported. 



TABLE 22.1 Definition of Symbols 



Symbol 


Definition 


C e , C s 


Damping coefficients of equipment and superstructure 


K, K 


Stiffness of equipment and superstructure 


K 


Stiffness of elastic bearing or resilient stiffness of isolation system 


m e , m s , m b 


Masses of equipment, superstructure and base mat 


x e (t), x s (t), x h (t) 


Relative-to-the-ground displacements of equipment, 
superstructure and base mat 


Xg(t) 


Ground acceleration 


tr 


Frictional coefficient of sliding isolation system 




Frequency of isolation system 


(x) e , (x) s 


Frequencies of equipment and superstructure 




Frequency of ground excitation 


4.4 


Damping ratios of equipment and structure 
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22.3.2 Free Vibration Analysis 

By neglecting the damping and forcing terms in Equation 22. 1 1 , the equation of motion for free vibration 
can be written as 



’ m e x e ' 




- k e 


-k e 


0 ‘ 




'*e' 




"o' 


m s x s 


■ + 


~K 


K + K 




■ 




. = ■ 
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■ *b. 




_0 



By solving the preceding equation, one can obtain the natural frequencies and vibration modes of the 
structure- equipment system with elastic bearings. As for the present problem, the horizontal stiffness of 
the elastic bearing is designed to be quite low compared with that of the superstructure. It follows that the 
superstructure in its entirety behaves essentially as a rigid body for the fundamental vibration mode shape 
of the combined system, which implies that the displacement responses for the equipment, structure, and 
base under free vibration can be approximately taken as the same, that is, x e = x s = x b = x. By 
introducing such a condition into Equation 22.12, the equation of motion for the equivalent single-DoF 
base-isolated system can be written as 

(m e + m s + m h )x + k b x = 0 (22. 13) 



Equation 22.13 indicates that the fundamental frequency, a> l , of the base-isolated system can be 
approximated by a> l ~ yJkjEni,, + m s + m b ). Further, if the condition of fixed base is considered, that is, 
by letting the responses of the base be equal to zero, x b = % b = 0, the structure-equipment isolation 
system will be reduced to the case of a fixed-base system, such that the equation of motion becomes 

f m c x,. 1 [ k e — k e 

l m s x, j L ~K K + K 

as is well known. 






(22.14) 



22.3.3 Dynamics of Structure-Equipment Isolation Systems 
to Harmonic Excitations 



The advantage of a closed-form solution is that it allows us to examine the key parameters involved in the 
problem considered. This is what will be sought herein. For the case of a harmonic ground excitation, x g , 
with amplitude, X g , that is, with x g = X g e 1<uf , one may derive from Equation 22.11 the following: 
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(22.15) 



Correspondingly, the steady-state responses of the system can be expressed as 
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(22.16) 



where (X e , X s , and X b ) represent the amplitudes of the equipment, structure, and base, respectively. 
Substituting Equation 22.16 into Equation 22.15 yields 
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(22.17) 
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from which the amplitudes (X e , X s , and X b ) for the system can be solved as follows: 

X s + X g f e 2 



X„ = 



Xu = 



I”// 

X, + S b f 2 X g 



X, = 



1 + k h /k s - e b f 2 
[ ™ e m b 

1 + k b /k s ~E b f s 2 

h ~ m h (o 2 
1 + k h /k s - e h f 2 



iX,, or 






(22.18a) 

(22.18b) 



(22.18c) 



where the amplitudes of the equipment and base, that is, X e and X b , have been expressed in terms of the 
amplitude of the base, X s . The parameters in Equation 22.18 are defined as 



f e = a)/co e 


(22.19a) 


fs = <*>/co s 


(22.19b) 


e b = m b /m s 


(22.19c) 


co e = yjk e /m e 


(22.19d) 


= Jk s hn s 


(22.19e) 



Finally, the state-steady absolute acceleration responses of the structure, equipment, and base can be 
expressed in terms of the ground acceleration x g as 



a s — x s + x„ — — (X s +X„)w 2 c l0Jt — ^ 



a e = 3c e + 3c„ = - 



D(co) 

_ M g 

1 fe (1 ~f 2 )D(0}) 

.2 -i <ot i i ; -1\ 



(X s + X„)w 2 e iMf 



.. .. — [X s + X g + (k b /k s )X g ]co 2 e 1Mf (D~ l (co) + k; l )k b x g 

° b Xb Xg 1 + k h /k s - E b f 2 1 + k b /k s - b h f 2 

D(to) = (k b - m b co 2 ) - (1 + k b /k s - s h f 2 )(m s + | 2 joj 2 



(22.20a) 

(22.20b) 

(22.20c) 

(22.20d) 



As can be seen, the acceleration response of each component in the structure -equipment system 
depends mainly on the stiffness of the elastic bearing, k b . In particular, the use of a smaller bearing 
stiffness, k b , can result in significant reduction of the shear forces transmitted to the superstructure, as 
indicated by Equation 22.20a. This explains why an elastic bearing can be effectively used as an isolator 
for reducing the base shear of the structure-equipment system. In contrast, if the bearing stiffness, k b , is 
made to be infinitely large, that is, by letting k b — * oo, the acceleration responses in Equation 22.20, 
reduce to 



(1 ~f 2 )x g 

(1 -/e 2 )(l -/s 2 ) - sj 2 



(1 -/e 2 )( 1 — /s 2 ) - B e f 2 

Clb Xg 



(22.21a) 

(22.21b) 

(22.21c) 



with the use of L’Hospital’s Rule, where e e = mjm s . As can be seen from Equation 22.21c, the 
acceleration of the structural base is equal to the ground acceleration. Clearly, the present problem has 
been reduced to a two-DoF system with a rigid base, for which the solutions have been given in Equation 
22.21a and Equation 22.21b. 
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Some important high-tech facilities, such as semiconductor factories and medical devices, are very 
sensitive to vibrations, especially to those caused by resonance. To consider the effect of resonance, we 
shall let the ground excitation frequency, co, coincide with the equipment frequency, co e , that is, by letting 
f. = 1 or co e = co. For this case, the acceleration responses of the system in Equation 22.20 reduce to 



a s = 0 
~k h x„ 






k e [ 1 + (k b - m b (4)/k s ] 
k b x s 

k s + k h - m h u>l 



(22.22a) 

(22.22b) 

(22.22c) 



Because of the coincidence of the ground excitation frequency with the equipment frequency, the 
equipment behaves like a vibration absorber of the structure. For this reason, the response of the 
equipment is greatly amplified, as implied by Equation 22.22b, while the response of structure is 
completely suppressed, as indicated by Equation 22.22a. Moreover, if the frequency of the equipment is 
equal to the fundamental frequency of the structure- equipment isolation system, that is, <w e (= ct>! ) = 
y/k b /{m e + m s + m b ), then the responses of the system in Equation 22.22 can further be expressed as 
follows: 



fl s = 0 


(22.23a) 


-k b x s 

k e [l + (m s + m e )af;/k s \ 


(22.23b) 


Mg 

K + (m s + m e )a>l 


(22.23c) 



Since the equipment mass is generally much smaller than the structural mass, the preceding equation can 
be further reduced to 



a s = 0 


(22.24a) 


k\)Xg 

e A: e (l + col/co~) 


(22.24b) 




(22.24c) 



As indicated by Equation 22.24b, the acceleration response of the equipment depends on the stiffness 
ratio, k b /k e , of the base to the equipment. 

For the resonance condition of <w e = co, mentioned previously, let us consider the case when the 
structural frequency is equal to the equipment frequency, that is, co e = w s . For this case, the responses of 
the system in Equation 22.22 reduce to 



fl s « 0 


(22.25a) 


~fcb* g 

e e [k s (l - s b ) + k b ] 


(22.25b) 


k b x s 

*s(l — e b) + k b 


(22.25c) 



which indicates that the acceleration response of the equipment may be greatly amplified, as implied by 
the relatively small mass ratio e e (= mjm s ) and large stiffness ratio, k b /k s , in Equation 22.25b. Such a 
phenomenon has been referred to as the tuning of equipment. 

On the other hand, when the excitation frequency, co, coincides with the fundamental frequency, co l , of 
the isolated system, that is, oj(~ <uj) = y/k b /(m e 4- m s + m b ), resonant response may be induced on the 
structure- equipment isolation system. Considering that the first priority in design of high-tech 
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equipment is to reduce the vibrations of the equipment, rather than the structure, by comparing the 
denominators in Equation 22.20a and Equation 22.20b, one may assume that the condition 1 1 — / e 2 1 > 1 
or f e = a>/co e > \/2 remains satisfied for a good design, which is equivalent to 



co, I k h /k s 

co s ~ 2[1 + (m b + m e )/m s \ 



(22.26) 



Since the fundamental frequency, co s , of a base-isolated structure is generally low in practice, the 
horizontal stiffness of the equipment attached to the structure must be designed to be soft enough such 
that Equation 22.26 can be satisfied. Certainly, this is one of the guidelines to be obeyed in the design of 
equipment for the sake of vibration reduction. 



22.3.4 Illustrative Example 

The forgoing formulations have been made by neglecting the damping of the structural system and by 
assuming the ground motion to be of the harmonic type. In practice, there is always some damping with 
the structural system, while the ground motion may be random in nature. To deal with such problems, 
the only recourse is to use numerical methods that are readily available. In this section, the Newmark /3 
method, proposed by Newmark (1959), with y = 1/2 and f5 = 1/4, will be adopted for solving the 
second-order differential equation presented in Equation 22.11, which has the advantage of being 
numerically stable. 

The example considered is the structure-equipment system isolated by elastomeric bearings, shown in 
Figure 22.9, with the data given in Table 22.2. As can be seen, the equipment has a frequency equal to five 
times the structural frequency, that is, w e = 5 co s (= 8.34 Hz). The 1940 El Centro earthquake (NS 
component) with a peak ground acceleration (PGA) of 341.55 gal is adopted as the ground excitation, as 
given in Figure 22.10. By an eigenvalue analysis, the natural frequencies solved for the base-isolated 
system are 2.46, 21.41, and 52.74 rad/sec. Because of the installation of elastic bearings on the structure- 
equipment system, the fundamental frequency of the system decreases significantly and is approximately 
equal to Wj ~ y/k h (m, + m s + m h ) = 2.51 rad/sec, according to Section 22.3.2. From this example, one 
observes that the use of a single-DoF system to model a base-isolated system can give a generally good 
result for the first frequency of vibration. 

As can be seen from Figure 22.11, for the structural acceleration of the system, the main-shock 
response of the fixed-base structure has been effectively eliminated due to installation of the elastic 
bearings. However, as indicated by Figure 22.12, because of the installation of soft bearings, the base 
displacement response of the isolated system is much larger and decays much slowly, even after the main 
shocks. 

In Figure 22.13 the acceleration response of the equipment for the isolated and fixed-base cases are 
compared. As can be seen, the main-shock response of the fixed-base structure has been effectively 
suppressed through the installation of the elastic bearings. Furthermore, the equipment response appears 
to be almost identical to the structure response shown in Figure 22.11, due to the fact that the equipment 



TABLE 22.2 System Parameters Used in Simulation (Section 22.3.4) 



Equipment 


Superstructure 


Isolation System 


Parameter 


Value 


Parameter 


Value 


Parameter 


Value 


Mass ra e 


3 t (= m s /100) 


Mass m s 


300 t 


Mass ra b 


100 t (= mj 3) 


Horizontal 


8258 kN/m 


Horizontal 


33,030 kN/m 


Horizontal 


2546 kN/m 


stiffness k e 




stiffness k s 




stiffness k h 




Damping 


15.74 kN m/s 


Damping 


314.79 kN m/s 


Damping 


50.46 kN m/s 


Frequency 
co e = yjk e /m e 


52.47 rad/sec 


Frequency 
co s = yjk s /m s 


10.46 rad/sec 


Frequency 
(Ob = *Jk b lm b 


5.05 rad/sec 
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FIGURE 22.10 Waveform of 1940 El Centro earthquake (NS component). 




FIGURE 22.11 Comparison of structural accelerations. 




FIGURE 22.12 Comparison of base displacements. 
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FIGURE 22.13 Comparison of equipment accelerations. 



is rigidly attached to the structure, as implied by the relatively higher frequency of the equipment. As for 
the present example, the effectiveness of the elastic bearings in reducing the equipment response is 
ascertained. 

For high-tech equipment, engineers may be concerned about the effect on equipment tuning induced 
by external excitations, such as earthquakes and traffic-induced vibrations. To investigate this effect on 
the structure- equipment isolation system considered, the maximum equipment acceleration was plotted 
as a function of the frequency ratio, a>Ja> s , in Figure 22.14. As can be seen, the response of the equipment 
is greatly amplified when it has a frequency close to the fundamental frequency of the structure- 
equipment isolation system, that is, when w e = 2.51 rad/sec or a>Ja> s = 0.24. To avoid such a situation, it 
is suggested that isolators be mounted at both the structure base and equipment base. From Figure 22.14, 
one observes that the use of a small horizontal stiffness for the equipment will generally lead to greater 
equipment response due to tuning effect. However, as the stiffness of the equipment is further reduced, 
the equipment will reach another isolation state, in which the equipment response will be substantially 
suppressed, as indicated by the region with relatively small values of a>Ja> s . The margin for such 
a frequency ratio of <u e /w s can be obtained by substituting the parameters in Table 22.2 into 




FIGURE 22.14 Maximum accelerations of structure -equipment isolation systems. 
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Equation 22.26, which yields a critical ratio of a>Ja> s = 0.168, very close to the value of 0.16 marked in 
Figure 22.14. 

22.3.5 Concluding Remarks 

This section investigates the dynamic response of a mathematical model of a structure- equipment 
system isolated by elastomeric bearings and subjected to ground excitations. Based on the closed-form 
solution of a structure-equipment isolation system subjected to harmonic support motions, one 
observes that the coincidence of the ground excitation frequency with the equipment frequency will make 
the equipment behave like a vibration absorber of the structure, of which the acceleration response will be 
greatly amplified. For the case that the first priority in design is to reduce the vibration of the equipment 
rather than that of the structure, Equation 22.26 provides a guideline for the design of equipment, which 
has been verified in the numerical example. 



22.4 Sliding Isolation Systems 

Sliding isolation can be an effective means for the seismic protection of structural systems. By 
implementing sliding isolators under the base mat of a structure, the transmission of ground excitation 
to the structure can be greatly reduced. Currently, applications of sliding isolation systems can be found 
elsewhere (Naeim and Kelly, 1999). A sliding isolator usually consists of a slider with frictional surfaces. 
For this reason, it is also referred to as a. friction isolator. When subjected to an earthquake, the slider will 
slide along the frictional contact surfaces whenever the horizontal seismic force exceeds the maximum 
frictional force of the support, which, by Coulomb’s theory, is equal to the normal contact force 
multiplied by the static (or dynamic) coefficient of friction of the sliding surfaces. Because of this, the 
seismic force transmitted to the superstructure is generally less than the maximum frictional force of the 
isolator. Obviously, the maximum frictional force is an important parameter for the design of a sliding 
isolation system, because it decides when the system starts to slide and how large the shear force is to be 
transmitted to the superstructure. 

The motion of a sliding structure consists of two different states, namely, the sliding state and the stick 
(or nonsliding) state. At any instant of motion, the structure can only belong to one of the two states. 
Although in each state the sliding structure can be modeled as a linear system, the governing equations of 
motion for the two states are different. As a result, the overall behavior of the sliding structure is 
nonlinear. Such nonlinearity has resulted in the occurrence of subharmonic resonance in the frequency 
response of a sliding structure (Mostaghel et al., 1983; Westermo and Udwadia, 1983), making the 
dynamic response much more complicated. In some applications, a sliding isolation system has been 
designed with an automatic recentering mechanism (or resilient mechanism), so that the structure can 
slide back to its original position after the earthquake (Mokha et al., 1991). This type of sliding systems 
has been called the resilient sliding isolation system, which will be investigated in Section 22.5. The 
implementation of a recentering mechanism offers some advantages, but will inevitably introduce some 
disadvantages, as will be discussed in Section 22.5. 

The purpose of this section is to investigate the seismic behavior of a sliding isolated structure and 
also the behavior of an equipment item mounted on the structure. No consideration will be made for 
the recentering mechanism. The nonlinear dynamic equation for a structure with an underneath friction 
element is first formulated. Next, two numerical approaches will be presented for solving the nonlinear 
equation, the shear balance method and fictitious spring method. Finally, using some assumed data, the 
harmonic response and seismic behavior of a sliding structure, together with the equipment mounted 
on it, will be presented. In this section, the frictional coefficient of the sliding system is assumed to be of 
the Coulomb type, that is, a time-invariant constant. For simplification, no distinction will be made 
between the static and dynamic frictional coefficients, or between the dynamic and maximum static 
frictional force. 
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22.4.1 Mathematical Modeling and Formulation 



22.4.1.1 Equation of Motion 

A sliding isolated structure with an attached 
equipment item, as schematically shown in 
Figure 22.15, can be represented as a mass- 
spring- dashpot system of three DoF, as shown in 
Figure 22.16, for which the notations employed 
have been defined in Table 22.1. When the 
structural system is excited by an earthquake, the 
equation of motion can be written as 



Mx(f) + Cx(t) + Kx(f) = -ML|3c g (t) + L^ffr) 

(22.27) 

where the vector x denotes the dynamic responses 
of the whole structural system 

' x e (t) ' 



x(f) = 



*s(f) 

. x b(t ) . 



(22.28) 



The mass, damping, and stiffness matrices in 
Equation 22.27 are defined as 



M = 



C = 



K = 



m e 0 0 

0 m s 0 
0 0 m b _ 

c e — c e 0 

-c e c e + c s — c s 

0 -Cj c s . 
fc e —k e 0 

~K K + K ~K 

0 — L L 



(22.29) 
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FIGURE 22.15 Schematic for an isolated structure- 
equipment system with sliding bearing. 




FIGURE 22.16 Model for an isolated structure- 
equipment system with sliding support. 



and the force distribution vectors as 





T 




"O' 


Li = 


1 


, l 2 = - 


0 




1 




1 



(22.30) 



Note that in Equation 22.27, the isolator frictional force, /(f), which is not a constant, is moved to the 
right-hand side of the equation. This nonlinear force requires a special treatment in an analysis 
procedure, as will be explained later on. 

For a systematic treatment, the above equation of motion can be further written in a state space form 
as shown below (Meirovitch, 1990): 

z(f) = Az(f) + Ejc g (f) + B/(t) (22.31) 
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where the state vector z (t) and the system matrix A are defined as 




and the excitation and friction distribution vectors as 



E = 





(22.32) 



(22.33) 



22.4.1.2 Conditions for Stick and Sliding States 

As mentioned above, the motion of a sliding structure at any instant has two possible states, namely, the 
stick (or nonsliding) and sliding states. The following are the conditions that must be satisfied by the 
sliding structure: 

(1) In stick state 

1/(0 1 </max = /rW (22.34a) 

x b (t) = 0 (22.34b) 

where p is the coefficient of friction and W is the total weight of the structure. According 
to the preceding equations, the frictional force in the stick state is an unknown with a 
magnitude less than the maximum frictional force, / max , which equals the product of p and 
W, while the sliding velocity of the structure is simply zero. Whenever the frictional force 
satisfies Equation 22.34a, the sliding system remains in the stick state, otherwise it changes 
into the sliding state. 

(2) In sliding state 

/(f) = — sgn(x b (f))/ max = — sgn (x h (t))pW (22.35a) 

* b (0 ¥= 0 (22.35b) 

where the function sgn(x) denotes the sign of the variable x. According to Equation 22.35a 
and Equation 22.35b, the frictional force in the sliding state has a magnitude equal to the 
maximum frictional force, but directed in a sense opposite to that of the sliding velocity. On 
the other hand, the sliding velocity of the isolator remains as an unknown. 



22.4.2 Methods for Numerical Analysis 

Two numerical methods commonly used for the analysis of sliding isolated structural systems, the shear 
balance method and fictitious spring method, will be introduced in this section. By employing the 
discrete-time state-space formula, both methods can be cast in an incremental form that is suitable for 
the analysis of sliding systems with multiple DoF. 

22.4.2.1 Shear Balance Method 

Consider the state-space equation, Equation 22.31, and assume that both the ground acceleration and 
frictional force vary linearly within each time interval, as shown in Figure 22.17. Equation 22.31 may be 
written in the following incremental form (Meirovitch, 1990) 

z [k + 1] = A d z[fc] + E 0 x s [k] + EjXgf k + 1] + B 0 f[k] + Bj/ffc + 1] (22.36) 

where the symbol x[k] denotes that the variable x is evaluated at the A:th time step. The other coefficient 
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matrices in equation 22.36 are defined as 



A, = «“■ = X 

i= 0 



(22.37) 



Bo = (A) % + — (A) 2 (I - Ad) B (22.38a) 



>-[■ 



Br = | “(A) + (A) (A d - I) B (22.38b) 




where Af denotes the size of the time step 
considered for analysis. The matrices E 0 and E! 
can be computed in a way similar to B 0 and B 1; 
except that the matrix B in Equation 22.38a and 
Equation 22.38b should be replaced by the matrix 
E. In some applications, the system matrix A 

may not be invertible, that is, A -1 does not always exist. If this is the case, one may compute B 0 and B t 
(and similarly E 0 and Ej ) by the following formulas: 



FIGURE 22.17 Force integration scheme with linear 
interpolation. 



where 



B 0 = A d B, Bj = (A, - A d )B 



* (Af ) i+1 i - ^ (Af) i+1 , 

A d = y - — - — a', A d = y — - — a 

6 ^ + 2 ) £5 0 + 1 )! 



(22.39) 



(22.40) 



Note that, on the right-hand side of Equation 22.36, the only unknown at the fcth time step is the 
frictional force f\ k + 1]; therefore, f[k+ 1] must be determined before the next time step response 
z [k + 1] is computed. Wang et al. (1998) proposed the shear balance method for computing the frictional 
force f[k + 1]. By this method, the sliding structure is first assumed to be in the stick state at the ( k + l)th 
step, for which the condition given in Equation 22.34b must be satisfied 

x b \k + 1] = Dz [k + 1] = 0 (22.41) 

where D is a relation matrix, equal to D = [0 0 1 0 0 0] for the model shown in Figure 22.16. Substituting 
z [k+ 1] in Equation 22.36 into Equation 22.41, one may solve for the estimated frictional force at the 
( k + l)th time step as 

f\k + 1] = -(DB 1 )“ 1 D(A d zM + B 0 f[k] + E 0 x g [k] + EjX g [k + 1]) (22.42) 

where f[k + 1] with an overbar signifies that the frictional force is an estimate obtained by assuming the 
sliding structure to be at the stick state. Such a value may not be the actual one if the system is not in the 
stick state. The physical meaning for f[k+ 1] is that it represents the balanced shear force required at 
the ( k + l)th time step for the structure to remain in the stick state. Therefore, the sign of f[k + 1] 
indicates the direction of the resistant force provided by the isolation system. In spite of the fact that 
/| k + 1] may not be the actual frictional force, it plays an important role for determining the actual state 
(stick or sliding) and the actual frictional force of the sliding isolated structure, as will be described below 
based on Equation 22.34a and Equation 22.35a. 

(1) The system is in the “stick state” if I f[k + 1] I < / max and the frictional force is 



f[k+l]=f[k+l] 



(22.43) 



(2) The system is in the “sliding state” if I f[k + 1] I > / max and the frictional force is 

f\k + 1] = sgn (f[k + 1 ])/ max 



(22.44) 
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As can be seen, the term — sgn(jq,[fc + 1]) in Equation 22.35a is replaced by sgn (f\k + 1]) in Equation 
22.44. Such a replacement is justified since the sign of f[k + 1] indicates the direction of the resistant 
force at the (k+ l)th time step. Once the correct frictional force, f[k+ 1], is determined by using 
either Equation 22.43 or Equation 22.44, it can be substituted into Equation 22.36 to obtain the 
response z [k + 1] for the next time step. The computational flow-chart for the shear balance method 
has been given in Figure 22.18. 

22.4.2.2 Fictitious Spring Method 

The fictitious spring method was first proposed by Yang et al. (1990) for the analysis of a sliding structure. 

Later, Lu and Yang (1997) reformulated the method into a state-space form for the analysis of equipment 




FIGURE 22.18 Computational flow-chart for shear balance method. 
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mounted on a sliding structure. By this method, a 
fictitious spring, k { , is introduced between the base 
mat and the ground, as in Figure 22.19, to 
represent the mechanism of sliding or friction. 
The stiffness, kf, of the fictitious spring is taken as 
zero for the sliding state and as a very large value 
for the stick state. With the introduction of the 
fictitious spring, the stiffness matrix, K, in 
Equation 22.29 should be modified as follows: 



K = K(fc f ) 



- K 

-K 

o 



~K 
K + K 
~K 



o 

-K 

K + fcf 



(22.45) 




FIGURE 22.19 Model for isolated structures with 
fictitious spring. 



Accordingly, the state-space dynamic equation, Equation 22.31, should be modified as 



z(f) = A(fcf)z(t) + E5c g (f) + B fit) 



(22.46) 



where 



A = A(kf) 



" — M~*C -M _1 K(fc f ) ' 

I 0 



(22.47) 



Depending on the current state of the sliding system, the fictitious stiffness, kf, and the modified friction 
term, fit), in Equation 22.46 may take one of the following two sets of values: 

(1) In the stick state 

k { = ak s , fit ) = k f x h0 (22.48) 



(2) In the sliding state 



k f = 0, fit) = -sgn(x b (f))/zW 



(22.49) 



In Equation 22.48, the symbol a represents a constant of very large value, and x b0 the initial elongation 
of the fictitious spring in the current stick state (computation of x b0 will be explained later). Note that 
the modified friction term, /(f), may not be the actual frictional force. The actual frictional force can be 
determined as follows: 

(1) In the stick state 

fit) = k f (x b (t) - x b0 ) (22.50) 



(2) In the sliding state 



fit) = fit) 



(22.51) 



According to Equation 22.50 and Equation 22.51, the actual frictional force of the isolation system in the 
stick state is equal to the internal force of the fictitious spring, while in the sliding state it is equal to the 
modified frictional force, fit). The frictional force computed from the preceding two equations should 
obey the conditions given in Equation 22.34a and Equation 22.35a as well. 

With the conditions imposed for the stick and sliding states in Equation 22.48 and Equation 22.49, 
respectively, the equation of motion in Equation 22.46 actually represents two different sets of equations. 
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Specifically, Equation 22.46 and Equation 22.48 
collectively describe the motion of the structure in 
the stick state, while Equation 22.46 and Equation 
22.49 represent the motion of the structure in the 
sliding state. Owing to the fact that a sliding 
system may switch between the two states at 
certain instants, the behavior of the entire system 
should undoubtedly be regarded as a nonlinear 
one. Nevertheless, within each particular state, the 
behavior of the system as represented either by 
Equation 22.46 and Equation 22.48 or Equation 
22.46 and Equation 22.49 is a linear one. 

In the following, a numerical solution scheme 
based on the concept of fictitious spring will be 

introduced. Let Af denote a time increment, which is usually taken as a very small value, and assume that 
the ground excitation and frictional force are constant within each time increment, Af (see Figure 22.20). 
Accordingly, the discrete-time solution of Equation 22.46 can be rewritten in an incremental form 
(Meirovitch, 1990) as 




FIGURE 22.20 Constant force integration scheme. 



z Ik + 1] = A d z| k\ + E d x„| k\ + B J[k\ 



(22.52) 



where 



A d = A d( E f ) = e A ^=i^A(k f ) i 

i = 0 1 ■ 


(22.53) 


E d = Ed(fcf) = A(k f r\A d (k f ) - I)E 


(22.54a) 


B d = B d (*f) = A(k ( )-\A d (kf) - I)B 


(22.54b) 


For the case where the system matrix A is invertible, B d and E d may be computed instead using the 
following formulas: 

r °° At‘ i 

E d = E d (fcf)-l £ — A(fc f ) ! 1 IE (22.55) 


r °° Af' i 

B d = B d (fc f ) = l A(fc f )‘ 1 IB 


(22.56) 



Equation 22.52 is the solution of the sliding system given in incremental form, because the response, 
z [k+ 1], can be computed from the solution of the previous step, z[k]. Note that, in Equation 22.53 
and Equation 22.54, the coefficient matrices A d , E d , and B d have two possible sets of values, as the 
fictitious spring constant, k f , may take different values for the sliding and stick states. Nevertheless, 
once the time step size, Af, is chosen, the coefficient matrices A d , E d , and B d , remain constant for 
each state. As such, they need only be calculated once at the beginning of the incremental procedure. 
The computational flow-chart for the fictitious spring method described above has been given in 
Figure 22.21. 

The dynamic equation and its discrete-time solution for the sliding structure in the two states 
have been presented above. In the following, we shall describe how to determine the transition time 
for the sliding structure to switch from one state to the other. Once the transition time is 
determined, the original step size should be scaled down accordingly to reflect the transition point 
(Yang et ah, 1990). 
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FIGURE 22.21 Computational flow-chart for fictitious spring method. 



Transition from stick to sliding state. As stated in Equation 22.34a, the condition for a sliding isolated 
structure to remain in the stick state is that the static frictional force under the base mat be less than its 
maximum value, / max . Once the frictional force exceeds this maximum value, the system starts to slide. 
With the fictitious spring method, the static frictional force is computed as the internal force of the 
fictitious spring, as in Equation 22.50. Based on the above considerations and Equation 22.50, the 
condition for the sliding system to transfer from the stick to the sliding state is 

l/(f 0 )l = lfcf(x b (f 0 ) - X b0 )l = /max = (22.57) 

where t 0 denotes the transition time at which the structure starts to slide and kf is the spring constant 
given in Equation 22.48 for the stick state. Because a very large value has been used for the fictitious 
spring constant, k { , in the stick state, the deviation in base displacement due to spring elongation is very 
small in this state, which can just be neglected. In practice, the transition time, f 0 may not occur precisely 
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at the discrete points of time considered. It is likely that the spring force is less than / max at the current 
time step, say, the /cth step, but exceeds / max at the following time step. If this is the case, numerical 
methods such as the bisection method should be employed to locate the transition time, t 0 within the 
time interval (kAt, ( k+ l)Af) considered based on Equation 22.57. 

Transition from sliding state to stick state. The structure in the sliding state may return to the stick state 
whenever the following two conditions are satisfied. (1) The relative velocity of the base mat to the 
ground reaches zero, that is, 4>( f o) = 0 where t 0 is the transition time; (2) the estimated static frictional 
force, denoted by/(f 0 ), is less than the maximum static frictional force, that is, /(t 0 ) </ max . Here, the 
estimated static frictional force, /(f 0 ), is defined as the shear force required to balance the motion of the 
superstructure if the system is assumed to be in the stick state, similar to the one given in Equation 22.42 
for f[k + 1]. By letting the relative velocity and relative acceleration between the base mat and the ground 
be equal to zero, that is, fb{t 0 ) = if(t 0 ) = 0, the estimated frictional force can be calculated from the free- 
body diagram of the base mat as 

f(to) = m b x g (t 0 ) - k s (x s (t 0 ) ~ x h (t 0 )) - c s x s (f 0 ) (22.58) 

For the sliding structure to transfer from the sliding to the stick state, both the aforementioned 
conditions must be satisfied simultaneously. Once the structure enters the stick state, the term f(t 0 ) 
should be set equal to /(f 0 ) and used as the initial frictional force. For the sake of equilibrium, the initial 
base mat displacement, x b0 , should be computed as 



*bo = *b(fo) “ (/«bV*f) 



(22.59) 



where the value of k t is the one given for the stick state in Equation 22.48. 

Concerning the two conditions mentioned above, it may happen that only the first condition, 
ib = 0 is satisfied, while the computed f(t 0 ) is still larger than / max . If this is the case, the sliding 
system should not be regarded as a transition to the stick state. Rather, the situation should be 
regarded as an indication for reversing the direction of sliding in the next time step. Correspondingly, 
the frictional force, /(f 0 ), should be set equal to the sliding frictional force, rather than the estimated 
one, /(f 0 ). 

22.4.3 Simulation Results for Sliding Isolated Systems 

22.4.3.1 Numerical Model and Ground Excitations 

In this section, the dynamic behavior of the sliding isolated structure-equipment system shown in 
Figure 22.16 will be analyzed using the shear balance method. Although the sliding structure and 
equipment considered are both of single-DoF, there exists no difficulty for use of the method to solve 
problems with multi-DoF systems. In Table 22.3, the material properties adopted for the present model 
have been listed, which are intended to simulate a small, five-story, reinforced concrete frame. For the 
present purposes, two types of ground excitation are considered, namely, harmonic and earthquake 
excitations. The harmonic excitation is considered primarily for studying the frequency response of the 
sliding system, while the earthquake excitation is considered for the effect of earthquake intensity. For the 



TABLE 22.3 System Parameters Used in Simulation (Section 22.4.3) 



Equipment 


Superstructure 


Isolation System 


Parameter 


Value 


Parameter 


Value 


Parameter 


Value 


Mass ra e 
Frequency co e 
Damping ratio £ e 


3 t (= m s /100) 
5to s or a variable 
5% 


Mass m s 
Frequency co s 
Damping ratio £ s 


300 t 
1.67 Hz 
5% 


Mass ra b 

Frictional coefficient /x 


100 t (= mj 3) 
0.05, 0.1, 0.25 



© 2005 by Taylor & Francis Group, LLC 



22-26 



Vibration and Shock Handbook 



harmonic excitation, a sinusoidal ground acceleration of the following form is adopted: 

3c g (f) = 0.5 g sin w g f (22.60) 



where co g denotes the excitation frequency and g is the gravitational acceleration. For the earthquake 
excitation, the 1940 El Centro earthquake (NS component) is considered, for which the waveform has 
been given in Figure 22.10. The PGA level of the earthquake will be adjusted for reasons of research. 
Concerning the effectiveness of response reduction, three quantities are chosen as the indices, namely, the 
base displacement (base drift), structural acceleration, and equipment acceleration. For all the figures 
shown in Section 22.4.3 below, the symbol /z in the legend is used to denote the frictional coefficient of 
the sliding isolation system and the word “fixed” denotes the response of the corresponding fixed-base 
structure. 




Time (s) 

FIGURE 22.22 Comparison of base displacements 
(a)„ = 1 Hz; co e = 5a> s ). 



22.4.3.2 Harmonic Response of Structure 

Time history. For the isolated system subjected to a 
harmonic excitation of co g = 1 Hz, the base 
displacements computed for different coefficients 
of friction were plotted in Figure 22.22 and 
Figure 22.23. As can be seen, the base displace- 
ments quickly reach the steady-state response 
within the first few cycles. Meanwhile, the use of 
a smaller frictional coefficient results in a larger 
permanent displacement before the steady state is 
reached. From the structural accelerations plotted 
in Figure 22.24, one observes that, for a sliding 
structure with a smaller coefficient of friction, the 
steady-state response is achieved in a faster way, 
accompanied by a larger reduction on structural 
acceleration. Of interest in Figure 22.24 is that the 
response of the fixed-base case shows a clear period 
of 1 sec, while in the sliding case, the response is 
contaminated by high-frequency signals caused by 
the sliding- stick transitions. 

Hysteretic behavior. In order to understand the 
mechanical characteristics of a nonlinear device 
used for vibration control, it is common to present 
a diagram showing the force -deformation relation 
of the device, also referred to as the hysteretic 
diagram (Soong and Dargush, 1997). Figure 22.25 
shows the hysteresis loops of the sliding isolation 
system (the sliding layer) for fi = 0. 1 and 0.25, 
when the system is subjected to a harmonic 
excitation of co g = 1 Hz. In the figure, the 
horizontal and vertical axes, respectively, represent 
the base displacement and shear force, that is, the 
frictional force, under the mat. Just like many 
other frictional elements or devices, the shape 

of the hysteresis loop of a sliding bearing is rectangular. The height of the rectangle is equal to the 
maximum frictional force that depends on the coefficient of friction, while the width of the hysteresis 
loop is determined by the base-sliding displacement. As the coefficient of friction decreases, the height of 
the loop decreases, while the width increases. The total area of the hysteresis loop is equivalent to the 
portion of the energy dissipated by the sliding bearing. 




Time (s) 

FIGURE 22.23 Comparison of base displacements 
(to g = 1 Hz; to e = 5to s ). 
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FIGURE 22.24 Comparison of structural accelerations (co g = 1 Hz; w e = 5cu s ). 

Frequency response. Figure 22.26 shows the maximum structural acceleration with respect to the 
excitation frequency for four different frictional coefficients, p = 0.05, 0.1, 0.25 and oo (for the fixed-base 
case). Here, the maximum acceleration means the steady-state acceleration response. The following 
observations can be made from Figure 22.26: (1) Compared with the fixed-base case, the use of a smaller 
frictional coefficient can reduce the structural acceleration for the frequency range considered. (2) The 
sliding mechanism can effectively suppress the main resonant response, associated with the natural 
frequency of 1.67 Hz of the superstructure system. (3) As the coefficient of friction, p, decreases from oo 
to 0.05, the main resonant frequency associated with the structural natural frequency drifts from the 
fixed-base frequency of 1.67 Hz toward a higher value. (4) For the sliding cases of p = 0.05, 0.1, 0.25, 
there exist some minor peaks in the range of lower excitation frequencies, besides the main resonant 
peak. Such a phenomenon is called the subharmonic resonance. For a large frictional coefficient, say, with 
p = 0.25, the subharmonic resonant response may be even larger than that of the main resonance. 
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Displacement (m) 



FIGURE 22.25 Hysteresis loops of a sliding bearing (oi g = 1 Hz; w e = 5a> s ). 




FIGURE 22.26 Maximum structural acceleration vs. ground excitation frequency (&) £ = 5 ai s ). 



Figure 22.27 shows the frequency responses of the maximum base displacement for various 
frictional coefficients. The following are observed: (1) The larger the frictional coefficient, the smaller the 
base drift is. (2) The base displacement has very large magnitudes in the lower excitation frequencies and 
decreases monotonically as the excitation frequency increases. (3) The extremely large base drift 
exhibited in the lower excitation frequency range is due to the initial permanent displacement observed 
in Figure 22.22. 

22.4.3.3 Harmonic Response of Equipment 

Time history. Consider an equipment item of a natural frequency equal to five times of the structural 
frequency, that is, w e = 5 co s . For the case of a harmonic excitation of w g = 1 Hz, the accelerations solved 
for the equipment mounted on the structure with /z = 0.1 and 0.25, along with the fixed-base case, have 
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Excitation Freq. (Hz) 

FIGURE 22.27 Maximum base displacement vs. ground excitation frequency (&) e = 5&>J. 

been plotted in Figure 22.28. As can be seen, the equipment quickly reaches the steady state within a few 
cycles of oscillation. The equipment response is effectively suppressed for the case with a smaller 
frictional coefficient. Additionally, the waveforms shown in Figure 22.28 for the equipment appear to be 
marginally higher than those of the primary structure shown in Figure 22.24, which can be attributed to 
the use of a relatively stiff equipment, that is, with co e = 5 a> s . 

Frequency responses. For an equipment item of the frequency co e = 5a> s (= 8.34 Hz), the maximum 
acceleration response has been plotted as a function of the excitation frequency in Figure 22.29. 
By comparing Figure 22.29 with Figure 22.26, one observes that the frequency response curves of the 
equipment and primary structure are generally similar, except that a secondary resonant peak 
occurs around the equipment natural frequency of 8.34 Hz in Figure 22.29. The other observations from 
Figure 22.29 are as follows: (1) In comparison with the fixed-base case, the sliding isolation alleviates 
both the structural and equipment resonant peaks around the frequencies of 1.67 and 8.34 Hz, 
respectively. However, the level of alleviation is more apparent for the former than for the latter. (2) The 
equipment also exhibits the same subharmonic resonance behavior as that of the primary structure, in 
terms of the resonance peaks and frequencies. (3) As the frictional coefficient p decreases from oo (for the 
fixed-base case) to 0.05, the main resonant frequency associated with the structure drifts toward a higher 
value. However, the resonant frequency associated with the equipment remains the same. 

Effect of equipment tuning. The effect of equipment tuning refers to the case when the equipment 
frequency is tuned to the structural frequency, that is, co e = co s . Figure 22.30 shows the frequency 
response of the equipment when the equipment tuning occurs. Compared with Figure 22.29, this figure 
shows the following: (1) When equipment tuning occurs, the sliding isolation system can still mitigate 
the main resonant peak of the equipment, but the effectiveness of mitigation is drastically reduced. 
(2) Although the subharmonic resonance can still be observed, the relevant frequencies of the equipment 
are different from those of the primary structure. (3) The frequency of the maximum resonant response 
remains equal to the tuned equipment’s natural frequency of 1.67 Hz, regardless of the change in the 
frictional coefficient, p, from oo to 0.05. 

22.4.3.4 Earthquake Response of Structure 

Time history. For the isolated system subjected to the El Centro earthquake with a PGA of 0.5 g, the 
structural acceleration and base displacement of the sliding system have been plotted in Figure 22.31 and 
Figure 22.32, respectively, together with the response for the fixed-base case in Figure 22.31. As can be 
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Time (s) 




FIGURE 22.28 Comparison of equipment accelerations (o> g = 1 Hz; co e = 5o) s ). 

seen from Figure 22.31, the main-shock response occurring between 0 and 10 sec for the fixed-base 
structure has been effectively suppressed by the sliding isolators with /x = 0. 1 and 0.25. About 80 and 
60% of the maximum structural acceleration have been suppressed by the isolators with /x = 0.1 and 
0.25, respectively. On the other hand, Figure 22.32 demonstrates that the better suppression effect for the 
case with /x = 0.1 is achieved at the expense of a larger base displacement. It is interesting to note that the 
horizontal segments in the curves of Figure 22.32 actually represent the stick state of the sliding system, 
which is useful for unveiling the sliding-stick mechanism involved. 

Effect of earthquake intensity. The maximum structural acceleration and base displacement vs. the PGA 
have been plotted in Figure 22.33 and Figure 22.34, respectively. As can be seen from Figure 22.33, the 
maximum structural acceleration for the fixed-base case is proportional to the earthquake intensity, 
while in all the sliding cases it remains essentially as a constant after the PGA reaches a certain level. In 
other words, the reduction in structural maximum response and the efficiency of isolation have increased 
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FIGURE 22.29 Maximum equipment acceleration vs. ground excitation frequency (o) e = 5<u s ). 




FIGURE 22.30 Maximum equipment acceleration vs. ground excitation frequency for equipment tuning (co e = ai s ). 

with the increase in earthquake intensity. For example, for the case of p = 0.1, Figure 22.33 shows that 
the structural acceleration is reduced by around 60% at PGA = 0.2 g, while it is reduced by more than 
90% at PGA = l.Og. However, as indicated by Figure 22.34, the above reduction in structural response 
has been achieved at the expense of increased base displacements. For the same PGA level, a sliding 
system with a smaller frictional coefficient has a better effect of vibration reduction, but this is 
accompanied by a larger base displacement. 

Residual base displacement. The residual base displacement is defined as the permanent base 
displacement of the structure after it stops vibrating. This quantity is important in the study of sliding 
structures. Figure 22.35 shows the residual base displacement as a function of the earthquake PGA level. 
A first look at the figure reveals that no clear relation exists between the earthquake intensity and residual 
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FIGURE 22.31 Comparison of structural accelerations (co e = 5 co s , PGA = 0.5g). 

displacement, because a larger PGA may lead to a smaller residual base displacement. Nevertheless, after 
taking the average of the residual displacements over the PGA range of 0.1 to 1 g, we obtain x res = 0.083, 
0.084, 0.084 m for the case of /jl = 0.05, 0.1, 0.25, respectively. These values indicate that a smaller 
frictional coefficient leads to a larger residual base displacement in general. However, when the frictional 
coefficient, /jl, approaches zero, the residual displacement approaches a constant equal to the permanent 
ground displacement. 

22.4.3.5 Earthquake Response of Equipment 

Time history. Consider an equipment item with a natural frequency equal to five times the structural 
frequency, that is, &> e = 5w s (= 8.34 Hz). For the isolated system subjected to the El Centro earthquake 
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FIGURE 22.32 Comparison of base displacements (co e = 5<u s , PGA = 0.5 g). 
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FIGURE 22.33 Maximum structural acceleration vs. PGA (co e = 5 ai s ). 



with PGA = 0.5 g, the time histories computed for the equipment acceleration for the cases with p = 0. 1 
and 0.25, along with the fixed-base case, have been plotted in Figure 22.36a and b. As can be seen, the 
main-shock response of the fixed-base structure occurring for the first 10 sec has been effectively 
suppressed through installation of the sliding isolator with p = 0. 1 and 0.25. A higher level of reduction 
can be achieved if a smaller frictional coefficient is chosen. 

Effect of earthquake intensity. Figure 22.37 shows the maximum equipment acceleration as a function 
of the PGA level. Because of the use of a relatively stiff equipment (w e = 5w s ), the curves shown in 
Figure 22.37 are similar to those for the primary structure in Figure 22.33, but with slightly higher 
values. Therefore, the observations made previously for Figure 22.33 are applicable to Figure 22.37. 
The maximum response of equipment items with other frequencies will be discussed below. 
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FIGURE 22.34 Maximum base displacement vs. PGA (&> e = 5o>J. 
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FIGURE 22.35 Residual base displacement vs. PGA (co e = 5&> s ). 

Effect of equipment tuning. In order to study the equipment tuning effect, the maximum equipment 
acceleration has been plotted as a function of the equipment frequency in Figure 22.38. As can be seen, 
for all the values of /z considered, the equipment response is amplified when the equipment frequency 
moves close to the structural frequency of 1.67 Hz for the fixed-base case. Note that, since the 
resonant frequency of a sliding structure shifts to a higher value as the frictional coefficient decreases 
(see Figure 22.26), the frequency for which the most severe tuning effect occurs in Figure 22.38 also shifts 
from 1.67 Hz to a higher value as /z decreases. Nevertheless, it is concluded that, by choosing a smaller /z, 
the amplification of the equipment response due to tuning effect can be effectively suppressed. 

22.4.4 Concluding Remarks 

The dynamic behavior of a sliding isolated structural system with an attached equipment item was 
investigated in this section. A sliding isolated structure is classified as a nonlinear dynamic system, as the 



© 2005 by Taylor & Francis Group, LLC 



Structure and Equipment Isolation 



22-35 




Time (s) 

FIGURE 22.36 Comparison of equipment accelerations (o; e = 5co s , PGA = 0.5g). 



frictional forces induced on the sliding surface do not remain constant. To deal with such nonlinear 
systems, two analysis methods were formulated, the shear balance method and the fictitious spring 
method, both of which were presented in an incremental form that is suitable for direct implementation. 
Through the selection of a sliding isolated structure- equipment model, the responses of the structure 
and equipment subjected to both harmonic and earthquake excitations were analyzed. For the case of 
harmonic excitation, the results showed that the resonant responses of both the structure and attached 
equipment can be effectively suppressed, which remains good even when the equipment frequency is 
tuned to the structural frequency. For the case of seismic excitation, the results indicated that the level of 
reduction on the structural and equipment responses increases as the PGA level of the earthquake 
increases. Moreover, a sliding system with a smaller frictional coefficient has a higher isolation efficiency, 
at the expense of a larger base displacement. 
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FIGURE 22.37 Maximum equipment acceleration vs. PGA (to e = 5 co s ). 
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FIGURE 22.38 Maximum equipment acceleration vs. equipment frequency (PGA = 0.5g). 

22.5 Sliding Isolation Systems with Resilient Mechanism 

In Section 22.4, the relevant equations of analysis have been presented for a sliding isolated structural 
system, with no consideration made for the resilient (or recentering) mechanism. Because of this, rather 
large residual displacements may occur on the sliding isolation system, as have been numerically 
illustrated. If the concept of sliding isolators is to be applied to a real structure, it is important that the 
residual base displacements be controlled within certain limits, since they are not tolerable for some 
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FIGURE 22.39 Schematic for a structure-equipment system isolated by a sliding bearing with resilience capability: 
(a) combined isolation system; (b) friction pendulum system (FPS). 



engineering applications. For example, residual base displacements may distort the networking of water 
and power lines, change the space between the isolated structure and adjacent buildings, and widen the 
gaps at building entrances. Therefore, in practice, a sliding isolation system is usually enhanced through 
inclusion of mechanisms that can provide some resilient force. However, for certain ground motions, the 
added resilient force may also present some negative effects not readily transparent to structural 
designers, as will be illustrated in the numerical studies later on. 

As shown in Figure 22.39, there are at least two ways of implementing the resilient mechanism in a 
sliding isolation system. Figure 22.39a shows an isolation system that combines the elastomeric bearings 
with sliding bearings (Chalhoub and Kelly, 1990), in which the elastomeric bearings are used to provide 
the resilient force, and the sliding bearings to uncouple the structural system from the ground motion. 
On the other hand, the resilient mechanism can also be incorporated into each single sliding bearing, in a 
way similar to that in the RFBI described in Section 22.2.3 (Mostaghel and Khodaverdian, 1987) or the 
FPS shown in Figure 22.39b (Mokha et al., 1991). The FPS isolation system has been implemented in 
many existing buildings and bridges. A typical FPS bearing consists a spherical sliding surface and a slider, 
which usually has a smooth coating of very low friction. When an FPS device is implemented under a 
structure, the slider will slide on the spherical surface during an earthquake, and the gravitational load of 
the structure, together with the curved sliding surface, will provide the resilient force for the system to 
return to its original position. The resilient stiffness of an FPS bearing depends on the radius of curvature 
of the sliding surface and the structural weight carried by the bearing. 

This section is aimed at investigating the behavior of a structure-equipment system isolated by a 
sliding system with resilient device. For convenience of discussion, a system with resilient device will be 
referred to as the resilient sliding isolation (RSI), and a sliding system without resilient device, as the one 
studied previously, as the pure sliding isolation (PSI). 

22.5.1 Mathematical Modeling and Formulation 

Both the RSI systems shown in Figure 22.39 can be represented by the mathematical model given in 
Figure 22.40, for which the symbols used have been defined in Table 22.1. The RSI model shown in 
Figure 22.40 differs from the PSI model shown Figure 22.16 in that a linear spring of stiffness, k b , is added 
to simulate the resilient force of the isolator. Obviously, an RSI model can be considered as the 
composition of a friction element and a spring element in parallel. Owing to addition of resilient stiffness, 
the number of vibration frequencies of the system is increased by one. The newly introduced frequency, 
which depends on the resilient stiffness, is called the isolation frequency, which can be approximated by 

«b = V fc b KW/g) (22.61) 
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where W is the total weight of the isolated 
structure- equipment system. The isolation fre- 
quency commonly used in design is between 0.33 
and 0.5 Hz, which implies a period of 2 to 3 sec 
(Naeim and Kelly, 1999). 

For the type of combined sliding system shown 
in Figure 22.39(a), the actual value of resilient 
stiffness, k b , is decided by the total horizontal 
stiffness of the elastomeric bearings implemented. 
On the other hand, for the FPS shown in 
Figure 22.39(b), the resilient stiffness, k b , is 
approximated by the following equation for 
small isolator displacements: 




FIGURE 22.40 Model for a structure-equipment 
system isolated by a sliding bearing with resilience 
capability. 



h = 



tv 

R 



(22.62) 



where R denotes the radius of curvature of the sliding surface. By substituting Equation 22.62 into 
Equation 22.61, one can verify that the isolation period of an FPS is equal to the oscillation period of a 
pendulum; that is 



T h = 



2n 

Wb 



2tt 



y/KKW/g) 



= iTTy/Wg 



(22.63) 



When the sliding isolated system of Figure 22.40 is excited by a ground motion, its equation of motion 
may be written in exactly the same form as that of Equation 22.27; that is 

Mx(f) + Cx(f) + Kx(f) = — MLjXgff) + LJit) (22.64) 



All the variables used in the preceding equation are the same as those defined in Equation 22.28 to 
Equation 22.30, except that the stiffness matrix, K, should be modified as 



K = 




0 



-k e 0 - 

K + k s -k s 

—k s k s + k b _ 



(22.65) 



Note that, in Equation 22.64, the frictional force, /(t), which does not remain constant, is placed on the 
right-hand side, while the resilient stiffness, k b , which remains constant, is absorbed by the stiffness 
matrix, K, as in Equation 22.65. However, if the total shear force, s(t) of the isolation system is of interest, 
it should be computed as the summation of the frictional force and resilient force (see Figure 22.40); 
that is 



s(t) = k b x b (t) + f(t) (22.66) 

The equation of motion as given in Equation 22.64 can be recast in the following form of the first-order 
state-space equation: 

z(f) = Az(f) + Ex g (f) + B fit) (22.67) 

The definitions of the matrices z(f), E, A, and B are the same as those defined in Equation 22.32 and 
Equation 22.33, except that the system matrix, A, should be modified to account for the addition of the 
resilient stiffness k b in the stiffness matrix, K. 



22.5.2 Methods for Numerical Analysis 

If one compares the equation of motion for the RSI system in Equation 22.67 with that for the PSI system 
in Equation 22.31, one will conclude that the only source of nonlinearity in both equations comes from 
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the same term, namely, the frictional force, fit). As a result, the two methods of solution mentioned in 
Section 22.4.2, the shear balance method (Wang et al., 1998) and fictitious spring method (Yang et al., 
1990), remain valid for the analysis of the RSI systems, with no modification required. Moreover, owing 
to inclusion of the resilient stiffness, k h , in the structural stiffness matrix, K, the system matrix, A, 
becomes nonsingular and invertible. This introduces some advantage in computation of relevant 
coefficient matrices, including the B 0 and B t matrices in Equation 22.38a and Equation 22.38b. In 
Section 22.5.3, the shear balance method will be employed to simulate the response of an RSI system. 

22.5.3 Simulation Results for Sliding Isolation with Resilient Mechanism 

22.5.3.1 Numerical Model and Ground Excitations 

In this section, the dynamic behavior of a sliding system represented by the model shown in Figure 22.40 
will be investigated. The data adopted in the analysis for the equipment, structure, and the isolator have 
been listed in Table 22.4. To facilitate comparison, some of the data are selected to be the same as those in 
Table 22.3. In particular, the isolation frequency chosen is cu b = 0.4 Hz, falling in the common range of 
0.33 to 0.5 Hz. Again, two types of ground excitations are considered, namely, the harmonic and 
earthquake excitations. For the harmonic excitation, a waveform of ground acceleration identical to the 
one given in Equation 22.60 is used. And for the earthquake excitation, the 1940 El Centro earthquake 
with different levels of PGA will be used, of which the acceleration waveform has been given in Figure 
22.10. The harmonic excitation is adopted mainly for studying the frequency response of the sliding 
isolated system, while the earthquake excitation is for studying the effect of earthquake intensity. The 
dynamic responses computed for the RSI system, including the structure and equipment, will be 
presented, with emphasis placed on comparison with the PSI system of the same parameters. Similar to 
what was done in Section 22.4.3, the symbol p will be used to denote the frictional coefficient of the 
sliding isolation system in all figures, and the word “fixed” denotes the fixed-base structure. 

22.5.3.2 Harmonic Response of Structure 

Time history. Consider an RSI system subjected to a harmonic excitation of m g = 1 Hz. The base 
displacement and structural acceleration of the RSI system have been plotted in Figure 22.41 and 
Figure 22.42, respectively. Clearly, both the base displacement and structural acceleration of the RSI 
system reach their steady-state harmonic responses in the first few cycles. Moreover, a smaller sliding 
frictional coefficient (p = 0.1) is more effective for suppressing the structural acceleration, as indicated 
by Figure 22.42. However, this is achieved only at the expense of a larger base displacement, as 
indicated by Figure 22.41. By comparing the result for the RSI system in Figure 22.41 with those for the 
PSI system in Figure 22.23, the effect of resilient mechanism in eliminating the permanent base 
displacement for the case with a small frictional coefficient of p = 0.1 can be clearly appreciated. In spite 
of the large difference in base displacement, the structural accelerations for the RSI and PSI systems 
shown in Figure 22.42 and Figure 22.24, respectively, appear to be quite similar, when interpreted in 
terms of the waveform and response amplitude. This implies that, for the harmonic excitation 
considered, the resilient mechanism in RSI has little influence on the isolation effectiveness. 

Hysteretic behavior. In Figure 22.43, the hysteresis loops for RSI systems with /u, = 0.1 and 0.25 
subjected to a harmonic excitation of w g = 1 Hz have been plotted, in which the vertical axis represents 



TABLE 22.4 System Parameters Used in Simulation (Section 22.5.3) 
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FIGURE 22.41 Comparison of base displacements (ro g = 1 Hz, o> e = 5 oj s ). 

the total shear, s(f), of the bearing computed from Equation 22.66. It is interesting to note that, for an RSI 
system, the hysteresis loop is a parallelogram, of which the slope of the inclined upper and lower sides 
exactly represents the total resilient stiffness, k b , and the height and width, respectively, are decided by the 
maximum frictional force and maximum base displacement. As the frictional coefficient decreases, the 
height of the parallelogram decreases, but the width increases. The total area of the hysteresis loop 
represents the portion of energy dissipated by the RSI system. Noteworthy is the fact that, when the 
resilient stiffness, k b , reduces to zero, the hysteresis parallelogram reduces to a square as well, identical to 
the one shown in Figure 22.25 for the PSI system. 

Frequency responses. The maximum accelerations of the steady-state response of the structure for four 
different frictional coefficients, that is, /z = 0.05, 0.1, 0.25 and oo (fixed-base), have been plotted in 
Figure 22.44. From this figure, the following observations can be made: ( 1 ) Compared with the fixed-base 
case, the resonant peak occurring around the structural frequency, co s , of 1.67 Hz was effectively 
suppressed by the RSI system, but a resonance of higher amplitude was induced in the lower frequency 
range (with frequencies lower than 0.6 Hz for the case studied). A further investigation reveals that the 
newly induced resonance is associated with the isolation frequency, of 0.4 Hz. Such an observation 
remains valid for all values of frictional coefficients, /z. (2) The use of a lower frictional coefficient, /z, will 
result in a smaller response in the high-frequency range for the RSI system, for example, with frequencies 
higher than 0.6 Hz, but a larger response for the low-frequency range. (3) Although both the RSI and PSI 
systems can effectively remove the resonant peak around the structural frequency of 1.67 Hz, the RSI 
system has the side effect of creating a low- frequency resonant peak at the isolation frequency, «[,. This 
implies that the RSI system is more sensitive to the excitation frequency. 

The frequency responses of the maximum base displacement for the RSI system with various frictional 
coefficients have been plotted in Figure 22.45. When compared with the results for the PSI system in 
Figure 22.27, it is clear that the resilient mechanism of the RSI system considerably reduces the base 
displacement in the nonresonant excitation range, but it also amplifies the base displacement in the 
region when the excitation frequency is close to the isolation frequency, &>(,. From Figure 22.44 and 
Figure 22.45, we observe that both the structural acceleration and base displacement of an RSI system 
may resonate at the isolation frequency, which is usually designed to be less than 0.5 Hz. This implies 
that an RSI system may be ineffective or unsafe for a ground motion with enriched low-frequency 
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FIGURE 22.42 Comparison of structural accelerations (o» g = 1 Hz, (o e = 5 oi s ). 

(long-period) vibrations, such as the case with a near-fault earthquake containing a long-period, pulse- 
like waveform (Jangid and Kelly, 2001; Lu et al., 2003). Structural designers should be aware of such a side 
effect when designing an RSI system. 

22.5.3.3 Harmonic Response of Equipment 

Time history. Consider an equipment item with a frequency of co e = 5co s (= 8.34 Hz), attached to the RSI 
system. The harmonic acceleration responses of the equipment for the case with p = 0. 1 and 0.25 have 
been plotted in Figure 22.46a and b, respectively, together with those for the fixed-base case. As can be 
seen, the equipment acceleration has been effectively suppressed by the RSI with the smaller frictional 
coefficient (p = 0.1). Moreover, the acceleration waveforms shown in Figure 22.46 are similar to those of 
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FIGURE 22.43 Hysteresis loops of a sliding bearing with resilience capability (co g = 1 Hz, co e = 5oj s ). 




FIGURE 22.44 Maximum structural acceleration vs. ground excitation frequency (&> e = 5a > s ). 

the PSI system shown in Figure 22.28. This implies that for the given excitation, the behavior of the 
equipment was not altered by introduction of the resilient mechanism in the RSI system. 

Frequency responses. Figure 22.47 shows the acceleration frequency response curve of the attached 
equipment with a frequency of a> e = 5 co s (8.34 Hz). A comparison of Figure 22.47 with Figure 22.44 
indicates that the frequency responses of the equipment and primary structure are generally similar, 
except that a resonant peak associated with the equipment frequency around 8.34 Hz appears in 
Figure 22.47. Owing to such a similarity, the observations made previously for Figure 22.44 are applicable 
to Figure 22.47 for the attached equipment. 

Effect of equipment tuning. Figure 22.48 shows the frequency response of the attached equipment for the 
case when the equipment frequency is tuned to the structural frequency, that is, with o) e = co s . Similar to 
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FIGURE 22.45 Maximum base displacement vs. ground excitation frequency (&) e = 5o> s ). 





FIGURE 22.46 Comparison of equipment accelerations (co g = 1 Hz, <n e = 5<u s ). 

the structural frequency response shown in Figure 22.44, the equipment attached to the RSI system also 
resonates at the isolation frequency cut, of 0.4 Hz. Such a resonance does not occur for the equipment 
attached to the PSI system (see Figure 22.30). Through comparison of the tuned case in Figure 22.48 with 
the detuned case in Figure 22.47, the following observations can be made: (1) Even when the equipment 
tuning occurs, an RSI system mitigates the equipment’s resonant peak associated with the structural 
frequency at 1.67 Hz, although the effectiveness of isolation has been reduced. (2) The tuning effect has no 
influence on the resonant response associated with the isolation frequency of 0.4 Hz. 

22.5.3.4 Earthquake Response of Structure 

Time history. For an RSI system subjected to the El Centro earthquake with PGA = 0.5g, the structural 
acceleration and base displacement have been shown in Figure 22.49 and Equation 22.50, respectively. By 
comparing Figure 22.49 with Figure 22.31 for the corresponding PSI system, one observes that the 
structural accelerations of the RSI and PSI systems are generally similar, in terms of the response 
waveform and the response magnitude. Both systems reduce the maximum structural acceleration quite 
effectively, for example, by about 80% for p = 0.1. However, significant difference does exist between the 
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FIGURE 22.47 Maximum equipment acceleration vs. ground excitation frequency (&> e = 5<u s ). 




Excitation Freq. (Hz) 

FIGURE 22.48 Maximum equipment acceleration vs. ground excitation frequency under tuning condition 
(ft) e = 5w s ). 

base displacements for the RSI system in Figure 22.50 and those for the PSI system in Figure 22.32. For 
example, for /jl = 0.1, the maximum base displacement experienced by the RSI system has been reduced 
by about 30%, while the residual base displacement has been reduced by about 70%, as can be seen by 
comparing Figure 22.50 with Figure 22.32. This implies that the resilient mechanism of the RSI system 
plays an important role in reducing the maximum and residual base displacements, especially the latter. 

In spite of the observations made above, one should not forget that the frequency content of one 
earthquake maybe different from an other. As was demonstrated in Figure 22.44 and Figure 22.45, an RSI 
system is generally sensitive to low-frequency excitations and may resonate at the isolation frequency. 
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FIGURE 22.49 Comparison of structural accelerations (<y e = 5a > s , PGA = 0.5 g). 

Therefore, if the RSI system is subjected to an earthquake containing more low-frequency components, 
unlike the El Centro earthquake, it is likely that the maximum structural responses induced exceed those 
of the PSI system. 

Effect of earthquake intensity. The maximum structural acceleration and base displacement of the 
RSI system have been plotted with respect to the PGA in Figure 22.51 and Figure 22.52, respectively. 
These figures indicate that as the earthquake intensity increases from 0.1 to 1 g, the structural acceleration 
is reduced by an increasing amount by the RSI system, while the maximum base displacement also 
increases. By comparing Figure 22.51 and Figure 22.52 with Figure 22.33 and Figure 22.34 for the PSI 
system, one observes that both the RSI and PSI systems perform equally well for the El Centro 
earthquake, although the PSI system induces a slightly larger base displacement. On the other hand, 
unlike the response for the PSI system, the use of a smaller frictional coefficient for the RSI system does 
not always lead to a lower structural acceleration, as can be verified by comparing the responses for 
p = 0.1 and 0.05 with a PGA greater than 0.8g in Figure 22.33 and Figure 22.51. This can be attributed to 
the large resilient force induced by the large base displacement under higher PGA levels. 
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FIGURE 22.50 Comparison of base displacements (co e = 5 co s , PGA = 0.5g). 
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FIGURE 22.51 Maximum structural acceleration vs. PGA (£u e = 5co s ). 



Residual base displacement. Figure 22.53 shows the residual base displacement of the RSI system vs. the 
PGA of the earthquake. For a given p, it is difficult to establish a relation between the earthquake 
intensity and residual displacement, because a larger PGA may result in a smaller residual base 
displacement in some cases. However, if one takes the average of residual displacements over the PGA 
range from 0.1 to 1 g, the following can be computed: x res = 0.0065, 0.01 1, and 0.014 m for p. = 0.05, 0.1, 
and 0.25, respectively. These values indicate that a smaller frictional coefficient leads to a smaller residual 
base displacement, which can be attributed to the fact that for a SRI system with a smaller coefficient of 
friction, it is easier for the resilient mechanism to return the structure to its initial position after an 
earthquake. On the other hand, a comparison of Figure 22.53 with Figure 22.35 for the PSI system 
indicates that for the same value of p, the residual displacement was reduced substantially by the RSI 
system. This is certainly an advantage offered by the resilient mechanism of the RSI system. 
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FIGURE 22.53 Residual base displacement vs. PGA (co e = 5 a) s ). 

22.5.3.5 Earthquake Response of Equipment 

Time history. Let us consider an equipment item of natural frequency equal to five times the structural 
frequency, that is, w e = 5 co s (= 8.34 Hz). The acceleration responses of the equipment mounted on the 
RSI system that were subjected to the El Centro earthquake with a PGA of 0.5 g for p= 0.1 and 0.25 have 
been plotted in Figure 22.54a and b, respectively, along with those for the fixed-base cases. As can be seen, 
the main-shock response of the equipment appearing during the first 10 sec for the fixed-base system was 
effectively suppressed by the RSI system with p = 0. 1 or 0.25. The level of reduction is more pronounced 
for the case with a smaller frictional coefficient, that is, with p = 0.1. By comparing Figure 22.54 with 
Figure 22.36 for the PSI system, one concludes that the effect of the resilient mechanism of the RSI system 
on the equipment response is insignificant for the earthquake and equipment frequency considered. 

Effect of earthquake intensity. Figure 22.55 shows the maximum equipment acceleration vs. the PGA of 
the earthquake. This figure illustrates that for all values of the frictional coefficient, p , considered, an 
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FIGURE 22.54 Comparison of equipment accelerations (oj e = 5 oj s , PGA = 0.5 g). 



increasing amount of reduction can be achieved by the RSI system as the earthquake intensity increases 
from 0. 1 to 1 g. Because relatively stiff equipment (i.e., with a> e = 5co s ) was assumed in the simulation, the 
curves shown in Figure 22.55 are similar to those of Figure 22.51 for the primary structure. Therefore, the 
observations made previously for Figure 22.51 apply here. The maximum response of equipment items 
with other natural frequencies will be discussed below. Moreover, a comparison of Figure 22.55 with 
Figure 22.37 (for the PSI system) reveals that the resilient mechanism can have some minor effect on the 
equipment response, but only when a smaller frictional coefficient (i.e., /jl = 0.05 or 0.1) is used and 
when the PGA level is high. 

Effect of equipment timing. In order to study the effect of equipment tuning, the maximum acceleration 
of the equipment has been plotted in Figure 22.56 for equipment frequencies ranging from 0.1 to 10 Hz. 



© 2005 by Taylor & Francis Group, LLC 



Structure and Equipment Isolation 



22-49 




Peak Ground Acceleration (g) 



FIGURE 22.55 Maximum equipment acceleration vs. PGA (o) e = 5co s ). 




FIGURE 22.56 Maximum equipment acceleration vs. equipment frequency (PGA = 0.5g). 



As can be seen, for all the values of p considered, the equipment response is amplified when the 
equipment frequency is close to the structural frequency, co s , of 1.67 Hz, which means that the tuning 
effect tends to enlarge the equipment response. However, the use of a smaller p can help in reducing the 
amplification of the equipment response resulting from the tuning effect. Finally, a comparison between 
Figure 22.56 and Figure 22.38 (for the PSI system) shows that the two diagrams are quite similar for an 
equipment item with a frequency higher than 1 Hz, but are different for that with a lower frequency. This 
implies that for the earthquake considered, the resilient mechanism of the RSI system has little effect on 
the response of the equipment with a higher stiffness. 
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22.5.4 Concluding Remarks 

In this section, the behavior of a structure-equipment system isolated by an RSI system under both the 
harmonic and earthquake excitations has been investigated. Both the responses of the structure and 
equipment were studied, with special attention given to the effect of the resilient mechanism that 
characterizes an RSI system. The numerical results demonstrated that when subjected to a harmonic 
excitation, an RSI system is able to effectively suppress the resonant peaks associated with the structural 
frequency for both the structure and equipment, but it may also induce some resonant response near the 
isolation frequency due to the presence of resilient stiffness. Therefore, an RSI system is more sensitive to 
the frequency content of the ground excitation than a PSI system, especially to excitations of low- 
frequency components. As for the earthquake responses, the numerical results showed that the resilient 
mechanism of an RSI system can considerably reduce the residual base displacement. The resilient 
mechanism has a minor effect on the acceleration response of the structure and equipment, as long as no 
resonance is induced by the RSI system at the isolation frequency. By and large, both the RSI and PSI 
systems can be used as effective devices for reducing the acceleration responses of a structure and 
equipment. 



22.6 Issues Related to Seismic Isolation Design 

22.6.1 Design Methods 

Having been developing for over 30 years, the technology of seismic isolation has matured. Many 
earthquake-prone countries, including the U.S., Japan, New Zealand, Taiwan, China, and European 
countries, have developed their own design codes, regulations, or guidelines (Fujita, 1998; Kelly, 1998; 
Martelli and Forni, 1998). Although most of the codes were developed based on the theory of structural 
dynamics, the design details outlined in the codes vary from one country to another. While a 
comprehensive explanation of the various design codes is not the purpose of this section, a brief overview 
of the concept underlying the design codes will be given. For more details, interested readers should refer 
to each code or to the books by Naeim and Kelly (1999) or Skinner et al. (1993). The design concept 
introduced herein is based on the series of Uniform Building Code (UBC, 1994, 1997). 

Given the fact that base isolation devices are diverse, most design codes or regulations have been 
written in such a way as not to be specific with respect to the isolation systems. For instance, in the 
UBC (1997), no particular isolation system is identified as being acceptable; rather, it requires that every 
isolation system is stable for required displacement, has properties that do not degrade under repeated 
cyclic loadings, and provides increasing resistance with increasing displacement. 

The design methods for base isolation can be classified as static analysis and dynamic analysis. The 
static analysis is applicable for stiff and regular buildings (in vertical and horizontal directions) that are 
constructed on soil of a relatively stiff condition. On the other hand, dynamic analysis is usually required 
for isolation systems with an irregular or long-period superstructure, or constructed on relatively soft 
soils. For a sophisticated design case, static analysis may be used in the preliminary design phase in order 
to draft or initiate the isolation design parameters, while dynamic analysis is employed in the final design 
phase for tuning or finalizing the design details of the isolation system. For simple design cases, static 
analysis alone is considered sufficient. 



22.6.2 Static Analysis 

For static analysis, a number of formulas have been specified in the design codes, so that engineers can 
easily calculate the following design parameters (shown in the design sequence): maximum isolator 
displacement, D\ isolator total shear, V b ; total base shear, V s , of superstructure; and seismic load, F h 
applied on each floor. These formulas were usually derived based on a simplified isolation model, 
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assuming the isolation system can be linearized (even though most isolation systems are nonlinear) and 
the superstructure can be modeled as a rigid block. Such a simplified model is considered reasonable, 
since the displacements of an isolated structure are concentrated at the isolation level, which implies that 
the superstructure behaves as a rigid block. Based on such a model, only the first vibration mode with the 
superstructure treated as a rigid body has been considered in deriving the formulas. This explains why 
static analysis is suitable only for rigid and regular structures. 



22.6.2.1 Computation of Maximum Isolator Displacement 



An isolation design by static analysis usually starts 
with the calculation of the maximum isolator 
displacement, D, which depends on several factors: 

D = D(Z, N, S, T ef , f ef ) (22.68) 



where Z denotes the earthquake zone factor, N the 
near-fault factor, S the soil condition factor, Tef 
the effective isolation period, and £ ef the effective 
isolation damping. For example, in the UBC 
(1994), the formula derived from the constant- 
velocity spectra over the period range of 1.0 to 
3.0 sec has been given in the following form: 



D = 



0.25 ZNST e{ 
B 



(22.69) 




FIGURE 22.57 Typical force-displacement diagram 
for an isolation system. 



where B is the damping factor, given as 



B = B (£ e f ) « 0.25(1 - In £ ef ) 



(22.70) 



In the above equations, the factors Z, N, and S depend on conditions of the construction site of the isolated 
structure; however, the factors Tef and £ e f depend solely on the properties of the chosen isolation system. 
The factors T ef and £ ef are called the “effective” period and damping of the isolation system, because they 
are frequently obtained by linearizing a nonlinear isolation system. The way to linearize an isolation system 
will be explained below, along with the formulas for computing Tef and £ e f. Suppose that for a nonlinear 
isolation system, the force-displacement relation (hysteresis loop) obtained from a component test is 
shown in Figure 22.57. The effective stiffness of this isolation system can be computed by 



*ef = 




(22.71) 



where F + and F , respectively, denote the largest positive and negative forces in the test. After the linearized 
stiffness is obtained from Equation 22.71, the corresponding effective quantities Tef and f ef can be 
computed from the dynamic theory for a single DoF oscillation system; that is 





W 




— 2it, 


J — 


(22.72) 




V K ef 8 


l{ 


A ) 


(22.73) 


2tt V 


K e{ D 2 ) 



where W is the structural weight, g the gravitational acceleration, and A the total area enclosed by the 
hysteresis loop in Figure 22.57. 
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22.6.2.2 Computation of Maximum Isolator Shear 

After the maximum isolator displacement, D, is obtained, the maximum isolator shear, V b , can be 
estimated by the following formula: 



V b = K d D (22.74) 

Obviously, the above equation represents an equivalent static force exerted on the isolation system, when 
the system is displaced by an amount, D. In some design codes, V b has also been referred to as the design 
force beneath the isolation system. 



22.6.2.3 Computation of Total Base Shear 

The total base shear, V s , of the superstructure can be given as 

v = k^d 



(22.75) 



where R : is a reduction factor (ductility factor) to account for structural ductility, which will be 
developed when the structure is subjected to an earthquake with intensity above the design level. In some 
codes, Vs has also been referred to as the design force above the isolation system. 

22.6.2.4 Computation of Shear Force for Each Floor 

Having computed the above total base shear, V s , a formula is employed to distribute this total shear to 
each floor of the isolated structure. For instance, in the, UBC (1997), the shear force, F;, exerted on each 
floor is computed by 

h:W : 

Fj = V s — (22.76) 

i h i w i 

7=1 



where n denotes the number of floors, w ; the weight of the zth floor, and h t the height of the zth floor 
above the isolation level. Note that the sum of F; (i = 1 to n) must be equal to V s . 

The general procedure for static analysis was illustrated in Figure 22.58. Once the design parameters, 
D, V b , V s , and F ; , are all determined according to the code, they can be used in the detailed design of 
structural elements as well as of isolator elements. Nevertheless, in most applications, because the test 
data of the isolation system may not be available in the beginning of design, the values of kC ef , T e f, and £ e f, 
which are required in computing D, are not known to the designer. If this is the case, the design can begin 
with assumed values of K et , T ef , and £ e f > which may be obtained from experience or previous test data on 
similar isolators. After the preliminary design is completed, prototype isolators will be fabricated and 
tested. The actual values of K e{ , T e f , and £ ef , obtained from the tests will be used in the aforementioned 
code formulas to update the design parameters D, V b , V s . Moreover, one observes from Equation 22.71 
that the linearized isolator stiffness, K ef , is a function of the design parameter, D, itself, and so are T ef , and 
£ e f, obtained from Equation 22.72 and 22.73. In order to obtain K c( , as well as T rf , and £ ef , an initial guess 
of D is required at the beginning of design. As a result, the design procedure may have to be repeated 
iteratively until the difference between the final value of D and the value D 0 computed in the last iteration 
is less than a preset tolerance. Such an iterative process is illustrated in Figure 22.58. 



22.6.3 Dynamic Analysis 

The dynamic analysis may be carried out in one of the two forms: response spectrum analysis and time- 
history analysis. Response spectrum analysis usually involves application of the concepts of response 
spectrum and modal superposition, and so on. Since these concepts primarily come from the dynamics 
of linear systems, the response spectrum analysis is only suitable for isolation systems with linear 
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FIGURE 22.58 Flow chart of static analysis. 



properties. For the case when the isolation system or the superstructure appears to be highly nonlinear, a 
time-history analysis is generally required. 

Because dynamic analysis depends generally on the usage of computer programs, relatively few 
formulas have been given in the dynamic analysis sections of design codes. Nevertheless, for a successful 
time-history analysis, the designer must prepare the following three basic elements: (1) a set of 
representative input ground motions, (2) accurate mathematic models for isolators and superstructures, 
and (3) a computer program that is capable of performing the nonlinear time-history analysis. These 
three elements are explained below. 

22.6.3.1 Input Ground Motions 

The response of an isolated system depends greatly on the chosen input ground motions, which are 
usually expressed in the form of ground accelerations. Each ground motion is called one record event. 
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The chosen events must be representative of the site conditions and soil characteristics. Design codes 
usually specify the minimum number of events required for analysis. Each ground motion event must 
be scaled so that all events are compatible with each other and also with the code specified target 
spectrum. In the UBC (1997), the scaling factor for each event is obtained in response spectra, and then 
applied to the time domain of the record data. In particular, site specific ground motions are required 
in the UBC for the following cases: (1) an isolated structure located on a soft soil, (2) an isolated 
structure located within certain distance (e.g., 10 km) of an active fault, (3) an isolated structure with 
very long period of vibration (e.g., greater than 3 sec). 



22.6.3.2 Mathematic Models 

Before any time-history analysis can be carried out, a mathematic model that can accurately reflect 
the mechanical behavior of the isolation system and the superstructure must be constructed. If the 
isolation system is nonlinear, the nonlinear parameters must be identified so that the constructed 
mathematic model can correctly describe the hysteretic behavior of the isolation system. In 
many cases, the isolation system is assumed to be nonlinear, but the superstructure linear. 
Establishing an accurate mathematic model is curial for obtaining reliable results in a time-history 
analysis. 



22.6.3.3 Computer Programs 

In practice, the task of time-history analysis is executed through the use of a computer program. The 
mathematic model properties mentioned above will be input to the program for analysis. The computer 
program selected should be capable of simulating the three-dimensional behavior of structures with 
selected nonlinear elements. To serve the purpose of isolation design and analysis, several structural 
analysis programs running on the platform of personal computers have been developed for easy access. 
Some of the widely used programs include (but are not limited to): ETABS (ETABS, 2004), SAP-2000 
Nonlinear (SAP, 2000), and 3D-BASIS (Nagarajaiah et al., 1993). Most of these programs provide a set of 
imbedded mathematic models for the widely used isolator elements with linear or nonlinear parameters. 
The designers using these programs can easily build up the mathematic model for the isolated structure 
considered, specify the parameters of the isolator elements selected, and execute a nonlinear time-history 
analysis on a personal computer. 



22.6.4 Concluding Remarks 

In this section, the design concept of seismic isolation for structures was briefly reviewed. The design 
methods can be based either on static or dynamic analysis. The fundamental issues that should be 
considered in each design method were highlighted, along with some relevant formulas for computing 
the relevant parameters. It is believed that, with the concepts and procedures presented in this section, the 
readers should have a general knowledge of the procedure for base isolation design of structures and 
equipment. 



Acknowledgments 

The authors are indebted to the graduate student, Cheng-Yan Wu, at the Department of Construction 
Engineering, National Kaohsiung First University of Science and Technology, for preparing some of the 
graphs presented in this chapter. 



© 2005 by Taylor & Francis Group, LLC 




Structure and Equipment Isolation 



22-55 



Nomenclature 

Symbol Quantity Symbol Quantity 



c, c s damping coefficients of superstructure 

c e damping coefficients of equipment 

c EDF damping of the EDF system 

D maximum isolator displacement 

f T interfacial frictional force 

Fj seismic load applied on the ith floor 

k, k s stiffness of superstructure 

k\, stiffness of isolation system 

k e stiffness of equipment 

fc EDF stiffness of the EDF system 

kf stiffness of the fictitious spring in 

sliding isolation 

K e{ effective stiffness of isolation system 

m, m s mass of superstructure 

m b mass of base mat 

m e mass of equipment 

n number of building stories 

N near fault factor 

Rj ductility factor 

S soil factor 

T natural period of superstructure 

T d damped period of superstructure 

T e f effective isolation period 



V b total shear force of isolation system 

V s total base shear of superstructure 

Wj weight of the ith floor 

JV total weight of superstructure 

x, x s (t) relative-to-the-ground displacements 

of superstructure 

x b (f) relative-to-the-ground displacements 

of base mat 

x e (f) relative-to-the-ground displacements 

of equipment 

x g (f) ground acceleration 

Z zone factor 

p frictional coefficient of sliding 

isolation system 

tob frequency of isolation system 

co e frequencies of equipment 

w g frequency of ground excitation 

£ e damping ratios of equipment 

£ e f effective damping ratios of isolation 

system 

£ s damping ratios of superstructure 

I2 d damped natural frequency 

fl, to s frequencies of superstructure 
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Summary 

The fundamental principles of vibration-control systems are formulated in this chapter. There are many important 
areas directly or indirectly related to the main theme of the chapter. These include practical implementation of 
vibration-control systems, nonlinear control schemes, actual hardware implementation, actuator bandwidth 
requirements, reliability, and cost. Furthermore, in the process of designing a vibration-control system, in practice, 
several critical criteria must be considered. These include weight, size, shape, center-of-gravity, types of dynamic 
disturbances, allowable system response, ambient environment, and service life. Keeping these in mind, general 
design steps and procedures for vibration-control systems are provided. 



23.1 Introduction 



The problem of reducing the level of vibration in constructions and structures arises in various branches 
of engineering, technology, and industry. In most of today’s mechatronic systems, a number of possible 
devices such as reaction or momentum wheels, rotating devices, and electric motors are essential to the 
system’s operation and performance. These devices, however, can also be sources of detrimental 
vibrations that may significantly influence the mission performance, effectiveness, and accuracy of 
operation. Therefore, there is a need for vibration control. Several techniques are utilized either to limit 
or alter the vibration response characteristics of such systems. During recent years, there has been 
considerable interest in the practical implementation of these vibration-control systems. This chapter 
presents the basic theoretical concepts for vibration-control systems design and implementation, 
followed by an overview of recent developments and control techniques in this subject. Some related 
practical developments in variable structure control (VSC), as well as piezoelectric vibration control of 
flexible structures, are also provided, followed by a summary of design steps and procedures for 
vibration-control systems. A further treatment of the subject is found in Chapter 32. 
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23.1.1 Vibration Isolation vs. Vibration Absorption 

In vibration isolation, either the source of vibration is isolated from the system of concern (also called 
“force transmissibility”; see Figure 23.1a), or the device is protected from vibration of its point of 
attachment (also called “displacement transmissibility”, see Figure 23.1b). Unlike the isolator, a vibration 
absorber consists of a secondary system (usually mass-spring-damper trio) added to the primary device 
to protect it from vibrating (see Figure 23.1c). By properly selecting absorber mass, stiffness, and 
damping, the vibration of the primary system can be minimized (Inman, 1994). 

23.1.2 Vibration Absorption vs. Vibration Control 

In vibration-control schemes, the driving forces or torques applied to the system are altered in order 
to regulate or track a desired trajectory while simultaneously suppressing the vibrational transients in 
the system. This control problem is rather challenging since it must achieve the motion tracking 
objectives while stabilizing the transient vibrations in the system. Several control methods have been 
developed for such applications: optimal control (Sinha, 1998); finite element approach (Bayo, 1987); 
model reference adaptive control (Ge et al., 1997); adaptive nonlinear boundary control (Yuh, 1987); and 
several other techniques including VSC methods (Chalhoub and Ulsoy, 1987; de Querioz et al., 1999; de 
Querioz et al., 2000). 

As discussed before, in vibration-absorber systems, a secondary system is added in order to mimic the 
vibratory energy from the point of interest (attachment) and transfer it into other components or 
dissipate it into heat. Figure 23.2 demonstrates a comparative schematic of vibration control (both 
single-input control and multi-input configurations) on translating and rotating flexible beams, which 
could represent many industrial robot manipulators as well as vibration absorber applications for 
automotive suspension systems. 

23.1.3 Classifications of Vibration-Control Systems 

Passive, active, and semiactive (SA) are referred to, in the literature, as the three most commonly used 
classifications of vibration-control systems, either as isolators or absorbers (see Figure 23.3; Sun et al., 
1995). A vibration-control system is said to be active, passive, or SA depending on the amount of 




FIGURE 23.1 Schematic of (a) force transmissibility for foundation isolation; (b) displacement transmissibility for 
protecting device from vibration of the base and (c) application of vibration absorber for suppressing primary system 
vibration. 
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Road surface irregularities 

(c) 



FIGURE 23.2 A comparative schematic of vibration-control systems: (a) single-input simultaneous tracking and 
vibration control; (b) multi-input tracking and vibration control and (c) a two-DoF vehicle model with dynamic 
vibration absorber. 

external power required for the vibration-control system to perform its function. A passive vibration 
control consists of a resilient member (stiffness) and an energy dissipater (damper) either to absorb 
vibratory energy or to load the transmission path of the disturbing vibration (Korenev and Reznikov, 
1993; Figure 23.3a). This type of vibration-control system performs best within the frequency region of 
its highest sensitivity. For wideband excitation frequency, its performance can be improved considerably 
by optimizing the system parameters (Puksand, 1975; Warburton and Ayorinde, 1980; Esmailzadeh and 
Jalili, 1998a). However, this improvement is achieved at the cost of lowering narrowband suppression 
characteristics. 

The passive vibration control has significant limitations in structural applications where broadband 
disturbances of highly uncertain nature are encountered. In order to compensate for these limitations, 
active vibration-control systems are utilized. With an additional active force introduced as a part of 
absorber subsection, u(t ) (Figure 23.3b), the system is controlled using different algorithms to make it 
more responsive to source of disturbances (Soong and Constantinou, 1994; Olgac and Holm-Hansen, 
1995; Sun et al., 1995; Margolis, 1998). The SA vibration-control system, a combination of active 
and passive treatment, is intended to reduce the amount of external power necessary to achieve the 
desired performance characteristics (Lee-Glauser et al., 1997; Jalili, 2000; Jalili and Esmailzadeh, 2002), 
see Figure 23.3c. 



(a) (b) (c) 




Suspension Point of attachment 



FIGURE 23.3 A typical primary structure equipped with three versions of suspension systems: (a) passive; (b) active 
and (c) SA configurations. 
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23.1.4 Performance Characteristics of Vibration-Control Systems 

In the design of a vibration-control system, it often occurs that the system is required to operate over a 
wideband load and frequency range that is impossible to meet with a single choice of required stiffness 
and damping. If the desired response characteristics cannot be obtained, an active vibration-control 
system may provide an attractive alternative vibration control for such broadband disturbances. 
However, active vibration-control systems suffer from control-induced instability in addition to the large 
control effort requirement. This is a serious concern, which prevents them from the common usage in 
most industrial applications. On the other hand, passive systems are often hampered by a phenomenon 
known as “detuning.” Detuning implies that the passive system is no longer effective in suppressing the 
vibration it was designed for. This occurs due to one of the following reasons: (1) the vibration-control 
system may deteriorate and its structural parameters can be far from the original nominal design, (2) the 
structural parameters of the primary device itself may alter, or (3) the excitation frequency or the nature 
of disturbance may change over time. 

A semiactive (also known as adaptive-passive) vibration-control system addresses these limitations by 
effectively integrating a tuning control scheme with tunable passive devices. For this, active force 
generators are replaced by modulated variable compartments such as variable rate damper and stiffness 
(see Figure 23.3c; Hrovat et al., 1988; Nemir et ah, 1994; Franchek et ah, 1995). These variable 
components are referred to as “tunable parameters” of the suspension system, which are retailored via a 
tuning control, thus resulting in semiactively inducing optimal operation. Much attention is being paid 
to these systems because of their low energy requirement and cost. Recent advances in smart materials, 
and adjustable dampers and absorbers have significantly contributed to applicability of these systems 
(Garcia et ah, 1992; Wang et ah, 1996; Shaw, 1998). 



23.2 Vibration-Control Systems Concept 

23.2.1 Introduction 

With a history of almost a century (Frahm, 1911), the dynamic vibration absorber has proven to be a 
useful vibration-suppression device, widely used in hundreds of diverse applications. It is elastically 
attached to the vibrating body to alleviate detrimental oscillations from its point of attachment (see 
Figure 23.3). This section overviews the conceptual design and theoretical background of three types of 
vibration-control systems, namely the passive, active and SA configurations, along with some related 
practical implementations. 



23.2.2 Passive Vibration Control 

The underlying proposition in all vibration 
control or absorber systems is to adjust properly 
the absorber parameters such that the system 
becomes absorbent of the vibratory energy within 
the frequency interval of interest. In order to 
explain the underlying concept, a single-degree-of- 
freedom (single-DoF) primary system with a 
single-DoF absorber attachment is considered 
(Figure 23.4). The governing dynamics is 
expressed as 

m A(t) + + h*a(t) 

= c a Xp (t) + k a Xp(t) (23.1) 




FIGURE 23.4 Application of a passive absorber to 
single-DoF primary system. 
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m p x p (t) + (c p + cJXp(t) + (kp + K)Xp{t) - c a x a (t) - k a x a (t) = f(t ) (23.2) 

where Xp(t ) and x a (t) are the respective primary and absorber displacements, /(f) is the external force, and 
the rest of the parameters including absorber stiffness, fc a , and damping, c a , are defined as per Figure 23.4. 
The transfer function between the excitation force and primary system displacement in the Laplace 
domain is then written as 



where 



TF(s) = 



Xp(s) 

F(s ) 



f m a s 2 + c a s + k a 

[ Jm 



} 



(23.3) 



H(s) = {m p s 2 + (c p 4- c a )s + k p + kj(m a s 2 + c a s + k a ) - ( c a s + k a ) 2 (23.4) 



and X a (s), X p (s), and F(s ) are the Laplace transformations of x a (t), Xp (f), and fit), respectively. 

23.2.2.1 Harmonic Excitation 



When excitation is tonal, the absorber is generally tuned at the disturbance frequency. For this case, the 
steady-state displacement of the system due to harmonic excitation can be expressed as 



Xpijro) 




K ~ m a<» 2 4- j C a CO 


FQro) 




HQco) 



(23.5) 



where co is the disturbance frequency and j = %/— I. An appropriate parameter tuning scheme can then 
be selected to minimize the vibration of primary system subject to external disturbance, /(f). 

For complete vibration attenuation, the steady state, IX p (j<w)l, must equal zero. Consequently, from 
Equation 23.5, the ideal stiffness and damping of absorber are selected as 

k a = m a ur, c a = 0 (23.6) 



Notice that this tuned condition is only a function of absorber elements (m a , k a , and c a ). That is, the 
absorber tuning does not need information from the primary system and hence its design is stand alone. 
For tonal application, theoretically, zero damping in the absorber subsection results in improved 
performance. In practice, however, the damping is incorporated in order to maintain a reasonable trade- 
off between the absorber mass and its displacement. Hence, the design effort for this class of application is 
focused on having precise tuning of the absorber to the disturbance frequency and controlling the 
damping to an appropriate level. Referring to Snowdon (1968), it can be proven that the absorber, in the 
presence of damping, can be most favorably tuned and damped if adjustable stiffness and damping are 
selected as 



k = 

^opt 



m a m 2 co 2 
( m a + nip) 2 



^opt 



3^opt 

2(m a + m ) 



(23.7) 



23.2.2.2 Broadband Excitation 

In broadband vibration control, the absorber subsection is generally designed to add damping to 
and change the resonant characteristics of the primary structure in order to dissipate vibrational energy 
maximally over a range of frequencies. The objective of the absorber design is, therefore, to adjust the 
absorber parameters to minimize the peak magnitude of the frequency transfer function (FTF(w) = 
lTF(s)l s= j w ) over the absorber parameters vector p = {c a k a } T . That is, we seek p to 

min { max {lFTF(w)l}} (23.8) 

P ^min — w max 

Alternatively, one may select the mean square displacement response (MSDR) of the primary system 
for vibration-suppression performance. That is, the absorber parameters vector, p, is selected such that 
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the MSDR 

roo 

E{(x p ) 2 } = I ^ {FTF(&j)} 2 S(cu)dco (23.9) 

is minimized over a desired wideband frequency range. S(co) is the power spectral density of the 
excitation force, /(t), and FTF was defined earlier. 

This optimization is subjected to some constraints in p space, where only positive elements are 
acceptable. Once the optimal absorber suspension properties, c a and k 3 , are determined, they can be 
implemented using adjustment mechanisms on the spring and the damper elements. This is viewed 
as a SA adjustment procedure as it adds no energy to the dynamic structure. The conceptual 
devices for such adjustable suspension elements and SA treatment will be discussed later in 
Section 23.2.5. 

23.2.2.3 Example Case Study 

To better recognize the effectiveness of the dynamic vibration absorber over the passive and optimum 
passive absorber settings, a simple example case is presented. For the simple system shown in Figure 23.4, 
the following nominal structural parameters (marked by an overscore) are taken: 

m„ = 5.77 kg, L = 251.132 X 10 6 N/m, c„ = 197.92 kg/sec 

(23.10) 

m a = 0.227 kg, fc a = 9.81 X 10 6 N/m, c a = 355.6 kg/sec 

These are from an actual test setting, which is optimal by design (Olgac and Jalili, 1999). That is, the peak 
of the FTF is minimized (see thin lines in Figure 23.5). When the primary stiffness and damping 
increase 5% (for instance during the operation), the FTF of the primary system deteriorates considerably 
(the dashed line in Figure 23.5), and the absorber is no longer an optimum one for the present primary. 
When the absorber is optimized based on optimization problem 8, the retuned setting is reached as 

fc a = 10.29 X 10 6 N/m, c a = 364.2 kg/sec (23.11) 

which yields a much better frequency response (see dark line in Figure 23.5). 

The vibration absorber effectiveness is better demonstrated at different frequencies by frequency sweep 
test. For this, the excitation amplitude is kept fixed at unity and its frequency changes every 0.15 sec from 



— nominal absorber — de-tuned absorber re-tuned absorber 




Frequency, Hz. 



FIGURE 23.5 Frequency transfer functions (FTFs) for nominal absorber (thin-solid line), detuned absorber (thin- 
dotted line), and retuned absorber (thick-solid line) settings. ( Source : From Jalili, N. and Olgac, N., AIAA J. Guidance 
Control Dyn., 23, 961-970, 2000a. With permission.) 
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FIGURE 23.6 Frequency sweep each 0.15 with frequency change of 1860, 1880, 1900, 1920, 1930, 1950, and 
1970 Hz: (a) nominally tuned absorber settings; (b) detuned absorber settings and (c) retuned absorber settings. 
( Source : From Jalili, N. and Olgac, N., AIAA J. Guidance Control Dyn., 23, 961-970, 2000a. With permission.) 

1860 to 1970 Hz. The primary responses with nominally tuned, with detuned, and with retuned absorber 
settings are given in Figure 23.6a-c, respectively. 

23.2.3 Active Vibration Control 

As discussed, passive absorption utilizes resistive or reactive devices either to absorb vibrational 
energy or load the transmission path of the disturbing vibration (Korenev and Reznikov, 1993; see 
Figure 23.7, top). Even with optimum absorber parameters (Warburton and Ayorinde, 1980; 
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Sensor (Acceleration, velocity, or 




FIGURE 23.7 A general primary structure with passive (top) and active (bottom) absorber settings. 

Esmailzadeh and Jalili, 1998a), the passive absorption has significant limitations in structural 
applications where broadband disturbances of highly uncertain nature are encountered. 

In order to compensate for these limitations, active vibration-suppression schemes are utilized. With 
an additional active force, u(t) (Figure 23.7, bottom), the absorber is controlled using different 
algorithms to make it more responsive to primary disturbances (Sun et al., 1995; Margolis, 1998; Jalili 
and Olgac, 1999). One novel implementation of the tuned vibration absorbers is the active resonator 
absorber (ARA) (Knowles et al., 2001b). The concept of the ARA is closely related to the concept of the 
delayed resonator (Olgac and Holm-Hansen, 1994; Olgac, 1995). Using a simple position (or velocity or 
acceleration) feedback control within the absorber subsection, the delayed resonator enforces that the 
dominant characteristic roots of the absorber subsection be on the imaginary axis, hence leading to 
resonance. Once the ARA becomes resonant, it creates perfect vibration absorption at this frequency. The 
conceptual design and implementation issues of such active vibration-control systems, along with their 
practical applications, are discussed in Section 23.3. 



23.2.4 Semiactive Vibration Control 

Semiactive (SA) vibration-control systems can achieve the majority of the performance characteristics of 
fully active systems, thus allowing for a wide class of applications. The idea of SA suspension is very 
simple: to replace active force generators with continually adjustable elements which can vary and/or 
shift the rate of the energy dissipation in response to instantaneous condition of motion (Jalili, 2002). 



23.2.5 Adjustable Vibration-Control Elements 

Adjustable vibration-control elements are typically comprised of variable rate damper and stiffness. 
Significant efforts have been devoted to the development and implementation of such devices for a 
variety of applications. Examples of such devices include electro-rheological (ER) (Petek, 1992; 
Wang et al, 1994; Choi, 1999), magneto-rheological (MR) (Spencer et al., 1998; Kim and Jeon, 2000) 
fluid dampers, and variable orifice dampers (Sun and Parker, 1993), controllable friction braces 
(Dowell and Cherry, 1994), and variable stiffness and inertia devices (Walsh and Lamnacusa, 1992; 
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Nemir et al., 1994; Franchek et al., 1995; Abe and Igusa, 1996). The conceptual devices for such 
adjustable properties are briefly reviewed in this section. 

23.2.5.1 Variable Rate Dampers 

A common and very effective way to reduce transient and steady-state vibration is to change the amount 
of damping in the SA vibration-control system. Considerable design work on SA damping was done in 
the 1960s to the 1980s (Crosby and Karnopp, 1973; Karnopp et al., 1974) for vibration control of civil 
structures such as buildings and bridges (Hrovat et al., 1983) and for reducing machine tool oscillations 
(Tanaka and Kikushima, 1992). Since then, SA dampers have been utilized in diverse applications ranging 
from trains (Stribersky et al., 1998) and other off-road vehicles (Horton and Crolla, 1986) to military 
tanks (Miller and Nobles, 1988). During recent years, there has been considerable interest in the SA 
concept in the industry for improvement and refinements of the concept (Karnopp, 1990; Emura et al., 
1994). Recent advances in smart materials have led to the development of new SA dampers, which are 
widely used in different applications. 

In view of these SA dampers, ER and MR fluids probably serve as the best potential hardware 
alternatives for the more conventional variable-orifice hydraulic dampers (Sturk et al., 1995). From a 
practical standpoint, the MR concept appears more promising for suspension, since it can operate, for 
instance, on vehicle battery voltage, whereas the ER damper is based on high-voltage electric fields. 
Owing to their importance in today’s SA damper technology, we briefly review the operation and 
fundamental principles of SA dampers here. 



23.2.5.1.1 Electro-Rheological Fluid Dampers 

ER fluids are materials that undergo significant 
instantaneous reversible changes in material 
characteristics when subjected to electric potentials 
(Figure 23.8). The most significant change is assoc- 
iated with complex shear moduli of the material, 
and hence ER fluids can be usefully exploited in SA 
absorbers where variable-rate dampers are utilized. 
Originally, the idea of applying an ER damper to 
vibration control was initiated in automobile 
suspensions, followed by other applications 
(Austin, 1993; Petek et al., 1995). 

The flow motions of an ER fluid-based damper 
can be classified by shear mode, flow mode, 
and squeeze mode. However, the rheological 
property of ER fluid is evaluated in the shear 
mode (Choi, 1999). As a result, the ER fluid 
damper provides an adaptive viscous and frictional 
damping for use in SA system (Dimarogonas- 
Andrew and Kollias, 1993; Wang et al., 1994). 



A y 




FIGURE 23.8 A schematic configuration of an ER 
damper. ( Source : From Choi, S.B., ASME /. Dyn. Syst. 
Meas. Control , 121 , 134 - 138 , 1999 . With permission.) 



23.2.5.1.2 Magneto-Rheological Fluid Dampers 

MR fluids are the magnetic analogies of ER fluids and typically consist of micron-sized, magnetically 
polarizable particles dispersed in a carrier medium such as mineral or silicon oil. When a magnetic field is 
applied, particle chains form and the fluid becomes a semisolid, exhibiting plastic behavior similar to 
that of ER fluids (Figure 23.9). Transition to rheological equilibrium can be achieved in a few 
milliseconds, providing devices with high bandwidth (Spencer et al., 1998; Kim and Jeon, 2000). 
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Thermal Expansion 
Accumulator 



FIGURE 23.9 A schematic configuration of an MR damper. ( Source : From Spencer, B.F. et al., Proc. 2nd World Conf. 
on Structural Control, 1998. With permission.) 



23.2.5.2 Variable-Rate Spring Elements 

In contrast to variable dampers, studies of SA springs or time-varying stiffness have also been geared 
for vibration-isolation applications (Hubard and Marolis, 1976), for structural controls and for 
vibration attenuation (Sun et al., 1995 and references therein). The variable stiffness is a promising 
practical complement to SA damping, since, based on the discussion in Section 23.2, both the absorber 
damping and stiffness should change to adapt optimally to different conditions. Clearly, the absorber 
stiffness has a significant influence on optimum operation (and even more compared to the damping 
element; Jalili and Olgac, 2000b). 

Unlike the variable rate damper, changing the effective stiffness requires high energy (Walsh and 
Lamnacusa, 1992). Semiactive or low-power implementation of variable stiffness techniques suffers 
from limited frequency range, complex implementation, high cost, and so on. (Nemir et al., 1994; 
Franchek et al., 1995). Therefore, in practice, both absorber damping and stiffness are concurrently 
adjusted to reduce the required energy. 



23.2.5.2.1 Variable-Rate Stiffness ( Direct Methods) 

The primary objective is to directly change the spring stiffness to optimize a vibration-suppression 
characteristic such as the one given in Equation 23.8 or Equation 23.9. Different techniques can be 
utilized ranging from traditional variable leaf spring to smart spring utilizing magnetostrictive materials. 
A tunable stiffness vibration absorber was utilized for a four-DoF building (Figure 23.10), where a spring 
is threaded through a collar plate and attached to the absorber mass from one side and to the driving gear 
from the other side (Franchek et al., 1995). Thus, the effective number of coils, N, can be changed 
resulting in a variable spring stiffness, k a : 

, d 4 G 

K = TTT7TTT (23.12) 



8 D 3 N 

where d is the spring wire diameter, D is the spring diameter, and G is modulus of shear rigidity. 



23.2.5.2.2 Variable-Rate Effective Stiffness (Indirect Methods) 

In most SA applications, directly changing the stiffness might not be always possible or may require large 
amount of control effort. For such cases, alternatives methods are utilized to change the effective tuning 
ratio (r = yjkjmja) pr i mary ), thus resulting in a tunable resonant frequency. 

In Liu et al. (2000), a SA flutter-suppression scheme was proposed using differential changes of 
external store stiffness. As shown in Figure 23.11, the motor drives the guide screw to rotate with slide 
block, G, moving along it, thus changing the restoring moment and resulting in a change of store 
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Spring Absorber 





Motor and geartrain (Potentiometer not shown) 



Absorber base 



FIGURE 23.10 The application of a variable-stiffness vibration absorber to a four-DoF building. (Source: From 
Franchek, M.A. et al., /. Sound Vib., 189, 565-585, 1995. With permission.) 




FIGURE 23.11 A SA flutter control using adjustable pitching stiffness. ( Source : From Liu, H.J. et al., /. Sound Vib., 
229, 199-205, 2000. With permission.) 

pitching stiffness. Using a double-ended cantilever 
beam carrying intermediate lumped masses, a SA 
vibration absorber was recently introduced (Jalili 
and Esmailzadeh, 2002), where positions of 
moving masses are adjustable (see Figure 23.12). 

Figure 23.13 shows an SA absorber with an 
adjustable effective inertia mechanism (Jalili et al., 

2001; Jalili and Fallahi, 2002). The SA absorber 
consists of a rod carrying a moving block and a 
spring and damper, which are mounted on a 
casing. The position of the moving block, r v , on 
the rod is adjustable which provides a tunable 
resonant frequency. 

23.2.5.3 Other Variable-Rate Elements 

Recent advances in smart materials have led to the 
development of new SA vibration-control systems using indirect influence on the suspension elements. 
Wang et al. used a SA piezoelectric network (1996) for structural-vibration control. The variable 
resistance and inductance in an external RL circuit are used as real-time adaptable control parameters. 

Another class of adjustable suspensions is the so-called hybrid treatment (Fujita et al., 1991). 
The hybrid design has two modes, an active mode and a passive mode. With its aim of lowering the 




FIGURE 23.12 A typical primary system equipped 
with the double-ended cantilever absorber with adjus- 
table tuning ration through moving masses, m. (Source: 
From Jalili, N. and Esmailzadeh, E., /. Multi-Body Dyn., 
216, 223-235, 2002. With permission.) 
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FIGURE 23.13 Schematic of the adjustable effective inertia vibration absorber. (Source: From Jalili, N. et al., Int. J. 
Model. Simulat., 21, 148-154, 2001. With permission.) 



control effort, relatively small vibrations are reduced in active mode, while passive mode is used for large 
oscillations. Analogous to hybrid treatment, the semiautomated approach combines SA and active 
suspensions to benefit from the advantages of individual schemes while eliminating their shortfalls 
(Jalili, 2000). By altering the adjustable structural properties (in the SA unit) and control parameters 
(in the active unit), a search is conducted to minimize an objective function subject to certain 
constraints, which may reflect performance characteristics. 



23.3 Vibration-Control Systems Design and Implementation 

23.3.1 Introduction 

This section provides the basic fundamental concepts for vibration-control systems design and 
implementation. These systems are classified into two categories: vibration absorbers and vibration- 
control systems. Some related practical developments in ARAs and piezoelectric vibration control of 
flexible structures are also provided. 

23.3.2 Vibration Absorbers 

Undesirable vibrations of flexible structures have been effectively reduced using a variety of dynamic 
vibration absorbers. The active absorption concept offers a wideband of vibration-attenuation 
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frequencies as well as real-time tunability as two 
major advantages. It is clear that the active control 
could be a destabilizing factor for the combined 
system, and therefore, the stability of the com- 
bined system (i.e., the primary and the absorber 
subsystems) must be assessed. 

An actively tuned vibration-absorber scheme 
utilizing a resonator generation mechanism forms 
the underlying concept here. For this, a stable 
primary system (see Figure 23.7, top, for instance) 
is forced into a marginally stable one through the 
addition of a controlled force in the active unit (see 
Figure 23.7, bottom). The conceptual design for 
generating such resonance condition is demon- 
strated in Figure 23.14, where the system’s 
dominant characteristic roots (poles) are moved 
and placed on the imaginary axis. The absorber 

then becomes a resonator capable of mimicking the vibratory energy from the primary system at the 
point of attachment. Although there seem to be many ways to generate such resonance, only two widely 
accepted practical vibration-absorber resonators are discussed next. 




FIGURE 23.14 Schematic of the active resonator 
absorber concept through placing the poles of the 
characteristic equation on the imaginary axis. 



23.3.2.1 Delayed-Resonator Vibration Absorbers 

A recent active vibration-absorption strategy, the delayed resonator (DR), is considered to be the first 
type of active vibration absorber when operated on a flexible beam (Olgac and Jalili, 1998; Olgac and 
Jalili, 1999). The DR vibration absorber offers some attractive features in eliminating tonal vibrations 
from the objects to which it is attached (Olgac and Holm-Hansen, 1994; Olgac, 1995; Renzulli et al., 
1999), some of which are real-time tunability, the stand-alone nature of the actively controlled absorber, 
and the simplicity of the implementation. Additionally, this single-DoF absorber can also be tuned to 
handle multiple frequencies of vibration (Olgac et al., 1996). It is particularly important that the 
combined system, that is, the primary structure and the absorber together, is asymptotically stable when 
the DR is implemented on a flexible beam. 



23.3.2.1.1 An Overview of the Delayed-Resonator Concept 

An overview of the DR is presented here to help the reader. The equation of motion governing the 
absorber dynamics alone is 

t?VC a (fi) + c a x a (f) + Kx^t) - u(t) = 0, u(t) = gx^t - t ) (23.13) 

where u(t) represents the delayed acceleration feedback. The Laplace domain transformation of this 
equation yields the characteristics equation 

m a s 2 + c a s + fc a — gs 2 e TS = 0 (23.14) 



Without feedback (g = 0), this structure is dissipative with two characteristic roots (poles) on the left 
half of the complex plane. For g and r > 0, however, these two finite stable roots are supplemented by 
infinitely many additional finite roots. Note that these characteristic roots (poles) of Equation 23.14 are 
discretely located (say at s = a + jco), and the following relation holds: 



% = 



lm a s 2 + c a s + /c a ] Ta 

I T I ^ 



(23.15) 



where I • I denotes the magnitude of the argument. 
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Using Equation 23.15, the following observation can be made: 

• For g = 0: there are two finite stable poles and all the remaining poles are at a = — <x>. 

• For g = +oo: there are two poles at s = 0, and the rest are at a = +oo. 



Considering these and taking into account the continuity of the root loci for a given time delay, t, and 
as g varies from 0 to oo, it is obvious that the roots of Equation 23. 14 move from the stable left half to the 
unstable right half of the complex plane. For a certain critical gain, g c , one pair of poles reaches the 
imaginary axis. At this operating point, the DR becomes a perfect resonator and the imaginary 
characteristic roots are s = ±jm c , where co c is the resonant frequency and j = >/ — 1. The subscript “c” 
implies the crossing of the root loci on the imaginary axis. The control parameters of concern, g c and r c , 
can be found by substituting the desired s = ±jw c into Equation 23.14 as 






C a +) 2 + 0» a W c - h) 1 



i f _ , r c„w r I i 

— -Itan 1 + 2(T — 1)tt 

co c i L - K J 3 



l = 1 , 2 ,... 



(23.16) 

When these g c and r c are used, the DR structure mimics a resonator at frequency a> c . In turn, this 
resonator forms an ideal absorber of the tonal vibration at a> c . The objective of the control, therefore, is to 
maintain the DR absorber at this marginally stable point. On the DR stability, further discussions can be 
found in Olgac and Holm-Hansen (1994) and Olgac et al. (1997). 



23.3.2.1.2 Vibration-Absorber Application on Flexible Beams 

We consider a general beam as the primary system with absorber attached to it and subjected to a 
harmonic force excitation, as shown in Figure 23.15. The point excitation is located at b, and the absorber 
is placed at a. A uniform cross section is considered for the beam and Euler- Bernoulli assumptions are 
made. The beam parameters are all assumed to be constant and uniform. The elastic deformation from 
the undeformed natural axis of the beam is denoted by y(x, t) and, in the derivations that follow, the dot 
(•) and prime (') symbols indicate a partial derivative with respect to the time variable, t, and position 
variable x, respectively. 

Under these assumptions, the kinetic energy of the system can be written as 

T= dx + \ m Al (23.17) 

The potential energy of this system using linear strain is given by 

U = dx + - q a } 2 + ^K{y(b,t) - q e } 2 (23.18) 




FIGURE 23.15 Beam-absorber-exciter system configuration. ( Source : From Olgac, N. and Jalili, N., /. Sound Vib., 
218, 307-331, 1998. With permission.) 
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The equations of motion may now be derived by applying Hamilton’s Principle. However, to facilitate the 
stability analysis, we resort to an assumed-mode expansion and Lagrange’s equations. Specifically, y is 
written as a finite sum “Galerkin approximation”: 

n 

y(x, t) = X <Pi(x)q bi (t) (23.19) 

i—l 

The orthogonality conditions between these mode shapes can also be derived as (Meirovitch, 1986) 

J p0i(x)<Pj(x)dx = NiSy, J m<Pi(x)<Pj(x)dx = S i 8 ij (23.20) 

where z, j = 1, 2 is the Kronecker delta, and N t and S; are defined by setting i = j in 
Equation 23.20. 

The feedback of the absorber, the actuator excitation force, and the damping dissipating forces in both 
the absorber and the exciter are considered as non-conservative forces in Lagrange’s formulation. 
Consequently, the equations of motion are derived. 

Absorber dynamics is governed by 



a<?a(0 + G j<2a (f) - X ( / ) ,(fl)<j bl (t)| + j<?a (0 “ X ^i( fl )<2biW | “ gfat 



- t) = 0 (23.21) 



The exciter is given by 



m e q, 



Finally, the beam is represented by 



q e (t) + c e jq e (f) - X clJ i(b)q bl (t)^ + /c e j<J e (f) - X #i(%bi(0 1 = ~/(0 (23.22) 



N t q bi (t) + Siq b i(t) + c. 



,|x ®i(a)q 



( a)q bi (t ) - q^t) 



) j &i(a) + fcejx 



j<5,(«) + c e |x Qiiblqhi 

“ } 



(f) - q e (t) y&iib) 



}' 



+ Ml c b;(b)q bl (t) - q e (t ) | -<Pj(b) + gcb,(a)qjt - r) 

= f(t)<Pi(b), i= 1 , 2 , ..., zz (23.23) 



Equation 23.21 to Equation 23.23 form a system of n + 2 second-order coupled differential equations. 

By proper selection of the feedback gain, the absorber can be tuned to the desired resonant frequency, 
a> c . This condition, in turn, forces the beam to be motionless at a, when the beam is excited by a tonal 
force at frequency <w c . This conclusion is reached by taking the Laplace transform of Equation 23.21 and 
using feedback control law for the absorber. In short, 

n 

Y(a, s) = X ®i(a)Qbi(s) = 0 (23.24) 

;= 1 

where Y(a,s) = 3{y(£i, f)}, Q a (s) = 3 {q 3 (t)} and Qb,(s) = 3{q bi (f)}. Equation 23.24 can be rewritten in 
time domain as 



y(a, t) = X = 0 (23.25) 

i—l 

which indicates that the steady-state vibration of the point of attachment of the absorber is eliminated. 
Hence, the absorber mimics a resonator at the frequency of excitation and absorbs all the vibratory 
energy at the point of attachment. 
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23.3.2.1.3 Stability of the Combined System 

In the preceding section, we have derived the equations of motion for the beam-exciter-absorber system 
in its most general form. As stated before, inclusion of the feedback control for active absorption is, 
indeed, an invitation to instability. This topic is treated next. 

The Laplace domain representation of the combined system takes the form (Olgac and Jalili, 1998) 

A(s)Q(s) = F(s) (23.26) 

where 





' QaM - 




' 0 ' 




Qe(*) 




-F(s) 


Q :(*) = ■ 


QblW 


, F(s) = - 


0 




-QbnOO. 


(h+2)X1 


0 



(n+2)Xl 



A(s) = 



( nl 3 s 2 + c a s + /c a — gs 2 e 
0 

m^dc^s 2 
\ m. d 0„(a)s 2 



0 -^(a)(v+y 

m e s 2 + c e s + fc e -<£i (b)(c e s + k e ) 



m e 0i(b)s 2 N 1 s 2 + cs + S 1 (1+)5) 



m e <P n (b)s 2 



-<P n (a)(c a s + k a ) \ 
-<P„(fc)(c e s + fc e ) 

0 

N n s 2 + cs + S„(l+)5) / 



(23.27) 

In order to assess the combined system stability, the roots of the characteristic equation, det(A(s)) = 0 are 
analyzed. The presence of feedback (transcendental delay term for this absorber) in the characteristic 
equations complicates this effort. The root locus plot observation can be applied to the entire system. It is 
typical that increasing feedback gain causes instability as the roots move from left to right in the complex 
plane. This picture also yields the frequency range for stable operation of the combined system (Olgac 
and Jalili, 1998). 



23.3.2.1.4 Experimental Setting and Results 

The experimental setup used to verify the findings is shown in Figure 23.16. The primary structure is a 
3/8' in. X l' in. X 12 ; in. steel beam (2) clamped at both ends to a granite bed (1). A piezoelectric actuator 
with a reaction mass (3 and 4) is used to generate the periodic disturbance on the beam. A similar 
actuator-mass setup constitutes the DR absorber (5 and 6). The two setups are located symmetrically at 
one quarter of the length along the beam from the center. The feedback signal used to implement the DR 
is obtained from the accelerometer (7) mounted on the reaction mass of the absorber structure. The 
other accelerometer (8) attached to the beam is present only to monitor the vibrations of the beam and to 
evaluate the performance of the DR absorber in suppressing them. The control is applied via a fast data 
acquisition card using a sampling of 10 kHz. 

The numerical values for this beam-absorber-exciter setup are taken as 

• Beam: E = 210 GPa, p = 1.8895 kg/m 

• Absorber: m a = 0.183 kg, k a = 10,130 kN/m, c a = 62.25 N sec/m, a = L/4 

• Exciter: m e = 0.173 kg, k e = 6426 kN/m, c e = 3.2 N sec/m, b = 3L/4 
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FIGURE 23.16 (a) Experimental structure and (b) schematic depiction of the setup. ( Source : From Olgac, N. and 

Jalili, N., /. Sound Vib., 218, 307-331, 1998. With permission.) 



23.3.2.1.5 Dynamic Simulation and Comparison with Experiments 

For the experimental set up at hand, the natural frequencies are measured for the first two natural modes, 
a> l and w 2 . These frequencies are obtained much more precisely than those of higher-order natural 
modes. Table 23.1 offers a comparison between the experimental (real) and analytical (ideal) clamped- 
clamped beam natural frequencies. 

The discrepancies arrive from two sources: first, the experimental frequencies are structurally 
damped natural frequencies, and second, they reflect the effect of partially clamped BCs. The 
theoretical frequencies, on the other hand, are evaluated for an undamped ideal clamped -clamped 
beam. 

After observing the effect of the number of modes used on the beam deformation, a minimum of three 
natural modes are taken into account. We then compare the simulated time response vs. the experimental 
results of vibration suppression. Figure 23.17 shows a test with the excitation frequency a> c = 1270 Hz. 
The corresponding theoretical control parameters are g c theoly = 0.0252 kg and t c ,h e0 ry = 0.8269 msec. 
The experimental control parameters for this frequency are found to be g c exp = 0.0273 kg and 
t c , 3 - = 0.82 msec. The exciter disturbs the beam for 5 msec, then the DR tuning is triggered. 
The acceleration of the beam at the point of attachment decays exponentially. For all intents and 
purposes, the suppression takes effect in approximately 200 ms. These results match very closely with 
the experimental data, Figure 23.18. The only noticeable difference is in the frequency content of the 
exponential decay. This property is dictated by the dominant poles of the combined system. The 
imaginary part, however, is smaller in the analytical study. This difference is a nuance that does not affect 
the earlier observations. 
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TABLE 23.1 Comparison between Experimental and Theoretical Beam Natural Frequencies (Hz) 



Natural Modes 


Peak Frequencies (Experimental) 


Natural Frequencies (Clamped -Clamped) 


First mode 


466.4 


545.5 


Second mode 


1269.2 


1506.3 



4 




-4-1 . , 1 ' , . , . ■ , rJ 
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Time, sec. 

FIGURE 23.17 Beam and absorber response to 1270 Hz disturbance, analytical. (Source: From Olgac, N. and Jalili, 
N., /. Sound Vib., 218, 307-331, 1998. With permission.) 
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FIGURE 23.18 Beam and absorber response to 1270 Hz disturbance, experimental. ( Source : From Olgac, N. and 
Jalili, N., /. Sound Vib., 218, 307-331, 1998. With permission.) 

23.3.2.2 Active Resonator Vibration Absorbers 

One novel implementation of the tuned vibration absorbers is the ARA (Knowles et al., 2001b). The 
concept of the ARA is closely related to the concept of the delayed resonator (Olgac and Holm-Hansen, 
1994; Olgac and Jalili, 1999). Using a simple position (or velocity or acceleration) feedback control within 
the absorber section, it enforces the dominant characteristic roots of the absorber subsection to be on the 
imaginary axis, and hence leading to resonance. Once the ARA becomes resonant, it creates perfect 
vibration absorption at this frequency. 

Avery important component of any active vibration absorber is the actuator unit. Recent advances in 
smart materials have led to the development of advanced actuators using piezoelectric ceramics, shape 
memory alloys, and magnetostrictive materials (Garcia et al., 1992; Shaw, 1998). Over the past two 
decades, piezoelectric ceramics have been utilized as potential replacements for conventional transducers. 
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FIGURE 23.19 A PCB series 712 PZT inertial actuator (left), schematic of operation (middle), and a simple single- 
DoF mathematical model (right). (Active Vibration Control Instrumentation, A Division of PCB Piezotronics, Inc., 
www.pcb.com.) 



These materials are compounds of lead zirconate-titanate (PZT). The PZT properties can be optimized 
to suit specific applications by appropriate adjustment of the zirconate-titanate ratio. Specifically, a 
piezoelectric inertial actuator is an efficient and inexpensive solution for active structural vibration 
control. As shown in Figure 23.19, it applies a point force to the structure to which it is attached. 

23.3.2.2.1 An Overview of PZT Inertial Actuators 

PZT inertial actuators are most commonly made out of two parallel piezoelectric plates. If voltage is 
applied, one of the plates expands as the other one contracts, hence producing displacement that is 
proportional to the input voltage. The resonance of such an actuator can be adjusted by the size of the 
inertial mass (see Figure 23.19). Increasing the size of the inertial mass will lower the resonant frequency 
and decreasing the mass will increase it. The resonant frequency, / r , can be expressed as 




where k a is the effective stiffness of the actuator, m a , is defined as 

m a = "le PZT + Winertial + '«acc (23.29) 

The PZT effective mass is m Cpzx , m inertial is the inertial mass, and m acc is the accelerometer mass. Using a 
simple single-DoF system (see Figure 23.19), the parameters of the PZT inertial actuators can be 
experimentally determined (Knowles et ah, 2001a). This “parameter identification” problem is an inverse 
problem. We refer interested readers to Banks and Ito (1988) and Banks and Kunisch (1989) for a general 
introduction to parameter estimation or inverse problems governed by differential equations. 

23.3.2.2.2 Active Resonator Absorber Concept 

The concept of ARA is closely related to that of the DR (Olgac, 1995; Olgac and Holm-Hansen, 1995; 
Olgac and Jalili, 1998). Instead of a compensator, the DR uses a simple delayed position (or velocity, or 
acceleration) feedback control within the absorber subsection for the mentioned “sensitization.” 

In contrast to that of the DR absorber, the characteristic equation of the proposed control scheme is 
rational in nature and is hence easier to implement when closed-loop stability of the system is concerned. 
Similar to the DR absorber, the proposed ARA requires only one signal from the absorber mass, absolute 
or relative to the point of attachment (see Figure 23.7 bottom). After the signal is processed through a 
compensator, an additional force is produced, for instance, by a PZT inertial actuator. If the compensator 
parameters are properly set, the absorber should behave as an ideal resonator at one or even more 
frequencies. As a result, the resonator will absorb vibratory energy from the primary mass at given 
frequencies. The frequency to be absorbed can be tuned in real time. Moreover, if the controller or the 
actuator fails, the ARA will still function as a passive absorber, and thus it is inherently fail-safe. A similar 
vibration absorption methodology is given by Filipovic and Schroder (1999) for linear systems. The ARA, 
however, is not confined to the linear regime. 
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For the case of linear assumption for the PZT actuator, the dynamics of the ARA (Figure 23.7, bottom) 
can be expressed as 



rn a * a (0 + c a *a(f) + Kx a (t) - u(t) = c^Xiit) + Kx^t) 



(23.30) 



where x ] (t) and x a (t) are the respective primary (at the absorber point of attachment) and absorber mass 
displacements. The mass, m a , is given by Equation 23.29 and the control, u(t), is designed to produce 
designated resonance frequencies within the ARA. 

The objective of the feedback control, u( t), is to convert the dissipative structure (Figure 23.7, top) into 
a conservative or marginally stable one (Figure 23.7, bottom) with a designated resonant frequency, co c . 
In other words, the control aims the placement of dominant poles at ±jto c for the combined system, 
where j = \[— I (see Figure 23.14). As a result, the ARA becomes marginally stable at particular 
frequencies in the determined frequency range. Using simple position (or velocity or acceleration) 
feedback within the absorber section (i.e., U(s) = E7(s)X a (s)), the corresponding dynamics of the ARA, 
given by Equation 23.30, in the Laplace domain become 

(m./ + c a s + k a )X a (s) - U(s)X. d (s) = C(s)X d (s) = (c a s + (.^(s) (23.31) 



The compensator transfer function, U(s), is then selected such that the primary system displacement at 
the absorber point of attachment is forced to be zero; that is 

C(s) = (m a s 2 + c a s + k d ) — U(s) = 0 (23.32) 



The parameters of the compensator are determined through introducing resonance conditions to the 
absorber characteristic equation, C(s); that is, the equations Re{C(jw,)} = 0 and Im{C(jto;)} = 0 are 
simultaneously solved, where i = 1, 2, ..., I and l is the number of frequencies to be absorbed. Using 
additional compensator parameters, the stable frequency range or other properties can be adjusted in 
real time. 

Consider the case where 17(s) is taken as a proportional compensator with a single time constant based 
on the acceleration of the ARA, given by 

P'S 2 

U(s) = l/(s)X a (s), where U(s) = (23.33) 

1 + Ts 

Then, in the time domain, the control force, u(t), can be obtained from 

u(t) = ^ f e -(f-T)/r 3c a (T)dT (23.34) 

T Jo 



To achieve ideal resonator behavior, two dominant roots of Equation 23.32 are placed on the imaginary 
axis at the desired crossing frequency, co c . Substituting s = ±j co c into Equation 23.32 and solving for the 
control parameters, g c and T c , one can obtain 



\ ttJa / 



+ 1 



T r = 



avV^a 



V w a (" 2 - — ) 
V m a ) 



for <w = 



(23.35) 



The control parameters, g c and T c , are based on the physical properties of the ARA (i.e., c a , k a , and m a ) as 
well as the frequency of the disturbance, to, illustrating that the ARA does not require any information 
from the primary system to which it is attached. However, when the physical properties of the ARA are 
not known within a high degree of certainty, a method to autotune the control parameters must be 
considered. The stability assurance of such autotuning proposition will bring primary system parameters 
into the derivations, and hence the primary system cannot be totally decoupled. This issue will be 
discussed later in the chapter. 
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23.3.2.2.3 Application of ARA to Structural-Vibration Control 

In order to demonstrate the effectiveness of the proposed ARA, a simple single-DoF primary system 
subjected to tonal force excitations is considered. As shown in Figure 23.20, two PZT inertial actuators 
are used for both the primary (model 712-A01) and the absorber (model 712-A02) subsections. Each 
system consists of passive elements (spring stiffness and damping properties of the PZT materials) and 
active compartment with the physical parameters listed in Table 23.2. The top actuator acts as the ARA 
with the controlled force, u(t), while the bottom one represents the primary system subjected to the force 
excitation, /(f). 

The governing dynamics for the combined system can be expressed as 

m a Xa(f) + c a x a (t) + k a x a (t ) - u(t) = c^/f) + k a X\ (f) (23.36) 

m 3/(0 + (Cj + c a )*i(f) + (ki + fcjxfft) - {c a x a (0 + fc a x a (0 - u(t)} = fit ) (23.37) 

where xf t) and % a (f) are the respective primary and absorber displacements. 

23.3.2.2.4 Stability Analysis and Parameter Sensitivity 

The sufficient and necessary condition for asymptotic stability is that all roots of the characteristic 
equation have negative real parts. For the linear system, Equation 23.36 and Equation 23.37, when 
utilizing controller (Equation 23.34), the characteristic equation of the combined system (Figure 23.20, 
right) can be determined and the stability region for compensator parameters, g and T, can be obtained 
using the Routh-Hurwitz method. 

23.3.2.2.5 Autotuning Proposition 

When using the proposed ARA configuration in real applications where the physical properties are not 
known or vary over time, the compensator parameters, g and T , only provide partial vibration 
suppression. In order to remedy this, a need exists for an autotuning method to adjust the compensator 




FIGURE 23.20 Implementation of the ARA concept using two PZT actuators (left) and its mathematical 
model (right). 



TABLE 23.2 Experimentally Determined Parameters of PCB Series 712 PZT 
Inertial Actuators 



PZT System Parameters 


PCB Model 712-A01 


PCB Model 712-A02 


Effective mass, m ePZT (gr) 


7.20 


12.14 


Inertial mass, m inertial (gr) 


100.00 


200.00 


Stiffness, k a (kN/m) 


3814.9 


401.5 


Damping, c a (Ns/m) 


79.49 


11.48 
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parameters, g and T, by some quantities, Ag and AT, respectively (Jalili and Olgac, 1998b; Jalili and 
Olgac, 2000a). For the case of the linear compensator with a single time constant, given by Equation 
23.33, the transfer function between primary displacement, Xjfs), and absorber displacement, X a (s), can 
be obtained as 



G(s) = 



X,(s) 

X a (s) 



m a s 2 + c a s + k a - 
c a s + k a 



1 + Ts 



The transfer function can be rewritten in the frequency domain for s = jco as 

.2 



G(joj) = 



Xi M 
XJjoj) 



-m a co 2 +c a toj + k a + 
c a coj + k a 



gu 

1 + Tuj 



(23.38) 



(23.39) 



where G(jco) can be obtained in real time by convolution of accelerometer readings (Renzulli et al., 1999) 
or other methods (Jalili and Olgac, 2000a). Following a similar procedure as is utilized in Renzulli et al. 
(1999), the numerator of the transfer function (Equation 23.39) must approach zero in order to suppress 
primary system vibration. This is accomplished by setting 

G(jto) + AG(jco) = 0 (23.40) 



where GQco) is the real-time transfer function and AG(jw) can be written as a variational form of 
Equation 23.39 as 

AG(wi) = — A g + - — AT 4- higher order terms (23.41) 

9 g 9T 

Since the estimated physical parameters of the absorber (i.e., c a , k a , and m a ) are within the vicinity of the 
actual parameters, A g and AT should be small quantities and the higher-order terms of Equation 23.41 
can be neglected. Using Equation 23.40 and Equation 23.41 and neglecting higher-order terms, we have 



Ag = Re[G(jw)] 



jw)] 



2 Tc a a> 2 — k a + k a T 2 co 2 



i — T 2 co 2 c a + 2 k a T 

AT = Re[G(ict>)] I “ — 

go/ 



(j<w)l ' 



J + Im[G(jw)] 
+ Im[G(j«)] 



(jw)]|^ 

(jw)]|^ 



c a - T 2 co 2 c a + 2 k a T 



(23.42) 



k a ~ 2Tc a ar - k a T~u) 



gco J 



T A 

+ -Ag 
g 



In the above expressions, g and T are the current compensator parameters given by Equation 23.35, c a ,k a , 
and m a are the estimated absorber parameters, co is the absorber base excitation frequency, and GQco) is 
the transfer function obtained in real time. That is, the retuned control parameters, g and T, are 
determined as follows 



gnew = gcurrent + Ag and T new = T current + AT (23.43) 

where Ag and AT are those given by Equation 23.42. After compensator parameters, g and T, are adjusted 
by Equation 23.43, the process can be repeated until I G( jw)l falls within the desired level of tolerance. 
G(joj) can be determined in real time as shown in Liu et al. (1997) by 

G(jo)= lG(jw)le (i<w “ )) (23.44) 

where the magnitude and phase are determined assuming that the absorber and primary displacements 
are harmonic functions of time given by 

x a (f) = X a sin(&jf + (f> a ), Xi(t) = sin(wf + cfiQ (23.45) 
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With the magnitudes and phase angles of Equation 23.44, the transfer function can be determined from 
Equation 23.44 and the following: 

lG(jw)l = <K j(o) = <£i ~ <b> a 

23.3.2.2.6 Numerical Simulations and Discussions 

To illustrate the feasibility of the proposed absorption methodology, an example case study is presented. 
The ARA control law is the proportional compensator with a single time constant as given in Equation 
23.34. The primary system is subjected to a harmonic excitation with unit amplitude and a frequency of 
800 Hz. The ARA and primary system parameters are taken as those given in Table 23.2. The simulation 
was done using Matlab/Simulink® and the results for the primary system and the absorber displacements 
are given in Figure 23.21. 

As seen, vibrations are completely suppressed in the primary subsection after approximately 0.05 sec, 
at which the absorber acts as a marginally stable resonator. For this case, all physical parameters are 
assumed to be known exactly. However, in practice these parameters are not known exactly and may vary 
with time, so the case with estimated system parameters must be considered. 

To demonstrate the feasibility of the proposed autotuning method, the nominal system parameters 
(m a , m l , k a , fcj, c„, q) were fictitiously perturbed by 10% (i.e., representing the actual values) in the 
simulation. However, the nominal values of m a , m^, k a , k l , c a , and q were used for calculation of the 
compensator parameters, g and T. The results of the simulation using nominal parameters are given in 
Figure 23.22. From Figure 23.22, top, the effect of parameter variation is shown as steady-state 
oscillations of the primary structure. This undesirable response will undoubtedly be encountered when 
the experiment is implemented. Thus, an autotuning procedure is needed. 

The result of the first autotuning iteration is given in Figure 23.22, middle, where the control 
parameters, g and T, are adjusted based on Equation 23.43. One can see tremendous improvement in the 
primary system response with only one iteration (see Figure 23.22, middle). A second iteration is 




Time [sec] 

FIGURE 23.21 Primary system and absorber displacements subjected to 800 Hz harmonic disturbance. 
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FIGURE 23.22 System responses (displacement, m) for (a) nominal absorber parameters; (b) after first autotuning 
procedure and (c) after second autotuning procedure. 

performed, as shown in Figure 23.22, bottom. The response closely resembles that from Figure 23.21, 
where all system parameters are assumed to be known exactly. 

23.3.3 Vibration-Control Systems 

As discussed, in vibration-control schemes, the control inputs to the systems are altered in order to 
regulate or track a desired trajectory while simultaneously suppressing the vibrational transients in the 
system. This control problem is rather challenging since it must achieve the motion- tracking objectives 
while stabilizing the transient vibrations in the system. This section provides two recent control methods 
developed for the regulation and tracking of flexible beams. The experimental implementations are 
also discussed. The first control method is a single-input vibration-control system discussed in 
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Section 23.3.3.1, while the second application utilizes a secondary input control in addition to the 
primary control input to improve the vibrational characteristics of the system (see Section 23.3.3.2). 

23.3.3.1 Variable Structure Control of Rotating Flexible Beams 

The vibration-control problem of a flexible manipulator consists in achieving the motion-tracking 
objectives while stabilizing the transient vibrations in the arm. Several control methods have been 
developed for flexible arms (Skaar and Tucker, 1986; Bayo, 1987; Yuh, 1987; Sinha, 1988; Lou, 1993; Ge 
et al, 1997; de Querioz et al., 1999). Most of these methods concentrate on a model-based controller 
design, and some of these may not be easy to implement due to the uncertainties in the design model, large 
variations of the loads, ignored high frequency dynamics, and high order of the designed controllers. In 
view of these methods, VSC is particularly attractive due to its simplicity of implementation and its 
robustness to parameter uncertainties (Yeung and Chen, 1989; Singh et ah, 1994; Jalili et ah, 1997). 

23.3.3.1.1 Mathematical Modeling 

As shown in Figure 23.23, one end of the arm is 
free and the other end is rigidly attached to a 
vertical gear shaft, driven by a DC motor. A 
uniform cross section is considered for the arm, 
and we make the Euler- Bernoulli assumptions. 

The control torque, r, acting on the output shaft, is 
normal to the plane of motion. Viscous frictions 
and the ever-present unmodeled dynamics of the 
motor compartment are to be compensated via a 
perturbation estimation process, as explained later 
in the text. Since the dynamic system considered 
here has been utilized in literature quite often, we 
present only the resulting partial differential 
equation (PDE) of the system and refer interested 
readers to Junkins and Kim (1993) and Luo et al. 

(1999) for detailed derivations. 

The system is governed by 

7 h 0(f) 4- p J xz(x, t)dx = r (23.46) 

p'z(x, t ) + EIz""(x, t) = 0 (23.47) 

with the corresponding boundary conditions 

z(0, t) = 0, z'(0, t) = 6(t), z"(L, t) = 0, z"'(L, t) = 0 (23.48) 

where p is the arm’s linear mass density, L is the arm length, E is Young’s modulus of elasticity, I is the 
cross-sectional moment of inertia, 7 h is the equivalent mass moment of inertia at the root end of the arm, 
7 t = 7 h 4- pL 3 / 3 is the total inertia, and the global variable z is defined as 

z(x, t) — x0{t) + y(x, t) (23.49) 

Clearly, the arm vibration equation (Equation 23.47) is a homogeneous PDE but the boundary 
conditions (Equation 23.48) are nonhomogeneous. Therefore, the closed form solution is very tedious to 
obtain, if not impossible. Using the application of VSC, these equations and their associated boundary 
conditions can be converted to a homogeneous boundary value problem, as discussed next. 

23.3.3.1.2 Variable Structure Controller 

The controller objective is to track the arm angular displacement from an initial angle, 0 d = 0(0), to zero 
position, 0(f— > oo) = 0, while minimizing the flexible arm oscillations. To achieve the control 




FIGURE 23.23 Flexible arm in the horizontal plane 
and kinematics of deformation. ( Source : From Jalili, N., 
ASME J. Dyn. Syst. Meas. Control, 123, 712-719, 2001. 
With permission.) 
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insensitivity against modeling uncertainties, the nonlinear control routine of sliding mode control with 
an additional perturbation estimation (SMCPE) compartment is adopted here (Elmali and Olgac, 1992; 
Jalili and Olgac, 1998a). The SMCPE method, presented in Elmali and Olgac (1992), has many attractive 
features, but it suffers from the disadvantages associated with the truncated-model-base controllers. 
On the other hand, the infinite-dimensional distributed (IDD)-base controller design, proposed in Zhu 
et al. (1997), has practical limitations due to its measurement requirements in addition to the complex 
control law. 

Initiating from the idea of the IDD-base controller, we present a new controller design approach in 
which an online perturbation estimation mechanism is introduced and integrated with the controller to 
relax the measurement requirements and simplify the control implementation. As utilized in Zhu et al. 
(1997), for the tip-vibration suppression, it is further required that the sliding surface enable the 
transformation of nonhomogeneous boundary conditions (Equation 23.48) to homogeneous ones. To 
satisfy vibration suppression and robustness requirements simultaneously, the sliding hyperplane is 
selected as a combination of tracking (regulation) error and arm flexible vibration as 

s = w + uw (23.50) 

where cr > 0 is a control parameter and 

w= 9(t)+ j-z(L,t) (23.51) 

with the scalar, p, being selected later. When p = 0, controller (Equation 23.50) reduces to a sliding 
variable for rigid-link manipulators (Jalili and Olgac, 1998a; Yeung and Chen, 1988). The motivation for 
such sliding a variable is to provide a suitable boundary condition for solving the beam Equation 23.47, 
as will be discussed next and is detailed in Jalili (2001). 

For the system described by Equation 23.46 to Equation 23.48, if the variable structure controller is 
given by 

T = *Aest + ( ~ k s S n ( 5 ) “ Ps - ^y (L ’ ~ <r ( 1 + /r)6- °j-y ( L • f) ) (23.52) 

where i/c est is an estimate of the beam flexibility effect 

i/r=pj xy(x, t)dx (23.53) 

k and P are positive scalars k > 1 + yu./7 f I *// — i/» est l, — 1.2 < p < —0.45, -1 and sgn( ) represents 

the standard signum function, then, the system’s motion will first reach the sliding mode s = 0 in a finite 
time, and consequently converge to the equilibrium position w(x, t) = 0 exponentially with a time- 
constant 1/cr (Jalili, 2001). 



23.3.3.1.3 Controller Implementation 

In the preceding section, it was shown that by properly selecting control variable, p, the motion 
exponentially converges to w = 0 with a time-constant 1/cr, while the arm stops in a finite time. Although 
the discontinuous nature of the controller introduces a robustifying mechanism, we have made the 
scheme more insensitive to parametric variations and unmodeled dynamics by reducing the required 
measurements and hence easier control implementation. The remaining measurements and ever-present 
modeling imperfection effects have all been estimated through an online estimation process. As stated 
before, in order to simplify the control implementation and reduce the measurement effort, the effect of 
all uncertainties, including flexibility effect (J 5 xy(x, t)dx) and the ever-present unmodeled dynamics, is 
gathered into a single quantity named perturbation, 1 //, as given by Equation 23.53. Noting Equation 
23.46, the perturbation term can be expressed as 

1 fj = t — I t d(t ) (23.54) 
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which requires the yet-unknown control feedback r. In order to resolve this dilemma of causality, the 
current value of control torque, r, is replaced by the most recent control, r(f — 5), where 5 is the small 
time-step used for the loop closure. This replacement is justifiable in practice since such an algorithm is 
implemented on a digital computer and the sampling speed is high enough to claim this. Also, in the 
absence of measurement noise, 0(f) ss 0 cal (f) = [0(f) — 0(f — 8)]/8. 

In practice and in the presence of measurement noise, appropriate filtering may be considered and 
combined with these approximate derivatives. This technique is referred to as “switched derivatives”. This 
backward differences are shown to be effective when 8 is selected to be small enough and the controller is 
run on a fast DSP (Cannon and Schmitz, 1984). Also, y(L,t) can be obtained by attaching an 
accelerometer at arm-tip position. All the required signals are, therefore, measurable by currently 
available sensor facilities and the controller is thus realizable in practice. Although these signals may be 
quite inaccurate, it should be pointed out that the signals, either measurements or estimations, need not 
be known very accurately, since robust sliding control can be achieved if k is chosen to be large enough to 
cover the error existing in the measurement/signal estimation (Yeung and Chen, 1989). 

23.3.3.1.4 Numerical Simulations 

In order to show the effectiveness of the proposed controller, a lightweight flexible arm is considered 
( h » b in Figure 23.23). For numerical results, we consider 0 d = 0(0) = tt/ 2 for the initial arm base 
angle, with zero initial conditions for the rest of the state variables. The system parameters are listed in 
Table 23.3. Utilizing assumed mode model (AMM), the arm vibration, Equation 23.47, is truncated to 
three modes and used in the simulations. It should be noted that the controller law, Equation 23.52, is based 
on the original infinite dimensional equation, and this truncation is utilized only for simulation purposes. 

We take the controller parameter /z = —0.66, P = 7.0, k = 5, e = 0.01 and er = 0.8. In practice, < x is 
selected for maximum tracking accuracy taking into account unmodeled dynamics and actuator 
hardware limitations (Moura et al., 1997). Although such restrictions do not exist in simulations (i.e., 
with ideal actuators, high sampling frequencies and perfect measurements), this selection of cr was 
decided based on actual experiment conditions. 

The sampling rate for the simulations is 5 = 0.0005 sec, while data are recorded at the rate of only 
0.002 sec for plotting purposes. The system responses to the proposed control scheme are shown in 
Figure 23.24. The arm-base angular position reaches the desired position, 0 = 0, in approximately 4 to 
5 sec, which is in agreement with the approximate settling time of f s = 4/cr (Figure 23.24a). As soon as 
the system reaches the sliding mode layer, Isl < e (Figure 23.24d), the tip vibrations stop (Figure 23.24b), 
which demonstrates the feasibility of the proposed control technique. The control torque exhibits some 
residual vibration, as shown in Figure 23.24c. This residual oscillation is expected since the system 



TABLE 23.3 System Parameters Used in Numerical Simulations 
and Experimental Setup for Rotating Arm 



Properties 


Symbol 


Value 


Unit 


Arm Youngs modulus 


E 


207 X 10 9 


N/m 2 


Arm thickness 


b 


0.0008 


m 


Arm height 


h 


0.02 


m 


Arm length 


L 


0.45 


m 


Arm linear mass density 


P 


0.06 /L 


kg/m 


Total arm base inertia 


h 


0.002 


kg m 2 


Gearbox ratio 


N 


14:1 


— 


Light source mass 


— 


0.05 


kg 


Position sensor sensitivity 


— 


0.39 


V/cm 


Motor back EMF constant 


K h 


0.0077 


V/rad/sec 


Motor torque constant 


K t 


0.0077 


Nm/A 


Armature resistance 


R, 


2.6 


n 


Armature inductance 


K 


0.18 


mH 


Encoder resolution 


— 


0.087 


Deg/count 
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FIGURE 23.24 Analytical system responses to controller with inclusion of arm flexibility, that is, /x = —0.66: 
(a) arm angular position; (b) arm-tip deflection; (c) control torque and (d) sliding variable sec. ( Source : From 
Jalili, N„ ASME J. Dyn. Syst. Mens. Control , 123, 712-719, 2001. With permission.) 

motion is not forced to stay on 5 = 0 surface (instead it is forced to stay on Isl < e) when saturation 
function is used. The sliding variable s is also depicted in Figure 23.24d. To demonstrate better the feature 
of the controller, the system responses are displayed when /x = 0 (Figure 23.25). As discussed, /x = 0 
corresponds to the sliding variable for the rigid link. The undesirable oscillations at the arm tip are 
evident (see Figure 23.25b and c). 

23.3.3.1.5 Control Experiments 

In order to demonstrate better the effectiveness of the controller, an experimental setup is constructed 
and used to verify the numerical results and concepts discussed in the preceding sections. The 
experimental setup is shown in Figure 23.26. The arm is a slender beam made of stainless steel, with the 
same dimensions as used in the simulations. The experimental setup parameters are listed in Table 23.3. 
One end of the arm is clamped to a solid clamping fixture, which is driven by a high-quality DC 
servomotor. The motor drives a built-in gearbox ( N = 14:1) whose output drives an antibacklash gear. 
The antibacklash gear, which is equipped with a precision encoder, is utilized to measure the arm base 
angle as well as to eliminate the backlash. For tip deflection, a light source is attached to the tip of the 
arm, which is detected by a camera mounted on the rotating base. 

The DC motor can be modeled as a standard armature circuit; that is, the applied voltage, v, to the DC 
motor is 



v — KC + L a dijdt + K b 6 m 



(23.55) 
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FIGURE 23.25 Analytical system responses to controller without inclusion of arm flexibility, that is, fj, = 0: 
(a) arm angular position; (b) arm-tip deflection; (c) control torque and (d) sliding variable sec. (Source: From 
Jalili, N., ASME J. Dyn. Syst. Meas. Control , 123, 712-719, 2001. With permission.) 




FIGURE 23.26 The experimental device and setup configuration. (Source: From Jalili, N., ASME J. Dyn. Syst. Meas. 
Control, 123, 712-719, 2001. With permission.) 
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where R a is the armature resistance, L a is the armature inductance, z' a is the armature current, K b is the 
back-EMF (electro-motive-force) constant, and d m is the motor shaft position. The motor torque, r m 
from the motor shaft with the torque constant, K t , can be written as 

r m = K t i a (23.56) 



The motor dynamics thus become 

I e 0 m + C v 9 m + r a = r m = K t i a (23.57) 

where C v is the equivalent damping constant of the motor, and 7 e = I m + I b /N 2 is the equivalent inertia 
load including motor inertia, I m , and gearbox, clamping frame and camera inertia, I L . The available 
torque from the motor shaft for the arm is T a . 

Utilizing the gearbox from the motor shaft to the output shaft and ignoring the motor electric time 
constant, (L a /R a ), one can relate the servomotor input voltage to the applied torque (acting on 
the arm) as 



NK t 

~r7 



v — I C v + 



K,K b \ 2 . 

* b JN 2 6 — I b 0 



R 



(23.58) 



where I h = N 2 I e is the equivalent inertia of the arm base used in the derivation of governing 
equations. By substituting this torque into the control law, the reference input voltage, V, is 
obtained for experiment. 

The control torque is applied via a digital signal processor (DSP) with sampling rate of 10 kHz, while 
data are recorded at the rate 500 Hz (for plotting purposes only). The DSP runs the control routine in a 
single-input-single-output mode as a free standing CPU. Most of the computations and hardware 
commands are done on the DSP card. For this setup, a dedicated 500 MHz Pentium III serves as the host 
PC, and a state-of-the-art dSPACE* DS1103 PPC controller board equipped with a Motorola Power PC 
604e at 333 MHz, 16 channels ADC, 12 channels DAC, as microprocessor. 

The experimental system responses are shown in Figure 23.27 and Figure 23.28 for similar cases 
discussed in the numerical simulation section. Figure 23.27 represents the system responses when 
controller (Equation 23.52) utilizes the flexible arm (i.e., /z = —0.66). As seen, the arm base reaches 
the desired position (Figure 23.27a), while tip deflection is simultaneously stopped (Figure 23.27b). 
The good correspondence between analytical results (Figure 23.24) and experimental findings 
(Figure 23.27) is noticeable from a vibration suppression characteristics point of view. It should be 
noted that the controller is based on the original governing equations, with arm-base angular 
position and tip deflection measurements only. The unmodeled dynamics, such as payload effect 
(owing to the light source at the tip, see Table 23.3) and viscous friction (at the root end of the 
arm), are being compensated through the proposed online perturbation estimation routine. This, in 
turn, demonstrates the capability of the proposed control scheme when considerable deviations 
between model and plant are encountered. The only noticeable difference is the fast decaying 
response as shown in Figure 27b and c. This clearly indicates the high friction at the motor, which 
was not considered in the simulations (Figure 24b and c). Similar responses are obtained when the 
controller is designed based on the rigid link only, that is, /z = 0. The system responses are 
displayed in Figure 23.28. Similarly, the undesirable arm-tip oscillations are obvious. The overall 
agreement between simulations (Figure 24 and Figure 25) and the experiment (Figure 27 and Figure 28) 
is one of the critical contributions of this work. 



23.3.3.2 Observer-Based Piezoelectric Vibration Control of Translating Flexible Beams 

Many industrial robots, especially those widely used in automatic manufacturing assembly lines, are 
Cartesian types (Ge et al., 1998). A flexible Cartesian robot can be modeled as a flexible cantilever 
beam with a translational base support. Traditionally, a PD control strategy is used to regulate the 
movement of the robot arm. In lightweight robots, the base movement will cause undesirable 
vibrations at the arm tip because of the flexibility distributed along the arm. In order to eliminate 
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(c) Time, sec. 

FIGURE 23.27 Experimental system responses to controller with inclusion of arm flexibility, that is, /x = —0.66: 
(a) arm angular position; (b) arm-tip deflection; (c) control voltage applied to DC servomotor. ( Source : From 
Jalili, N„ ASME J. Dyn. Syst. Meas. Control , 123, 712-719, 2001. With permission.) 



such vibrations, the PD controller must be upgraded with additional compensating terms. 
In order to improve further the vibration suppression performance, which is a requirement for 
the high-precision manufacturing market, a second controller, such as a piezoelectric (PZT) patch 
actuator attached on the surface of the arm, can be utilized (Oueini et al., 1998; Ge et al., 1999; Jalili et ah, 
2002 ). 

In this section, an observer-based control strategy is presented for regulating the arm motion (Liu et ah, 
2002). The base motion is controlled utilizing an electrodynamic shaker, while a piezoelectric (PZT) 
patch actuator is bonded on the surface of the flexible beam for suppressing residual arm vibrations. The 
control objective here is to regulate the arm base movement, while simultaneously suppressing the 
vibration transients in the arm. To achieve this, a simple PD control strategy is selected for the regulation 
of the movement of the base, and a Lyapunov-based controller is selected for the PZT voltage signal. The 
selection of the proposed energy-based Lyapunov function naturally results in velocity-related signals, 
which are not physically measurable (Dadfarnia et ah, 2003). To remedy this, a reduced-order observer is 
designed to estimate the velocity related signals. For this, the control structure is designed based on the 
truncated two-mode beam model. 



23.3.3.2.1 Mathematical Modeling 

For the purpose of model development, we consider a uniform flexible cantilever beam with a PZT 
actuator bonded on its top surface. As shown in Figure 23.29, one end of the beam is clamped into 
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(c) Time, sec. 

FIGURE 23.28 Experimental system responses to controller without inclusion of arm flexibility, that is, /x = 0: 
(a) arm angular position; (b) arm-tip deflection; (c) control voltage applied to DC servomotor. ( Source : From Jalili, 
N., ASME J. Dyn. Syst. Mens. Control, 123, 712-719, 2001. With permission.) 



a moving base with the mass of m b , and a tip mass, m t , is attached to the free end of the beam. 
The beam has total thickness f b , and length L, while the piezoelectric film possesses thickness and 
length f b and ( l 2 — l t ), respectively. We assume that the PZT and the beam have the same width, b. 
The PZT actuator is perfectly bonded on the beam at distance measured from the beam support. 
The force, /(f), acting on the base and the input voltage, v(f), applied to the PZT actuator are the 
only external effects. 

To establish a coordinate system for the beam, the x-axis is taken in the longitudinal direction and the 
z-axis is specified in the transverse direction of the beam with midplane of the beam to be z = 0, as shown 
in Figure 23.30. This coordinate is fixed to the base. 

The fundamental relations for the piezoelectric materials are given as (Ikeda, 1990) 

F = cS - hD (23.59) 

E = — h T S + PD (23.60) 

where F G '.R 6 is the stress vector, S G 5R 6 is the strain vector, c G 1R 6X6 is the symmetric matrix of elastic 
stiffness coefficients, h G 9? 6X3 is the coupling coefficients matrix, D G 5R 3 is the electrical displacement 
vector, E G 1R 3 is the electrical field vector, and P G 9? 3X3 is the symmetric matrix of impermittivity 
coefficients. 
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